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(Commaunicated by Tibor Katriridk)

ABSTRACT. In the paper the relations between weak isometries fixing zero in
a dually residuated lattice ordered semigroup G and direct decompositions of G
are established.

Introduction

Swamy [14], [15], [16] introduced and studied dually residuated lattice or-
dered semigroups (notation DRI-semigroups) as a common abstraction of Bool-
ean rings and lattice ordered groups. It was a solution of Birkhoff’s prob-
lem No. 115 [1]. In [13] Swamy introduced the notions of an autometrized
algebra and an intrinsic metric. Isometries in lattice ordered groups, i.e. surjec-
tions preserving the intrinsic metric, were studied by Swamy [17], 18] and
Powell [11] for the abelian case and by Jakubik [3], [4], [5] Holland
[2] for the general case. Isometries in Riesz spaces and some types of partially
ordered groups were dealt with by Trias [20], Jakubik and Kolibiar
(6], Rachtinek [12] and the author [7], (8], [9], [10]. Results of [2], 3], [6],
[7], [9], [10], [11] show that in lattice ordered groups, distributive multilattice
groups and Riesz groups there exists a relation between isometries and direct
decompositions. In [19] Swamy and Subba Rao investigated isometries in
DRI-semigroups and proved that any isometry in a representable DRI-semigroup
fixing zero is an involutory semigroup automorphism.

In this paper weak isometries (1nlike isometries, surjectivity is not assumed
here) in DRI-semigroups are studied. It is shown that the relation between isome-
tries and direct decompositions exists in DRI-semigroups as well. Namely, the
following results are established:
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(1) If f is a weak isometry in a DRI-semigroup G and f(0) =0, then G is
the direct product of a DRl-semigroup A and an l-group B and
f(z) =z4+ (0 —zp) for each z € G. (For the denotation, see below.)

(2) If a DRl-semigroup G is the direct product of a DRI-semigroup P and
an l-group @ and we put g(z) = zp + (0 — xg) for each z € G, then ¢ is a
weak isometry and ¢(0) = 0.

This generalizes some results of P o w ell [11] concerning isometries and di-
rect decompositions of abelian lattice ordered groups. Further, it is shown that
any weak isometry in a DRI-semigroup fixing zero is an involutory semigroup au-
tomorphism. Thus the above mentioned result of Swamy and Subba Rao
is generalized as well.

Preliminaries

We review some notions and notations used in the paper.

A system G = (G, +,<,—) is called a dually residuated lattice ordered semi-
group if and only if

1. (G,+,<) is a commutative lattice ordered semigroup with zero
element 0, i.e. (G,+) is a commutative semigroup with zero 0 and
(G,<) is a lattice with lattice operations A and V such that
a+(bVe)=(a+b)V(a+c)and a+(bAc) = (a+b)A(a+c)
for each a,b,c € G,

2. given a,b in G there exists a least z in G such that b+ z > a, and
this = is denoted by a — b,

3. (a=b)v0+b<aVd forall a,b €@,

4. (a—a)>0 foreacha € G.

For any a and b in a DRI-semigroup G, we shall write d(a,b) = (a—b)V (b—a)
(d(a,b) is called the symmetric difference of a and b). The symmetric differ-
ence satisfies the following conditions:

(1) d(a,b) >0, d(a,b) =0 if and only if a = b,
(i) d(a,b) =d(b,a),
(ii1)) d(a,b) =d(eV b,aAbd).
Any DRI-semigroup is an autometrized algebra with the symmetric difference.

Let G be a DRl-semigroup. A mapping f: G — G is called a weak 1sometry
in G if d(z,y) = d(f(z), f(y)) for each z,y € G. If a weak isometry f in G
is a surjection, then f is called an isometry. A weak isometry (isometry) f in
G is called a weak 0-isometry (0-isometry) if f(0)=0.

From (i) it follows that any weak isometry in a DRI-semigroup is an injection.
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The following assertions hold for any elements z, y, z of a DRl-semigroup G

(see [14]):

(a) z—z2=0,z-0=r=,

(b) z<y impliesz—2<y—zand z2—y<z-=z,

(¢) >y implies z —y >0,

(d) z<y ifandonlyif -y <0.
We shall often need these assertions and we shall apply them without special
references.

Further, we shall often refer to the following assertions on DRIl-semigroups
from [14] (a, b, ¢ stand for elements of a DRI-semigroup):

THEOREM 1. Any DRI-semigroup can be equationally defined as an algebra
with the binary operations +, V, A, —, by replacing (2) by the equations:
z+(y—z)2y,z—y<(zVz)—y and (z+y)—y<cz.

LEMMA 2. (a—b)VO+b=aVb.

LEMMA 5. a—(bAc)=(a—b)V(a—c).

LEMMA 6. a—(b+c)=(a—b)—c=(a—c)—b.

LEMMA 8. a>b implies (a—b)+b=a.

LEMMA 9. aVb+aAb=a+b.

LEMMA 13. a—(b—c¢)<(a—b)+c and (a+b)—c<(a—c)+b.
LEMMA 17. For any positive integer n, na =0 wmplies a = 0.

Partially ordered semigroup H with a zero element is said to be the direct
product of its partially ordered subsemigroups P and @ (notation H = P x Q)
if the following conditions are fulfilled:

(1) f a€e P and be Q, then a+b=0>b+ a;
(2) each element ¢ € H can be uniquely represented in the form
c=cy +cy, where ¢c; € P, c; €Q;
(3) if gyh€e H, g=¢g1+92, h =hy + hy, where g1,h1 € P, g2, hs € Q,
then ¢ < h if and only if g; < h; and g, < hs.
If H=P x @, then for z € H we denote by zp and z¢g the components of
in the direct factors P and @, respectively.

Throughout this paper G will denote a DRI-semigroup. For a,b € G,
U(a,b) = {z € G; £ > aand z > b}. If S is a subset of G, then we de-
note St ={ze€S; x>0}, S ={zeS; z<0}.
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1. Invertible elements

Let G be the set of all invertible elements of G. Swamy proved that G,
is an l-group ([15, Th. 1.1]). Now we establish some useful properties of invertible
elements.

1.1. LEMMA. Let y € G;. Then:

(i) the inverse of y i3 the element 0 —y and 0 — (0 —y) =y,

(ii) for each z € G, (z—y)+y=2z, (z+y)—y=2, 0—(z+vy) =
(0-z)+(0~-y), 0—(z~y)=y—z=y+(0-2), -y =2+ (0—y).
z—0-y)=z+y.

Proof.

(i) This follows from [15, Th. 1.1].

(i1) Let y € Gy, ¢ € G. By (14, Th. 1], (z — y) + y > z. According to
(i), [14, Lemmas 6 and 13] we obtain [(z —y)+y] —z < [(z—y)—z] +y =
[(z—2)—y] +y=(0—y)+y =0. Then we have (z —y) + y < z. Therefore
(t—y)+y==.

From [14, Th. 1] it follows that (¢ + y) —y < z. According to (i), [14,
Lemmas 6 and 13] we get z—[(x+y)~y] < [a:—(x+y)]+y=(0——y)+y:0.
Thus we have z < (z +y) — y. Therefore r = (z +y) - y.

In view of [14, Lemma 6] we have [0—(z+y)] +y = [(0—z)-y]+y =0-2z.
Then (0—2)+(0—y)=[0—(z+y)]+y+(0-y)=0—(z+y).

By (14, Lemma 6], (y—2)—y =0—z. Then y+(0—z) = [(y—z)—y] +y =
y — z. Also, by [14, Lemma 6], [0—(x—y)] —y:O—[(z—y)-{-y] =0-=z.
From this we get (O—z)+y={[0—(z——y)] —y}+y=0—(:c—-y).

Because of (z —y)+y =z, wehave z+(0—y) = (r—y)+y+(0-y)=z—y.

By [14, Lemma 6], [z—(O—y)]—y:x— [(0—y)+y] =xz.Then r +y =
z—(0—y).

1.2. LEMMA. For each z € G~ the element 0 — = 13 the inverse of r.

Proof. It is a direct consequence of [14, Lemma 8].

1.3. THEOREM. Let G, = {z+(0—y); T,y € G“}. Then G, =Gy.

Proof. From 1.2 it follows that G, C G, . So it remains only to show that
G;CG,.

Let z € Gy, v=(0—2)V0, u = (0—2)A0. By [14, Lemma 9], u+v = 0—=z. In
view of 1.1 and 1.2 from this we get z = 0—(0—2) = 0—(u4v) = (0—u)+(0—v).
Since 0 — v <0, we conclude z € G,,. This ends the proof.
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1.4. LEMMA. Let t € G, 2z =0Az, y=(0—-2)VO0. Then z = 0—y,
y=0-2z,0-(0-y)=y.
Proof. By [14, Lemma 5], 0 — 2 =0V (0 — z) = y. In view of 1.2 we get

Yy + z = 0. Further, from [14, Lemma 6] it follows that 2z =2 — (2 +y) =0 —y.
Thus y =0—-(0—y).

1.5. LEMMA. Let 1€ G, 0—(0—=z)==z. Then 0 — z is the inverse of x.

Proof.Let z€ G,0-(0—-2z) =2, 2, =0V <z, 2 = 2 A0. By [14,
Lemma 9], z; + z2 = z. Then 1.1 and 1.2 yield z = 0 — [0— (z1 + 2:2)] =
0—[(0—z1)+(0—22)] = [0—(0—z1)] 4+ [0—(0—z2)] = [0—(0—=1)] +22. In view
of 1.1 and 1.2 we have z+(0—x) = [0—(0—z;)] + 22 +(0—21)+(0—z2) = 0.
This ends the proof.

1.6. COROLLARY. G;={z€G; 2=0-(0—12)}.
Proof. Thisis a consequence of 1.1 and 1.5.

1.7. THEOREM. Let f be a weak isometry in G, a € G;. Then the mapping
g defined by g(z) = f(z) —a for each z € G is a weak isometry as well. If f
18 an 1sometry, then g 1s also an 1sometry.

Proof. Let y,z € G. By 1.1 and [14, Lemma 6], d(g(y),9(2))

{f(¥)= [a+(f(2)=a)] }V{f(2)=[a+(f(¥)-a)] } = [f(¥)-F(2)] V[F(2)-f(¥)] =
d(f(y),f(z)) = d(y,z). Thus g is a weak isometry. The rest follows by 1.1.

From 1.1 and 1.7 we obtain immediately:

1.8. COROLLARY. If f i3 a weak isometry in G and f(0) € Gy, then the
mapping defined by g(z) = f(z) — f(0) for each = € G is a weak 0-isometry
and f(z) = g(z)+ f(0) for each z € G. Moreover, if f is an isometry, then g
18 a 0-180metry.

1.9. THEOREM. Let G = P x @ be such direct product that Q) s a group and
a—be P for each a,b € P. Then:
(i) (z—y)p=zp—yp, (z—Yy)g =20 —yqg and
d(z,y) = d(zp,yp) + d(zq,yq) for each z,y € G,
(i1) the mapping f defined by f(z) = zp + (0 — 2g) for each z € G 13 a
0-1sometry in G.

Proof.
(i) Let z,y € G. By 1.1 and [14, Lemma 6], (z —y) — @ = (z — z¢q) —
(yp + yQ) = (zp — yp) — yq- In view of 1.1 from this we get =z — y =
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(z—y)—zq] +zq = (zp—yr)+(0~yo) +2q = (zp —yp)+(2q —yq) . Also,
by 1.1, 2g —yg € Q. Thus (z —y)p =zp —yp, (¢ —y)g = 2¢ — yo. Then
we have d(z,y)p € U(zp —yp, yp — zp), d(z,y)q € U(zqg — yq, yo — 2q)-
Therefore d(z,y) > [(:zp —yp) + (yo — xQ)] v [(yp —zp) + (z¢ — yQ)] .
Then we have d(zp,yp)+ d(zq,yQ) = [(zp —ypr)+ (z¢ —yo)] V [(zp —yp) +
(yo — 2Q)] V [(yp — zp) + (2@ = yQ)] V [(yp — zp) + (yg — 20)] = d(2,y) V
[(zp —yp) + (yo —2Q)] V [(yp — zP) + (zq — ¥@)] = d(z,y).

(i) Let w,v € G. According to (i) and 1.1 we obtain d(f(u), f(v)) =
d(up +(0— UQ), vp + (O—UQ)) = d(uP,vp) +d(0 - ug, 0— vq) = d(uP,UP) +
[(0—ug)+vo]V [(0—vQ) +ug] = d(up,vp)+d(ug,vq) = d(u,v). Let t € G.
By 1.1, fltp+(0—tQ)] =tp+ [0+ (0—tqg)] =tp +to =t. Since f(0) =0,
we conclude that f is a 0-isometry.

2. The sets A and B

Throughout this section we suppose that f is a weak 0-isometry in G.
We denote Ay = {z € G*; f(z) =z}, By = {z € Gt; f(z) = 0 -z},
A={z+(0-y); z,ye &1}, B={z+(0-y); =,y € By }.

2.1. LEMMA. Let z €G.
(1) If >0, f(z) >0, then f(z) ==z,
(i) if >0, f(z) L0, then f(z)=0—2z;
(iii) #f £ <0, f(z) >0, then f(z)=0-— =z,
(iv) if 2 <0, f(z) L0, then f(z)=1=x.

Proof.

(i) If >0 and f(z) >0, then 0 —2 <0, 0— f(z) <0. Thus d(x,0) =
4(f(z), f(0)) yields f(z) =z.

Analogously we can verify (iii).

(i) If z > 0, f(z) < 0, then from d(z,0) = d(f(z),f(O)) we obtain
r=0- f(z). Hence 0—z=0— (0 — f(z)). By 1.1 and 1.2, f(z)=0—z.

Analogously we can prove (iv).

2.2. LEMMA. Let z € G.
(i) If 2 >0, f(z) >0, then f(0—2)=0—2z;
(ii) of >0, f(z) <0, then f(()—x)—z,
(iii) of 2 <0, f(z)>0, then f(0—z)==x;
(iv) if 20, $() <O, then (0~ ) =0 .
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Proof.

(i) Let z € Gt, f(z) >0.Then (0—z)—0<0, 0—(0—=z) > 0. Thus from
d(0—z,0) = d(f(0—=z), f(0)) weget 0—(0—z) > f(0—z). By [14, Lemma 13],
0—(0—-2) <z.Thus ¢ > f(0 — z). From this we obtain = — f(0 — z) > 0,
f(0—z)—z £0.Since 0—z < z, we have z—(0—z) > 0, (0—z)—z < 0. In view
of 2.1 from d(z,0—2z) = d(f(z), f(0—=z)) we obtain z—(0—z) =z — f(0—z).
Thus [z—(0—z)] —z = [¢— f(0—z)] —z . Then according to [14, Lemma 6] from
this we obtain 0—(0—z) = 0— f(0—=z). Since 0—(0—z) € U(0, f(0—=z)) , in view
of [14, Lemma 2] we have 0—(0—z) > 0V f(0—z) = [0— f(0—=2)] VO+ f(0—=z).
Hence 0 — (0—z) > [0—(0—=z)] + f(0—z). Then [0 —(0—2)] + (0 —z) >
[0—(0—x)] +(0—=z)+ f(0—z). Because of 0 —z <0, in view of 1.2 we have
f(0—2) <0. According to 2.1 (iv) we obtain f(0 —z)=0—=z.

(ii) Let ¢ € G*, f(z) < 0. From d(0,0 — z) = d(f(0), f(0 — z)) we get
0-(0—z)>0- f(0 —z). By [14, Lemma 13], £ > 0 — f(0 — ). From this
according to [14, Lemma 6] we obtain 0 > [0— f(0—=z)] —z = (0—=z)— f(0—z).
Thus f(0—2) >0—=z, f(0—z)—(0—=z) > 0. In view of 2.1 (ii) we have
£~(0-2) = d(z,0~z) = d{{(z), f(0-2)) = d(0—z, f(0—2)) = F(0—2)~(0—z).
Then [z—(0—=z)] +(0—z) = [f(0—z) — (0—=z)] + (0—z). By [14, Lemma §],
f0—z)==z.

(iii) Let 2 € G~, f(z) > 0. From d(0 — z,0) = d(f(0 — z), f(0)) we get
0—z > f(0—z). Then according to 2.1 (iii) we get (0 —z) —r =d(z,0—z) =
d(f(z), f(0 —z)) = (0 —z) — f(0 - z). Then [(0—z)—z] +2z+ f(0—z) =
[((0—z)— f(0—=z)] + f(0 — z) + 2z. By [14, Lemma 8], f(0 —z) =z.

(iv) Let = € G=, f(z) < 0. Then from d(0 — z,0) = d(f(0 — x), f(0)) we
get 0—z >0— f(0—z). Then 0 — [O—f(O—z)] > 0—(0—-z). From this
according to 1.1, 1.2 and [14, Lemma 13] we obtain f(0 — z) > z. In view of
2.2 (iv) we have (0 — z) —z = d(z.0 — z) = d(f(z), f(0 —z)) = f(0—z) — z.
Then [(0—z)—z]+z = [f(0—z)-=z]+z.By [14, Lemma 8], 0~z = f(0—=z).

2.3. LEMMA. Let 2,y € A;. Then f(z +y) =z +y, flzr —y) =z —y,
f((0—z)+y) =(0—-2)+y, f(0-(z4+y) =0—(c+y).

Proof. Let z,y € A;. Since y < z + y, in view of [14, Th. 1] from
d(x +y,y) = d(f(z +y), f(y)) weobtain z >y — f(z +y). By [14, Lemma 6],
0> [y~ fle+y)] —2z=(y—2)- flz+y). Thus fz+y) 2y-z>0-=z.
According to 2.2 (i), (z+y)—(0—2) = d(z+y, 0—z) = d(f(z+y), f(0—=z)) =
fe+y)—=(0—z). Then [(z+y)—(0-2)] +(0-2) = [f(z+y)—(0—2)] +(0—2).
In view of (14, Lemma 8], z + y = f(z 4+ y).
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In view of 2.2 (i) from d(z—y, 0—y) = d(f(z—y), f(0—y)) Weget (z—y)—
(0—y) > f(z—y)—(0—y). Thus [(z-y)—(0~y)] +(0-y) > [f(z—¥)=(0—-y)] +
(0—y).By 1.1 and 1.2, 2 —y > f(z —y). Then 2 — f(z —y) 2 = — (z — y).
Further, from d(z—y,z) = d(f(z—y), f(z)) weobtain a—(z—y) = 2— f(z—y).
Thus ¢ — (z —y) =z — f(z —y). Then [I—(r—y)] —y = [z’f(x—y)] —-y.
From this according to [14, Lemma 6] we have 0 = (z — y) — f(¢ — y). Hence
f(z —y) >z —y. Therefore f(z —y)=z—y.

By 2.2 (i), from d((0 — z) + y,0 — z) = d(f((0 — z) + y), f(0 —~ z)) we get
[(0-2)+y] —(0—z) > f((0—2) +y) — (0 —z). Then {[(0—2)+y] —
0-2)}+0-2)>{f(0-2)+y) = (0—2)] +(0 —z). By 1.1 and 1.2,
(0—z)+y > f((0- z)+y) Further, from d((0—z)+y,y) = d(f((0—2)+y), f(y))
it follows that y — (0 — z) +y) > y — f((0 — z) + y). By [14, Lemma 6],
0—(0-z)>y—f((0—z)+y). Then (0~ (0—2z))+(0—z)+ f((0—z)+y) >
[y—f((0—z)+y)] + f((0—2)+y)+(0—=z). From this, according to [14, Th. 1
and Lemma 8], we obtain f((0—z)+y) > y+(0—z). Therefore f((0—z)+y) =
0—-z)+y.

Since f(z+y) = z+y, from 2.2 (i) it follows that f(O—(:c+y)) =0—(z+vy).

2.4. LEMMA. A; i3 a convezr subsemigroup of G, A*Y = A; and f(z) =z
for each z € A.

Proof. In view of 2.3 we need to prove only the convexity of A;. Let
z < z <y for some z,y € Ay, z € G. Since z > 0, from d(z,0) = d(f(z), £(0))
we get f(y) =y > z > f(z). Then from d(y,z) = d(f(y), f(z)) weget y—z =
y—f(z). Thus (y—z)—y = [y - f(z)] — y. According to [14, Lemma 6], we
obtain 0 > 0— 2 =0— f(z). Hence f(z) > 0. Then from 2.1 (i) it follows that
f(z) = z. Therefore z € A;.

2.5. LEMMA. Let 2 € G, f(z) = z. Let 21 =0V, 290 = 0Ax. Then
f(:L‘l):Il, f(:l:g):l‘z, zl,O—xQEAl, :l?z,IEA.

Proof. First we show that f(zy) = z,.From d(z2,0) = d(f(z2), f(0)) we
get 0—-z3 > f(z2), 0—x2 > 0— f(z2). Further, from d(z,z;) = d(f(l'),f(l?g\))
we obtain z—xy > f(z2)—z, x—z2 > z— f(22). By (14, Lemma 9], z; +a; = ».
Then from 1.1 and 1.2 it follows that ¢ — 2 = x;. Thus =, > f(z;) — x.
According to [14, Lemma 6] we obtain z; — f(z2) > (f(z2)—2) — f(z2) =0—2z.
In view of 1.1 and 1.2 from 0—x, > f(z2) weget 1 — f(z2) > 2, —(0—22) =
x1 +, = z. Then by [14, Th. 1], 2[x1 —f(:r;))] >z+(0—z) > 0. According to
[14, Lemma 16], z; — f(x2) > 0. Hence z, — f(z2) > 0V x = z; . From this by
[14, Lemma 6] we get [21—(0—22)] = f(z2) > 21— (0—z2). Thus z— f(x3) > r.
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Further, in view of [14, Lemma 5] we have z, — f(z2) >0V (0 —z) =0 -~ z2.
From this according to 1.1, 1.2 and [14, Lemma 6] we obtain 0 < [z, ff(:tz)] -
(0—z;) = [zl —(0—.7:2)] — f(zg) =z — f(z7). Hence ¢ — f(z2) >0V =11.
From this and [14, Lemma 6] it follows that 0 — f(z2) = [z — f(z2 ) -z >
z; —z =0 — 2. Thus we have 0 — f(z;) = 0 — z2 . Because of 0 — z2 > f(z2),
from [14, Lemma 2] it follows that 0—z3 > 0V f(z2) = [0— f(z2)] VO + f(z2).
Then 0 — z5 > (0 — x3) + f(z2). Hence (0 — z2) 4+ 22 > (0 — z2) + 72 + f(a2)-
By 1.2, 0> f(z2). Then 1.1, 1.2 and 2.1 yields f(z2) = z2 =0 — (0 — z2).
By 2.2 (iv), f(0 — z2) =0 — z5. Therefore (0 —z3) € Ay, z2 € A.

Now we prove that f(z;) = z,. Since z; > z, d(z1,z) = d(f(z1), f(z))
yields 0 — z2 > = — f(z1). In view of [14, Th. 1] we have (0 — z2) + f(z1) > .
Further, from d(z,0) = d(f(z1), f(0)) we get 0 — f(z1) <z =z — 22. Then
[0— f(z1)] =z < (¢ —22) —z. By [14, Lemma 6], (0 —z) — f(2z;) <0—=22.In
view of [14, Th. 1] we have (0—=z) < [(0—2)— f(z1)] + f(z1) < (0—z2)+ f(z1).
Then 2[(0 — z2) + f(z1)] > z + (0 — z) > 0. From [14, Lemma 16] it follows
that (0 —z2)+ f(z1) 2 0. Thus (0—x2)+ f(z1) 20V (0—2z) = 0— 2. Hence
(0 —x2) + 2o + f(z1) 2 (0 — z2) + z2. By 1.2, f(z1) > 0. Then according to
2.1 (1), f(z1) = z1. Thus z; € A; . Because of z =z, + [0—-(0— zg)] , we have
reA.

2.6. LEMMA. A={z€G; f(z) =z}, A is a convez subset of G.

Proof. First statement is a consequence of 2.4 and 2.5. Let x;+(0—z3) <
z < y1 + (0 — y2) for some zi,z2,y1,¥2 € A1, 2 € G. Then 0 <
z — [z, + (0 — 1‘2)] < [yl + (0 — yg)] - [zl + (0 — 1'2)] . It is easy to verify
that [yx + (0 — y2)] - [xl + (0 — 1:2)] < y1 — (0 — z;). By [14, Lemma 13],
y1 — (0 — z2) < y1 + z,. Thus from 2.4 we get z — [rl + (0 - 1‘2)] € A;. Then
also {z — [z1 + (0 — 22)]} + 21 belongs to A;. In view of [14, Lemma 8] we
have z = {z — [:c; +(0—x2)]} + 21 4+ (0 — z2) € A. Therefore A is a convex
subset of G .

2.7. THEOREM. A 13 a DRIl-semigroup.

Proof. Let u =u;+(0—u2), v = v;+(0—v2), where uy, v1, uz, vy € Aj.
By [14, Lemmas 6 and 13], (0—u2)-+(0—v2) > 0—(uz+v;). Then uj+v, > utv
> uy +v+ [0—(u2 +v2)] . In view of 2.4 and 2.6 we have u+v € A. Hence A
is a subsemigroup of G. Further, it is easy to see that u; — (0 —vy) > u —v >
(0 —uy)— vy . Thus, in view of [14, Lemmas 6 and 13] we have uy +vy > u—v >
0—(uz+wv1). By 24 and 2.6, u--v € A. Since (0Vu)+(0Vv)>uVov>u,
(0Auw)+(0Av) SuAv <u,from 2.5 and 2.6 we obtain that uVv, uAv € 4.
Therefore A is a DRI-semigroup.
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2.8. LEMMA. Let t € B;. Then £ =0—-(0—z).
Proof. It follows from the relation d(z,0) = d(f(z), f(0)) .
2.9. LEMMA. Let z € B. Then 2 =0—-(0—2z).

Proof. Let z =y + (0 — z), where y,z € B;. By 1.1, 1.5, 2.8 and [14,
Lemma 6], 0—(0—z)=0—{[0-(0-2)] -y} =0-(z—y)=y+(0—2)==z.

2.10. LEMMA. Let y € B. Then 0—y 1s the inverse of y and (z—y)+y =z,
(z4+y)—y==z, 0—(z+y)=(0-2)+(0—y), O—(z—y)=y—z=y+(0—2z),
zt—y=z4+0-y), c—(0—y)=x+y for each z € G.

Proof. It follows from 1.1, 1.5 and 2.9.

2.11. LEMMA. Let z,y € By. Then f(z +y) =0—(z+y), f(zr —y) =
0—(z—y).

Proof. According to [14, Th. 1], from d(z + y,y) = d(f(z + y), f(y)) we
get > (z+y)—y > f(z+y)—(0—y). Then z—y > [f(z—y)—(0—y)] —y. By
2.10 and [14, Lemma 6], z > z—y > f(z+y)— [(0——y)+y] = f(z+vy). In view of
2.2 (ii) from d(z +y,0—z) = d(f(z +y), f(0—z)) we have (z+y)—(0—z) =
z—f(z+y). Then [(z+y)—(0-2)] +20-2)+(0—-y) + f(z +y) =
[t — f(x+y)] + f(z +y) +2(0 —z) + (0 — y). By 2.10 and [14, Lemma §&],
fla+y)=0-2)+(0-y) =0-(z+y).

By 2.2 (ii) from d(z—y,0—y) = d(f(z—y), f(0—y)) weget (z—y)—(0—y) >
y— f(z —y). Then [(z—y)—(O—y)] —z> [y—f(z—y)] —z. In view of [14,
Lemma 6] from this we obtain 0 > (y —z)— f(r —y). Thus f(z—y) >y—z >
0—z. Then d(z,z—y) = d(f(z), f(z—y)) yields z—(z—y) = f(z—y)—(0—z).
Hence [.1: —(z - y)] —z = [f(z —y)—(0— x)] — z. Finally, according to 2.10
and [14, Lemma 6] from this we obtain 0 — (z — y) = f(z — y).

2.12. LEMMA. B, is a convez subsemigroup of G, Bt = B, and f(z) = 0—x
for each z € B.

Proof. In view of 2.10 and 2.11 it remains to prove only the convexity of
B;.Let ¢ <z <y for some z,y € By, z € G. Then d(z,0) = d(f(z), f(0))
yields z > 0 — f(2). In view of [14, Lemma 13] from this we get f(z) > 0 —
(0—f(2)) 20—z >0—y = f(y)- Then from d(y,z) = d(f(y), f(z)) we obtain
y—z=f(z)—(0—y). Thus (y — 2) —y = [f(2) = (0 — y)] — y. According to
2.10 and [14, Lemma 6] we have 0 — z = f(z). Hence z € B; .
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2.13. LEMMA. Let 2 €G, f(z)=0—=x. Let 2y =0V, 29 =0Az. Then
f(z1)=0-=zy, f(z2)=0-22, 21,0~22€ By, z2,z€ B.

Proof. By (14, Lemma 9], £ = z1 + 2. In view of 1.2 from z; =0Vz we
get 14+ (0—z2) = z,V(0—z3). From z; = 0Az according to [14, Lemma 5] we
obtain 0—z2 = 0V(0—=z). Then we have z;+(0—2z2) € U(z,0—z). Let v € G,
v € U(z,0—z). Then 2v >z 4 (0 —z) > 0. By [14, Lemma 16], v > 0. Thus
v>0Vz=2;,v>0V(0—2) =0—=z3. Hence v > (0—z2)Vz1 =21 +(0—2z2).
Therefore 1 + (0 —z2) =z V (0 - z).

Since 0 —z; <0, 0 —z; < 0 -z, from the relations zo < 0, zo < z
we obtain (0 —z;)+ 22 <z, (0 —21) + 22 < 0— z. From this we derive
0——[(0—11)4-12] > (0—z)V(0—(0—=z)) . Further, from d(0, z) = d(f(0), f(z)) we
have zV(0—z) = (O—z)V[O—(O—z)] . Therefore z1+(0—z2) < 0— [(0—x1)+:02] .
From this according to 1.1 and 1.2 we can easily get that z; <0 — (0 — z1).
But according to [14, Lemma 13], 0 —(0—z;) < z1. Thus 0—(0—z;) = z; . By
1.5, 0 — x; is the inverse of z,. Since z; and z, are invertible, = is invertible
as well. Thus by 1.1, 0 — (0 — z) = z. Further, according to 1.1, 1.2 and [14,
Lemma 6] from z =21 + 2, weget 21 =2 — 29, 21—z =0—z.

Now we prove that f(z2) = 0—z,. From the relation d(z2,0) = d(f(z2), f(0))
we get 0 —z2 > f(z2), 0 —z2 > 0 — f(z2). Then (0 — z3) + z2 + f(z2) >
[0— f(;tg)] + f(z2)+z2. By 1.1, 1.2 and [14, Th. 1], f(z2) > z2. This implies
r1 + f(z2) > z. Further, from d(z,z2) = d(f(:t),f(zz)) we get 11 =T — 9 >
(0—x)— f(z2). From this according to (14, Th. 1] we obtain z; + f(z2) > 0—=z.
Therefore z1 + f(z2) >z V(0 —z) = 21 + (0 — z2). Because of 0 —z, > f(x2),
we have z; + (0 — z2) > =7 + f(22). Thus z, + f(z2) = z1 + (0 — z2). Then
f(z2) = 0—z,. By 2.2 (iii), f(0—x2) = 23 = 0—(0—x2). Therefore 0—z; € By,
9 € B.

Finally we show that f(z1) =0—z;. From d(z,0) = d(f(z1), f(0)) we get
r1 > f(z1), 21 = 0 — f(z1). Thus £ > f(z1) + z2. In view of [14, Lemma 6]
we have 0 — 2 < (0 — x3) — f(z1). From d(z1,z) = d(f(z1), f(z)) we obtain
0—xz9 > f(z1)—(0—z). By (14, Lemma 6], (0 —z2)— f(z1) 20— (0—z) = z.
Thus (0—z2)— f(z1) > 2V (0—z) = 21 + (0 — z2). Because of z; > 0— f(z1),
according to 1.1 and [14, Lemma 6] we have z; +(0—z2) > [O—f(zl)] +(0—z2)
= [O—f(:cl)]—xz =(0—x2) —f(z1). Then z; + (0 — z3) = (0 — z2) — f(21).
From 1.1 and [14, Lemma 6] it follows that z; = z; + (0 — z2) + 22 =
{[o - f(z1)] — 22} + 22 = 0— f(z1). Since z1 > 0V f(z1), [14, Lemma 2]
implies z; > [O—f(zl)] VO+ f(z,). Thus 2, > z; + f(z1). Hence 0 > f(z1).
By 2.1 (ii), f(z1) =0 —z;. Therefore z; € B, . Since = = z1 + [0 —(0—- xz)} ,

we have x € B.
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2.14. LEMMA. B is an l-group and a conver subset of G. Furthermore
B={z€e@G, f(z)=0-=zx}.

Proof. Let z,y € B. Thus z =1+ (0 — 22), y = y1 + (0 — y2) for some
Ty, T2, Y1, y2 € By . According to 2.10 and 2.12 we have  +y = z; +y1 +
[0— (=, +y2)] €B,0—z=(0—21)+ [0—(0—22)] =22+ (0—2,) € B. By
2.10, 0 — z is the inverse of z. Hence B is a group. In view of 2.12 and 2.13
it is easy to see that B is an l-group.

Let g > d > h forsome g,h€ B, d€ G. Then ¢+(0—h) > d+(0—h) > 0.
By 2.12, d+ (0 — h) belongs to B;. Then d =d+ (0 — h) + h € B. Therefore
B is a convex subset of G . The last proposition follows from 2.12 and 2.13.

2.15. LEMMA. Let £ € Ay, y € By. Then f(z+y) =2+ (0—-y), f(z—y) =
g4y, f(0-2)+(0-y) =0-2)+y, f(0-2)-y) =(0-2)+y.
f((0O—z)4+y) =(0—-2)4+(0—1y).

Proof. Let = € Ay, y € B;. In view of (14, Th. 1] from d(z + y,y) =
d(f(z +y), f(y)) weget 2> (z+y)—y>fle+y)—(0~y). Then z —y >
[f(z +y)— (0 —y)] —y. By 210 and [14, Lemma 6], = —y > f(z +y).
From [14, Th. 1] and the relation d(z +y,z) = d(f(z + y), f(z)) we infer that
y > (z+y)—z > z— f(z+y). From this according to [14, Lemma 6] we obtain
0> [a:—f(z+y)] —y=(z—y)— f(z+vy). Then f(z+y) =z —y. Therefore
f@+y)=z-y=z+(0-y).

According to [14, Lemma 13] from d(z,z —y) = d(f(z), f(z —y)) we obtain
y > z—f(z—y). By [14, Lemma 6], 0 > [z—f(z—y)] —y = (z—y)—f(z—y) . Thus
f(z—y) > z—y. From this and the relation d(z—y,z+y) = d(f(z—y), f(z+y))
we get f(z—y)—(z—y) =(z+y)—(z—y). Then [f(:c—y)—(J?*y)] +(x—y) =
[(x—{—y')——(x—y)] +(z —y). By [14, Lemma 8], f(z —y) =z +y.

In view of 2.2 (i), 2.8 and [14, Lemma 6] from d((0—z),(0—z)+(0—y)) =
A((0 - 2), £((0 — 2) +(0 — ))) we get y = (0—2) — [(0—2) + (0 — )] >
f((0=2)+(0-y)) —(0—x) > f((0—2)+ (0 —y)) - According to 2.2 (ii) and
(14, Lemma 6] from d((0—2)+(0—y), 0—y) = d(f((0—2)+(0—y)), f(0—y))
we obtain 0—(0—z) =y — f((0—2)+(0~y)) . Then [0-—(‘0~x)] +(0—x)+
F(0-2)+(0-y) = [y—fF((0—2)+(0-y))] + F((0—2)+(0—y)) + (0 —x).
By [14, Lemma 8], f((0—z)+(0-y)) =(0—z)+y-

According to 2.2 (i) and [14, Lemma 13] from d((0 — =) — y, 0 — z) =
d(£((0-x)—y), f(0—x)) we obtain y > f((0—z)—y) ~(0-2) > f((0-2)—y).
In view of 2.2 (ii) from d((0—z) -y, 0—y) = d(f((O—z)—y),f(O—y)) we get

vl
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O-y) - [0-2)-y = y- f(0~-2)~y). Then {(0-y) -
[(0-2)=y] }+[(0-2)—y] + £ ((0-2)—y) +y = [y=F((0~=)—¥)]+f((0-2)—y)+
[((0—z)—y] +y. By 2.10 and [14, Lemma 8], we have f((0-z)—y) = (0—z)+y.

In view of 2.2 (i), from d((0—=z)+y, 0—z) = d(f((0—=z)+y), f(0—1z)) we
obtain [(0—z)+y] —(0—z) > f((0—2)+y) —(0—=z). Then {[(0~2z)+y] -
0-2)} +(0-=z) > [f((0—2)+y) —(0—2)] + (0—2). By 1.1 and 1.2,
(0—z)+y > f((0—z)+y). Then from d((0-2)+y,(0—z)+(0—-y) =
d(f((0—z)+y), f((0—2)+(0—y))) we have [(0-z)+y] - [(O—z)+(0—y)] =
[((0-2)+y] = F((0—2z) +y). Then {[(0—2)+y] — [(0—2)+(0-y)]}+
0-2)+(©0-y)+[0-(0-2)] +(0-y)+ f[(0-2)+y] = {[(0-=)+y] -
F(0=2)+y) }+ F((0—2)+y) +(0—2)+(0—y)+ [0— (0—2)] +(0~y). In view
of 2.10 and [14, Lemma 8] from this we get f((0—z)+y) =(0—2z)+(0—y).

2.16. LEMMA. Let z€ A, y€ By. Then f(z—y)=z+y.

Proof. Let z = a; + (0 —a;) for some a1, a2 € A; and let y € B, . Since
z—y < a;—y, according to 2.10, 2.15 and [14, Lemma 6] from d(a; ~y, z—y) =
d(f(a1 —y), f(z—y)) weobtain (a1 +y)—f(z—y) < (a1—y)—(z—-y)=a1—z =
0—(0—az). Thus [(a1 +y)— f(z—y)] +(0—a2) < [0—(0—a2)] +(0—az).
By 1.1, 1.2 and [14, Lemma 13], [a1 + (0 —az2) + y] — f(z —y) £ 0. Then
flz=y)2a1+(0-a))+y>(0—-a2)+y.

Since z —y > (0 — a3) — y, in view of 2.10, 2.15 and [14, Lemma 6] from
d(z—y, (0—az2)—y) = d(f(z—y), f((0—az)—y)) weget f(z—y)—[(0—az)+y] =
(r —y) — [(0—a2)~y] = x—{[(O—ag)—y] +y} =z — (0 — az). Then
{flz—y)- [(0—a2)+y]}+(0—-a2)+y= [x—(O—az)] +(0—a2)+y. By
[14, Lemma 8], f(z—y) =z +y.

2.17. LEMMA. Let £ € Ay, y€ B. Then f(0—2z)+y) =(0-2)+(0—y).

Proof. Let = € A and y = b; + (0 — b2) for some by, b, € B;. In
view of 2.15 and [14, Lemma 13] from d((0 — z) +y, (0 — z) + (0 — b)) =
d(f((0—2)+y), f((0—2)+(0-b3))) weget by > [(0—z)+y] —[(0—z)+(0—b2)] >
[(0 —z)+ bz] - f((O —z)+ y) . From this according to 2.10 and [14, Lemma 6]
we obtain 0> {[(0—z)+b] — F(0—z)+y)} — b1 = {[(0—2)+ ] — b} -
F((0=2)+y) = [(0—2)+ba +(0—b1)] - f((0—2)+y) . Hence F((0-)+y) >
(0—z)+by+(0—b;) > (0—z)+(0—b;). Then from d((0—z)+y, (0—z)+by) =
d(f((0—z) +y),f((0 — z) + b)), 2.15 and [14, Lemma 6] it follows that
f((0-2)+y) = [(0—2)+ (0—b1)] = [(0—z)+b:] = [(0—2)+ b1 +(0—-bp)] =
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0—(0—by). Thus {f((O—a:)+y)—[(0—z)+(0—b1)]}+ [(0’1)+(0‘b1)] =
(0—z)+(0~by)+ [0—(0—by)]. By 2.10 and [14, Lemma 8], f((O—rH-H) =
(0-2)+(0~-y).

2.18. THEOREM. Let 1 € A, y € B. Then f(z +y) =2+ (0 —y).

Proof. Let 2 = a; + (0 —az), y = by + (0 — by) for some ay,a; € Al
b1,b2 € By . In view of 2.10 and 2.16 from d(z +y, z+4+(0=1b2)) =d(f(z+y),
f(:c + (0 — bz))) it follows that (z + y) — [z + (0 — bz)] >(xz+b)— flx+y).
By [14, Lemma 13], b; > (z + b)) — f(z + ). According to 2.10 and [14.
Lemma 6] 0 > [(z + by) — f(z + )] — b1 = [(& +b2) = b1] = flz +y) =
{z+[0-(0=8)] +(0=b1)} — f(z +y) = [z + (0 —y)] — f(z +y). Therefore
flz+y)>2+(0—-y)>(0—az)+(0—y). Then from 2.17 and the relation
d(z +y,(0 — az) +y) = d(f(z + y), f((0 = az) + y)) we obtain (z +y) —
[(0—-a2)+y] = f(z+y) - [(0—a2)+(0—y)] . In view of [14, Lemma 8] we have
{(z +y) - [(0 —az)+ y]} + (0 —a2) + (0 —y) = f(z + y). Finally, according
to 1.1, 1.2, 2.10 and [14, Lemma 6] we have f(z +y) = {[(z +y) — y] —
(0—az)} +(0—a)+(0—y) =z +(0—y).

3. Direct decomposition corresponding to a weak 0-isometry
Let f, Ay, By, A, B be as in Section 2.

3.1. LEMMA. Let ¢ € GT, 21 = 0V f(z), 22 = 0V (0 — f(x)). Then
T = -+—.’L‘2, f(.l‘)zl‘]—.l'g :l’1+(0—1}2), f(Il)Z.l‘], f((l’z):O—‘IQ.

Proof. First we prove that ¢ = z; + z2. From d(z,0) = d(f(x), f(0))
we get z = f(z) V (0 — f(z)). Since z, + x5 € U(f(x),0 — f(x)), we have
Ty +x9 2 T

Let zo =z — 2. Clearly 2 > 2;, * > 25, T2 > 0. From [14, Lemma 8] it
follows that 2+ = . Since z € U(0,0— f(z)) , in view of [14, Th. 1] we have
z+ f(z) € U(f(2),0). Thus z + f(z) >0V f(z) = 21 . Then according to [14,
Lemma 13], 0 < [:c + f(z)] = 21 < (z — 21) + f(z). Again, by [14, Lemma 13],
0-— f(z) < [(z —z) + f(m)] — f(z) £ [f(z) — f(z)] + (¢ — x1) = 22. Thus
23 >0V (0= f(z)) = 2. Then = = 21 + 2, > 71 + x2. Therefore = vy + z,.

Let z = 0A f(z). Then according to 1.4 we have z = 0 — 1y, 2 = 0 — =,
0—(0—=z3) = 2. Then from 1.5 it follows that 0 — z; is the inverse of x5 . By
1.1 and [14, Lemma 9], f(z) =21+ 2=21 +(0—22) = 2 — 22

Now we verify that f(z2) = 0—z;. From 1.1, and d(z,z,) = d(f(z), f(r2))
we get x; =2 —xy > f(x2) — f(z). Then z; — f(xz2) > [f(z2) — f(2)] — f(zs).
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By [14, Lemma 6], z; — f(z2) > 0 — f(z). From d(z2,0) = d(f(z2), f(0)) we
obtain z > f(z2), 22 > 0 — f(z;). Then z, — f(z2) > z; — 22 = f(z). Thus
21 — f(z2) > f(2) V [0 — f(2)] = 21 + z2. According to [14, Lemma 13], from
the relation z2 > 0 — f(z2) we get z; + 72 > 21 + (0 — f(z2)) > z1 — f(z2).
Therefore 1 — f(z2) = z1 + 2. In view of [14, Lemma 6] we have 0 — f(z2) =
[11 - f(:m)] —z; = (21 +23) - 21 = (21 + 22) — [171 + 22 + (0 — 332)] =
0 — (0 — z2) = z2. Since z, > f(z3), according to [14, Lemma 2] we obtain
23 > 0V f(z2) = (0= f(z2)) VO + f(zz2). Thus z; > x5 + f(z2). Hence
0 > f(z). Then 2.1 (ii) yields f(z2) = 0 — z,. Further, in view of [14, Th. 1]
we have T, = (1 + 72) — 21 < x;. Therefore 1, =%, =z — 2 .

Finally, we prove that f(z,) == z;. From d(z,z1) = d(f(x),f(zl)) we get
z9 =z —x1 > f(z) — f(z1). In view of [14, Th. 1] we have z2 + f(z1) >
[f(z) - f(z1)] + f(z1) > f(z). Further, d(z1,0) = d(f(z1), f(0)) yields z; >
f(z1), 1 > 0— f(z;). By [14, Lemma 13], f(z;) >0~ [0— f(z1)] 20—z .
From this according to 1.1 and 1.5 we obtain z5 + f(z1) > (0 — 1) + 72 =
(0—21)+[0—(0—22)] =0—f(z). Thus z2+ f(z;) > f(z)V [O—f(x)] =z,+2z,.
From this we get f(z1) > z1. Therefore f(z;) = z;. This completes the proof.

3.2. LEMMA. Let € G* andlet x =g+ h =z, + x5 for some g, , € Ay,
h,zo € By. Then 2, =g, z2 =Fk.

Proof. By 2.18, f(z) =g+ (0—h) =z, +(0—z2). Then from this, 2.10
and [14, Lemma 6] we get (0—z3) = 21 —(z1+23) = 21— (9+h) = (z1—9)—h,
22 =0—(0—23) =21 — [21 +(0—22)] = (z1 —g)— (0—*). From this according
to 2.10 and [14, Lemma 6] we obtain z; — h = [(z1 —g) — (0 — k)] — h =
[(z1—g)—h] = (0—h)=(0—25)—(0—h)=[0—(0—h)] —2z2 = h —z5.
Since z2, h € B, in view of 2.10 we have 2(z; —h) = (z2 —h)+ h+ (0 —z3) =
29 + (0 —22) = 0. By [14, Lemma 17|, z; — h = 0. From this according to 2.10
we obtain zo = h. Then =, + 2z =g+ z, yields z; = g¢.

From 3.1 and 3.2 we immediately obtain:

3.3. LEMMA. For each x € Gt there exist uniquely determined elements
r1 € Ay, 29 € By such that t =11 + z,.

3.4. THEOREM. Let z € Ay, y € By. Then z = 0V(z—y), 0—y = OA(z—y).

Proof. Let = € Ay, y € By andlet 2 = z+y, z; = 0V f(z),
23 =0V (0= f(2)) . Then the desired result follows from 1.4, 3.1 and 3.3.
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3.5. LEMMA. For each = € G~ there ezist uniquely determined elements
z1, 22 € G~ such that z = 21 + z2, f(z1) = 71, f(z2) = 0 — z2. More-
over, £ =0—1Z,, 9 =0— I, where T; € A;, I, € B,.

Proof. Since 0 —z > 0, for the elements z; = 0V f(0 — z) and z, =
OV(O—-f(O—:z:)) from 3.1 we obtain (0 —z)=Z; + Z2, T € 41, T2 € B, .
According to 1.1, 1.2 and 2.10 weget c = 0— (0 —z) = 0 — (3, + 72) =
(0—2,)+(0—22). Let 2y =0—3%;, 22 = 0—Z2. Thus z; <0, z2 <0. By
22 and 2.8, f(z1) =21, f(z2)=22=0-(0-22) =0—z,.

Let z=y1 +y2, f(y1) =v1, f(y2) =0~ y2 for some y1, y» € G™. By 1.1
and 1.2, 0 —z = (0 — 1) + (0 — y2). According to 1.1, 1.2 and 2.2 we have
fO-y)=0—uy1, f(0—y2)=y2=0-(0—1y). Since 0 —y;, 0 —y2 € G¥,
from 3.3 it follows that 0 —y; = Z;, 0 — y2 = Z,. In view of 1.1 and 1.2 we
have y; =0— (0 — y1) = z; . Similarly y, = z,.

3.6. LEMMA. Let 2 € G. Then there exist zy € A, 2o € B such that
Z2=21+ 2.

Proof. Let 2z€ G, t=2V0, y=2A0. According to 3.1 and 3.5 there
exist 1, y1 € Ay, 22,Y2 € By suchthat z =21+ 29, y=(0—y1)+(0—y2).
By [14, Lemma 9], z=x+y. Ifweput z; =21 +(0—y1), 22 = 22 + (0 —y2),
then z; and 2, have the desired properties.

3.7.LEMMA. Let 1€ G, t =g+ h =1z +x2, where g,z € A, h, z2 € B.
Then 1 =g, To=h.

The proof of this lemma follows on the same lines employed in the proof of
Lemma 3.2.

3.8. LEMMA. For each z € G there ezist uniquely determined elements
z1 €A, 90 € B such that z =z, + z,.

Proof. Thisis a consequence of 3.6 and 3.7.

3.9. LEMMA. Let z,y € G and let z = 1+ 2, y = y1 + Y2, 2+ Y =
(z+yh+(z+y)2, z—y = (z—yh +(z—y)2, where 21, y1, (z+y)1, (z—yh € 4,
T2, Y2, (T +Y)2, (r —y)2 € B. Then (z+y) =21 + 41, (z+y)2 = 22 + 42,
(r—yh=x1—y1, (T~ Y2 =22 —Y2.

Proof. According to 2.7, 2.14 and 3.8 from the relation (z + y)h +

(z+y)r=z+y =21 +y1 +x24+y2 weobtain (z+y) =z, +y1, (x+y)2 =
Ty + y2. In view of 2.10 and [14, Lemma 6] we have (z — y) — 72 =

[(11 + x3) — 12] —Wty)=(1-—wn)—y = (x1—n)+ (0 - yz). By
2.10 we have (r —y) = [(x —y)— 172] +x9 = (21 —y1) + (z2 — y2). According
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to 2.7, 2.10 and 2.14, (z; —y1) € A, (z2 —y2) € B. Then from 3.8 it follows
that (z —yh =z1—y1, (2 -y =22 — 2.

3.10. LEMMA. Let 2,y € G, r =z1 +z2, y = y1 + y2, where z;,y1 € A,
z2,Y2 € B. Then z <y if and only if z; < y; and z2 < ys.

Proof. The “if” part is obvious, so we prove “only if” part. Since z—y < 0,
according to 3.5 we obtain ¢ —y = (z — y)1 + (2 — y)2, where (z —y)1 € 4,
(z—-y)2 €B, (z—y)h <0, (z—-y)2 <0. In view of 3.9 we have (z —y); =
21 -=y1 <0, (z—y)2 =22 —y2 0. Thus z; <y1, 22 < 2.

3.11. THEOREM. G is the direct product of the DRI-semigroup A and the
l-group B and f(z) =24+ (0— zB) for each z € G.

Proof. This follows from 2.7, 2.14, 2.18, 3.8 and 3.10.

3.12. THEOREM. Any weak 0-isometry in G i3 an involutory semigroup au-
tomorphism.

Proof. The assertion is a consequence of 2.10 and 3.11.
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