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NOTE ON THE NUMBER OF 

SOLUTIONS OF THE CONGRUENCE 

f{xux2, ..., xn) = 0 (mod p) 

STANISLAV JAKUBEC 

(Communica ted by Milan Pas t eka) 

ABSTRACT. In this paper, we find the number Np modu lo p of the solutions 
of the congruence / ( K i , K2> - • • ? Kn) = 0 (mod p) . 

Let / ( N i , X2 , . . •, Xn) be a polynomial in the n-variables Ki, X2, • . . , Ar
r/, 

with integral coefficients, say 

m. 

f(X1,X2,...,Xn)=Y,diX^X«'*...X^, d^O (modp). 
i = l 

Let p be a prime, p / 2, and denote by 7Vp the number of solutions of the 
congruence 

f(xux2l...1xn) = 0 ( m o d p ) , x1x2...xn^Q ( m o d p ) . (1) 

Put 
/ On O12 • • • Oln \ 

O21 ^22 • • • <*>2n 

^31 

\ &rni &m2 • • • ^mn ' 

The aim of this paper is to prove the following theorem, wThich determines 
Np modulo p . 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Pr imary 11D79. 
K e y w o r d s : Number of solutions of congruence. 
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THEOREM. Let p be a prime, p ^ 2 . The number Np of solutions of congru
ence (1) satisfies the congruence 

( 

JVp = ( - l ) " + 1 m + ( - ! ) " 

\ 

1 + V ^ 
/ 1 / 2 JUn 

aľ a2 . . . am _L_ 
ui,u2,...,urn 

0<Uj<p-l 
(ui,U2ì...,urn)A=0 (mod p—1) 

Ul+U2-\ \-Um =p— 1 

ui\u2\ .. . u7n\ 
(rrюd p) . 

P r o o f . Set 

_ í j(.тi,æ2,...,.тrl) 
p 

x1,x2,...,xn 

x\X2'..xn^0 ( m o d p) 

2TT • • 27T 

where (p — cos \- isin , and each of xi, x2)..., ,xn runs through a com

plete residue system modulo p subject to x\x2 . . . xn ^ 0 (mod p). 

Clearly, a £ Q((P), and we have 

T rQ(C,) / . («) = (P ^ 1 ) ^ P - ((P " 1)" " !Vp) = PyVp - (p - 1)" . (2) 

Let p be a prime with p = 1 (mod Z), and let i\ be a subfield of the field 
Q((p) of degree / over Q. Let a be a primitive root modulo p. Let o~ denote 
an automorphism of the field Q((p) such that cr(Cp) = Cp • We also set 

A = T Г Q ( < P ) / K ( C P ) ; ßi^^-Ҷíh) for i — 1,2 /; 

P - - . ,* _ 
l 

a = g (mod p) 

The numbers fii, f32,.. . fii a r e called the Gaussian periods, and it is known 
they form a normal integral basis for K/Q. 

The following lemma was proved in [1]. 

LEMMA. There is a number n G K , 7r | p , siicTi l/iat 

(i) ^ / Q ( T ) = ( - 1 ) ' P , 

(ii) o"(7r) _ g7r (mod 7r / + 1 ) ; 

(iii) ^ ^ f c g - ^ L - T r * (mod7r '+1) . 
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From the lemma, in case / == p — 1, K — Q((p) , we have: 

(P = 1 + p + ~j- + -]r7r2 + • • • + -~h^ynP~2 (mod *P)' 

If c is an integer not divisible by p, we denote by ac the automorphism such 

that O"c(Cp) = (p • Hence 

E #<--
x1,x2,...,xn 

x i x 2 - -. x n =É 0 ( mo d p ) 
xi,x2,...,xn І = I 

xix2...xn^É0 (mod p) 

p - 2 m , p-j j \ 

E П *-. <r *s.a • • • <г i + E тľ (mod ^ • 
x2,...,xn ? - i V J = l J- / 

æi,гc2,.-.,Жтi ѓ _ l 
. T I T 2 . . . . T П - É O (mod p) 

Therefore 

(І+PГ E П I + E 
. т i ,æ 2 , . . . , .т n 2==i 

, T I . T 2 . . . . T П ^ Ü (mod p) 

P - 2 

j = l 

l IX -э «X/ i «X/ o • • • JL> rү-ъ 
\3TT3 

( п ю d 7Г/;) . 

Multiplying out the product we obtain 

(1 +p)ш Y^ ( l + F1(x1,x2,...,xn)ҡ + F2(xъx2,...,xn)ҡ2 + ... 

г-Fp_i(жi,x 2,. • . , x n ) т r p _ 1 ) (nюd 7ГP) 

xг,x2,...,xn 

xix2...xn^0 ( m o d p) 

By Lemma, we have 

T rQ(CP)/Q(- f c) = - f e + .9fc-fe + ff2fc-fe + •' • + .9 f c ( p ~ 2 ) - f e (mod TT") ; 

hence, if fc < p — 1, then 

TrQ(CP)/Q(-fe) = 0 (modTr t , . 

This implies 

T r Q ( C p ) / Q ( « ) 

/ 

; ( i + p ) m T r Q ( C j ) ) / Q E (l + F p - ^ x ^ x a , . . . , ^ ) ^ ' - 1 ) (modTT"). 

\
" i ,;c2,...,xГ(/ 

æi .т 2 . . .æ, a ^0 (mod p) 
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The polynomial Fp_i(_vi, X2, • • •, xn) has the form 

Fp_i(j_i,x2,...,xn) = Kx^x*2 ...x^n , 

where K is a constant independent of £1, a.2,.. •, xn • 

Clearly, 

Y^ K^i1 x^2 ... x*n = 0 (mod p) 

x1x2...xn^0 ( m o d p ) 

if some _4; is not divisible by p — 1, and 

J ] J _ : _ ^ . . . z ^ _ E _ _ ( p - l ) " (modp) 
;ci,.т2,...,жri 

. т i . T 2 . . . . T r г ^ 0 ( m o d p ) 

if 

^ 1 =- A2 

The Lemma gives 

An = 0 ( m o d p - 1 ) 

л. Q(C)/Q [n) = ( — l)p _1p = 7Tg7Tg27T... gp 2n (mod 7rp) , 

which implies 

Therefore we obtain 

TrQ(CP)/Q(°0 

= ( i + p r ( p - i ) " + 

7ГP x = —p (mod 7гp). 

1 - p _ 

V 

_ .,__,. . . ,-„ . u1\u2\...uml 
0<Uj<p-l 

( _ i , _ 2 v . W m ) A = 0 ( m o d p - 1 ) 
?_i+u 2 H h w m = p - l 

(mod тг'') 

:tnd so, from (2), we deduce 

PNP - (p - 1)" 

/ 

: ( l + p Г ( p - l ) n + 1 1 - p E 
.JW1 JW2 J W T U 

a l a 2 • • • a m 

„ i ! H 2 - • • • a r . ? -
_1,„2,---/Wm 
0 < t í 7 < p - l 

( i t i , n 2 , . - . , i t m ) A _ = 0 ( m o d p— 1) 
_ - l + U 2 . h W m = P — 1 

(mod ҡh 
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uul the asser t ion of T h e o r e m follows. D 

E x a m p i e 1. Using T h e o r e m 1 we de termine the n u m b e r of solu t ions of 

the congruence 

Clearly, 

and so 

X3 + aX + b = 0 (mod p), ab Џ. 0 (mod p). 

л o 1 ' 

Np = 3 1 + £ 
V 

Ui,U2,U3 
0<Uj<p-l 

3u,i + U2=0 (mod p— 1) 
Ui+U2+U3=p—1 

aìl2buз 

uľ\u2\u3\ 
(mod p) . 

У 

Lei p = 3, X3 + aX + b = 0 (mod 3 ) , ab ^ 0 (mod 3 ) . 

All solu t ions of the System 

0 < u{ < 2 , 

3Hi + H2 = 0 (mod 2 ) , 

Hl + H2 + U's = 2 

are (Hi, H2, H3) = ( 1 , 1 , 0 ) , hence 

җ 3 " i1 + lifior) - 2 " a ( m o d 3 ) 
Let /; = 1 1 , X3 + X + 1 = 0 (mod 11) . 

0 < Ui < 10, 

3Hi + H2 = 0 (mod 10) , 

Hi + H2 +H3 = 10 . 

All solu t ions of this sys tem are (Hi, H2, H3) = (1, 7, 2); (2 ,4 ,4) ; (3 ,1 ,6) ; (5 ,5 ,0) ; 

( 6 , 2 , 2 ) . 
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Hence 

^ 1 1 _ 3 V 1 + 1!7!2! + 2!4!4! + 3!1!6! + 5!5!0! + 6!2!2! ) ~ l ^ mod 

E x a m p l e 2. In this example, we determine the number Ar
p of solutions 

of the congruence 
Xf + Xl + 1 = 0 (mod p). 

We have 

hence 

3,0 
A= | 0,3 

0 < u% < p - 1, 

3Hi = 0 (mod p — 1), 

3H2 = 0 (mod p — 1), 

Hi +u2+u- = p— I. 

I. Let p = 2 (mod 3) . Clearly, this system has no solution, hence 

Np = 3 ( - l ) 3 + ( -1 ) 2 = - 2 (mod p). 

V — 1 . 
II. Let p = 1 (mod 3) . Denote fc = —-— . Therefore all the solutions are 

(Hi, H2, H3) = (0, fc, 2fc); (0, 2fc, fc); (fc, 0, 2fc); (2fc, 0, fc); (2fc, fc, 0); (fc, 2fc, 0): (fc. fc. fc). 

Hence 

^ = - 3 + ( l + (-6) + ^ ) = - 8 + ^ ( m o d - ) . 

Let 4p = a2 + 27b2 , a = 1 (mod 3). It can be proved (see [1]) that 

1 

(fclF 

Therefore 

= a (mod p) 

Np = a — 8 (mod p) . 
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