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EQUIVARIANT COHOMOLOGY 
WITH LOCAL COEFFICIENTS 

MAREK GOLASINSKI 

(Communicated by Julius Korbas ) 

ABSTRACT. For a topological category T> and a X>-space we construct 2">-co-
homology groups with local coefficients. The main result (Theorem 3.3) presents 
some equivariant conditions describing any weak 'D-homotopy equivalence. The 
representability result for 1^-cohomology (of P-complexes) is developed and ap
plications to G-spaces, where G is a locally compact topological group, are given. 

0. Introduction 

Let G be a locally compact topological group. For a G-map / : X —• Y, an 
equivariant version of the W h i t e h e a d theorem has been proved ([4], [6]). By 
[8], a weak G-homotopy equivalence leads to an isomorphism of the 111 m a n 
([5], [7]) cohomology groups. In [3], by means of the Postnikov tower for nilpo-
tent G-connected spaces a partial inverse of this is established. The aim of this 
paper is to extend that result to arbitrary G-spaces and to give some equivalent 
algebraic conditions describing any weak G-homotopy equivalence. 

Let V be a topological small category and CGH the category of compactly 
generated Hausdorff spaces and continuous maps. The key example of such a 
category is the category OG of orbit types determined by a topological group G 
in CGH. Put T(V) for the functor category whose objects are continuous con-
travariant functors and whose morphisms are natural transformations between 
them; its objects are called P-spaces. By [13], the cellular approximation and 
J. H. C. Whitehead's theorems hold in that category. The obstruction theory 
(cf. [10]), as well as the ordinary homotopy theory, may be also developed in 
that category. 

In Section 2, we construct D-cohomology groups of a D-space with local 
coefficient (cf. [9], [10]) and give some equivalent descriptions for P-complexes. 

AMS S u b j e c t C l a s s i f i c a t i o n (1991): Primary 55N25, 55N91; Secondary 55S35, 57S10. 
Key w o r d s : D-cohomology group, D-space, G-space, local contravariant coefficient system, 
locally compact group. 
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Then, in Section 3, we present the main result (Theorem 3.3) which gives some 
equivalent algebraic conditions for a weak P-homotopy equivalence. By means 
of obstruction theory, we develop the representability result (Corollary 3.6) for 
D-cohomology of D-complexes. Then we apply our results to G-spaces. 

1. Preliminaries 

Throughout this note, we are concerned with the category CGH (resp. 
CGH^) of compactly generated HausdorfF (resp. pointed) spaces. The prod
uct S x T and the function space Ts in CGH (resp. CGH^) are given by the 
"k-ification" of the usual product topology and the compact-open topology. 

D E F I N I T I O N 1.1. 

(1) We call a category V a topological category if an arbitrary set of mor-
phisms V(a, b) is a CGH-space and the composition V(a, b) x V(b, c) —• V(a, c) 
is continuous for arbitrary objects a, b, c in V. A contravariant functor F: V —• C 
between topological categories is said to be continuous if the induced map 
F+ : V(a, b) —> C(F(b), F(a)) is continuous for a, b e V. 

(2) We always consider CGH as a topological category with CGH(S,T) 
= Ts. Hereafter we fix a topological small category V, and consider the functor 
category 

T = T(V) = Cont Funct(P, CGH) 

whose objects (called functor spaces over V or simply V-spaces) are con
tinuous contravariant functors X: V —• CGH and whose morphisms (called 
V-morphisms) are natural transformations between them. 

(3) Any object cinV gives a continuous functor Dc: V —> CGH by Dc(a) = 
V(a,c) and Dc(f) = / * : V(b,c) —• V(a,c) for any a and / : a —• 6 in X>; and 
we call this 2?-space Dc the V-orbit of c. We regard any CG/f-space T as the 
P-space T with T(a) = T and T(f) = id : T -> T . 

(4) Consider the category [n] of ordered objects 0 < 1 < • • • < n whose 
morphisms consist of the unique i —> j for i < j . 

The category J^+x of (n + l)-ples X <— ylx <—...<— ^4n of V-spaces is 
considered as ^ ^ j = Funct([n], J7) = *̂(X> x [n]) over the product category 
V x [n] (with the usual topology). For n = 1, we call T2 the category of pairs 
of V-spaces. We call A c l a relative pair if -4(a) is a closed subspace of X(a) 
for any a in V. 

The category T is closed under (co)limits and becomes a homotopy category 
by the cylinder and path functors obtained by composing those functions for 
CGH (resp. CGH^). Moreover, for an arbitrary 2?-space X and a constant 
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EQUIVARIANT COHOMOLOGY WITH LOCAL COEFFICIENTS 

functor C the natural isomorphisms 

V(Da xC,X) = CGH(C,X(a)) , V[Da x C,X] = CGH[C,X(a)] 

are determined by the Yoneda Lemma ([- , - ] is the P-homotopy set). 

Following [11], [13], we now introduce the notion of functor complexes as 
follows, where 0 is the empty space, Bn is the n-ball and 5 n _ 1 = Bn the 
(n - l)-sphere (B° = *, S " 1 = 0) in CGH. 

D E F I N I T I O N 1.2. 

(1) We call K (resp. (K, L)) a, functor complex over V or a V-complex (resp. 
relative one) if K = \imKn in V for £>-spaces Kn with K~l = 0 (resp. L) and 

j n : Kn~l —> Ifn, which are constructed inductively by the pushout diagrams 

н 
in T for some object a{ in V, X>-morphisms fi and the upper P-morphism 
induced by 5 n _ 1 C Bn. Here JJ stands for the direct sum in T and DcxT is the 
product of the P-orbit Dc and a GGtf-space T, i.e., (L>c x T)(a) = V(a, c)xT 
and ( D c x T)(f) = V(f,c) x T. We call Kn the n-skeleton, Da. x Bn the 
n-cells attached by f{, and the maximum integer of n ' s (appearing in the above 
diagram) the dimension of K (resp. (K,L)). 

(2) A pair (K0,KX) of V-complexes, or a V-subcomplex Kx of a Z>-complex 
K0 is defined to be a functor complex K over 2? x [1]. Then Kx consists of 
n-cells D, ^ x Bn, and K0 of these together with -D(a.,0)

 x Bn. 

EXAMPLE 1.3. Let G be a topological group in CGH, and consider the category 
CGHG of G-spaces. The quotient spaces of left cosets in CGH and G-maps 
between them form the category OG of orbit types. Then OG becomes a small 
topological category according to the natural isomorphism OG(G/H,G/K) = 
(G/K)H. Any G-space X can be identified with the ^ r((9G)-space X: 
OG -> CGH given by X(G/H) = XH (the invariant subspace of X). A G-CW 
complex X is defined by a colimit l i m X n by taking ]\G/HjXS71 ->]\G/HjXB71 

"* 3 3 

in place of the upper morphisms in our diagram. The above correspondences 
and definitions induce the one-to-one correspondence between ^F(OG)-complexes 
and G-CW complexes. 

We list some of the basic properties of P-complexes. Remark that their proofs 
are completely the same as in the case of G-CW complexes ([7], [14]). Here 
(X, A) (resp. X) is N-connected if 7rn(X(a),A(a),x) = 0 (resp. 7rn(X(a),x) 
= 0) for any a G V, x G A(a) (resp. X(a)) and 0 < n < IV. 
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P R O P O S I T I O N 1.4. (J. H. C. W H I T E H E A D T H E O R E M ) Let f: 

(X, A) —* (Y,B) be a V-morphism between pairs of V-complexes. Suppose 
that f is a weak V-homotopy equivalence, that is, the induced maps 

/ , : *n(X(a),x) - irn(Y(a),f(x)) and / , : nn{A(a),x) -> nn(B(a),f(x)) 

are bijective for n < m a x ( d i m X , d i m F ) . any a G V and x G A(a), then f is 
a homotopy equivalence in T2. 

P R O P O S I T I O N 1.5. (V-CW A P P R O X I M A T I O N T H E O R E M ) Let (X,A) be 

a pair of V-spaces. Then there is a pair of V-complexes (TX, TA) and a V-map 
P(x A): (F-X\ T-4) —> (X, A) satisfying the following properties. 

(1) p,x As is a weak V-homotopy equivalence. 

(2) For an arbitrary V-map f: (X, A) —•> (Y, B), a canonical V-cellular map 
T(f): (TX,TA) -> (TY,TB) is defined and f ° P{X,A) = P(Y,B) OKU)-
That is, T is a functor from the category of V-spaces and V-maps to 
the category of V-complexes and V-cellular maps, and p is a natural 
transformation. 

Our cohomology theory requires a certain amount of categorical machinery 
which we now introduce. Let X be a ©-space. 

The fundamental category (cf. [1]) ir(V,X) of X is defined by: 

(i) Objects are ©-maps xa: Da —> X for all a G V. Sometimes we write x 
for brevity, 

(ii) A morphism (a, [cO]) : xa —* yb consists of a map a: a —> b in V and a 
homotopy class [cO] relative to Da x dl of ©-maps cO: Da x I —> X with 
ui = xa a n d uo = Vb0 D<r • W e often abbreviate (a, [cO]) by (cr,cj). 

For an object x: Da —• X, define Xx(a) to be the component of X(a) deter
mined by x. Assume that the components Xx(a) have suitable local properties 
ensuring that the universal coverings px(a): Xx(a) —> Xx(a) can be defined in 
the standard manner using equivalence classes of paths. 

The universal covering of X is the contravariant functor 

X:TV(V,X)-+CGH 

sending xa to Xx(a) and (a,u): xa —> yb to X(a,u): Xx(a) —> Xy(b). 

Objects of the discrete fundamental category TT/(V, X) are again P-maps 
x: Da —> X. In contract to the previously defined category, we now identify 
suitably homotopic maps a: a —+ b. Let (ai,uJi): x —• y be two morphisms 
in n(V,X) (i = 0 ,1) . They are called equivalent (i.e., (aQ,u0) ~ (CT1,UJ1)) 

if there exists a path r : I —» X>(a, b) between fY0 and ax and a ©-homotopy 
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A: D„ x I x I -> X such that: 
a 

A(-,0, *) = *(-)> 
A ( - , i , 0 = y o T ) r ( t ) ( - ) , 

A(- , s , t ) = C J . ( - , 5 ) , t = 0 , 1 . 

.A local contravariant coefficient system on a 2)-space X is a contravariant 
functor 

M : 7 r / ( £ > , X ) - + A b 

to the category A b of abelian groups. A P-map / : X —> Y induces a functor 
7r/(2?, / ) : 7r / (P, X) —> 7r/(2?, y ) between the discrete fundamental groupoids, 
and for a local coefficient system M on Y the local coefficient system f*M = 
M o T T / ( 2 ? , / ) on X is called the pull-back of A/. Put Z T T / ( P , X ) for the local 
contravariant coefficient (or covariant) system determined by the free category 
on T T / ( P , X ) . 

2. Cohomology for D-spaces 

We may now proceed to describe the equivariant form of the local coho
mology of Steenrod (cf. [5]). Let A n be the standard n-simplex. A 2?-map 
T : A n x Da —• X is called a V-singular n-simplex in a 2>-space X . Put 
-̂ eo ' ^ a ~~* ^ f° r the Educed 2?-map determined by the first vertex e0 of 
A n . For a P-space X with a local contravariant coefficient system M we define 

Cl(X,M)= J ] M(TJ for n > 0 . 
T: AnxDa->K 

The coboundary homomorphism 

6n: C£(X, M) -^ C £ + 1 (X, M) 

is defined in the usual way. Thus we get the cochain complex 

Sv(X,M) = {C%(X,M)Jn}. 

Our main interest is not in the cochain complex SV(X, M ) , but in a suitable 
subcomplex of it. 

Let 
h: An x Dn -> A„ x D. 

n a n a 

be a 2?-map which covers id: A n -> A n and T : A n x Da -> X , V: A n x Da, -> X 
2?-singular n-simplexes in a X>-space X such that T = T'oh. Every t E A n gives 
rise to 2?-maps ht: Da —> jDa, and T t : Da —• X , where /i t(-) = pr2 o/i(i,-), and 
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pr2 : A n x Da, —> Da, is the projection onto the second factor. Pu t ot: a •—> a' for 
the map in V induced by ht and ujt: Dax I —> X for the constant D-homotopy 
determined by Tt = Tj.oht. If t, t' G A n , then, by [4], the maps ht, ht,: Da —> Da, 
are homotopic Therefore (at,uJt) ~ (at,,u>t,), and we may consider the induced 
map (cT^tjJ in 7z/(V,X). 

Define CV(X,M) to be the subcomplex of CV(X,M) consisting of all 
c e CV(X,M) which satisfy the following condition. If T: An x Da —> X and 
Tf: AnxDa, —• X are ©-singular n-simplexes in X, and h: AnxDa —> AnxDa, 
is a 2?-map which covers id: An —> A n and T = T' oh, then 

c T = M ( a „ U t ) c T , e M ( T j . 

The coboundary <5n_1: O£_1(x,M) -» O£(X,M) restricts to 

6 " - 1 : O£-1(x. M) -* O£(x, M ) . 

Thus we have the cochain complex 

Sv{X,M) = {Cl(X,M),8n) 

that gives the V-singular cohomology groups HV(X,M) of X with coefficients 
M. 

Let (X,A) be a D-pair. The inclusion i: A -+ X induces the short exact 
sequence 

0 -> SV(X, A; M) -> SV(X, M) -£ 5^(A, i*M) -> 0 , 

where SV(X, A; M) = ker i * . We now define 

Hl(X,A;M) 

to be the n th cohomology module of the cochain complex SV(X, A; M) for 
n > 0 . 

It is standard to check that the cohomology theory HV(-;M) satisfies all 
seven Eilenberg-Steenrod axioms (cf. [16]). We omit the obvious details which 
may be seen without any extra effort. Among other obvious facts, we also men
tion that cohomology theory is additive, and we have the Mayer-Vietoris exact 
sequence in it. The notion of cup product generalizes to our cohomology with 
coefficients in a commutative ring coefficient system, making it a graded ring 
(cf. [5], [16]). Dually, we may construct the n th homology module Hn(X, A; M) 
for a covariant coefficient system M and n > 0. 

Let p = p,x As: (TX, FA) —> (X, A) be the weak homotopy equivalence given 
by Proposition 1.5, and M a local coefficient system on X. Then, from the proof 
of Theorem 2* in [8], we may deduce the following: 

580 



EQUIVARIAIMT COHOMOLOGY WITH LOCAL COEFFICIENTS 

PROPOSITION 2 . 1 . The induced homomorphism 

p*: H^(X,A;M) ^ H^(TX,rA;p*M) 

on the singular V-cohomology is an isomorphism. 

We first give a cellular description of the cohomology. Let (X, A) be a relative 
D-complex, and M a local contravariant coefficient system on X. Then we can 
translate all the results listed in [16; pp. 286-287] into our context. Thus, if Xn 

is the n-skeleton of (X, A), we have 

Hl(Xn,Xn-1;M) = 0 if q^n. 

Next the exact sequences of the pairs (Xp, Xp~1) give rise to a spectral sequence 
whose limit term is the bigraded module associated with the filtration 

0 = J " * 1 ' - 1 C • • • C Jp'n~p C • • • C J ° ' n = Hn(X, A; M), 

where Jp>n~p = ker[Hn(X,A; M) -> Hn(Xp~\ A; M)}. It follows by a stan
dard argument that if C = {CP,6P} is the cochain complex whose Cp = 
Hv

v(X
p, Xp~x;M) and 8P: Cp -+ Cp+1 is the coboundary operator of the triple 

(Xp^1,Xp,Xp-1),then 

H*V(X,A;M)=H*(C). 

Then we may consider the following alternative description of our cohomology 
on the category of relative D-complexes. For a relative ©-complex (X, A) and 
a local coefficient system M on X let M denote the induced functor on the 
fundamental category of X. Then any map a: a —» b in the category T> deter
mines a natural transformation M(a): M(b) —•• cr*Af(a). For every a E P , the 
pair (X(a),A(a)) is an ordinary CW-pair , and M(a) is the restriction of M 
to the fundamental groupoid of X(a). We have a complex CV(X,A;M) with 

C%{X,A;M)= HHn(Xn(a),Xn-1(a);M(a)), 6n=Y[6n(a), 

where 6n(a) is the coboundary operator of the triple (Xn+1(a), Xn(a), Xn~1(a)) . 
Now we define a cellular cochain complex as a subcomplex CVc(X,A;M) 

of CV(X,A;M). First recall that Hn(Xn(a),Xn-l(a);M(a)) can be iden
tified with the group ([16; p. 287]) of all functions c which to each n-cell 
(Bn ---> Xn(a)) assigns an element c(r]) £ Af(a)(zT?), where z^ = r](e0) is the 
image of base point eQ G Bn. Then define c G CVc(X,A; M) if and only if for 
every map a: a —• b in V and every n-cell 77: Bn —> X(6) we have 

M(v)(ri{e0))(c{<r't,))=c{r,). 
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The cochain complex CVc(X, A;M) gives rise to the cellular cohomology 

H^C(X, A; M) = H* (CvJx, A; M)) . 

Remark 2.2. The cochain complex Cv c(X, A; M) can be related to the univer

sal covering p: X —> X (cf. [16]). Put A = p~1(A) and consider a contravariant 

functor C(X,A): ir(V,X) -» A b such that C(X,A)(a) = C(X(a),A(a)) . Then 

for any contravariant coefficient system on X, there is an isomorphism of cochain 

complexes 

Eom(C(X,A),M) %CVc(X,A;M). 

3. Applications 

Let (X, A) be a relative D-pair and M a contravariant functor on funda
mental category 7t(V,X) of X. For an object x: Da —> X of TT(V,X) con
sider the functor Mx on -jr(V,Da) such that Mx((j>) = M(<j) o x) for an ob
ject cf>: Db —• Da of 7r(V,Da). Then for any q > 0 we define a functor Jiq 

on 7r(V,X) such that Hq(x) = H^(Da,Mx) for an object x: Da -> X in 
7r(X>, X ) . Let Ptv >n : ( r X , T.A) —» (X, A) be the weak ^-equivalence given by 
Proposition 1.5. Now we can formulate the following proposition. 

PROPOSITION 3 . 1 . For a relative V-complex (X, A) the singular V-cohomo-
logy of (X, A) coincides with the cellular V-cohomology of (TX, FA). 

The proof follows from Proposition 2.1 and the following generalization of a 
result in [8]. 

LEMMA 3.2. Let (X, A) be a pair of V-complexes and M a local coefficient 
system on X. Then there is a strongly convergent spectral sequence 

E™ = H%tC(X, A; H") ==* H£+9(X, A; M), 

where 7iq is the functor on n(V,X) defined above and determined by M. 

Now we can state the following main theorem (cf. [12]). 

THEOREM 3.3 . For a V-map f': X —+Y the following conditions are equiva
lent: 

(i) the V-map f: X —+Y is a weak V-homotopy equivalence; 
(ii) the induced map of V-homotopy classes / » : [W, X] —> [W, Y] is a bisec

tion for an arbitrary V-complex W; 
(iii) the induced map 7r/(V,f): 7r/(V,X) —> n/(V,Y) is an equivalence of 

categories, and for any local coefficient system M on Y the induced map 
/ * : HV(Y,M) -* Hv(X,f*M) is an isomorphism; 

582 



EQUIVARIANT COHOMOLOGY WITH LOCAL COEFFICIENTS 

(iv) the induced map n/(V,f): n/(V,X) —> 7r/(V,Y) is an equivalence of 
categories, and the induced map 

/ . : Hf (X, / „ Z * / ( P . Y)) -> H? (Y, Z7r/(D, Y)) 

is an isomorphism; 
(v) the map 7r(f(a)) : n(X(a)) —> 7r(Y(a)) of the fundamental groupoids is 

an equivalence, and the induced map 

f(a)*: H*(Y(a),M(a)) - H*(X(a), f(a)*M(a)) 

is an isomorphism for any a G V and for a local coefficient system M(a) 
on Y(a); 

(vi) the map ir(f(a)): n(X(a)) —> 7r(y(a)) of fundamental groupoids is an 
equivalence, and the induced map 

/ ( a ) , : H,(x(a),/(a),Z7rY(a)) - + H , ( Y ( a ) , Z7rY(a)) 

28 an isomorphism for any a E V. 

P r o o f . The equivalence (i) <-==>• (ii) follows from [4], [6], (i) <$=-}> 
(v) <==-> (vi) is the well-known classical fact, and the implications (i) =-.> (iii) 
and (i) ===--> (iv) are determined by Proposition 2.1 and its dual, respectively. 

To show the implication (iv) ==.> (iii), we follow [15] to construct a first 
quadrant spectral sequence (being a version of the Universal Coefficient Theo
rem) for which 

E™ = Ext*>(Hf(X,Zir/(V,X),M) = • HP
V

+\X,M). 

For the proof of the implications (iii) =-=-.> (v) and (iv) =-=--> (vi), by Propo
sitions 2.1 and 3.1, we may assume that X and Y are ©-complexes, and then 
we use the spectral sequence considered in [9]. • 

The general reference to obstruction theory is [16]. Let a ©-map p: E —* B 
be a V-fibration (i.e., for each a £ V the map p(a): E(a) —> B(a) is a Serre 
fibration) and (X, A) a relative ©-complex. Suppose (f>: X —> B and f:A—>E 
be ©-maps, so that p o / = cj)\j^, that is, / is a ©-partial lifting of <j). Then the 
lifting problem is to find a ©-map ip: X —» E such that poip = (f> and Vq^ = / . . 

Let Xn be the n-skeleton of (X,A), and ij)\ Xn -> E a partial ©-lifting of 
</> for n > 1. Then it is routine to define an obstruction to extending ip as 

c"+1Mec£+;(x,A;V'X(p)), 
where irn(p) is a functor on the fundamental category of B determined by the 
fibration p: E —> B. 

Next let ^ i ^ r ^ f i b e D-liftings of <j>, and let A: I x I " " 1 -> E 

be a vertical .E-homotopy re lA between V'olX" - 1 a n d V ' l lX" - 1 * These m a P s 
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fit together to give a partial lifting /LA: / x Xn U J x Xn~l —> E of </> o 7r, 
where ir: I x X —> X is the projection. Then the primary cohomology differ
ence 6n(ip0,ilJ1) G /Ip C(X, A;^*7rn(p)) can be defined for the partial liftings 
,0o?V,i: X —» -E of 0 . 

All properties of classical obstruction theory ([16]) transform to the ©-case, 
in a natural way leading to the following classification theorem. 

THEOREM 3.4. With the same notations as above, suppose that 

(i) the fibre of each p(a): E(a) —• B(a) is q-simple for n + 1 < q < 
dim(X,A); 

(ii) Hlc(X,A;(j>*ixn(p)) = 0 forn + l<q<l + d i m ( X , A ) ; 

(iii) PI**1 (X, A\ (j)*7rn(p)) = 0forn + l<q< dim(X, A), and 
the i\)0: X -+ E is an T-lifting of (/>: X —• B. 

Then the correspondence ?/) i—> 8n(^0^) is a bisection between the set of vertical 
V-homotopy classes (rel A) of V-liftings of <j> which agree with -0O on A and 
the group Hn

c(X, A; <t>*7rn(p)) . 

Recall that for any topological space X, a local coefficient system M and an 
integer n there is a sectioned ©-fibration 

p: L(M,n)-* Bn(X) 

(i.e., with a section s: Bir(X) —• L(M,n)), where Bn(X) is the classifying 
space of the fundamental groupoid 7r(X). Now let X be a ©-space and K = 
BTT(V,X) the ©-space such that K(a) = B-jr(X(a)) for a £ ©. Then the above 
construction may be easily transformed to the ©-case. 

LEMMA 3.5. Let X be a V-space, and M a functor on 7r(©, X) to the category 
of abelian groups. Then there is a sectioned V-fibration 

p: L(M,n)->K. 

(with a V-section s: K —* L(M,n)). 

Now let (X, A) be a relative ©-complex, i: A —•> X the inclusion ©-map, 
and a: X —> K a ©-map inducing the identity on the fundamental categories. 

r i A 

Put [X,L(M,n)\K for the set of vertical ©-homotopy classes of ©-liftings of 
a which agree with a0 = 50 a : X —* L(M,n) on A, and [ - , - ] a , [->-]aoi f° r 

the appropriate sets of relative ©-homotopy classes. Then, from Theorem 3.4, 
we obtain the following represent ability result. 
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COROLLARY 3.6. Let (X, A) be a relative V-complex, and M a local con-
travariant coefficient system on X. Then there exist group isomorphisms making 
the diagram 

[A,nKL(M9n)]ao. — 6 — > [X,L{M,n)]A

K —3—> [X.L^.n)]^ —-I— [A,L(M,n)]Q O, 

4' -̂  ^ 4* 

HJ-^M) —• H%(X,A]M) j-—> H£(K,M) — - — > H%{A,M) 

commutative. The isomorphisms are defined using the primary cohomology 
difference by (j) \—> <5n(a0,</>), where Q,KL(M,n) is the relative loop V-space 
over K. 

Now let G be a topological group in CGH, and OG the category of orbit 
types considered in Example 1.3. Then any G-space X determines the D-space 
X: OG -> CGH. By the E l m e n d o r f ' s result [2], for any V = C?G-space 
there is also an associated G-space. For a contravariant local coefficient system 
on X and a pair of G-spaces (X, A) the group HJp(X, A\M) is called the n t h 
equivariant cohomology group of the pair (X,A) and denoted by HQ(X,A;M) 
(cf- [9]). 

Remark 3.7. The above results may be reformulated also in the G-case, and, 
in particular from Theorem 3.3, we deduce equivalent descriptions of weak 
G-homotopy equivalence ([3], [12; Chap. II, 3.19]). 

Acknowledgement 

The author is grateful to J. M. M0ller for very fruitful discussions concern
ing the results presented and to the referee for carefully reading the original 
manuscript and the useful suggestions. 

REFERENCES 

[1] tom DIECK, T. : Transformation Groups, Walter de Gruyter, Berlin, 1987. 
[2] ELMENDORF, A. D.: Sysłems of fixed point set, Trans. Amer. Math. Soc. 277 (1983), 

275-284. 
[3] GOLASIŃSKI, M.: An equivariant dual J. H. C. Whitehead Theorem. In: Colloq. Math. 

Soc. János Bolyai 55, North-Нolland, Amsterdam, 1989, pp. 283-288. 
[4] ILLMAN, S.: Equivariant Algebraic Topology Thesis, Pгinceton University, Princeton, N. J., 

1972. 
[5] ILLMAN, S.: Equivariant singular homology and cohomology, Mem. Amer. Math. Soc. 

156 (1975). 

585 



MAREK GOLASINSKI 

[6] M A T U M O T O , T . : On G-CW complexes and a theorem of J. H. C. Whitehead, J. Fac. 
Sci. Univ. Tokyo Sect. IA M a t h . 18 (1971), 363-374. 

[7] M A T U M O T O , T . : Equivariant cohomology theories on G-CW complexes, Osaka J. M a t h . 
10 (1973), 51-68. 

[8] M A T U M O T O , T.: A complement to the theory of G-CW complexes, Japan J. M a t h . 10 
(1984), 353-374. 

[9] M O E R D I J K , I .—SVENSSON , J. A. : A Shapiro lemma for diagrams of spaces with appli
cations to equivariant topology, Composit io M a t h . 96 (1995), 249-282. 

[10] M 0 L L E R , J. M . : On equivariant function spaces, Pacific J. Math . 1 4 2 (1990), 103-119. 
[11] P I A C E N Z A , R. J.: Homotopy theory of diagrams and CW-complexes over a category, 

Canad. J. M a t h . 4 3 (1991), 814-824. 
[12] QUILLEN, D. G . : Homotopical Algebra. Lecture Notes in M a t h . 43, Springer-Verlag, 

Berlin, 1967. 
[13] SHITANDA, Y .: Abstract homotopy theory and homotopy theory of functor category, Hi

roshima M a t h . J. 19 (1989), 477-497. 
[14] W A N E R , S .: Equivariant homotopy theory and Milnor7s theorem, Trans. Amer. M a t h . 

Soc. 2 5 8 (1980), 351-368. 
[15] WILSON, S. J . : Equivariant homology theories on G-complexes, Trans. Amer. M a t h . Soc. 

2 1 2 (1975), 155-171. 
[16] W H I T E H E A D , G. W . : Elements of Homotopy Theory, Springer-Verlag, Berlin, 1978. 

Received October 19, 1994 Faculty of Mathematics 

Revised March 29, 1995 a n d Wormatics 
Nicholas Copernicus University 
Chopina 12/18 
PL-87-100 Toruň 
PO L AND 
E-mail: marek@mat.uni . torun.pl 

586 


		webmaster@dml.cz
	2012-08-01T12:08:56+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




