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ASYMPTOTIC BEHAVIOUR
OF A CLASS OF THIRD ORDER
DELAY-DIFFERENTIAL EQUATIONS
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(Communicated by Milan Medved’)

ABSTRACT. Sufficient conditions in terms of coefficient functions or a delay-
differential inequality are obtained so that delay-differential equations of the form

¥ (1) + a(t)y" (t) + b(t)y'(¢) + c(t)y(9(t)) =0 (*)

have the property (B), that is, every nonoscillatory solution y(t) of (x) satisfies
y(t)y(i)(t) > 0, 0 < ¢ < 3, for large t, where a,b,c,g € C’([a,oo),R), o €eR,
such that a(t) <0, b(t) <0, ¢(t) <0, g(t) <t and g(t) — oc as t — oo.

1.

In this paper, we study the asymptotic behaviour of solutions of a class of
third order delay-differential equations of the form
y"'(t) + a(t)y" () + b(t)y' (t) + c(t)y(9(2)) =0, (1.1)
where a € C?%([o,00),R), b € C([0,0),R) and ¢ € C([o,0),R) such that
a(t) <0, b(t) <0, c(t) <0, 0 €R, and g € C([o,00),R) such that g(t) < ¢,
g(t) = oo as t = 0. Equation (1.1) may be written as

(rt)y"(8) +a(t)y' () +p(t)y(9(t)) =0, (1.2)

where r(t) = exp(ia(s) ds), q(t) = b(®)r(t) < 0 and p(t) = c(t)r(t) < 0. If
g(t) = t, then (l.l)atakes the form

" +at)y’ +bt)y +c(t)y=0 (1.3)
2000 Mathematics Subject Classification: Primary 34C10, 34C11, 34K11.
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which has been studied by many authors in recent years (see [1], [4], [6], [9], [10]).
In[1], Ahmad and Lazer obtained the following criteria for the asymptotic
behaviour of solutions of (1.3):

LEMMA 1.1. A necessary and sufficient condition for (1.3) to have an oscil-
latory solution is that for an arbitrary nonoscillatory solution u(t) of (1.3) the
following conditions hold:

u(t)u'(t)u" (u"' (t) £0  for t>t, >0
and
sgnu(t) = sgnu'(t) = sgnu”(t) = sgnu’'(t), t>t,>0.
Further, tl_l)l’glo lu(t)| = tl_l)rg3 |u'(t)] = oo and tl_l_)IgQ W' (t)] = fl_l)rgo [u"'(t)] = oo of
tl_l)lglo c(t) #0.
In [10], Parhi and D as obtained the following result:
LEMMA 1.2. Suppose that a'(t) >0, c(t) —b'(t) +a"(t) <0 and

&) a3 a alda
/[_2 ; 7(t) 4 UOb) gy 2000

3 ' 3

2 3/2
—a"(t) — 3%/5 (a ?Et) —b(t) + 2a'(t)) ] dt = 0.

Then (1.3) has an oscillatory solution.

From the proof of Lemmas 1.1 and 1.2 it is clear that such techniques cannot
be applied to derive similar results for (1.1). This is due to the presence of delay
in (1.1). However, the study of the asymptotic behaviour of solutions of (1.1) is
possible because of the canonical transformation due to Trench [12] and some
comparison results by Kusano and Naito [8].

For results concerning property (A)/(A’), the reader is referred to [3], [11].

By a solution of (1.1) we mean a thrice continuously differentiable function
y: [T,,00) = R, T, > o, which satisfies (1.1) for t > T,. Such a solution of
(1.1) is said to be oscillatory if it has arbitrarily large zeros; otherwise, it is called
nonoscillatory.

DEFINITION. Following Kiguradze [7], we say that (1.1) or (1.2) has prop-
erty (B) if every nonoscillatory solution y(t) of the equation satisfies
y(t)y D) >0, 0<i<3, (1.4)
fort>t,>o0.
In Section 2, we obtain sufficient conditions in terms of the coefficient func-

tions of (1.1) so that the equation has property (B). We have used a delay-
differential inequality to establish that (1.1) has property (B) in Section 3.
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2.
Setting ,
Ly = (r(t)y") +at)y', (2.1)
one may write (1.2) as
Ly(t) +p(t)y(9(t)) = 0. (2.2)

It is easy to see that the operator (2.1) may be written in the form

1 [ @) '
= v(t)( -2(t>(v(t>>> ’ (23)

where v(t) is a positive solution of the second order linear differential equation
(r(t)v')l +qt)v =0, t € [o,00). (2.4)
LEMMA 2.1. Egquation (2.4) admits a positive increasing solution v(t) satisfying

o0 oo

/v(t) dt = o0 and /1]2(21——)?7:—(—5 < 00. (2.5)

o2 (2

Proof. Suppose that v(t) is a solution of (2.4) with v(c) > 0 and
v'() > 0. From the continuity of v’(t) it follows that there exists a § > 0
such that v'(t) > 0 for ¢ € [0,0 + §). We claim that v'(t) > 0 for t > o.
If not, then there exists a ¢; > o such that /(¢;) = 0 and v'(t) > 0 for
t € [o0,t,). Integrating (2.4) from ¢ to t;, we obtain a contradiction. Thus

o]
v(t) > 0 and v'(t) > 0 for t > o. Consequently, [ v(¢) dt = oo. Further,
g
(r@t)v'(t)) > —q(t)v(t) > 0 for ¢t > o implies that r(t)v'(t) > r(t,)v'(t,) for
t>1t, > o. Hence
¢

W2(t) > (r(to)'(t))” / e

Thus, for t > ¢, > ¢,
i

ds t
{1/7"(3)'02(5) < T(to)v (to) ‘/r(s)

7‘(9)
1 1
< ; z 4
(T(to)v (to)) f ds_
i r(s)

< 0.

Hence f T(t @ < 00. This completes the proof of the lemma. a
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THEOREM 2.2. Equation (2.2) can be represented essentially uniquely in the
canonical form

Ly(t) + p(t)y(g(t)) =0, (2.2c)

where ,

v (1 (1w VY
W= (rz(o (n(t) (rm) )) ’ (26)

r, € C([o,0),R) such that r,(t) >0,0<i<3,and [r,(t)dt=00, i=1,2.

Proof. In view of Lemma 2.1, the operator Ly given by (2.1) may be
written in the form (2.3). Since

T
/ r) %

then proceeding as in the proof of Lemma 2 of Trench [12], one may write
(2.3) in the form

/

RN ENENERN
MERD (mt) (fl(t) (%(ﬂ))) / @1

[oo]

oo -2
where 7y(t) = 1, 7,(t) = v(t)fﬁ(s—), ) = b ([ = vz(s)) ,
t

o0
75(t) = v(t) f W Clearly, fF2(t) dt = oco. If ff'l(t ) dt = oo, then we

set r,(t) =7,(t), 0<i<3.If frl ) dt < oo, then (2.7) may be written in the

form (2.6), where
7,(s) ds, r(t) =7 ( 7,(s) ds) ,
™ 1 1 ( / 1

) = 7, (t) / Fs)ds, () =7y (0).

To(t) = 7o ()

8 "\8

o0
Clearly, [r,(t) dt = co0, ¢ =1,2. Thus the theorem is proved. )
o

Setting Loy = y/ry(t) and L;y = (Li_ly)l/ri(t), 1 < i < 3, we see that
(2.2c) may be written as

Lay(t) +p(t)y(g(t)) = 0. (2.2¢)
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DEFINITION. Equation (2.2c) is said to have property (B') if every nonoscil-
latory solution y(t) of the equation satisfies

yOLy®) >0, 0<i<3, (28)
fort>t, >o0.
LEMMA 2.3. If y(t) is a nonoscillatory solution of (2.2c), then either

sgn Lyy(t) = sgn L,y(t) = sgn L,y(t) = sgn Lyy(t)
or

sgn Lyy(t) = sgn L, y(t) = sgn L3y (t) # sgn L,y(t)
fort>t, >o0.
The proof is straightforward and is thus omitted.

Remark. Lemma 2.3 is true for g(¢t) = ¢. It holds whether L,y is given by
(2.6) or (2.7).

Remark. Lemma 5 in [8] holds for 7(t) = ¢.

THEOREM 2.4. Let g € C*([0,00),R) with g'(t) > 0 for t > 0. If the canon-
ical ordinary differential equation

p(g7'@®)r; (g7 (2)
g (g—l(t))r3(t)

has property (B'), then (2.2c) has property (B').

L3y —+ =0 (2.9)

Proof. Let y(t) be a nonoscillatory solution of (2.2c). Without loss of
generality, we may assume that y(t) > 0 and y(g(¢)) > 0 for t > ¢, > 0. Hence
Lyy(t) > 0, Lyy(t) > 0 and Lgy(t) > 0 for large ¢ due to Lemma 2.3. To
complete the proof of the theorem, it is enough to prove, in view of Lemma 2.3,
that L,y(t) > 0 for large t. If possible, suppose that L,y(t) < 0 for t > ¢, > ¢,.
Integrating (2.2c) from t (> ¢;) to oo, we obtain

~Loy(®) > [ ry(s5) syl (a(sy) ds,.

Further integrating from t > ¢, to oo yields

Ly(t) > /rQ(sz)(/rg(sg) Ip(s5)|y(9(s5)) d83> ds, .
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Integrating the above inequality from ¢, to ¢ we get

Lyy(t) >
>K+jn®0(ﬁ%w<7Q%WMMMmm%%)®Jd%
ke jTl(sl) (ZOT?('S?)(QZ) m(a”(i)/)(llp_(i;;;a))ly(e) de) d32) s,
o o o [ 0) ).
>K+jmw(jw%%z%wwm€%1$rmmW@dﬁmaﬁl

where K = Lyy(t;) > 0. Thus from [8; Lemma 5] it follows that the integral
equation

] 7 71(0)) [p(s7(8))|ro(B)u(0) ) )
u(t) = K+ r(s)( r(s)( dé) ds, | ds,
t[l 1 ;1/2 2 sl ( (0))

admits a solution u € C([t,,0), (0,00)) satisfying
K<ult) <Ly(t), t>t.

Setting z(t) = ro(t)u(t) > 0, t > t,, we notice that z(t) > 0 for ¢ > ¢, and it
satisfies the equation
¢ oo

z(t) = T (s ro(s OOT3(9‘1(0))|p(9—1(9))lz(9)
L, (t)—K—}—/ 1 1)(/ o 2)(5[ 7(s71(0)) dé | ds, | ds,

131 81

>0.

Hence

i rs(97(9))[p(57(0))|2(0)
/ 2)(/ ’(q—l(g)) dﬂ) dsy, >0,

Lyz(t) = —/ [ s O)lp(o~ )|:0) dg <0
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and thus z(t) is a solution of the equation

3 (97 (8)p(g71 (1)) z

L,z + =0
’ g (971 (1)rs(t)

since L,z(t) < 0, we get a contradiction to the assumption that (2.9) has prop-
erty (B'). Hence the theorem is proved. a
Remark. We may recall that L,y is given by (2.7) if

/ 7 (8) dt = 00 (2.10)

ea
and it is given by (2.6) if

o

/Fl(t) dt < 0. (2.11)

o

THEOREM 2.5. Suppose that (2.10) holds and (2.4) admits a solution v(t)
satisfying (2.5) and

v'(t) < (v(t)r(t))_l( / ﬁ%) . (2.12)

Let g € C*([0,),R) such that g'(t) >0 for t > o. If

('O 0)
PO A I (219)

(r(t)y")' + a(t)y’ + 2

has property (B), then

p(o )R (') _
Y oRG 214

has property (B'), where Lyy is given by (2.7).

Proof. Let y(t) be a nonoscillatory solution of (2.14). We may take
y(t) > 0 for t > t, > o. Since y(t) is a solution of (2.13) which has prop-
erty (B), then y'(t) > 0, y”(t) > 0 and y"'(t) > 0 for ¢t > ¢; > t,. Thus
Lyy(t) > 0 and Lyy(t) > 0 for ¢ > ¢, . Further

_ ! S S S TOR A0
L) = i) =5 () =5 >0 o exn

From the assumption (2.12) it follows that 7}(t) < 0 for ¢ > t; and hence
L,y(t) > 0 for ¢t > t,. Thus (2.14) has property (B’). This completes the proof
of the theorem. a
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THEOREM 2.6. Suppose that g € C*([o,0),R) such that g'(t) >0 fort > o,
a’'(t) >0 and c*(t) — b'(t) + a”(t) < 0, where

e P(g7HD)T5 (97 (1)
O = )0

If

+b'(t)

[oo] 3 ,
/ [~ 2a2 ét) 4 a(t)gb(t) () - 2a(t2”a (t)

c

T N ) PRGN
a’(t) 3\/§< 3 b(t) + 2a'(t) dt = o0,
then (2.13) has property (B).

The proof follows from Lemmas 1.1 and 1.2.

THEOREM 2.7. Let (2.10) hold and 0 < tli)m 7,(t) < <. Let g € C* (0. 0). R)
0

be such that ¢'(t) > 0 for t > o. If (2.13) has property (B), then (2.14) has
property (B'), where L,y is given by (2.7).

Proof. Let y(t) be a nonoscillatory solution of (2.14). Let y(¢) > 0 for
t > t, > 0. Since y(t) is a solution of (2.13), from the given condition it follows
that y'(t) > 0, y"(t) > 0 and y"'(t) > 0 for t > t; > t,. Thus tli)n;loy’(t) = 0.
On the other hand, it is clear that Lyy(t) > 0 and L,y(t) > 0 for ¢t > t,. Since
7o(t) = 1, then L y(t) > 0 for t > t,. In view of Lemma 2.3 and the remark
that follows, L,y(t) > 0 or <0 for t > t, > t,. If Lyy(t) <0 for t > t,, then
0< tl_l')nolo L,y(t) < oo. Hence tl_l)rgxo y'(t) = terolc) 7 (t)L,y(t) < oo, a contradiction.

Thus the theorem is proved. O

THEOREM 2.8. Suppose that the conditions of Theorem 2.6 are satisfied. Let
(2.10) hold. If either 0 < tli)m 7 (t) < 00 or (2.4) admits a solution v(t) satisfy-
o

ing (2.5) and (2.12), then (2.2c) has property (B'), where L,y is given by (2.7).
The proof follows from Theorems 2.4 -2.7.
ExampLE 1. Consider

Y0 - 19O -y () —e(1- - F)ye-1) =0

t 2
for t > 3. The associated second order equation
3 ,')' _ 9=
( U m v=0
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admits a solution v(t) = t> which satisfies (2.5) and (2.12). Clearly, 7,(t) =

li2t = T4(t), 7o(t) = 48t3 and 7y(t) = 1. Thus (2.10) holds and the given

equation may be written in the canonical form as

12t(48t3(12t )) 3e(——tl2—t?;) (t—1)=0, t>3.

As g(t) =t—1, g7'(t) =t +1 and p(t) = —3e(3 — % — 3), one may easily
verify that

c*(t)z—et2[ 1 1 3 ]
t+1)?2 (@¢+1)3 (@+1)¢
and all the conditions of Theorem 2.6 are satisfied. Thus from Theorem 2.8
it follows that the above canonical equation has property (B’). In particular,
y(t) =et isa positive solution of the equation such that Loy(t) =y(t)/7o(t) > 0,

Lly(t) = =" (t) (Loy(t))l > 0, L2y(t) = A t)( 1:‘/(t)) > 0 and Lzy(t) =
o (Lay (@)’

THEOREM 2.9. Let (2.11) hold and g € C*([o,00),R) such that g'(t) >0 for
t>o0. If
plg ' (®)rs(97(®)

g (971 (1)r5(t)
has property (B), then (2.9) has property (B'), where L,y is given by (2.6).

(rt)y") +qt)y + =0 (2.15)

Proof. Let y(t) be a nonoscillatory solution of (2.9). We may assume that
y(t) > 0 for t > t, > o. Since y(¢) is a solution of (2.15), then from the given
hypothesis it follows that y'(t) > 0, y”(t) > 0 and y"'(t) > 0 for t > t; > ¢,.
Thus tl_lglo y(t) = oc. Clearly, Lyy(t) > 0 and Lyy(t) > 0 for ¢t > t;. From

Lemma 2.3 it follows that L,y(t) > 0 and L,y(t) > 0 or < 0 for ¢t > ¢,.
If possible, let L,y(t) < 0 for t > ¢,. Hence 0 < tlim L,y(t) < oco. Further,
— 00
(Lyy(t))" = r,(t)L,y(t) implies that
y't) yre@®) _y'@) | 7 @)y(t)
r (t)Lyy(t) = - =
OhvO =106 " T80 T rm TR
> (y(t).

Taking the limit as ¢t — oo we get co = tliglo y(t) < tlirgo Liy(t) < oo, a
contradiction. This completes the proof of the theorem. O

THEOREM 2.10. Suppose that g € C'([o,00),R) such that ¢'(t) > 0 for
t>o, ad(t) >0 and c**(t) = b'(t) +a"(t) <0, where
plg~'®)rs (971 (1)
g (g7 () r3(t)r(t)

C** (t) —_
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if

2a(t)a’(t)

b'(t
2 b

_ c**(t) .

7’[ 243(t) a(t)3b(t)
0

7 (“235” —b(t) + 2a'(t)>3/2] dt = oo,

then (2.15) has property (B).

—‘a”(t) _

The proof follows from Lemma 1.1 and 1.2.

THEOREM 2.11. Let the conditions of Theorem 2.10 hold. If (2.11) holds, then
(2.2c) has property (B'), where Ly is given by (2.6).

The theorem follows from Theorems 2.4, 2.9 and 2.10.

o0
THEOREM 2.12. Suppose that (2.11) holds and [ p(t) dt = —oo, where p(t) =
t
c(t) exp(fa(s) ds). If (2.2c) has property (B') with L,y as in (2.6), then (1.1)
o
has property (B).
Proof. Let y(t) be a nonoscillatory solution of (1.1) and hence of (1.2).
We may assume, without loss of generality, that y(¢) > 0 and y(g(t)) > 0 for
t > t, > o. Since y(t) is a solution of (2.2c) which has property (B'), we have

Lyy(t) > 0, Lyy(t) > 0, Lyy(t) > 0 and Lyy(t) > 0 for t > t; > t,. Hence
tgm Liy(t) = co. If B > a > t; be such that y"(a) > 0, y’(3) < 0 and

y'(t) > 0 for t € (, 3), then integrating (1.2) from « to 8 we obtain
8

B8
0> r(B)y"(B) — r)y" (o / gty () dt — / )y (g(®) dt >0,

«

a contradiction. Hence y'(t) > 0 or <0 for large ¢t. If y'(¢t) <0 for t > ¢, > ¢,
then tl_lglo y(t) < co. On the other hand, (Loy(t))’ =71, (t)L,y(t) implies that

y'@®) _y@®re@ _ v | y@)
ri(t)Lyy(t) = - = —=+
RV =36 TR T T
< y(t)rl (t) ]
since Lgy is given by (2.6) in this case. Thus hm y(t) = oc. a contradic-
tion. Hence y'(t) > 0 for t > t, > t,. Consoquently from (1.2) it follows that
324
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(r(t)y"(t)) > 0 for t > t,. If y(t) <O for ¢t > t, > t,, then integrating (1.2)
from t; to t (t > t;) we get
¢ t

r(OY" () = r{ty)y" ;) — / a(s)y'(s) ds — / p(s)y(g(s)) ds

ta t3
t

rlt)y"(t) = (a(t)) [ (o) ds.
t3
Thus y"(t) > 0 for large ¢, a contradiction. Hence y"(t) > 0 for ¢t > ¢,. From
(1.1) we get y"'(t) > 0 for t > t,. This proves that (1.1) has property (B),
which completes the proof of the theorem. O

COROLLARY 2.13. Let the conditions of Theorem 2.10 hold. If (2.11) holds and
oo t
[ p(t) dt = —o0, then (1.1) has property (B), where p(t) = c(t) exp(fa(s) ds) .
(o4 o
3 —_— H ! —_ 3 1" _ H 1" — ;

Further, lim ly(0)] = Jim |y/(t)] = co and lim [y"(t)] = Jim [y (§) = oo if
lim ¢(t) # 0.
t—o00

This follows from Theorems 2.11 and 2.12.

ExXAMPLE 2. Consider

y"'(t) 1 ”(t) _ t_82_y/(t) _ e( _ % _ t%)y(t — ]_) =0 (2.16)

for ¢t > 4. The assoc1ated second order equation

() - Bo-

admits a solution v(t) = t* satisfying (2.5). Clearly, 7o(t) =1, 7,(t) = 53

74(t) and 7,(t) = 144t>. Thus ffl (t) dt < oo and hence (2.11) is satisfied. One

may calculate ro(t) 757> T (t) =24, r,(t) = 6t* and r,4(t) = 5755 . Thus (2.16)
may be written in the canonical form as

24t2(61 (24 (24ty(t)) >I>,—4e(% - 212‘ - t%)y(t —1)=0 (2.17)

for t > 4. Since

% % —_ 3 1 1 8

()= —et ((t+ 13 (t+1) (t+1)5>’
then all the conditions of Theorem 2.10 hold. From Theorem 2.11 it follows
that (2.17) has property (B’). In particular, y(t) = e! is a positive solution of
(2.17) with Lyy(t) > 0, L y(t) > 0, Lyy(t) > 0 and Lyy(t) > 0. Further, by
Corollary 2.13, (2.16) has property (B). In particular, y(t) = e’ is a positive
solution of (2.16) with y'(t) > 0, y"(¢) > 0 and y"'(t) > 0.
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THEOREM 2.14. Suppose that (2.10) holds and 0 < tli’m 7 (t). If (2.2c) has
[ee)
property (B') with L,y as in (2.7), then (1.1) has property (B).
Proof. Let y(t) be a nonoscillatory solution of (1.1). Hence y(t) is a so-
lution of (1.2). We may assume that y(t) > 0 and y(g(t)) > 0 for t > ¢, > 0.

Since y(t) is a solution of (2.2c), then Lyy(t) >0, L,y(t) > 0, Lyy(t) > 0 and
Lay(t) >0 for t > t, > t,, where L,y is given by (2.7). Thus tim Liy(t) = o0.
oo

Further, L,y(t) > 0 implies that y'(¢) > 0. From (1.2) it follows that y”(¢) > 0
or < 0 for large ¢t. If y”(¢t) < O for large ¢, then 0 < tl_i)m y'(t) < oo. How-
o0

ever, y'(t) = 7(¢)L,y(t) implies that tlim y'(t) = oco. Hence y"(t) > 0 for
oo
t > t, > t,. Consequently, y"’(t) > 0 for t > ¢, due to (1.1). Thus (1.1) has
property (B) and hence the theorem is proved. a
COROLLARY 2.15. Let the conditions of Theorem 2.6 hold. If (2,10) holds
and 0 < tl_i’m 7,(t) < oo, then (1.1) has property (B). Further, tl_i)m ly(®)| =
o x
3 / — : " — N " _ . .
Jim |y ()] = oo and lim [y" ()] = lim |y"(¢)] = oo if lim c(t) # 0.
This follows from Theorems 2.8 and 2.14.

THEOREM 2.16. If g is monotonic increasing, (2.10) holds and

/ooc(t) exp (/ta(s) ds) dt = —o0,

then (1.1) has property (B).

Proof. Let y(t) be a nonoscillatory solution of (1.1). We may assume that
y(¢) > 0 and y(g(t)) >0 for t > t, > 0. Clearly, y(t) satisfies (1.2) and (2.2c),
where L,y is given by (2.7). Since Lyy(t) = y(t)/7y(t) = y(t) > 0, t > t,, it
follows from Lemma 2.3 that L,y(t) > 0, that is, y'(t) > 0 for ¢t > t; > t,.
Integrating (1.2) from ¢, to ¢ (¢t >t;) we obtain

t

t
r(®)y"(t) = r(t)y"(t) - /q(S)y'(S) ds — /p(S)y(g(S)) ds

t1
t

> r(t)y"(t,) — y(a(t,)) / p(s) ds.

i

Thus y”(t) > 0 for large t, say, for ¢ > ¢, > ¢;. From (1.1) it follows that
y"'(t) > 0 for t > t,. Hence (1.1) has property (B). This completes the proof
of the theorem. O
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EXAMPLE 3. Consider

y"(t) —e/?y(t/2) =0, t>1. (2.18)
The associated second order equation v” = 0 has a solution v(t) =t satisfying
(2.5). In this case, 7y (t) = 7,(t) = 7,(t) = 73(¢) = 1. Thus (2.10) holds. Since
c*(t) = —2¢t, then all the conditions of Corollary 2.15 are satisfied and hence

(2.18) has property (B). In particular, y(t) = €' is a positive solution of (2.18)
with y'(¢) > 0, y"(t) > 0 and y"'(¢) > 0.

This example also illustrates Theorem 2.16 as p(t) = — et/2.

Remark. Example 1 illustrates Theorem 2.16. We may note that y(t) = et is
a positive solution of the equation with y'(¢) > 0, ¥”(¢) > 0 and y"'(¢t) > 0.
However, Corollary 2.15 cannot be applied to this example as tlim 7, (t) = 0.

— 00

3.

In this section, we show, using a delay-differential inequality, that (1.1) has
property (B).
THEOREM 3.1. Suppose that (2.11) holds and g € C*([o,00),R) such that
gt) >0 fort>o. If
2'(t) + F(t)z(g(t)) > 0 (3.1)
has no eventually negative solutions, then (2.2c) has property (B'), where Lay
is given by (2.6) and

F(t) = —r5®p(t)ro (9() [Ry (9(9(1))) = Ra(9(9(9)))) ] x
x[R2(9(5) = Ry (a(9))]

and
t

R,(t) = /ri(s) ds, i=12.
o
Proof. Let y(t) be a nonoscillatory solution of (2.2c), where L,y is given
by (2.6). We may assume that y(t) > 0 and y(g(t)) > 0 for t > ¢, > o. Hence
Ly(t) >0 for t >t >t,, i=0,1,3, in view of Lemma 2.3. We claim that
Lyy(t) >0, t >t . If not, Lyy(t) <0, t >t,, by Lemma 2.3. From (2.2c) we
get, for t > ¢,

(Lyy(®)" = r5(8) Ip(8) 7 (9(8) Loy (9(2)) -
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Further, (Loy(t))/ =r,(t)L,y(t) implies that
g(t)
[ roLias) ds < Low(a(o) < Lou(o).
9(g(2))
for t > t, > t,, that is,
g(t)
Lov(®) > Liy(o(®) [ r() s
g(g(t))
> Lyy(9() [By (99) - B, (9(9(1)))]
for t > t,. Thus, for t > ¢, > t,, we have
(Loy(®)' > 4@ Ip()] 70 (9()) Ly(9(9(0))) [y (9(9(1))) = By (9 (9(8))))] -

(3.2)
On the other hand, (L,y(t))" = r,(t)Lyy(t) implies that

g ()
—Lyy(t) < Lyy(g7' (1)) — Lyy(t) = / r5(8)Lyy(s) ds

t
g7 (1)

< Lyy(971 () r,(s) ds
2 t/ 2
< Lzy(g_l(t)) [Rz (g_l(t)) - R2(t)}

for t > t,, that is,
Lyy(g(t)) > —Lyy(t)[Ry(t) — Ry(9(2))]
for t > t, > t;. Thus, for t > t, > t,, we have
Ly(9(9(t)) > ~Loy(9(®) [Rz (9(8) - Ry (9(a(1)))] (3.3)
Hence (3.2) and (3.3) yield
(Loy(®)" > =r (O Ip(®)] 7 (9() Loy (9(8) [ By (9(9(8))) = By (9(9(9(1)))) ] %
xRy (9(0) = Ro(a(a0))) ]

Consequently, L,y(t) < 0 is a solution of (3.1), a contradiction which completes
the proof of the theorem. O
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COROLLARY 3.2. Let the conditions of Theorem 3.1 hold. If [ p(t) dt = —cc,

where p(t) = c(t) exp( Ta(s) ds) , then (1.1) has property (B).

o

This follows from Theorems 2.12 and 3.1.

Remark. It is well known (see [5; p. 46]) that if g(t) < ¢t and

hmlnf / F(s) ds > -
9(t)
then (3.1) has no eventually negative solutions.

THEOREM 3.3. Suppose that (2.10) holds and g € C*([o,00),R) such that
g t)>0 fort>o. If

Z'(t) + F(t)z(g(t)) >0
does not admit eventually negative solutions, that (2.2c) has property (B'), where

L,y is given by (2.7) and

E(t) = ~#5(0p(t)7 (9(0) [Ry (a(0(0))) — R, (g(g(g(t»))] x
xRy (9(0) - Ry (a(9))]

(3.4)

and
t

Ri(t)=/f,~(8) ds, i=1,2.

ea

The proof is similar to that of Theorem 3.1 and hence is omitted.

COROLLARY 3.4. Let (2.10) hold, 0 < Jlim 7 (t) and g € C'([o,),R) such
n ,
that ¢'(t) >0 and g(t) <t. If

htrgglf / F(s)ds>1/e,
g(t)
where F is given by (3.4), then (1.1) has property (B).

This follows from Theorems 2.14 and 3.3.
In [2]. Dzurina obtained the following results.
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THEOREM 3.5. (see [2: Corollary 1]) Let 7 € C([o,00),R) such that 7(t) >t
and w(t) = g(r(t)) < t. If either

hmmf/Q ds >1/e,
w(t)
or

¢
lim sup / Q(s)ds>1,

t—o0

w(t)
then (2.2c) has property (B'), where

T(t)
Q) = —ry(1) / ra(8)p()r0 (9()) (By (9(5)) — Ry (8,)) ds

for sufficiently large t with g(t) >t

THEOREM 3.6. (see [2; Corollary 3]) Let 7 € C([o, ), R) such that 7(t) > ¢
and w(t) = g(7(t)) < t. If either

t
lim inf / Q(s)ds >1/e,
t—00
w(t)
or

¢
lim sup / Q(s) ds > 1,

t—00

then (2.2c) has property (B'), where
(1)
QO = =1,(t) [ ry(sIp5)ro(o(s) By (905)) s

Remark. We note that in above theorems g¢(t) < w(t) < t. Further, Dzu ri-
n a’s theorems cannot be applied to the following example whereas Corollary 3.4
can be applied.

ExaAMPLE 4. Consider

y" () — 128ti3y(t/2) =0, t>1. (3.5)
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Here the associated second order equation is given by v"” = 0 and 7\(t) =
7, (t) = Fy(t) = 74(t) = 1. Further, g(t) = t/2 implies that g(g(t)) = t/4
and g(g ( ®)) = t/8. Thus R,(t) = Ry(t) = t — 1, F(t) = 4/t and hence
hm inf f F(s) ds = 4log2 > 1/ e. From Corollary 3.4 it follows that (3.5) has
t— o0 t/2

property (B). However, neither Theorem 3.5 nor Theorem 3.6 can be applied to
(3.5) because choosing 7(t) =t + 1, we notice that w(t) = 2 < ¢,

t+1 t+1
Q(t) = 128 / ) ds — 128, ( / ds
t
and
t+1
3(t) = d(s_
G(t) = 128 / L(3-1)as.
t
Hence
¢ ¢
tlir& / Q(s)ds=0 and tl_lgl(J / Q(s)ds=0
(t+1)/2 (t+1)/2

We may note that the canonical form of (3.5) is (3.5) itself.
Dzurina’s theorems and our Corollary 3.2 apply to the following example:
EXAMPLE 5. Consider
y"'(t) —y'(t) - 6e'y(t/2) =0, t>0. (3.6)

The equation v” — v = 0 admits a solution v(t) = e’ satisfying (2.5). In this
case 7 (t) = 3e~t and hence

/Fl(t) dt:%<oo.
0

Further, v (t) = le™" = ry(t) and r;(t) = 2¢' = ry(t). Clearly, g(t) = ¢/2
implies that g(g(t) = t/4 and g(g(g(t))) = t/8. Hence R,(g(g(t))) —
R, (9(9(9(1)))) = 2(e¥/* —e'/*), Ry(9(1)) — Ry(9(g(1))) = 2(e*/2—e*/*) and
F( ) = 6(et/4 pot/8 1 — et/8). Thus

t

1, —¢ _ _
/F(s) ds:6et/8(4et/8—12——2—te t”g) —6(8e7t/8 —ge /16
12
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Consequently,

¢
litrginf/F(s) ds>1/e.
t/2

Since all the conditions of Corollary 3.2 are satisfied, then (3.6) has property (B).
It is easy to see that all the conditions of Theorems 3.5 and 3.6 are satisfied.
Clearly, y(t) = €t is a solution of (3.6) with y/(¢t) > 0, y"(¢) > 0 and y"'(¢) > 0.
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