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RESULTS FOR AN OPTIMAL CONTROL PROBLEM
WITH A SEMILINEAR STATE EQUATION
WITH CONSTRAINED CONTROL

NATASA BILIC
(Communicated by Michal Feckan )

ABSTRACT. This paper deals with a control problem governed by a semilinear
state equation dependent on a small parameter € € R, € > 0, with a constrained
control variable u(t) € C, where C C U is a closed, convex and bounded set
containing the origin. It is proved that for a small € the associated Hamilton-
Jacobi equation has a unique strict solution; consequently, the control problem
can be solved by employing a dynamic programming method.

Introduction and statement of results

This paper is concerned with the following problem (P):

(P) Minimize the functional

T
1
Jwa) = [ [ SO +9((®)] dt + 6 (u(D)
0
over the controls u € L?(0,T;U), where y is subject to the state equa-

tion

y' = Ay + f(e,y) + Bu on [0,7T],
y(0)=z, z€H, u(t) € C.

Here U i H are real Hilbert spaces with inner product (-,-),, (-,")y
respectively.

Functions g and ¢, are smooth and convex. f is a smooth function
from H to H which goes uniformly to zero when ¢ — 0. The operator
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A: D(A) C H — H is the infinitenzimal generator of a C,-semigroup,
B € L(U,H) and the set C C U is a closed, convex and bounded set
containing the origin.
We treat this problem by the dynamic programming method studying the
corresponding Hamilton-Jacobi equation

$1(t, ) + F(¢),(t,7)) — (Az + f(e,2), 8;(t,2)) = g(z)
for all (t,z) €[0,T] x D(A), (HJ).
¢(0,2) = ¢y (),

where ) '
F(z) = 5 [IB 21 = |18z + P(-B"2)|"] (1)

and P, denotes the projection from U to C'.

In the case where € = 0 and H = R", equation (HJ), has been studied by
many authors under various assumptions on F, see (8], [9] et al. When H is
the infinite dimensional, in [5], the existence and uniqueness of equation (HJ),
is proved in the case where F' is a continuous Frechet differentiable and F’
is bounded. These assumptions are suggested by problem (P) (¢ = 0) with
constrained controls u(t) € C.

If € # 0, then J is generally not convex and the method used in [10], without
the constrained control, gives only the existence of the local solution of the
Hamilton-Jacobi equation

Gt @) + 16, (4,2)2 = (Az + f(e,2), 6,(t,2)) = 9(x)

for all (t,2) € [0,6] x D(4), (FLJ),
‘75(07:1') = ¢0(.’L‘) .

For smooth and convex functions g, ¢, and f the existence and uniqueness
of a global regular solution of equation (HJ), was proved in [2].

The aim of this paper is to find a global strict solution of the Hamilton-Jacobi
equation (HJ), for || sufficiently small, and then to show that this solution is
equal to the value function. Subsequently, the dynamic programming method is
used to prove the existence and uniqueness of the optimal control in the feedback
form.

First we used a successive approximative method to construct the sequence
{¢"} € B([0,T);C*(Sy) N Ky) and to show that this sequence converges to
{¢r,} € B([0,T};C*(25) N Kp) which satisfies the approximate Hamilton-
Jacobi equation (HJ),,,. Then, when m — oo and A — 0, we get the function
¢. which is a strict solution of Hamilton-Jacobi equation (HJ),. Section 1 con
tains the list of necessary notations and assumptions; in Section 2, it is described
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how to get the strict solution of Hamilton-Jacobi equation (HJ),. Section 3 is
devoted to the study how to get the solution of the optimal control problem, the
feedback formula and finally one example is presented.

1. Notation

We begin with specifying the notation which will be used through this paper.
Let X and Y be two Hilbert spaces. If f: X —» Y, by f*) we shall denote the
Frechet derivative of order k > 1. The following spaces of mappings f from X
to ¥ will be used.

Ck (X, Y') is the space of all k-time Frechet differentiable mappings f: X — Y
such that f7, j =0,1,2,...,k, are continuous and bounded on X . The space
CY (X,Y) is endowed with the norm

k
|f|c§°(x,y) = Z |f|J )
Jj=0

where [f]; = sup{|f)(z)] : @ € X}.
C%, 1ip(X,Y) is the space of all f € Ck (X,Y) such that

I, = sup{ |/ "(T; = gk(y)

Y . x4y, x,yeX}<oo.

X

C&,Lip(‘x7 Y') is the Banach space with the norm

k
lflC’é;'L;p(‘\’,Y) = Z |fl] + ||f||k :

=0

For every r € R, r > 0, we denote by ¥, the closed ball {z € X : |z| <7}
and by C"'(E,.,Y) the space of all mappings f: ¥, — Y which are Frechet
differentiable up to the order k on L such that fU), j = 0,1,2,...,k, are
continuous and bounded on .

We shall denote by C{jip(ZT,Y) the space of all f € C¥(Z,,Y) such that
f®) is Lipshitz on z,,ie

If*(@) = A @)y

rrFy, ,YyeEX < 00.
le =yl =Y Y ' }

11, = sup{
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The spaces Ck(S,,Y) and Cf;,(Z,,Y) are endowed with the norm

k
|f|ck(z,,y) = Z |f|j,ra
Jj=0

k
|f|C,’:‘i.,<Er,Y) = Z e + 1l
j=0

where |
£, = sup{lfV(2)|: z€%,}.

C*(X,Y) is the space of all mappings f: X — Y which are k-time Frechet
differcntiable and their restrictions to every £ belong to C*(X,,Y). The space
Cﬁip (X,Y) is defined as the set of all f € C¥(X,Y) such that the restrictions
of f at every ¥ | r > 0, belong to Cfip (£,,Y).If Y =R, we shall often write
C&,(X) and Ck . (X) instead of C% (X,R) and C¥ ;; (X,R) respectively.

Now, let ¢: [0,T] x H — R and k > 1. We say that ¢ € B([0,T],C*(H)) if
¢ satisfies the following conditions

(i) sup |¢(t,~)|jr < 400 for j=0,1,2,...,k and for all » > 0,
0<t<T ’

bl

(ii) ¢:[0,T] x H — R is continuous,
(iii) ¢,:[0,T) x H — H is continuous,

(iv) g% is strongly continuous, that is the map (¢, z) — g—zfzéy: 0,T|xH - H
is continuous for all y € H.

Further, we denote by K the subset of C'(H)

K ={¢eC'(H): ¢ is convex and ¢'(0) =0},
and by K, the subset of C'(Zy)

K. ={¢peC'(E,): ¢ is convex and ¢'(0) = 0}.

It is easy to verify that function F': H — R defined by (1) has the following
properties:

a) F is Frechet differentiable and F'(z) = —B(P,(-B*z)),
b) F(0) =0, F is convex,
c) FeCl 1,,(H), |F'| <M fore some M.

We will make the regularization of the function ¢ € K, defined by
— (T Y
s@ = int {o) +2 (234 L aso, @
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where F* is the conjugate function of F' i.e.
F*(z) = SI;p{(w,w ~-F(y)}.
The property of F* which will be needed later is
F*(z)+ F(y) 2 (z,y)y 3)

(it follows from the definition of F*) with equality holding if and only if z =

F'(y). If the F(z) = 1||z||> (C = U = H), the function ¢, is reduced to the
well-known regularization of the convex function.

Let ¢ € K and X = |[F'¢'|| 7!, for all the X € (0, \') set
Jy(@) = (1+AF'¢") " (z).
It is a well defined operator and it has the following properties:
a) [[\@g < llzlly + M,
b) I73llo < (L= MIE'$/[)™",
c) }1_1}1}) I75(z) — z||; = 0 uniformly.
Now, we collect the properties of ¢, :
A) ¢)\(z) = ¢(J,(2)) + AF* (ii,\k(m_)) ,
B) 6,(2) = ¢(J,5(2)) + AF*F'¢' (J,(2)),
C) ;1_1’1}) #,(z) = ¢(z) uniformly on bounded set,

D) lim #=5() = F(¢/(x)) uniformly,

E) ¢\(z) =¢'(J,(2)).

These properties were proved in [5].

2. Global existence and uniqueness of the solution
for (HJ), equation

We want to get the strict solution of the Hamilton-Jacobi equation (HJ), for
a sufficiently small € > 0.

We say that the function ¢ € B([O,T];CI{ip (Z,) N K,) is a strict solution
of (HJ), if ¢(-,z) € C*([0,T]) for all z € D(A) and satisfies the equation
(HJ), . Consequently, we consider the approximate Hamilton-Jacobi equation.
Namely, the property (D) allows us to replace the bad term F(¢}) in (HJ), by
(¢(z) — ¢,(x)) /A, and now the approximation (HJ), equation is

#0,0) + 2ED=BED

Az + f(E,fI?),(ﬁ;(t, :L‘)) = g(ZL‘)

for all (t,z) € [0,T] x D(A), (HI),
$(0,z) = ¢, (),
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where ¢, (t,z) is defined by (2).

Further, in order to get a strict solution of equation (HJ), we shall consider
such mappings F which satisfy the following assumptions: there exists a sct
{F,} C C2 (H) such that

I. F, isconvex, F, (0)=0, |F |, <M for some M',
1I. F_— F uniformly on the bounded set,

m

III. F/ — F' uniformly on the bounded set.

m

Then for the F and ¢ € C2 (H)NK the function ¢, has the following propertv:

$(@) = ¢ (I (@) - (L4 AFS (1, (0)) - 6" (T, ()

(G)
forall ze€ H, Ae(0,\")
where X = min{ N, ||[F,[I7"I¢'||7'}, and Jy,,(2) = (1 + AF, ¢') "' (2).
Now we consider the following approximate equation (HJ),,
o(t, x) — ¢ (¢, z)
/ ) Pt — af

$(0,2) = ¢y(z),
where

« ([T—Y
T(t,x) = st LYy)+ AR (—— ) ¢, A>0.
() = s dote) + 375 (232) )

Also, we need the following estimates:

LEMMA 1. Let ¢, ¢ € Cﬁip (Sp) NKy, then

|¢Kl|i,nf |¢|,~,37 1=0,1,
XMl < 16l s
—m —_— .
I¢T“¢A|,‘,n§l¢—¢liﬂ, 1=0,1.

It was proved in [1], [5], [11].

If ¢ is from C*(E,)NKp, then [|8]l; ; = |4], ; and it follows that [¢}'], ;; <
¢l 5, - First, we prove, by using the method of a successive approximation, the
existence of a solution ¢,,, of the intcgral form of the approximation equation
(HJ),,,- Then we show that {#,,,} converges to a strict solution ¢° of the
(HJ), when m — oo and A — 0.

Our hypotheses are the following:

(i) A: D(A) C H — H is the infinitesimal gencrator of a strongly contir u-
ous semigroup in H and there exists w € R such that (Ar,z) < wle?
for all x € D(A).
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(ii) f(e,-) € C2(H,H) for all € € R; f(e,0) =0, 2= =0 for all £ € R;

dx

f(e,7) = 0 when € — 0 uniformly on C?(H, H).
(ili) 9,0y € C*(H)N K and (g"(z)z,2) > p|z|? for all z,z € H, and for
jt > 0 fixed; that is, g is strictly convex on H.
(iv) C C U is a closed, convex and bounded set containing the origin.
We assume that in (i), w < 0, that is, A is strictly dissipative operator. The
proof for the general case is the same; we have only to arrange the constants.
Using the characteristic method if ¢ satisfies (HJ),,,, then it satisfics the
integral equation
t
- —(t— 1
mam:e'“¢J;m»w»+/e“s“%ﬂgw¢w»+x¢wwﬁgaumﬂ<m
0 (HJI)/\m
Conversely, if ¢ satisfies (HJI),,, and z € D(A), then ¢ satisfies (HJ),,, -
In (HJI),,,, the function €, (s,t,z) is the solution of the Cauchy problem

El(s) = —AE (s) — f(g,€.(5)) for all s € [0,t),
(@) ==, ceH, te0,T],

Le. ¢ is the family of characteristic curves for (HJ),,,. Some fundamental
estimates for them are put together.

PROPOSITION 1. Let (i) and (ii) be true. We fit R > 0 and let t € [0,T],
z € H and |z| < R. There exists €,(R) > 0 such that if || < &,(R), then the
Cauchy problem (4) has a unique mild solution & (-,t,z) on [0,T], & (s,t,") €
C%(H,H) for all s,t € [0,T], s <t, and the following estimates hold

€. (5,8,2)| < |z] =2,

|£5(3’t7 ')ll,R S ew(t-—s)/2 )

(4)

t
... (s,t,2)(2, 2)ll y < If(c”,')lz,R/ €. (., 2) 15 e 7=/ do
S

This proposition was proved in [2].
Fixed R >0, m € N and X € (0,\'), where
. R -
XN =min{ S ||F0 71},
the mapping

(FA1n¢) (t’ .'E)
t
=76y (£.(0,t,)) + / e =M g (6. (s,1,2)) + 307 (5,6.(5,1,2)) ] ds
0
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is well defined from B([0, T]; C*(£,)NK},) to B([0,T]; C?(Zy)) . Furthermore,
for functions ¢ € B([0,T]; C*(Zz) N Kj) with

sup |¢(t,"), g <c (c€R, ¢>0)
0<t<T
there exist €(R, c) € (0,¢,(R)) such that for |¢| < e(R,c) we have

m
1f(e,)o,r < :
BR léoly,r + lgli,r+c

Then the mapping T, is a convexity-preserving map, i.e.

Ty,.¢ € B([0,T);C*(Zp) NKpg) .
To prove this we need only to prove that ((T,,),,(t, )z, z) > 0. It was done
in [2].
LEMMA 2. Let (i) - (iii) hold true. Fiz R >0 and set L = L(R) = I¢°|C(2:R) +
T|g|C(zER). Then for each A € (0,\"), where

. R -1 -
X' = min{ o2, (sup |5, ) "' L) ]

and for each m € N and |¢| < &,(R), where €,(R) € (0,¢(R,L)) (e(R,L) =
e(R,c), ¢ = L), there exists a function ¢,,, € B([0,T]; C*(Sg)NK}R) such that

(1) $rm(t,2) = Ty 5n) (¢ 2) on [0,T] X T,

(2) ¢y, is strict solution of (HJ),,,,

(3) sup |¢)\m(t’ ')lCZ(ER) < L(R).

0<t<T

Proof. These statements are the consequences of [2; Lemma 4.3]. Namely,

in that lemma, for |¢| < e(R, L)|, the sequence
{¢"} C B([0,T); C*(Zp) N Kp)
was constructed by successive approximation method: ¢° = T, .(0); ¢™ =
T),.(¢"1). Then for |¢| < &,(R) the following was proved:
L sup [¢"(t,)o2(s,) < L(R) forall n € N.
0<t<T
IL187(t,) = 672 (t, oy < LS

III. T, is continuous on B([0,T];C*(ZR)).

Now it follows from II that there exists ¢,,, € B([0,T); C3(ZR) NKy) such that
¢" = ¢y, in B([0,T];C*(Sg)), and by III,

¢,\m(t’x) = (FAm¢Am) on [U’T] x ER . (5)
Thereby for any = € D(A) the function ¢,,,(-,z) € C*([0,T]) and ¢,,, satisfy
equation (HJ),, . So it is a strict solution. Then using Ascoli-Arzela theorem like
[1; pp. 40-41], and replacing ¢, with ¢_,, we may conclude that ¢y, € C*(H).

Further, because the left hand side in I is independent of m and X, we have (3).
O
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LEMMA 3. (Convergence of ¢,,,, — ¢,, m = o0) Let (i) —(iii) hol;l true. For a
fized R > 0 let ,(R) > 0 be as in Lemma 2. Let ém € B([0,T};C (ER)nK_R)
be a strict solution of (HJ),,, for A € (0,\") and m € N. TheflL there ezists
¢s € B([0,T); CL,(Eg) N K ) such that ¢y, = ¢y i1 B([O, T); CY(ZR)) when
m — co. Further, ¢, is the solution of the integral equation

¢,\(t,(L‘) t
= e_t/)\ ¢0 (55(0’ t, z-))+\/e_(t~8)/)‘ [g(é'e(s, t, x))+'}:(¢,\)>\ (81 65'(5’ ta x))] ds )

0
where (¢,), if given by (2), and ¢, has the following properties:

') ¢, is a strict solution of (HJ),,
2") ¢,(t,-) € C*(ER) N Ky forall t € [0,T),
3’) sup |¢,(2, ')|C2():R) < L(R).

0<t<T

Proof. Let ¢,, be the solution of (5) and let ¢,,, be the solution of (5)
with m replaced by n. Then we have

¢>‘m(t, z) — d’,\n(t, )
t

= %/e_(t_s)//\ [(¢,\m),\m(s,§g(8,t,m)) = ($xn)an (S’ge(s’t’ x))] ds.
0

For A € (0,\") we have
(¢)\m)/\m (3’ 65 (3, t’ (E))
= ¢,\m (3’ J)\m(ge(s’ i I)) - )\F;Frgz(¢,\m); (3’ 65(3,15, ‘T)))

and analogously for ¢,,,. So
|(Dam)am (8, €(8: 8, 2)) = (Dr)an (8, €. (5,8, 7))
< Id’z\m (S’ J/\m(ge(s’ t,cc)) - ¢)\n (s’ J)\n(fs(s, t :L‘))l (6)
+ MFLF($3n)7 (5:€.(s,8,2)) = FALF! (63,)5 (8, E.(5,8,T))]| -
From the relation f——if\'ﬁ = Fr (6xm)% (t, (), analogously for F,, and
the fact that {F}} converges to F” uniformly on the bounded set, we get
13 (@) = Dan (@)l < &(n,m) + ]y (3, ) = an (S ok (7)

where e(n,m) — 0 when m,n — oo and ¢ denote different constants inde-

pendent of m and n. Then for the first term on the right-hand side in (6) we
have

|¢)\m (S’ JAm (fs ('5’ t’ .’I?))) - ¢)\n (.S, J,\n(fs(s, t, :II))) |
<Uamll - [Tam (€ (88, 2)) = T, (6.(5,8,2) || + [am (5:7) = San(5 o g
< L(R)e(n,m) + C|¢,\m(sv ) = ¢An(s; ')|Cl(23) .

117



NATAS3A BILIC

From equality (3), with = F'(y), for the second term on the right-hand side
in (6) we get

’Fn Fr’: ¢)\n x Es(s’ t, T)) F:zEIn (¢)\m)1( £ (S t, l))l
—l n_ ml L(R + |Fr,1|l¢)\m( ) ¢)\n Il R L(R)
+ 2|F1l7,|l¢)\7n(s’ ) - ¢An( |1 R + l m nIO '

So we have that

I(QS)\m))‘m (s,fs(s,t,x)) - (¢,\n),\n(5 €. (st z))l
<e(n,m) +clgy,,(8,) = (85l g +e(n,m)A- L(R)
+ (2 \M' +1) |¢,\m( ) = Ban(s, )ll,R
<ée(n,m) + gy, (8,) = 63,08, Ner(zp -

Further

(¢/\m).lq:(ta "1:) - ((b)\n)lg;(t’ 117)

t
= % / e_il_;_’l [(¢,\m)i\mz ('97 55(3, t, -’L')) - (¢/\")I)\n.v (S, {’5(3, t, .’E))] (l.s' .
0

From the property (E) and Lemma 1 we have

|(¢/\m),)\m:r(s E (S,f,.’l?)) - ((b/\n)i\nx(s’gs(s’t’x))'
< |(¢z\m S, ‘])\m(E (’S t SL‘))) - (¢/\n)fL(s ]/\n (5 (S,t,l')))l (9)
< L(R)e(n,m) + cldy,,(8,) = 63,,(8, sy -

Now we get

B30m(51) = 83008 ()

_ t—.v!

t
1
< X /e A [8(77,, m) + cl(b,\m(s, ) - ¢)\n(s’ ')ICI(ER)] ds
0

t
_l=s) _w(t=s)
/e X e 2 [s(n,m)-l-cl|¢/\m(s,-) ‘(/5,\11(5»'”('1(2”)] ds.
0
Then
|¢)\m(8") _¢/\11(S")|('1(2R) - (TI m +C/]¢)\11L (b/\n( )I('l(‘_‘n) ds,
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and from the Gronwall’s inequality we get
[63m(8:7) = Ban(8: o1 (zgy S E(Rym) e, ¢>0, 0<t<T,

where e(n,m) — 0 when n,m — oo. Therefore, {¢,.}_, is the Cauchy
sequence in B([0,T];CY(E R)) and then there exists the function

¢5 € B([0,T];C'(Zp))
such that @,,, = ¢, in B([0,T]; C*(Sg)) when m — oo. From (7) it follows
that Jy,, = (L+ AF%¢')~! = (14 AF*¢')7!, and from (8), ($rm)am = (S2)r
so that ¢, satisfies

¢)\(t 1")
T oyl 0,60) + A/ [o(6.(5,8,2)) + 5 @2a (5, 65,8,2)] ds.

For z € D(A) the function ¢,\( z) € C'([0,T)) and it satisfies equation (HJ), .
Then ¢, is a strict solution of (HJ), . Since the function ¢, satisfies (3) and
the Ascolli-Arzela theorem, it follows that ¢,,, € C? (Zg) and 3’) holds. (m]

THEOREM 1. Let (i) - (iii) hold true. Let R > 0 be fized, and let X € (0,)")
and €,(R) be as in Lemma 2. Let ¢, € B([0,T);C*(E,) N Kp) be a strict
solution of equation (HJ),. Then there exists ¢° € B([0,T]; Cf;,(Z,) N Kp)
such that ¢, — ¢¢ in B([0,T);C'(Z,) N Kg) when XA — 0. Function ¢° has
the following properties:

17) ¢° is a strict solution of (HJ),,
2”) ¢°(t,-) € C*(ZR) N Ky for all t €[0,T),
37) sup |9°(t, oz (sp) S L(R).

0<tLT

Proof. First for A, u € (0,\") we define
1
Rig)(®) = 3 (9,(6:2) = (8,),(8,2)) = F(4),. (4 z)),
1
Ry, (09(@) = 3 (8,(t:2) = (B)(t,2)) = F (4], (t:2)-
It is easy to prove that the following estimates hold
2
IR, (t.)l0.r S BMPL(R)(L(R) + 1), |Ry4,yli,p S 2M L(R),
2
IRy (t,9lo,p S AMPL(R)(L(R) +1),  |Ryy,(tyh,r S 2M"L(R).
Further, the function é, satisfies the equation
1
6.(t,2) + 3 (9,(t,2) = (8,)x(t,2)) = {4z + f(c,2): 9., (1:2))
=g($) - Rﬂ¢u(ta')(z) + RA¢n(t1)(z) ’
¢;4,(0’ .T) = ('bO (.',U) .

(10)
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Now, using integral form we get
19, (t,) = &3 (t, e (s
t

1
3 e CONCE I CNREB T
0
t
_ =9
+ /e A [|R>\¢>“(t,~)|0,12+IRu¢“(t,~)|0,R} ds
0
1 t
+5 /0_ ~ [(&,)x(85) = (@x)a (8, )y lE. (858, o, r ds
i__l
/ > |R,\¢,‘ tolr 1R 0, r)IE (5,8, )]; g ds.
0

Therefore, from estimates (10) it follows

t

|¢ (t,) = Ot )l en (ZR) <Cl/|¢y('97')“¢,\(5a')|('l(zn) ds+cy(A+p).

0

By applying the Gronwall inequality we get
|6, (t, ) = Dr(ts ez S A+ p) et

i.c. {¢,} is a Cauchy sequence in B([0,T];C'(X,)). Then there exists the func-
tion ¢¢ € B([0,T);C"(%,)) such that ¢, — ¢° in B([0,T};C'(Z,)) when
A — 0. To show 17’) we note that if € D(A), then ¢, € C'([0,T]) and

¢y, (t,2) = 9(z) = Ry, (@) = F(#)_(t,2)) + (Az + f(e,2), 0}, (#,2)) ,

so ¢ (@) = ¢:'(,z) in C([0,T]), then ¢° is a strict solution of (HJ), . Since
func rlons ¢, satisfy 2") and 3’), then from the Ascoli-Arzela theorem it follows
that ¢° € C?(%,) and it satisfies 3”). To prove the uniqueness, see [1]. a
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3. Solution of the control problem

In this section we apply the results of Theorem 1 to solve the control prob-
lem (P). First we prove the fundamental identity.

LEMMA 4. Let (i) -(ii) hold true. Let r € R, r > 0, be fired. Let
2] < g’ ,BU‘IL?(O‘T;]I) <M, R= 7"+\/TM1 ) E<e(R) < &(R).

Let y be a mild solution of the state equation, the following fundamental identity
holds

T

(T —t,z) + /[F(d)i,' (T - s,y(s)))

t

+ (BT = 5,0(9), Buls)) + lu(s) 1] as

.
= [[o6o(s)) + JIuE] ds + o)) forall (42) € [0,7)x 5,
0

(11)

where ¢° is a strict solution of equation (HJ), .

Proof. For n>w set z, =n(n—A)"'z, u,(s) = n(n — A)~'Bu(s) and
let y,, be the solution of the following problem

Yn(s) = Ay, (s) + f(6,9,(5) +u,(s),  s€[t,T],
y,(t) =z, .
Since z,, € D(A) and u, € L*(0,T : D(4)), then y, € C'([0,T]; H) and

y, Y in C([t,T]; H) . Further, forall = € £ the function ¢°(-,z) € C'([0, 7)),
so the function s — ¢¢ (T — s,y,(s)) € C*([¢,T]) and

(T = 5,1,()
= =60 (T = 5,5,(5) + ((T = 5,,()), v, (5))
= F(Qﬁil(T - S, yn(s))) + <(¢;,(T - S, yn(s))7 un(s) - g(yn(s))> -
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Now, if we integrate this, we get
T

@° (T —t,1 n(t)) + /[F(cbi_'(T — 8,1 n(s)))
t
(65 (T = 5,5,(9)), ua(9)) + Sl ()13 ds

T
_ / [9(5,(5)) + 2l ()IF ] ds + by (v,(T)).

t

Hence, letting n — co we get (11).
From the fundamental identity (11) it follows that

T
#@=1,2) < [[o6) + FIuE)E] ds + 6, (u(7) (12)
t
for all (y,u) which satisfy the state equation. Namely, from the identity (11) it

follows
T

¢ (T -t,2)+ / [F(62(T = 5,u(s)) + F* (~Bu(s))
+ ((¢§:,(T =S y(s))a Bun(s)) )] ds
T
+ [[-F*(-Bus) + Lol as
] ,

= [ [owe) + Jluts)1 ] as.

t
On the left-hand side, the first integral is greater then or equal to zero. It follows
from (3). It remains to prove that the second integral on the left-hand side is

also greater then or equal to zero. For u € C there holds
|P,(=B*v) + B*v||% < |lu+ B*v||% forall veU.

Then we have
* * 1 * p * * p
(u, ~B*u) — F(v) = (u, ~B"u) = £ [|B"0|% ~ [ B*v+ P,(~=B"v)[%] < Lijull? .

Hence F*(Bu) = sup{(u,—B*v) — F(v)} < %|lul|}, so we prove the inequal-
v

ity (12). O
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THEOREM 2. Let 1y > 0 be fized, |z| < 2 and e4(ry) be such that e,4(r) <
£,(R) (R=r, +JUI\/T). Let ¢°, for |e| < e4(ry), be a strict solution of (HJ),
and let w be the value function

T
w(ta) = inf [ [FIuCs)E + ()] ds+ 6, (u(D),

where the infimum is taken over all (y,w) which satisfy the state equation in the
mild sense. Then

() ¢ (T - t,2) = w(t,z).
Moreover, if (y,,u,) is the optimal pair of (P), then we have
(i) u.(s) = Pu(~B*65 (T~ 5,5,(5)))..

Proof. Let ¢ be a strict solution of (HJ), and let u, be defined as in
(ii), where y, is a mild solution of

YL(s) = Ay.(s) + f(e,9.(s)) = F' (45 (T = 5,9.(5)))
Ye(t) =z
(F'(¢% (T —s,-)) is a locally Lipshitz monotone operator on H ), then (13) has
a unique mild solution
y. € C([t,T),H)  with |y (s)] <R forall s€[t,T).
Since F’(¢§' (T - s,y.(s))) = —Bu,(s), then from (3) it follows that
F'(¢5 (T = 5,9.(s))) + F'(=Bu(s)) + (¢5 (T = 5,y.(s)), Bu_(s)) = 0
and F*(—Bu,(s)) = 1|lu.(s)||? . From the fundamental identity it follows that
T

@ =t,2) = [ [ O +9(0.()] ds + 66 (0.(T))

t

(13)

T

[ Bt + 5] ds+ 60(u(m), s € le)

t

yi(s) = Ay(s) + f(e,¥(s)) + Bu(s), y(t)=z, ue€C )
(14

> inf

i.e. ¢°(T —t,z) > w(t,z). Now, from (12) we have
T

T =t,) = [[Bl )l +00.0)] ds + 6 (0.(T))

T
< inf{ [ [t +9(vts)] ds+¢o<y(T>>} /
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where the infimum is taken over all (y,u) which satisfies the state equation (14).
Then we get
(T —t,z) = w(t,x).

Morcover (y_,u,) is a unique optimal pair of the problem (P). The optimal
control u, is given by the feedback formula

U, (s) = Pc(_B*¢i:I (T -5 ys(s))) )
where y_(s) is the solution of the closed-loop equation (13) for ¢ = 0. a

EXAMPLE. Let H = U = L?(0,1) and B = I. First, we get an example for the
subset C C L?(0,1). It is the same as in [5],

C={uelL?0,1): |ju| <R},

where IR > 0 is a given constant and the projection P, is given by

. {u if lull <R,
P (u) =

e Ryt if [lull > R.

Therefore, the function F' defined in (1) is
Hlz|? if <R,
R|z|]| = 3R* if ||z > R.

If we sect ‘
1t 0<t<DM?,
A (1) ={ 2

MVE-L1M2 M2 <t

we get
F(z) =(ll=11%) -
We take the function j € C§°(R) such that j >0, suppj C (—1,1), [ j(t) dt=1.
R

Set 7,.(t) = #](;1;) and v, (t) = fjm(t — 8)y(s) ds; then we define
R

Fm(z) = ’Ym(”Z“z) - ’Ym(o) (’Y(t) = _7(_t) , 1< 0)

The functions F,, satisfy the properties I-1II on page 114. Now we consider the
problem:

(P,) Minimize the cost

T
Tow = [ [Fl)F + FluP] ds+ FwD)P
0
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over the all controls u € L2(0,T : L%(0,1)) = L*(Q) (Q = [0, T]x(0,1)),
where y is the mild solution of

yi(t,z) = A y(t,z) +ef(y(t, z)) +u(t,z), telo,T], (0,1),
y(OaI) = yo(x) € L2(01 1)» y(t,O) = y(t) 1) =0,
u(t) € C.

We denote by A the operator A, = £ with D(A) = H%(0,1) N H(0,1) and
let f € C?*(R), then for z € L2(0, 1) the function (f o z)(z) = f(2(z)) is from
C?*(H). The assumptions (i)-(iv) are verified, particularly, (Ay,y) < —cyly|?
for all y € D(A), where ¢, > 0. Then according to Theorem 1 and Theorem 2
there exists a unique optimal pair (y,,u_) for the problem (P,) and the following
feedback formula holds

ue(s) = Pc(_d)i (T - 8’16(3))) ’

where ¢° is the strict solution of (HJ), equations.
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