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WITH CONTROL-CONSTRAINED
AND INFINITE NUMBER OF VARIABLES

H. A. EL-SAIFY — G. M. BAHAA

(Communicated by Michal Feckan )

ABSTRACT. The main goal of this paper is to study a distributed control prob-
lem for n x n coupled systems of Petrowsky type with an infinite number of
variables by using the theorems of J. L. Lions et al. ([LIONS, J. L.: Optimal Con-
trol of Systems Governed by Partial Differential Equations. Grundlehren Math.
Wiss. 170, Springer-Verlag, Berlin-Heidelberg-New York, 1971], [LIONS, J. L.—
MAGENES, E.: Non-Homogeneous Boundary Value Problem and Applications,
Vol. I. Grundlehren Math. Wiss. 181, Springer-Verlag, Berlin-Heidelberg-New
York, 1972]) Yet the problem considered there is more general than the one
in [EL-SAIFY, H. A.: Boundary control problem with an infinite number of
variables, Internat. J. Math. Math. Sci. 28 (2001), 57-62], [KOTARSKI, W.—
EL-SAIFY, H. A—BAHAA, G. M.: Optimal control of parabolic equation with
an infinite number of variables for non-standard functional and time delay, IMA
J. Math. Control Inform. 19 (2002), 461-476]. The controls are allowed to be
in the space (L2 (0,T; L2 (Rw)))". The necessary and sufficient conditions for
optimality of the control are obtained and the set of inequalities defining the
optimal control of these systems are also obtained. This study is carried out in
two directions, the first one for the problem with mixed Dirichlet conditions, and
the second one for the same problem with mixed Neumann conditions. Several
mathematical examples and a real example for derived optimality conditions are
presented.

2000 Mathematics Subject Classification: Primary 35R15, 40J20, 49K20; Secondary
93C20.

Keywords: optimal control problem, Dirichlet and Neumann conditions, existence and
uniqueness of solution, n X n coupled systems of Petrowsky type, operator with an infinite
number of variables.
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Introduction

Infinite dimensional systems can be used to describe many physical phe-
nomena in the real world. Well-known examples are heat conduction, vibration
of elastic material, diffusion-reaction processes, population systems, and many
others. Thus, the optimal control theory for infinite dimensional systems has
a wide range of applications in engineering, economics, and some other fields.
On the other hand, this theory has its own mathematical interests since it is re-
garded as a generalization for the classical calculus of variations and it generates
many interesting mathematical questions ([14]).

The necessary and sufficient conditions of optimality for systems governed
by different types of partial differential operators defined on spaces with a finite
number of variables are discussed for example in [15]-[17].

The optimal control problem of systems governed by different types of op-
erators defined on spaces with an infinite number of variables are initiated and
proved in [3], [4], [8], [9], [11]. The interest in the study of this class of operators
is stimulated by problems in quantum field theory ([2], [3]).

In [6], [7], we have obtained the set of inequalities that characterize the op-
timal control for n x n coupled systems governed by elliptic, parabolic and
hyperbolic equations of infinite number of variables with different conditions.

In [12], the author have obtained the optimal control of a system governed by
Petrowsky type equation with an infinite number of variables, where the system
contained only one equation.

Here, we study the optimal control problem for n X n coupled systems of
Petrowsky type equation involving 2/th order self-adjoint operator with an in-
finite number of variables. A set of inequalities that characterizes this optimal
control is obtained and this set is studied in order to construct algorithms useful
to numerical computations for the approximation of the control. We refer, for
instance, to [10], [16] for the application of similar results in quantum field and as
a physical example. In [10] the authors studied the local controllability problem
for the Navier-Stokes equations that was described by an n x n coupled systems.
In [16], they analyze the controllability of the motion of a fluid by means of the
action of a vibrating shell coupled at the boundary of the fluid.

This paper is organized ac follows. In Section 1, we introduce spaces of func-
tions of infinitely many variables. Section 2 contains some facts and new results
which enables us to formulate the n xn coupled Dirichlet problem for Petrowsky
type of equations with an infinite number of variables. In Section 3, the control
problem for this case is formulated, then we give the necessary and sufficient con-
ditions for the control to be optimal. In Section 4, we study the optimal control
for n x.n coupled Neumann problem of Petrowsky type. In all our considered
problems the control is of distributed type.
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1. Some functional spaces

(1], (2, [12))

Below we consider functions of points z € R® = R! xR! x..., the coordinate
notation for such points is = = (z,)32,, z, € R'. Let (p,(z;)),., be a fixed
sequence of continuous positive probability weights, i.e., [ p,(z) dz =1. The
measure on R* given by R?

do(z) = (p1 (x1) dw1) ® (Pz(mz) dxz) Q...
= (de,(z)) ® (dey(z,)) ® ...
is called a (weighted) product measure.
The space L?(R*,do(z)) can be understood as the infinite tensor prod-
o0
uct @ (L2(R,do,(z;))) = LE(R' x R! x ...,dg;(z;) ® doy(z,) ® ...), ie,
k=1
L?(R*,dp(x)) is the space of all square integrable functions on R® with weight.
We shall often set L?(R*,do(z)) = L?(R*®).
It is a classical result that L2(R*) is a Hilbert space for the scalar product

(6. 8) 2y = [ H)(@) de(o).
R

The Sobolev spaces W*(R*,do(z)) (¢ = 1,2,...), which we shall denote by
WE(R*®), with a weight will be encountered much more frequently; they are
defined as follows. W¥(R®) is the completion of C$°(R*)|geo with respect to
the inner product

(V) weme) = O (D6, DY) 2 geey, 6 € CO(R)|geo
la|<e

where

glal >
D% = , al=)» o,
AT RS

C§°(R*) is the collection of infinitely differentiable compactly supported func-
tions on R*, and T" is the boundary of R*® (IT" is meant to be the boundary of
the support of the measure do(z)).

Obviously, [|¢]l 2(re) < 1Bllwemey (¢ € WE(R™)) and W(R®) is dense in
L%(R®). Therefore W*(R*) and L?(R*®) can be taken as the positive and zero
spaces, and we construct the corresponding negative Sobolev spaces W—¢(R®),
the spaces of generalized functions, so we have the following chain

We(Roo) g L2(Roo) g W—Z(Roo),
ellweme) = 18l L2 ey 2 I8llw-e(roe) -
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The space W{(R®) is a proper subspace of W*(R®) consisting of all the func-
tions ¢ € WE(R*) such that Dﬂqﬁlr =0, where |0 < {-1.

Clearly, W{(R*) is dense in L?(R*). Constructing the corresponding nega-
tive space Wy ¢(R®), we get the chain

W5 (R®) € L*(R®) € Wi (R™),
8llwzme) 2 161l L2(meoy = 1Ml (Rec) -

L?(0,T; W4(R*)) denotes the space of measurable functions t + @(2):
10, T[ = W¥(R*) for the Lebesgue measure d¢ and such that

1

T 2
(/”¢(t)”wt(moo) dt) = [|8ll 20, 75wy < 0,
0

where the variable ¢ denotes the “time”; we assume that ¢t € ]0,T[, T < oo.
This space is a Hilbert space with respect to the scalar product
T

(¢7 ¢)L2(0,T;WI(IR°°)) = /(¢(t)’ "/)(t))wt(mm) dt
0
Since W*(R*) is Hilbert space, then the dual of L2(0, T; W¢(R*)) is the space
L2(0,T; W¢(R™)).

Analogously we can define the space L?(0, T; L*(R*)), which we shall denote
by L3(Q), @ = R*® x ]0,T[, £ =T x ]0,T[, where X is the lateral boundary
of Q.

It is easy to construct the following Sobolev spaces (Wl(Rw))n by the
n-times Cartesian product as follows:

(WER®))" = WHR®) x WER®) x --- x WH(R™)

n-times

with the norm defined by
” all(wt(mw))n = Z ”¢i“W‘(lR°°) )
i=1

where ¢ = (¢;,0,,...,8,) = (#;)2, is a vector function and ¢, € WHR>),
also we can construct the Cartesian product for the above Hilbert spaces. Finally
we have the following chains:

(L2(0, T; WE(R*)))" € (Z*(Q)" < (L*(0, T; W4 (R™)))",

(L2(0, T; W5 (R™)))"™ € (L*(Q))" C (L2(0, T; Wy (R™)))",
where (L?(0,T; W—4(R*)))" and (L2 (0,T; W5t (R*)))"™ are the dual spaces
of (L2(0,T; W4(R=)))" and (L?(0,T; WE(R®)))" respectively.

n
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2. Some facts and results

(5], (6], 7], (12))

We consider a family of operators A(t) € E((W(f(IR”))n; (WO"Z(R‘”))")
such that

A®) (6= (61,05, -,6,))

( Y (1) DR ¢y (2) + q(z, 1)y (2), D Z (1) D3 ¢, (x)

la|<L k=1 la|<L k=1

+q(z,0)¢y(2), -, Y Z( DD ¢, (= )+q(x,t)¢n(x)>

|a]<e k=1
00
> Y (-)lD2e g ... 0
|a|<L k=1 ¢1
_ 0 0 ¢2
0 o X Y (-D)DE 4 Pn /1
|a|<€k=1 nxn

ie.,

At)¢;(= ZZ( 1) D} ¢,(2) + gz, t)¢y(x),  i=1,2,...,n.

e} <l k=1

So A(t) is an n xn diagonal matrix of the following bounded self-adjoint elliptic
partial differential operator of 2£th order with an infinite number of variables,
which takes the form

)= 3 (-1 J_l—azza (@ 06:(2) + 0(2,064(2),
|a| <€ k=1

= Y S (-1)I D2 g,() + g(z, 1) (x)
|| <L k=1

where
1 0

D, ¢;(z) = m&; DTy, t)0;(2)

and ¢(z,t) is a real valued function in z which is bounded and measurable on
R*, such that g(z,t) > ¢, > 0, ¢, is constant.
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Let M be n-square matrix of coefficients such that

M(¢1,¢2a .- ’¢n) = (Za1j¢j’za2j¢j’ . "Zan]’¢j>
Jj=1 Jj=1 j=1

= (a11¢1+ APt a1, 0,580, P) F oaPy + -+ 0y P,
) an1¢1+ an2¢2+ st ann¢n)

1 -1 ... -1 ¢
1 1 ... -1 ?y
11 o 1 \6, )
ie.,
n
M¢i—_-Zaij¢j, i=1,2,...,n,
j=1
1 ifi>j,
where aij={ 1 i ;J is the coupled term.
-1 ifi<y

Let S(t) = A(t) + M (so it is n X n matrix) takes the form

00

lfr; Z ~lIDi* +g+1 ... -1
o k=1

1 -1
S(t) = _

. . 0o .

1 e Y S (-DeD2e g 41

|a|<ek=1 nxn

That is

SO6@ = Y 3-1)PID 6, (2) + a(z, 0, (a) + Z a;;6,(z)
la|<tk=1
= A(t)¢;(z) + M,(z), i=12,...,n.
For each t € ]0,T[, we define a family of bilinear forms on (W¢(R*))" by

(68.5) = (SWBT) ooy 6= (601, B = WL, € (WEE®))",
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where S(t) maps (W{(R*))" onto (W;¢(R®))" and takes the above form.
Then

m(t; 4, 0) =

=D (S8 ¥:) pagee)

1

=) (A(t)¢i(‘”) +206;(0) wi(x)> L?(R*)

i=1

=3 (X Y 0PDE 4@ +ale 0@ + D aydy@) ww)

=1

=1
=3 [ 3 3 pia@Div de@ + 3 [ w00, dete)
‘ i=1 goo
> /Z“ij¢j($)1/’i(iv) do().

i=1 goo =1
(1)

The bilinear form (1) is coercive on (W{(R*®))" that is, there exists A € R,
such that:

m(t;6,6) 2 Al 5”(2wg(moo))n ,  A>0. (2)

It is well known that the ellipticity of A(t) is sufficient for the coercitivness of
7(t; ¢, %) on (W{(R*))". By taking into account the form of a,;, we have

- > DE 8 @DE (o) do+ Y- [ ala t0eu@ii(e) dp

i=1 poo
n

£ [o@u@ary [6en@ -3 [oe@uw d.

i>] Reo 1<j goo
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Then
(¢ d) =

“Z</ > 310t dp+/q(w t)l¢(x)l2dp+/|¢ @) dg)

Reoe |a|<£k 1

v

Z( > - IDEA@N ) + 6@ am) + 1640 e

|a|<L k=1

n n
= Z 16:@) 13y mee) + €0 D 16:(@)F2mer)
1= =1

IV

Z [EXE -

-
(V¢,% € (WE(R®))") (the function ¢ — 7 (t;6,%)
is continuously differentiable in ]0,T[),  (3)
(¢ 9) =7(t9,9).

Under the above consideration, using [15; Chap. I, Theorem 1.4], we can for-
mulate the following n x n mixed Dirichlet problem for Petrowsky type equation
with an infinite number of variables ([5], [6], [7]).

Assume that (2) and (3) hold, f; = f;(z,t), y; (=) and y,,(z) are given
in L2(Q), W¢(R®) and L%(R*) respectively. Then there exists a unique § =
(y,)r, € (LZ(Q)) satisfying: for all i, 1 <i < n,

ayi ayz 2
yi’ 6 ) Bt € L (Q) )
9%y, .
atz m Q,

yi=0 on X

with the initial conditions

y;(z,0) = yi,o(m) in R*,
0y;(z,0)
ot
Note. The operator 6: + S(t) is well posed in the sense of Petrowsky type
with an infinite number of variables and maps (L?(0,T;W¢(R*®)))" onto
(L0, 75 Wy (R)))".

=y;,(z) in R®.
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3. Optimal control problem for
Petrowsky type equation with mixed Dirichlet conditions

The space U = (L?(Q))" is the space of controls. If f;€ L%(Q), y; o € WE(R™)
and y; ; € L*(R*) and if (2) and (3) hold, then for a control @ = (u,)i., €U,
the state of the system y(u) = (y;(@))’,, which is dependent on z, t and is
denoted by y(z,t; %) and is given by the solution of:

0%y, (u .
g:t'.EU) + 8By, = fi+v; in @,
y,(@) =0 on X,
el oo (4)
y;(2,0;%) =y, 4(z) in R,
dy,(z,0;w) L oo
WY _ @) R,
oy.(u
wmerr@, 2Wer).
The observation is given by:
(z@);., =2@ =@ = (v;@),_,
ie.,
z,(@) =y, (@) forall 1<i<n.
For some z, = (z; ,)i.; € (L*(Q))", the cost function J(g) is given by
n n
J@) = lly;(@) — 2 4ll72q) + Z(Niui’ui)Lz(Q) )
= i=1
which is equivalent to
J(@) = Z/ y; (@) — 7, ? dodt + Z(N Ui Us) [2(Q) (5)

=1 Q
where
= (V) € £((T@Q)" (12@)")
is a diagonal matrix of Hermitian positive definite operators: N@ = (IN;u;)7=1

(N, T)(2g)n 2 C”E“%Lz(Q))" ) ¢>0. (6)

Our problem is to find

f
Ax, 7@,

where the set of admissible controls I/, is closed convex subset of (L*(Q))"-

Under the given considerations, we apply [15; Chap. II, Theorem 1. 4] to
obtain the necessary and sufficient conditions of optimality:
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THEOREM 1. We assume that (2), (3) and (6) hold. The cost function is given
by (5). Then the optimal control T = (u,), exzists and the necessary and suffi-
cient conditions of optimality are given by (4) with the following system of partial
differential equations and inequalities

0%p,(u ,
20 | 5 (t)py(a) = yi(m g mQ,
p;(®) = on ¥,
e (7)
pi(xaT)u)_O’ in R )
Opiz. TiW) f(gtT; 9 o, in R
and
Z( ;@) + Nu,, v, i)Lz(Q) >0  forall T=(v,)i; €Uy
i=1
with
_\ Op; (_) 2
where S*(t) is the adjoint of S(t) defined by
S*(t)¢i = A(t)¢i + Z ainSj )
j=1
a;; 1s the transpose of a;; and p;(W) is the adjoint state.
Proof. Asin [5], [6], [7], the control T = (u;)?; € U,, is optimal if and

only if
ZJ{(E)(vi -u;) >0, forall o= (v,)i=, €Uy

which is equivalent to:

n

n
Z(yz(ﬂ) - zi,d’ yi(v) - yi(ﬂ))Lz(Q) + Z N uu ’Uz ui)[ﬂ(Q) 2 0,

i=1

which may be written as

n T n
Z/(yi(ﬂ) = 2 4, %:(0) = Y;(@) o ey dE+ > (N, — u;)r2g) 2 0. (8)
=17 =
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We shall now transform (8) as follows: we scalar multiply both sides of the first
equation in (7) by (y,(?) — y;(@)), and integrating between 0, T gives us

.“ Z((g;‘"'*g*(t))?i(ﬂ), yi(ﬁ)~yi(ﬂ)>mmw) dt
i/Ty = %, Ui (0) = 4;(@)) 1 (geey At -
0

By taking into account conditions (4) and (7), after applying Green’s formula
to the left side of (7) with noting that if ¢, € L?*(Q), ¢, € L*(Q), ¢! €
L2(0,T; Wy t(R*)) and if 1, has the same properties, then

/ (@",,) dt = ($(T), 9,(T)) — (#(0), $,(0)) — (,(T), ¥.(T))

T
+ (4:(0), ¥(0)) + / (65,0 dt.
0

Then we have

T
[ 0@ = 2,00 0) = () ey

0

(W S )p"(ﬂ)’ v () - yi(ﬂ)) dt

L2(R%)

(
((W ) (@) + Z%J’] yz(u)> e dt
(e

pi(E (at2 +Z _,J) v:(v) - yz(U))) dt

LZ(]Roo)

Ot~y Oy Oy TT—

( i(ﬁ)7vi - u’L)LZ(]ROO) dt.
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Hence (8) becomes

T

n

Z/ptﬁ' D L2 ges) dt+Z(Nul, v; = U;) 20 2 0,
0

i=1
for all 7= (v,)i., € Uy
ie.,

n

Z(pi(ﬂ) + Nu;, v, — ‘)Lz(Q) >0  forall T=(v;,); €Uy,

i=1

The theorem is proved. O

ExAMPLE 1. If we take n = 2, then the optimality system is given by [5], [6], [7):

(

@+ (3 S0FIDE ta(e,0) ) 0+ 3, @ - 1@ = £+

|a|<L k=1
in Q,
0° — - lal y2a — - —
%@+ ([ D D (DD +q(z,t) |y, (@) + v, (@) + y,(@) = f, + u,
ot |a| <€ k=1
- in @,
y, () =0, Yo(w) =0 on X%,
112, 0,0) =y 0(z;8),  Y,(2,0,T) =y, o(2;7) in R,
dy, (,0;u) _ 0yy(z,0;7) _ e
| '—L'(?)Tt_— = ym(m;u), ‘ng* = y2,1($3u) in R,

(9)
a%pl(ﬂ) + ( > 2 (ki +q(w,t>)pl<ﬂ) + P, (B) + (@)

|a|<E k=1 . .
=y, (W) — 2 4 in @,

gfﬂ’z@ + ( > 2 (-nkipge +q(w,t)>p2<ﬂ) — p,(T) + p,(T)

lal<e k=1 _ .
=y,(W) —2,, inQ,

pl(ﬂ)z()) p2(ﬂ)=0 on Ev

pl(m,t;ﬁ)=0, p2($,t,ﬂ)=0 in Roo,

apl(:l:,t; H) _ Bp,_,(w,t; H) _ . o0
\ ot O -0 R,

(10)
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/(p1(ﬁ) + Nyuy) (v; — uy) + (9,(T) + Nyu,) (v, — uy) dodt > 0
2 (1)
for all 7= (v;,v,) €Uy,

where T = (u,,u,) € U,y and P(7) = (p, (), p,(u)) is the adjoint state.
EXAMPLE 2. In the case of no constraints on the control (i,4; = U ), we obtain

Uy =—N;1(P1(u)|2), u2=—N2"1(P2(u)|2). (12)

The optimal control is determined by simultaneously solving (9), (10) (where we
eliminate u, with the aid of (12)) and then utilizing (12).

ExXAMPLE 3. If we take
L{ad={v: v; 20 o0n X, i=1,2}
and N = v x Identity, then the inequality (11) gives us

u; 20, p(u)+rvu >0, u(p(v)+vu)=0 on X,

13

Uy 20, py(u) +vyuy >0, uy(py(u)+vou,)=0 on X. (13)
EXAMPLE 4. If we take

Uy = {u: u, arbitrary in L*(R®), u, >0 ae.in R®}. (14)

Thus there are no constraints on u,, then the inequality (11) is equivalent to

py(u) + Nyy; =0,
p2(u)+N2u220a u220, (15)
uy (py () + Nyuy) = 0.

Thus under the hypotheses of (14), the optimal control is given by the solution
of the system of equations and inequalities
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1)l D= +(1($,t))y1 +y — Y+ N 'p = S
DI DE 45,0 )1y 41+, = 20,
1)l D3 +Q($,t))p1 P FP— Y =2,

1)|a| Dia +q(x,t))p2 =Py +DPy— Y= —Z.d>

(g—;yz + ( > i(—l)""l D} +q(w,t)) Yo+ Y1 Yy — fz)'

lal<t k=1

32
: [p2 + N, (ﬁyz +

(

> ff(—l)“’| D +Q(w,t)>y2 +yy Yy — fz)]

|a|<E k=1

y1=y2=p1=p2=0 on %,
Y, (z,0;u) = y1,0(1’;ﬂ), yz(w,QﬂT) = yz,o(-'mﬂ) in R*,
9y, (z,0; ) — Oyy(z,0;%) .
_l_at—_ = y1,1(x;u)1 ZT;;' = y2,1(m;u) in R*,
py(z,t;u) =0, Doz, t;u) =0 in R,
Op,(z,t;w) Op,(z,t;w) L e
T =0, 5t = in R® .
Further
Uy = _Nl_lp1 )
52

Uy

u

= et
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4. Optimal control for n x n coupled
Neumann problem of Petrowsky type

(fs], [6), [7), [12))

Since the bilinear form (1) is coercive on (W§(R*®))" and since (W§(R*))"
C (W¢(R®))", it is also coercive on (W!(R®))", i.e.
7(65.3) 2 MFremeyer  A>0. (19
For ¢, ¢ € (W¥(R®))" the function ¢ = m(t;%,$) is continuously differentiable
on ]0,T[ and L L
(9, 0) =7(t;d,9). (19)

We formulate the following lemma which defines the n x n mixed Neumann
problem and enables us to state our control problem.

LEMMA 1. Assuming that (18) and (19) hold, for given = f(z,t) € (L2(Q))",
Yi1 € L*(R>), Yio € WE(R®) there exists a unique element y; satisfying:

dy; Oy, 2
yia Brck’ Bt € L (Q),
4 62
g‘t‘;gyi"'s(t)yi:fi in Q,
0
—y,. = on ¥,
< ou, " (20)

yi(:r,O) = yi,o(x) zn Roo ]

\

9 o
ayz(l’70) - yi,l(m‘) in R )

a
where o

oo U the so-called co-normal derivative with respect to A(t).
Proof. From (20), we have

2
:li?yi(t) +St)y; = f; in @ forall 1<i<n.

This equation is equivalent to

d2
(@yi(t): ¢i) La(R) + (S(t)yi7 ‘éi)Lz(mm) = (fi(t)v d)i)L?(R“’) ’ (21)

Let us define

(fi(t)a ¢i)L2(]Roo) = / fi(zat)¢i(x) dg(:v), ¢1' € Wl(Roo) *
Roo
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In this way we obtain an element of L2(0,T; W*(R®)).
So equation (21) can be written as:

T
d2
/ (uws@)  _ar / (SE0:(0), (@) )

(fi(t)a ¢i($))L2(]R°°) dt

1l
°\~3 O ~—n °

d2 2a
(o) aer / { [ = S (0rnin@)se a

Reo la|<Ek=1

/ o(z, Oy, (H),(z) d }dt+ / / Za”y](t z) dodt

R 0 Roo J=1
T

= /(fi(t)’¢i(x))L2(R“) dt.

0

Applying Green’s formula to the left side, we get
2y,(t)(,s (z) dodt + / > ZDk y;(t) D ¢,(z) dodt
Q la| <€ k=1

By,(t)d,( ds + / Z%ya(t () dedt + / q(z,1)y;(t)¢;(z) do dt

Q
= /fi(x’t)¢i(x) dedt.
Q

Then we have

ayi(t) _
o, ¢;(x) dE =0,
ie.,
gyi: on ¥ forall i=1,2,...,n
Oy,

Note. In this case the operator ‘aa‘:f + S(t) maps (L%(0,T; W¢(R*)))" onto
(L2(0, T; W—4(R>®)))".
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Formulation of our control problem. The space (L?(Q))" being the space
of controls, for a control T = (u;)7_; € (L*(Q))" the state 3() = (y;(@))}_, of
system is given by the solution of

0% _ .
Eiyi(u) + Sty (@) = f; + vy, in Q,
ad
—;(@W =0 on ¥,
{ ov,
y;(z,0,7) =y, 4(2), in R®, (22)
0y;(z,0 . oo
\ yl(at 2 =yi,1(x) in R®,

ayl(u)

y, (), €L*(Q) forall 1<i<n.

The cost function is glven by (5), hence by using the general theory of

J. L. Lions ([15; Chap. I, Theorem 1.4, Chap. II, Theorem 1.4]), there exists
a unique optimal control 7 = (u,;), € U, such that

J(@) = inf J(D) for all 7= (v,)io; €EUyy. (23)

Moreover, we have the following theorem that gives the characterization of the
optimal control.

THEOREM 2. Problem (23) admits a unique solution T = (u;)™, € (L? (Q))
Moreover, it is characterized by (22) with the following system

0? N _ _ .
5P (@ + 5" Op,(@) = y;(@) - 2,4 n Q,
8 a7) —
api(u) =0 on %, (24)
py(z,T;) =0, ——api(g’tT; R

_ Op,(z,T;@
pi@), ZETT ¢ 2(q),
Z /(pt(ﬁ) + Nu,)(v; —u;) dedt >0 forall v=(v;)%, €Uy
=1y
where U = (u,)l_; € U4, p;(T) is the adjoint state for 1 <i < n.

Proof. Smce J(w) is differentiable and U, is bounded, the optimal control
T = (u;), € U,y is characterized by

ZJ{('«I)(vi—ui)ZO, forall 7= (v,)l; €Uy
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which is equivalent to
n n
YW@ 2z 1) = %:@) gy + 2 (Nittis v — 1) p2(q) 2 0- (25)
i=1 i=1
Now, we are forming the scalar product of the first equation in (24) with y,(7) —
y;(W) and integrating between 0, T'; we have

(yi(ﬁ) % d y;(0) — yi(ﬂ))m(mw) dt

Oy °T—

2
((%Epi(ﬁ) + §*(t)p; (@), y;(?) — yi(ﬁ)) L2(R=) at

Il

(2@ + A0 @ + Yo, w0 -5@)

j=1 (Rm)

Ot~ O

T
# P 4
(Fr@um-um) / (A, (), 1) = @) gz

T n
+f(zajipj(ﬂ)’yi(v) —yi(ﬂ)) dt.
o \I= L2(R)

Applying Green’s formula to the right hand side, we get

0

T T
[ (0@, 55 0@ = @), . 2+ [ (3@, AO0) ~ 6T aemy &
0

+ (p,(u) Za” y;(®) - yJ(u))) dt

/
|

L2(Re°)
T 9
( p;(®@), (v;(@) — yi(ﬁ)))m(z)dt + / (P,-(ﬂ), 5;;(3/,‘(5) - yi(ﬁ)))m(z)dt.
0

Using the conditions in (22) and (24), we have
T

[ 0 = 210 1) ~ 1) gy =

0
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Therefore (25) becomes:

Z /(pi(ﬂ) + Nyu)(v; —u;) dedt >0 forall 7= (v)l, €Uy,
i=1 Q
which completes the proof. a

EXAMPLE 5. Let n = 2; then the optimality system is given as in Example 1
with the following boundary conditions ([6], [7])

o 8 . 9@ _ py(m) _

Eyl (@) = @yz(ﬁ) = o, o, 0 on X.

Also we can construct analogues of previous examples.

REAL EXAMPLE. (see [27]) We shall use the following notation:

Q=Qr=0x]0,T[, Q is an open subset of RV,
=%, =Tx]0,T7,

I" = boundary of 2,

3 = lateral boundary of Q.

Let us take the second order evolution problem. We consider a function a(z, t)
such that
a(z,t) € C*(]0,T); L*(R)) .

We introduce
V={9:9,Ape (L*Q)"}, H=(L*Q)",

and
n

a(t; E,E) = Z/a(w,t)AqSizhpi dz forall ¢, 9V,

i=1q

where

N g2
A= Z Béx_z is the Laplacian operator.
i=1

We now consider a system whose state is given by

%@ +AaAy, (@) = f,+v;,, e (L*Q)",
=\ _ 0Ay;(v) _
Ay, (@) =0, T—O on X, (26)

dy; _
Ay (@,0,0) = yo(e), F@,00) =y (), €,
Yio€V, ¥ € L3 (Q).
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If we assume that the cost function is given by

J(v) = i/(yi(“’;t; 7) - Zi,d)z dz dt + (N;;,v;)y » U="L*Q),
i=1q

which means that the observation 7%(7) belongs to (L?(Q))", then from [15;
Chap. IV, Theorem 2.1], we see that the optimal control is determined by

2 /—
- gigu) + Aalp;(@) =y;(@) -2, in @,

ap@=o0, 28008 _,

on
— p; —
Ap,(z,T;7) =0, —aT'(w,T; ) =0 on (2,

on X,

to which we add (26) (where ¥ = u) and

n
Z/( {(@ + Nu,) (v, —u;) dzdt >0 forall TEU,,.

Comments. It is evident that by modifying

- the boundary conditions,

the nature of the control (distributed, boundary),
- the nature of the observation,

the initial differential system

an infinity of variations on the above problem are possible to study.
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