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On some equivalent geometric properties

in the Besicovitch-Orlicz space of almost

periodic functions with Luxemburg norm

Fazia Bedouhene, Mohamed Morsli, Mannal Smaali

Abstract. The paper is concerned with the characterization and comparison of
some local geometric properties of the Besicovitch-Orlicz space of almost periodic
functions. Namely, it is shown that local uniform convexity, H-property and
strict convexity are all equivalent. In our approach, we first prove some metric
type properties for the modular function associated to our space. These are then
used to prove our main equivalence result.

Keywords: locally uniform convexity, strict convexity, H-property, Besicovitch-
Orlicz space, almost periodic functions

Classification: 46B20, 42A75

1. Preliminaries

We start with some notations and definitions.
In what follows ϕ is a Young function i.e., an even convex function such that

ϕ(0) = 0, ϕ(u) > 0 iff u > 0 and lim|u|→∞ ϕ(u) = +∞.
Let M(R) be the space of Lebesgue locally integrable functions on R. The

functional

ρBϕ : M(R) → [0, +∞], ρBϕ(f) = lim
T→+∞

1

2T

∫ +T

−T

ϕ(|f(t)|) dt

is a convex pseudomodular and the associated modular space

Bϕ(R) =
{

f ∈ M(R), lim
α→0

ρBϕ(αf) = 0
}

= {f ∈ M(R), ρBϕ(λf) < +∞, for some λ > 0} ,

is called the Besicovitch-Orlicz space.
We endow Bϕ(R) with the Luxemburg pseudonorm (cf. [5], [12])

‖f‖Bϕ = inf

{
k > 0, ρBϕ

(
f

k

)
≤ 1

}
.

Beside the norm convergence, we may define in Bϕ(R) the modular conver-
gence: a sequence {fn} is modular convergent to some f if there exists k > 0 such
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that limn→∞ ρBϕ(k(fn − f)) = 0. It is well known that norm convergence implies
modular convergence and these are equivalent when ϕ satisfies the ∆2-condition:

(∆2) there exist K > 2 and u0 ≥ 0 such that ϕ(2u) ≤ Kϕ(u), for all u ≥ u0.

Let C◦a.p. be the class of Bohr’s almost periodic functions. The Besicovitch-

Orlicz space of almost periodic functions denoted by Bϕa.p. (resp. B̃ϕa.p.) is the
closure of C◦a.p. in Bϕ(R) with respect to the pseudonorm ‖.‖Bϕ (resp. to the
modular convergence), more exactly:

Bϕa.p. =
{
f ∈ Bϕ (R) : ∃ (pn)∞n=1 ⊂C◦a.p., lim

n→∞
‖f − pn‖Bϕ = 0

}

=
{
f ∈ Bϕ (R) : ∃ (pn)

∞
n=1 ⊂C◦a.p., ∀ k > 0, lim

n→∞
ρBϕ (k (f − pn)) = 0

}
,

B̃ϕa.p. =
{
f ∈ Bϕ (R) : ∃ (pn)

∞
n=1 ⊂C◦a.p., ∃k > 0, lim

n→∞
ρBϕ (k (f − pn)) = 0

}
.

It is clear that

Bϕ
a.p. ⊆ B̃ϕ

a.p. ⊆ Bϕ(R).

When ϕ(x) = |x|, we denote by B1(R) and B1a.p.(R) the respective associated
spaces. The notation ρB1 is used for the corresponding pseudomodular.

From [5] and [12] we know that ϕ(|f |) ∈ B1a.p. when f ∈ Bϕa.p. Then by a
classical result (cf. [1]) the limit exists (and is finite) in the expression of ρBϕ(f),
i.e.:

(1.1) ρBϕ(f) = lim
T→+∞

1

2T

∫ +T

−T

ϕ(|f(t)|) dt, f ∈ Bϕa.p.

This fact is very useful in our computations.

We now recall some convexity notions that will be considered below.
Let (X, ‖.‖) be a Banach space and δX : [0, 2] × S(X) → [0, 1] be the function

defined by

δX(ε, x) = inf

{
1 −

∥∥∥∥
1

2
(x + y)

∥∥∥∥ : y ∈ B(X), ‖x − y‖ ≥ ε

}
,

where the notations S(X) and B(X) are used for the unit sphere and unit ball
respectively.

Then X is called locally uniformly convex (write LUC) if δX(ε, x) > 0 whenever
ε ∈]0, 2] and x ∈ S(X). The function δX is the modulus of local uniform convexity
of X .

There are also sequential characterization of LUC (cf. [11]):
The space (X, ‖.‖) is LUC if and only if for each x ∈ S(X) and every sequence

(yn) in S(X) (or B(X)) such that ‖ 1
2 (x + yn)‖ → 1 it follows that ‖yn − x‖ → 0.
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We recall that a Banach space (X, ‖.‖) is strictly convex (write SC) if for any
x, y ∈ S(X) with ‖x − y‖ > 0, we have ‖x + y‖ < 2. It has the H-property
if, whenever a sequence (xn) is weakly convergent in X to some x ∈ X (write

xn
w

−→ x) and ‖xn‖ → ‖x‖, it follows that xn → x in norm.

Clearly, every uniformly convex space is LUC. We also know from [8] that LUC

spaces are SC and have the H-property (also called the Radon-Riesz property or
Kadec Klee property).

These properties among others from the geometry of Banach spaces, have some
important applications to approximation and optimization theory.

A full characterization and some comparison results concerning these properties
in the case of Orlicz spaces may be found in [3], [4], [6], [7], [9], [10], [16].

In [12], we characterized the strict and uniform convexity of the space B̃ϕa.p.,
namely it is shown that

(1) the space B̃ϕa.p. is SC if and only if ϕ is strictly convex and satisfies the
∆2-condition;

(2) the space B̃ϕa.p. is UC if and only if ϕ is strictly convex on R, uniformly
convex for large u (i.e. for |u| ≥ d with some fixed d ≥ 0) and satisfies the
∆2-condition.

The papers [13], [14] are respectively concerned with similar characterizations

in the case where the space B̃ϕa.p. is endowed with the so called Orlicz norm.

In this work, completing the results in [12], it is stated that SC, LUC and
H-property are all equivalent in the Besicovitch-Orlicz space of almost periodic

functions B̃ϕa.p.

2. Auxiliary results

Let P (R) be the family of all subsets of R and Σ(R) the Σ-algebra of its
Lebesgue measurable sets. We define the set function:

µ(A) = lim
T→∞

1

2T

∫ +T

−T

χA(t) dt = lim
T→∞

1

2T
µ(A ∩ [−T, +T ])

where χA denotes the characteristic function of A ∈ Σ(R).

Clearly, µ is null on sets with finite measure µ and is not additive.
As usual, a sequence of Σ-measurable functions {fk}k≥1 is called µ-convergent

to f when, for all ε > 0

lim
k→∞

µ {t ∈ R, |fk (t) − f (t)| ≥ ε} = 0.

Let now {Ai}i≥1, Ai ∈ Σ be such that Ai∩Aj = ∅ if i 6= j and
⋃

i≥1 Ai ⊂ [0, α],

α < 1. Put f =
∑

i≥1 aiχAi
with

∑
i≥1 ϕ(ai)µ(Ai) < +∞ and let f̃ be the
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periodic extension of f to the whole R (with period τ = 1). Then for all ε > 0
there exists a Bohr almost periodic function Pε such that

(2.1) ρBφ

(
f̃ − Pε

2

)
≤ ε (see [12]).

The following technical results are of importance in the proof of our main
theorem.

Lemma 1. Let f ∈ Bϕa.p. Then for all ε > 0 there exists δ > 0 such that for

each Q ∈ Σ with µ(Q) ≤ δ we have ρBϕ(fχQ) ≤ ε.

Proof: We first prove the result in the case when f ∈ C
◦

a.p.
Let M = supx∈R

ϕ(|f(x)|) and δ = ε
M

. If Q ∈ Σ is such that µ(Q) ≤ δ we will
have

ρBϕ (fχQ) = ρB1 (ϕ(|f |)χQ) ≤ ρB1 (MχQ) = Mµ(Q) ≤ ε.

Now, if f ∈ Bϕa.p. we take P ∈ C
◦

a.p. such that ρBϕ(2(f − P )) ≤ ε and the
result follows directly from the inequality

ρBϕ (fχQ) ≤
1

2
ρBϕ (2 (f − P )χQ) +

1

2
ρBϕ (2PχQ) .

�

Lemma 2. Let {fn}n≥1 be a sequence in Bϕ(R). Then:

(i) if {fn}n≥1 is modular convergent to f ∈ Bϕ(R) it is also µ-convergent

to f .

(ii) If {fn}n≥1 is µ-convergent to f ∈ Bϕ(R) and there exists g ∈ Bϕa.p.

satisfying max(|fn|, |f |) ≤ g. Then

lim
n→∞

ρBϕ (fn) = ρBϕ(f).

(iii) If {fn}n≥1 is modular convergent to f ∈ Bϕa.p., we have

lim
n→+∞

ρBϕ(fn) ≥ ρBϕ(f).

(iv) If f ∈ Bϕa.p. and Pn is its sequence of Bochner-Fejèr’s polynomials we

have limn→∞ ρBϕ(Pn) = ρBϕ(f).

Proof: These properties are proved in [15] (see Lemma 1, Lemma 4, Proposi-
tion 6 and Corollary 7 respectively of this reference). �

Remark 1. Using Lemma 1, we may prove the following property which is in
some sense the converse to (i):

(i)′ If {fn}n≥1 is µ-convergent to f ∈ Bϕ(R) and there exists g ∈ Bϕa.p.

such that max(|fn|, |f |) ≤ g, then {fn}n≥1 is also modular convergent

to f .
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Indeed, let ε > 0 and En = {t ∈ R : |fn(t) − f(t)| ≥ ε}. Then in view of
Lemma 1, there exists δ > 0 such that:

µ (En) ≤ δ =⇒ max (ρBϕ (2fnχEn
) , ρBϕ (2fχEn

)) ≤ ρBϕ (2gχEn
) ≤ ϕ(ε).

Now, since {fn}n≥1 is µ-convergent to f , we have µ(En) ≤ δ, ∀n ≥ n0 (for
some fixed n0). It follows that

ρBϕ (fn − f) ≤ ρBϕ ((fn − f)χEn
) + ρBϕ

(
(fn − f)χEc

n

)

≤
1

2
[ρBϕ (2fnχEn

) + ρBϕ (2fχEn
)] + ϕ(ε)µ (Ec

n)

≤ ρBϕ (2gχEn
) + ϕ(ε)

≤ 2ϕ(ε).

Then, since ε > 0 is arbitrary we get limn→∞ ρBϕ(fn − f) = 0.

Lemma 3. For f ∈ Bϕa.p., the following equivalences hold:

(i) ‖f‖Bϕ ≤ 1 if and only if ρBϕ(f) ≤ 1.

(ii) ‖f‖Bϕ = 1 if and only if ρBϕ(f) = 1.

Proof: This lemma was initially proved in [12, Corollary 2], under the additional
condition ϕ ∈ ∆2. The proof of the present statement may be found in [13,
Lemma 4.2]. �

Lemma 4. Let {fn}, {gn} be sequences in Bϕa.p. such that ρBϕ(fn) ≤ 1,

ρBϕ(gn) ≤ 1 and limn→∞ ρBϕ

(
1
2 (fn + gn)

)
= 1. Suppose that ϕ is strictly convex.

Then the sequence {fn − gn}n is µ-convergent to zero.

Proof: Suppose the assertion is false. Then, there exist ε > 0, σ > 0 and a
sequence (nk)k increasing to infinity such that µ(Ek) > ε, where Ek = {t ∈ R :
|fnk

(t) − gnk
(t)| ≥ σ}.

Let kε > 1 be such that

µ(E) ≥
ε

4
⇒ ρBϕ (χE) >

1

kε

.

Then putting

Ak = {t ∈ R : |fnk
(t)| > kε} ,

Bk = {t ∈ R : |gnk
(t)| > kε} ,

we obtain

1 ≥ ρBϕ (fnk
) ≥ ρBϕ (fnk

χAk
) ≥ kερBϕ (χAk

) .

It follows that ρBϕ (χAk
) ≤ 1

kε
and then

µ (Ak) ≤
ε

4
.
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In the same way we may show that

µ (Bk) ≤
ε

4
.

Now, define the set

Q = {(u, v) ∈ R
2 : |u| ≤ kε, |v| ≤ kε, |u − v| ≥ σ},

and consider the function

F (u, v) =
2ϕ
(

u+v
2

)

ϕ (u) + ϕ (v)
.

Since ϕ is strictly convex we have F (u, v) < 1 for all (u, v) ∈ Q. Then using the
continuity of ϕ on Q (where Q is a compact set of R

2), it follows that

sup
Q

F (u, v) = 1 − δ for some δ ∈ ]0, 1[ .

More precisely, we have

ϕ

(
u + v

2

)
≤ (1 − δ)

ϕ(u) + ϕ(v)

2
, ∀ (u, v) ∈ Q.

Let now t ∈ Ek\(Ak ∪ Bk). Then fnk
(t), gnk

(t) ∈ Q and consequently

(2.2) ϕ

(
|fnk

(t) + gnk
(t)|

2

)
≤ (1 − δ)

ϕ (|fnk
(t)|) + ϕ (|gnk

(t)|)

2
.

It follows that

1 − ρBϕ

(
fnk

+ gnk

2

)

≥
ρBϕ (fnk

) + ρBϕ (gnk
)

2
− ρBϕ

(
fnk

+ gnk

2

)

≥ lim
T→+∞

1

2T

∫

[Ek\(Ak∪Bk)]∩[−T,+T ][
ϕ (|fnk

(t)|) + ϕ (|gnk
(t)|)

2
− ϕ

(
|fnk

(t) + gnk
(t)|

2

)]
dt

≥
δ

2
lim

T→+∞

1

2T

∫

[Ek\(Ak∪Bk)]∩[−T,+T ]

[ϕ (|fnk
(t)|) + ϕ (|gnk

(t)|)] dt

≥ δ lim
T→+∞

1

2T

∫

[Ek\(Ak∪Bk)]∩[−T,+T ]

ϕ

(
|fnk

(t) − gnk
(t)|

2

)
dt

≥ δϕ
(σ

2

)(
ε −

ε

4
−

ε

4

)
= δ

ε

2
ϕ
(σ

2

)
,

a contradiction with the hypothesis limn→+∞ ρBϕ(fn+gn

2 ) = 1. �
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Lemma 5. Let {fn}n≥1 be a sequence in Bϕa.p. Suppose that {fn}n≥1 is µ-

convergent to some f in Bϕa.p. and limn→+∞ ρBϕ(fn) = ρBϕ(f). Then

lim
n→+∞

ρBϕ

(
fn − f

2

)
= 0.

Proof: It is clear that {ϕ( |fn−f |
2 )}n is µ-convergent to 0 and that the sequence

gn =
ϕ (|fn|) + ϕ (|f |)

2
− ϕ

(
|fn − f |

2

)

is µ-convergent to g = ϕ(|f |).
Now, we shall prove that

lim
n→+∞

ρB1(gn) ≥ ρB1(g) = ρBϕ(f).

For, let

hn(t) =

{
g(t) if |gn(t)| > |g(t)|,

gn(t) if |gn(t)| ≤ |g(t)|.

Then,

|hn(t) − g(t)| =

{
0 if |gn(t)| > |g(t)|,

|gn(t) − g(t)| if |gn(t)| ≤ |g(t)|.

It follows that |hn(t)−g(t)| ≤ |gn(t)−g(t)| and, consequently, the sequence {hn}n

is µ-convergent to g.
Now, since |hn(t)| ≤ |g(t)| and g ∈ B1a.p., using Lemma 2 we deduce that

limn→+∞ ρB1(hn) = ρB1(g). Hence,

ρBϕ (f) = ρB1(g) = lim
n→+∞

ρB1(hn) ≤ lim
n→+∞

ρB1(gn).

Then

ρBϕ(f) = ρB1(ϕ(|f |))

≤ lim
n→+∞

ρB1

(
ϕ (|fn|) + ϕ (|f |)

2
− ϕ

(
|fn − f |

2

))

≤ lim
n→+∞

{
1

2
ρBϕ (fn) +

1

2
ρBϕ (f) − ρBϕ

(
fn − f

2

)}

≤ ρBϕ(f) − lim
n→+∞

ρBϕ

(
fn − f

2

)
.

Thus limn→+∞ ρBϕ(fn−f
2 ) = 0. �
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Let Lϕ([0, 1]) be the usual Orlicz space of functions defined on [0, 1]. We denote
by ρϕ and ‖.‖ϕ the respective associated modular and Luxemburg norm. We will
show that Lϕ([0, 1]) is isometrically embedded in the Besicovitch-Orlicz space of

almost periodic functions B̃ϕa.p.

Proposition 1. Let f ∈ Lϕ([0, 1]). Then

(1) if f̃ is the periodic extension of f to the whole R (with period τ = 1), we

have f̃ ∈ B̃ϕa.p.,

(2) the injection map i : Lϕ([0, 1]) →֒ B̃ϕa.p., i(f) = f̃ is an isometry with

respect to the modulars and for the respective Luxemburg norms.

Proof: Let f ∈ Lϕ([0, 1]) and EN = {t ∈ [0, 1] : |f(t)| ≥ N}. It is known that
f ∈ L1([0, 1]) (see [3]) and consequently limN→+∞ µ(EN ) = 0.

It follows that

lim
N→+∞

∫

EN

ϕ(λ‖f(t)‖) dt = 0 for some λ > 0.

Let fN = fχEc
N

, where Ec
N denotes the complement to EN . Then, for a given

ε > 0, there is an Nε ∈ N such that

∫ 1

0

ϕ (λ |f(t) − fNε
(t)|) dt ≤

∫

ENε

ϕ (λ |f(t)|) dt ≤ ε.

Now the function fNε
being bounded, there exists a sequence of simple func-

tions (SNε
)n uniformly convergent to fNε

. In particular, there exists a simple
function SNε

such that supt∈[0,1] |λ(fNε
(t) − SNε

(t))| ≤ ε. It follows

∫ 1

0

ϕ

(
λ

2
|f(t) − SNε

(t)|

)
dt

≤
1

2

∫ 1

0

ϕ (λ |f(t) − fNε
(t)|) dt +

1

2

∫ 1

0

ϕ (λ |fNε
(t) − SNε

(t)|) dt ≤ ε.

We denote by f̃ , f̃Nε
and S̃Nε

the respective periodic extensions (with period
τ = 1) of the functions f , fNε

and SNε
. We have from the periodicity properties

of f̃ , f̃Nε
and S̃Nε

:

ρBϕ

(
λ

2

(
f̃ − S̃Nε

))
= lim

T→+∞

1

2T

∫ +T

−T

ϕ

(
λ

2

∣∣∣f̃ (t) − S̃Nε
(t)
∣∣∣
)

dt

=

∫ 1

0

ϕ

(
λ

2
|f(t) − SNε

(t)|

)
dt ≤ ε.

Moreover from (2.1) there exists Pε ∈ C
◦

a.p. for which

ρBϕ

(
1

2

(
S̃Nε

− Pε

))
≤ ε.
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Finally, putting α = min(λ
2 , 1

4 ) we get:

ρBϕ

(α

2

(
f̃ − Pε

))
≤

1

2

{
ρBϕ

(
λ

2

(
f̃ − S̃Nε

))
+ ρBϕ

(
1

4

(
S̃Nε

− Pε

))}
≤ ε.

This means that f̃ ∈ B̃ϕa.p.
It remains to show that i is an isometry. Indeed, for f ∈ Bϕa.p. we have in

view of the periodicity of f̃ (with period T = 1)

ρBϕ

(
f̃
)

= lim
T→+∞

1

2T

∫ +T

−T

ϕ
(∣∣∣f̃(t)

∣∣∣
)

dt = ρϕ(f).

In the same way, for each λ > 0, we have:

ρBϕ

(
f̃

λ

)
= ρϕ

(
f

λ

)
,

and then

∥∥∥f̃
∥∥∥

Bϕ
= inf

{
λ > 0, ρBϕ

(
f̃

λ

)
≤ 1

}
= inf

{
λ > 0, ρϕ

(
f

λ

)
≤ 1

}
= ‖f‖ϕ .

Hence, i is an isometry for the respective modulars and also for the respective
norms. �

3. Main result

We can now state our main result.

Theorem 1. The following properties are equivalent:

(1) B̃ϕa.p. is LUC;

(2) B̃ϕa.p. has the H-property;

(3) B̃ϕa.p. is SC;

(4) ϕ is strictly convex and ϕ satisfies the ∆2-condition.

Proof: It is known from [12] that the space B̃ϕa.p. is strictly convex if and only
if ϕ is strictly convex and satisfies the ∆2-condition. We will show that these
properties are equivalent to the local uniform convexity and the H-property of
the space.

The implication (1) ⇒ (2) holds in general Banach spaces.

(2) ⇒ (3): Suppose that B̃ϕa.p. has the H-property. We prove first that the
Orlicz space Lϕ([0, 1]) has the H-property as well.

For, let {fn} be a sequence in Lϕ([0, 1]) such that:

• {fn} converge weakly to some f in Lϕ([0, 1]),
• ‖fn‖ϕ −→ ‖f‖ϕ.
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Then, for each G in the dual space (B̃ϕa.p.)∗, we have G ◦ i ∈ (Lϕ([0, 1]))∗.
Moreover, since fn −→ f weakly in Lϕ([0, 1]), we get

G ◦ i (fn) −→ G ◦ i (f)

or equivalently G(f̃n) −→ G(f̃). Thus f̃n −→ f̃ weakly in B̃ϕa.p.

It is clear that ‖f̃n‖Bϕ −→ ‖f̃‖Bϕ and since B̃ϕa.p. has the H-property, we can

write ‖f̃n − f̃‖Bϕ −→ 0 and finally ‖fn − f‖ϕ −→ 0. This means that Lϕ([0, 1])
has the H-property.

It follows from [16] that ϕ is strictly convex and satisfies the ∆2-condition.

Thus using [12] we conclude that B̃ϕa.p. is strictly convex.

Let us show finally that (4) ⇒ (1): For, let fn, f be in B̃ϕa.p. with

‖fn‖Bϕ = ‖f‖Bϕ = 1 and

∥∥∥∥
f + fn

2

∥∥∥∥
Bϕ

→ 1 as n → +∞.

Recall that since ϕ satisfies the ∆2-condition, we have Bϕa.p. = B̃ϕa.p. From
Lemma 3, we have also

ρBϕ (fn) = ρBϕ(f) = 1 and ρBϕ

(
f + fn

2

)
→ 1 as n → +∞.

In view of Lemma 4, it follows that the sequence {fn}n is µ-convergent to f .
Then using Lemma 5 and the ∆2-condition on ϕ, we conclude that

‖fn − f‖Bϕ → 0 as n → +∞.

�
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