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Abstract. The actual construction of the Szdsz-Mirakyan operators and its various modi-
fications require estimations of infinite series which in a certain sense restrict their usefulness
from the computational point of view. Thus the question arises whether the Szasz-Mirakyan
operators and their generalizations cannot be replaced by a finite sum. In connection with
this question we propose a new family of linear positive operators.
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1. INTRODUCTION

Approximation properties of the Szasz-Mirakyan operators

o] k
1) Su(f;z) ;:e—mz(":!) f(ﬁ), z€Ry=[0,400), neN:={1,2,...},

n
k=0

in polynomial weighted spaces C), were examined in [2]. The space Cp, p € Ny :=
{0,1,2,...}, considered in [2] is associated with the weight function

(2) wo(z) =1, wy(z):=1+2P)" if p>1,

and consists of all real-valued functions f continuous on Ry and such that w,f is
uniformly continuous and bounded on Rg. The norm on C), is defined by

3) [£lly = 17 Olp = sup wp(@)[f(2)]-
xE€R

These operators are very interesting approximation processes and have many nice
properties.
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For f the results on the degree of approximation were studied in [2] for the usual
Szész-Mirakyan operators (1). From these theorems it was deduced that

(4) lim S, (f;2) = f(x)

n—oo
for every f € Cp, p € Ng and z € Ry. Moreover, the above convergence is uniform
on every interval [x1,xs], 1 > 0.

Recently, in many papers various modifications of .S,, were introduced and exam-
ined. They have been studied intensively in connection with different branches of
analysis such as convex and numerical analysis. We refer the reader to P. Gupta and
V. Gupta [9], V. Gupta [10], N. Ispir and C. Atakut [1], [18], V. Gupta, V. Vasishtha
and M. K. Gupta [13], G. Feng [7], [8], A. Ciupa [5], N. Ispir [17], S. Li [21], X. Linsen
and Z. Xiaoping [22]. Their results improve other related results in literature.

The actual construction of the Szész-Mirakyan operators (the Baskakov operators,
the Favard operators, the Meyer-Koénig and Zeller operators) and its many various
modifications (see, for example, the works cited above) requires estimations of infinite
series which in a certain sense restrict their usefulness from the computational point
of view. Thus the question arises whether the Szasz-Mirakyan operators and their
generalizations cannot be replaced by a finite sum. In connection with this question,
in [33] certain positive linear operators were considered, namely

n

(5) Ln(fﬁ?) = ! Z(Z) (a:—i—n_l)zkf(E.M),

(14 (x+n-1)2)" prd n z+n-1

x € Rg, n € N, for a function of one variable.
In [33] it was proved that if f € Cp, p € Ny, then

(6) T ([ La(f5) = F()llp = 0.

The operators L,, are defined in terms of a sample of the given function f on the
points (k/n) - (1 + (x +n"1?)/(z +n!) for k € Ng, n € N and z € Ry.

Thus new questions arise whether the knots (k/n) - (1 + (z +n~12)/(z + n~1)
cannot be replaced by a given subset of points which are independent of x, provided
this would not change essentially the approximation properties.

In connection to these questions we propose a new family of linear positive oper-
ators. This together with the simple form of the operator makes the results given in
the present paper more helpful from the computational point of view.

This note was inspired by the results obtained in our previous papers. In the
papers [34], [29] and [36], for each function f of polynomial type defined on Ry, the
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following operators were considered:

(O (Fope ) — 1 = (nx)k k+r .
2} f ) — 1 ad (nz + 1)% k+r
() AP (firia) = g((nHl)Q;T)kZ:O ) f(n(mﬂ)),

© (nix)k I FU) k-i;r e
(9) Aif}(f;p,r,s;x): 1 )Z(( >|Zf (n )(a:—k+ >,

g(nsa;r

where n,7,p € N, s > 0 and

(10) i) =3t teR,

i.e.
—1
1 1/, —t\ .
g(oy’r):ﬁ) g(t;’r):t—r(e —ZOF> lft>0
]:

Similar results in exponential weighted spaces can be found in [28], [30].
In this paper we will use the same method to obtain a new operator.

We introduce the following class of operators in C,, p € N.

Definition 1. We introduce a class of new operators defined by

[n(z+an)]

D

k=0

(11) Bn(f;r;an;x) = f(k:l_r), r € Rg, neN,

g(nz;7)

where r is a fixed natural number and (a,)$° is a sequence of positive numbers such

that lim n'/2a, = oo and [n(z + a,)] denotes the integral part of n(x + ay,).
n—oo

Observe that the operator B, is linear and positive.

Moreover, we will introduce certain linear positive operators in polynomial
weighted spaces of functions of two variables.

Let p,q € Ny and let

(12) Wp,q(2,y) = wp(z)wy(y), (z,y) € [R(2) = Ro x Ro,
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where wy(-) is defined by (2). Denote by C,, , the weighted space of all real-valued
functions f continuous on R3 for which wy, , f is uniformly continuous and bounded
on RZ. The norm on C,, , is defined by

(13)

pa = NG lpg = sup wp gz, y)|f(z,y)|
(z,y)ERE

Approximation properties of linear positive operators

1 m
(14) Lpn(fiz,y) = A+ @+m )1+ (y+n? n;)k:

3
o

Y
s 3
~—
/‘\
\_/

<.

x(z +m ) (y + —1)2kf( JA+ (z+m™ 1?2 k1 +(y 1) 2) )7

m(z+m=1) n(y
1

g(mw' 7)g(ny; s)

oo 0 k .
j+r k;—l—S)
N
X]ZX; ]+r k‘—i—s)f( m ' n ) PSEN

AL (firsiz,y) =

in polynomial weighted spaces of functions of two variables were examined in [31]
and [34].
In this paper we will give some properties of the following operators.

Definition 2. Fix r,s € N and p,q € N. We define the class of operators B,
by

1

15 Bm,n f;r,s;am,bn;x,y =N
(15) ( ) g(ma;r)g(nys; s)

[m(z+am)] [n(y+bn)] . . .
(mx)? (ny)* j+r k+s ,

R

> (J+nr) (k+s)f( m n ) f€Cpq (z,y) €RG,

5=0 k=0
where (a,,)$° and (b,)$° are given sequences of positive numbers such that

lim ml/Qam =00 and lim nl/an = o0.
m—0o0 n—oo

Observe that the operator B, , is linear and positive.
In this paper, by K;(«,3), i = 1,2,..., we denote suitable positive constants
depending only on the parameters o and [.
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2. PRELIMINARIES

In this section we will give some properties of the above operators which we will
apply to the proofs of the main theorems.
It is known ([2]) that

(16) S(l'x)—l Sp(t —x;x) =0,
(17) Sn((t — @)™ 2) = {S/ ((t = 2)%2) + gSn((t — 2)" 1 2)},

for x € Ry, n € N and g € N.
Using (16), (17) and mathematical induction on ¢ € N we can prove the following
lemma.

Lemma 1 ([25]). For every 2 < g € N we have

la/2] j
Sn((t — )%, Zcm s x € Ry, neN,

where ¢; , are positive numerical coefficients depending only on j and ¢ ([y] denotes
the integral part of y € Ry).

In the paper [34] the following results were proved for Agl}( f) defined by (7).
Lemma 2. A" defines a positive linear operator C, — C,.
Theorem 1. For every fixed r € N and f € C},, p € Ny, we have

(18) lim (A (fir52) - f(2)} =0, z € Ro.

Moreover, (18) holds uniformly on every interval [x1, x2], x2 > 21 = 0.

In [34] it was proved that if f € Cp 4, p,q € Np, then Ain}n is a positive linear
operator Cp, 4 — Cp 4. Moreover, we derived

Theorem 2. Suppose that f € Cpq, p,q € Ng. Then there exists a positive
constant K3(p,q,r,s) such that for all (z,y) € R2

(19) Wy, q(, y)| (far $;T,Y) —

(pq,rs (fa pcp\/x+1 \/y+ )
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m,n €N, r,s € N, where

(20) w(f;Cpgitis) = sup — [[Ansf()llpgs 520,

0<h<t, 0<6<s

Apsflx,y) == f(x+h,y+06)— f(x,y), (x+h,y+0) € R is the modulus of continuity
of f € Cpy.

From (20) it follows that
(21) lim w(f,Cpgq;t,s) =0

t,s—0+

for every f € Cp 4, p,q € Ny. This implies that

(22) lim AL (fir,si,y) = f(z,y),  (2,y) € RE

m,n— oo

uniformly on every rectangle 0 < x < xp, 0 < y < yo.

3. MAIN RESULTS
Now we give an approximation theorem for B,,.
Theorem 3. Fix p,r € N. Then for B,, defined by (11) we have
(23) Jim {Bn(f;75an;2) = f(2)} =0, feCy

uniformly on every interval [x1, z3], T2 > x1 > 0.

Proof. We first suppose that f € Cp, p € N. From (11) and (7) we obtain

ui"f):)!f(klr) — /@)

1 [n(a:+an)]

Bu(f;r;an;x) — f(z) = >
k=0

g(na;r)

1 = (nax)* k4
N g(nx;r)kzz:o(k—i—r)!f( n ) — /@)
B 1 > (nx)* k+7r
g(nz;7) k:[n(xz—i-:an)]-i-l (k+ T)!f( n )
=AM (firiz) = f(z) = Mu(f;752), @€ Ro, n,r €N,

By our assumption, using the elementary inequality (a+b)* < 28=1(a¥+b*), a,b > 0,
k € No, we get

(24) |fO| <K Ki(1+t?) < K (1+ (|t — x| +2)P) < Ki(1+2P7 (|t — z|P + 2P)).
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Observe that

< s 3 gl
0 k—r
<g(n;r) > B

k=[n(z+an)]+r+1

s nl’k
S md Ol

k=[n(z+an)]+1

This together with (10), (24) and (1) yields

1 = k k p
(i <t Y B (e (B )
(nx)"g(nx;r) k! n
k=[n(z+an)]+1
ena:
< r—1 ) Kl
e — 'Y (na)i /]!
=0
> k > k
« ((1 + 2p—1xp)e—mc Z M + 2p—1e—n;c Z (’I’LJ,‘) ‘E . P)
| |
k=[n(z+an)]+1 K k=0 kb in
e?’LZ’
= r—1 Kl
en — 37 (nz)l /!
=0

oo

nx)*
X ((1+2p1xp)e"”” Z % +2p15n(|t—x|p;x)).

|
k=[n(z+an)]+1 ’

We remark that

r—1 = 0(1)
et — > ti/j!
j=0
and
oo oo
_ (nx)k _ (nx)*
nT nT
¢ Z k! se Z k!
k:[n(a:+an)]+1 a7L<|k/n713‘
oo
_ (nx)* |k p 1
e > ’H T

an<|k/n—zx|

1 —nx - (nx)k k
S AR Vi i

P 1
= 5 Su(|t = z[P; 2).
an
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This implies that

1+ 2P 1gP
| M, (f;r2)| < KQ(M —|—2p1>5n(|t—x|p;x).

Qan
Consequently, in view of Lemma 1, the Holder inequality and (16), we further have

Mgsria) < Ko (2 2“){Sn<<t )5 (1))

n

(a2 : AN
_KQ( ap z_: ]2pn2p 3

n

Ky ((1+207'a7) | L 1/2
<om (Y5 ){z

n

The relation
lim n'/2
n—oo

ay = 00
implies that
lim M, (f;r;z)=0

n— oo

uniformly on every interval [x1,xs], z2 > z1 > 0. In view of Theorem 1 this yields
lim {By(f;r;an;2) — f(2)} =0,

uniformly on every interval [z1, 23], 2 > x1 > 0. This completes the proof of (23).
O

Applying Theorem 2, we can prove the basic property of By, .
Theorem 4. Fix p,q,r,s € N. Then for By, , defined by (15) we have

(25) hm Bm,n(f;r75;am/abn;xay) = f(x7y)) f E CP,Q'

m,n— oo

Moreover, (25) holds uniformly on every rectangle 0 < x < g, 0 < y < ¥o.

Proof. Suppose that f € Cp, 4, p,q¢ € N and r, s € N. This implies that
[f(t,2)] < Ka(L+t7)(1+29) < Ka(1+2P71(jt — 2P +2P) (1 + 2771 (|2 — y|? +y7)).
From (15) and (14) we have

B (f57, 83 my by ) — f(2,y) = AL (fir,s52,9) — f(2,y) = Mo n(fi7, 82, 9)
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where

1
Mo (frgpa)—
man(f57, 832, Y) g(ma;r)g(ny; s)
> 0 . '
(mz)?  (ny)* ,(j+r k+s
X Z Z f | |
j=[m(z+am)]+1 k=[n(y+bn)]+ LGk A+ 8)! ( m n )
(z,y) € R,
Observe that
My (Firs 52, )| € ————
T g(masr)g(ny; s)
3 3 (mx)! () | rjtr k+s
X Z Z ‘f 7 ‘
j=[m(z+am)]+1 k=[n(y+bn)]+1 (j + T) (k + S) ( m n )
1 . (max)i=" vy
< - (mzx)’—" . J i
\K4g(maj~r) Z ;! <1+2 (‘m x‘ +z ))

j=[m(@+am)l+r+1

eI S (E (S}

k=[n(y-+bn )] +5+1

Arguing as in the second part of Theorem 3 we derive

oo r

1 (max)I=
g(ma;r) 2 !

P
+ mp))
j=[m(z+am)]+r+1 J:
Ks ((1+42r71gP) ) 1/2
< mp/2 ( a[r)n + 2P~ ) Z cj, gpx ,
1 © k—s
Z (ny) (1_’_2(]—1(‘_ —y‘q+yq))
g(ny; s) ] -

k=[n(y+bn)]+s+1

K5 (1420 1y Yz
<nq/Bz(( b7 e 1){20”‘”’} '

This yields in view of Definition 2

(1+2p 1(‘3 —z
m

lim My, o (f;7,s52,y) =0

m,n— oo

uniformly on every rectangle 0 < x < zg, 0 < y < yo. Applying Theorem 2 and (26)
we immediately obtain (25). O
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It is similarly verified that analogous approximation properties hold for the two

operators
nr

To(firia) = 1 Z ((nx)k) f(k;—l-T)7

n

f€Cpa,ze(0,r),n,reN,

1
Tinn firysim,y) = —————
( ) g(ﬂlx'f)g(ny;S)
X;)kzo ]—l—r k+s) f( m ' n )’

I € Cpo2r,0,2)5 (x,9) €[0,7) x [0,5), m,n,r,s €N.

Observe that the operators T,,, n € N, are obtained from (11) for a, = r — z,
x €[0,r), reN.

Analogously we obtain

Bm,n(f;rvs;r_xas_y;xay) :Tm,n(f;ras;xay)v
(z,y) € [0,7) x [0,s), m,n,r,s €N.

The methods used to prove the Theorems are similar to those used in the con-
struction of the modified Szész-Mirakyan operators [19], [31], [34], [38].

Acknowledgment. The author would like to thank the referee for his valuable
comments and proposals.

References

[1] C. Atakut, N. Ispir: The order of approximation by certain linear positive operators.
Math. Balk., New Ser. 15 (2001), 25-33.

[2] M. Becker: Global approximation theorems for Szasz-Mirakjan and Baskakov operators
in polynomial weight spaces. Indiana Univ. Math. J. 27 (1978), 127-142.

[3] M. Becker, D. Kucharski, R.J. Nessel: Global Approximation theorems for the
Szasz-Mirakjan operators in exponential weight spaces. Linear Spaces and Approxi-
mation (Proc. Conf. Oberwolfach, 1977). ISNM, Int. Ser. Numer. Math. 40 (1978),
319-333.

[4] A. Ciupa: On the approximation by Favard-Szasz type operators. Rev. Anal. Numér.
Théor. Approx. 25 (1996), 57—61.

[5] A. Ciupa: Approximation by a generalized Szasz type operators. J. Comput. Anal. Appl.
5 (2003), 413-424.

[6] R. A. De Vore, G. G. Lorentz: Constructive Approximation. Springer, Berlin, 1993.

[7] G. Feng: Weighted approximation on Szasz-type operators. Anal. Theory Appl. 19
(2003), 47-54.

[8] G. Feng: A characterization of pointwise approximation for linear combinations of
Szész-type operators. Chinese Quart. J. Math. 19 (2004), 379-384.

714



[9]
[10]
[11]
[12]

[13]

[14]
[15]
[16]
17]
18]
[19]
[20]
21]
[22]
23]
[24]
[25]
[26]
27]
28]
[20]

(30]

31]

[32]

P. Gupta, V. Gupta: Rate of convergence on Baskakov-Szasz type operators. Fasc. Math.
31 (2001), 37—44.

V. Gupta: Error estimation for mixed summation integral type operators. J. Math. Anal.
Appl. 313 (2006), 632-641.

V. Gupta, P. Maheshwari: On Baskakov-Szasz type operators. Kyungpook Math. J. 43
(2003), 315-325.

V. Gupta, R. P. Pant: Rate of convergence for the modified Szasz-Mirakyan operators
on functions of bounded variation. J. Math. Anal. Appl. 233 (1999), 476-483.

V. Gupta, V. Vasishtha, M. K. Gupta: Rate of convergence of the Szasz-Kantorovitch-
Bezier operators for bounded variation functions. Publ. Inst. Math., Nouv. Sér. 72
(2002), 137-143.

S. Guo: On the rate of convergence of the integrated Meyer-Konig and Zeller operators
for functions of bounded variation. J. Approximation Theory 56 (1989), 245-255.

S. Guo, C. Li, Y. Sun, G. Yand, S. Yue: Pointwise estimate for Szasz-type operators.
J. Approximation Theory 94 (1998), 160-171.

M. Herzog: Approximation theorems for modified Szasz-Mirakjan operators in polyno-
mial weight spaces. Matematiche 54 (1999), 77-90.

N. Ispir: Weighted approximation by modified Favard-Szasz operators. Int. Math. J. 3
(2003), 1053-1060.

N. Ispir, C. Atakut: Approximation by modified Szasz-Mirakyan operators on weighted
spaces. Proc. Indian Acad. Sci., Math. Sci. 112 (2002), 571-578.

H. G. Lehnhoff: On a modified Szasz-Mirakjan operator. J. Approximation Theory 42
(1984), 278-282.

M. Lesniewicz, L. Rempulska: Approximation by some operators of the Szasz-Mirakjan
type in exponential weight spaces. Glas. Mat., III. Ser. 32 (1997), 57—69.

S. Li: Local smoothness of functions and Baskakov-Durrmeyer operators. J. Approxi-
mation Theory 88 (1997), 139-153.

X. Linsen, Z. Xiaoping: Pointwise characterization for combinations of Baskakov oper-
ators. Approximation Theory Appl. 18 (2002), 76-89.

L. Rempulska, Z. Walczak: On modified Baskakov operators. Proc. A. Razmadze Math.
Inst. 133( (2003), 109-117.

L. Rempulska, Z. Walczak: Approximation by some operators of Szasz-Mirakyan type.
Anal. Theory Appl. 20 (2004), 1-15.

L. Rempulska, Z. Walczak: Modified Szasz-Mirakyan operators. Math. Balk., New Ser.
18 (2004), 53-63.

A. Sahai, G. Prasard: On simultaneous approximation by modified Lupas operators.
J. Approximation Theory 45 (1985), 122-128.

V. Totik: Uniform approximation by Szasz-Mirakjan type operators. Acta Math. 41
(1983), 291-307.

Z. Walczak: On certain linear positive operators in exponential weighted spaces. Math. J.
Toyama Univ. 25 (2002), 109-118.

Z. Walczak: On certain positive linear operators in weighted polynomial spaces. Acta
Math. 101 (2003), 179-191.

Z. Walczak: Approximation properties of certain linear positive operators in exponen-
tial weighted spaces. Acta Univ. Palacki. Olomuc., Fac. Rerum Nat., Math. 42 (2003),
123-130.

Z. Walczak: Approximation by some linear positive operators of functions of two vari-
ables. Saitama Math. J. 21 (2003), 23-31.

Z. Walczak: On the rate of convergence for modified Baskakov operators. Liet. matem.
rink 44 (2004), 124-130.

715



[33]

[34]

[35]
[36]
37]

[38]

7. Walczak: Approximation by some linear positive operators in polynomial weighted
spaces. Publ. Math. Debrecen 64 (2004), 353-367.

Z. Walczak: Approximation properties of certain linear positive operators in polynomial
weighted spaces of functions of one and two variables. Publ. Elektrotehn. Fak. Univ.
Beograd 15 (2004), 52-65.

Z. Walczak: On the convergence of the modified Szasz-Mirakyan operators. Yokohama
Math. J. 51 (2004), 11-18.

Z. Walczak: On the rate of convergence for some linear operators. Hiroshima Math. J.
35 (2005), 115-124.

B. Wood: Uniform approximation with positive linear operators generated by binomial
expansions. J. Approximation Theory 56 (1989), 48-58.

S. Xiehua: On the convergence of the modified Szasz-Mirakjan operator. Approximation
Theory Appl. 10 (1994), 20-25.

Author’s address: 7. Walczak, Institute of Mathematics, Poznaii University of Tech-

nology, Piotrowo 3A, 60-965 Poznan, Poland, e-mail: zwalczak@math.put.poznan.pl.

716



		webmaster@dml.cz
	2020-07-03T17:30:41+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




