
Czechoslovak Mathematical Journal

Miroslav Pavlović
A formula for the Bloch norm of a C1-function on the unit ball of Cn

Czechoslovak Mathematical Journal, Vol. 58 (2008), No. 4, 1039–1043

Persistent URL: http://dml.cz/dmlcz/140437

Terms of use:
© Institute of Mathematics AS CR, 2008

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/140437
http://dml.cz


Czechoslovak Mathematical Journal, 58 (133) (2008), 1039–1043

A FORMULA FOR THE BLOCH NORM OF A C1-FUNCTION

ON THE UNIT BALL OF C
n

Miroslav Pavlović, Beograd

(Received October 20, 2006)

Abstract. For a C1-function f on the unit ball B ⊂ Cn we define the Bloch norm by
‖f‖B = sup ‖d̃f‖, where d̃f is the invariant derivative of f, and then show that

‖f‖B = sup
z,w∈B
z 6=w

(1− |z|2)1/2(1− |w|2)1/2
|f(z)− f(w)|

|w − Pwz − swQwz|
.
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Let B = Bn denote the unit ball of C
n. For a complex-valued function f ∈ C1(B),

let d̃f denote the “invariant” derivative of f,

d̃f(a) = d(f ◦ ϕa)(0), a ∈ B,

where ϕa denotes the biholomorphic automorphism of B such that ϕa(0) = a and

ϕa(ϕa(z)) ≡ z, and dg(0) denotes the euclidean derivative of g at 0 treated as an

R-linear operator from C
n into Cn. “Invariant” means that

‖d̃(f ◦ ψ)(z)‖ ≡ ‖(d̃f)(ψ(z))‖,

for every ψ ∈ M (B), where M (B) denotes the group of all biholomorphic automor-

phisms of B, and ‖d̃f(b)‖ denotes the norm of the linear operator d̃f(b). This relation

is proved in the same way as Theorem 4.1.2 in [4]. The Bloch norm of f is given by

‖f‖B = sup
B

‖d̃f‖.
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If f is real-valued, then

‖d̃f(a)‖ = |∇̃f(a)|,

where ∇̃f(a) is the invariant gradient of f,

∇̃f(a) = ∇(f ◦ ϕa)(0), a ∈ B.

Here ∇f denotes the euclidean gradient of f, the modulus of which can be given by

|∇f(z)|2 = 2

n∑

j=1

∣∣∣
∂f

∂zj

∣∣∣
2

+
∣∣∣
∂f

∂zj

∣∣∣
2

, z = (z1, . . . , zn) ∈ C
n.

If f is holomorphic, then

‖d̃f(a)‖ = |D̃f(a)|,

where

D̃f(a) = D(f ◦ ϕa)(0) and Df =
( ∂f
∂z1

, . . . ,
∂f

∂zn

)
.

Note the formula

|D̃f(a)|2 = (1 − |a|2)
(
|Df(a)|2 − |〈ā, Df(a)〉|2

)
,

where

〈w, z〉 =
n∑

j=1

wjzj.

In [2], extending a result of Holland and Walsh [1], Nowak proved that if f is holo-

morphic in B, then ‖f‖B <∞ if and only if

sup
z,w∈B
z 6=w

(1 − |z|2)1/2(1 − |w|2)1/2
|f(z) − f(w)|

|w − Pwz − swQwz|
<∞,

where Pw is the orthogonal projection of C
n onto the subspace spanned by w, Qwz =

z − Pwz and sw = (1 − |w|2)1/2. Here we prove
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Theorem 1. If f ∈ C1(B), then

(1) ‖f‖B = sup
z,w∈B
z 6=w

(1 − |z|2)1/2(1 − |w|2)1/2
|f(z)− f(w)|

|w − Pwz − swQwz|
.

In the case n = 1, formula (2) reduces to

(2) ‖f‖B = sup
z,w∈B
z 6=w

(1 − |z|2)1/2(1 − |w|2)1/2
|f(z)− f(w)|

|w − z|
,

which is proved in [3] in a different context. For the proof of Theorem 1 we need

some formulas. We have

ϕa(z) =
a− Paz − saQaz

1 − 〈z, ā〉
,

1 − |ϕa(z)|2 =
(1 − |a|2)(1 − |z|2)

|1 − 〈z, ā〉|2
,

and

(3) dϕa(0)h = −s2aPah− saQah = −sah− (sa − s2a)Pah, h ∈ C
n

(see [4, Theorem 2.2.2]). From (3) we can obtain the inequality

(4) (1 − |a|2) ‖df(a)‖ 6 ‖d̃f(a)‖, a ∈ B.

Indeed, by (3) and the chain rule, we have

d̃f(a)h = d(f ◦ ϕa)(0)h = −df(a)(sah+ (sa − s2a)Pah).

Hence

|d̃f(a)h| > sa|df(a)h| − (sa − s2a)|df(a)Pah| > sa|df(a)h| − (sa − s2a)‖df(a)‖ |h|.

Now choose h with |h| = 1 so that |df(a)h| = ‖df(a)‖; it follows that

‖d̃f(a)‖ > |d̃f(a)h| > s2a‖df(a)‖,

which gives (4). The pseudo-hyperbolic metric on B is defined by

̺(z, a) = |ϕa(z)| = |ϕz(a)|.
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This metric is M (B)-invariant in the sense that ̺(ψ(a), ψ(b)) = ̺(a, b) for all ψ ∈

M (B). Hence (2) can be written as

(5) ‖f‖B = sup
z,w∈B
z 6=w

(1 − |z|2)1/2(1 − |w|2)1/2

|1 − 〈z, w〉|

|f(z) − f(w)|

̺(z, w)
.

To prove (5) consider the operator

Lf(a) = lim sup
z→a

|f(z) − f(a)|

̺(z, a)
.

As a consequence of the M (B)-invariance of ̺, we have that L is M (B)-invariant,

i.e., that L(f ◦ψ) = (Lf)◦ψ for ψ ∈ M (B). Since the same holds for ‖d̃f‖ and since

‖d̃f(0)‖ = ‖df(0)‖ = lim sup
z→0

|f(z) − f(0)|

|z|
= lim sup

z→0

|f(z) − f(0)|

̺(z, 0)
,

we see that

‖d̃f(a)‖ = Lf(a).

Now assuming that

(1 − |z|2)1/2(1 − |w|2)1/2

|1 − 〈z, w〉|

|f(z) − f(w)|

̺(z, w)
6 1,

we let w tend to z and get ‖f‖B = sup
B

Lf 6 1, which proves part “6” of (5).

In order to prove the reverse inequality assume that ‖f‖B 6 1, i.e., that ‖d̃f(z)‖ 6

1 for all z ∈ B. Then, by (4),

‖df(z)‖ 6 (1 − |z|2)−1,

and hence, by integration,

|f(z) − f(0)| 6 |z|
1

2
log

1 + |z|

1 − |z|
, z ∈ B.

From this and the elementary inequality

1

2
log

1 + t

1 − t
6 (1 − t2)−1/2, 0 6 t < 1

(see, e.g., [3]) we find that

(6) |f(z) − f(0)| 6 |z|(1 − |z|2)−1/2, z ∈ B.
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Since ‖f ◦ ϕa‖B = ‖f‖B 6 1, we can apply (6) to f ◦ ϕa to get

|f(ϕa(z)) − f(a)| 6 |z|(1 − |z|2)−1/2, z ∈ B.

Hence, by the substitution w = ϕa(z),

|f(w) − f(a)| 6 |ϕa(w)|(1 − |ϕa(w)|2)−1/2 = ̺(a,w)
(1 − |a|2)1/2(1 − |w|2)1/2

|1 − 〈w, ā〉|
,

which implies the desired inequality.
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110 01 Beograd, p.p. 550, Serbia,e-mail: pavlovic@matf.bg.ac.yu.

1043


		webmaster@dml.cz
	2020-07-03T17:40:34+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




