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Abstract. Let X be a Banach space. We give characterizations of when F(Y, X) is a
u-ideal in W(Y, X) for every Banach space Y in terms of nets of finite rank operators
approximating weakly compact operators. Similar characterizations are given for the cases
when F(X,Y) is a u-ideal in W(X,Y") for every Banach space Y, when F (Y, X) is a u-ideal
in W(Y, X™") for every Banach space Y, and when F(Y, X) is a u-ideal in K(Y, X**) for
every Banach space Y.
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1. INTRODUCTION

A closed subspace Z of a Banach space X is an ideal in X if the annihilator Z=+ is
the kernel of a norm one projection on X*. A linear operator ¢: Z* — X* is called
a Hahn-Banach extension operator if p(z*)(z) = 2*(2) and ||p(2*)|| = ||z*|| for every
z € Z and z* € Z*. We write lB(Z, X) for the set of all Hahn-Banach extension
operators from Z* into X*. It is not difficult to see that HBB(Z, X) # 0 if and only
if Z is an ideal in X. If Z is a subspace of a normed space X, we say that Z is an
ideal in X if Z is an ideal in X. The notion of an ideal was introduced and studied
by Godefroy, Kalton and Saphar in [5].

The stronger notion of an unconditional ideal (u-ideal for short) was introduced
and studied by Casazza and Kalton in [2]. If Z is an ideal in X such that the
corresponding projection P on X* satisfies ||[I — 2P| = 1, then Z is called a u-ideal
in X. The projection is called a u-projection and the corresponding ¢ € HB(Z, X)
is called an unconditional Hahn-Banach extension operator. From Lemma 2.2 and
Proposition 3.6 in [5] we can state the following result.
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Theorem 1.1 (Godefroy, Kalton and Saphar). Let X be a Banach space and let

Z be a subspace of X. The following statements are equivalent.

(a) Z is a u-ideal in X.

(b) There exists a Hahn-Banach extension operator ¢ € 1B(Z, X') such that when-
ever ¢ > 0, x € X and A is a convex subset of Z such that ©*(z) is in the
weak*-closure of A then there exists z € A with ||z — 2z| < ||z|| + &.

(¢) There exists a Hahn-Banach extension operator ¢ € IB(Z,X) such that for
every © € X there is a net (zo) in Z such that ¢*(z) = ligl Zq In the weak*-

topology and limsup ||z — 2z4|| < ||z|.
«

(d) For every finite dimensional subspace F' of X and every € > 0 there is a linear
map L: F — Z such that
(1) L(z) = x for every x € F N Z, and
(2) ||z —2L(2)|| < (1 +¢)| | for every x € F.

Note that (1) in Theorem 1.1 (d) can be substituted by the inequality || L(z)—z| <
e||z| for every x € F'N Z. We will sometimes use this fact.

Let X and Y be Banach spaces. We denote by L£(Y,X) the Banach space of
bounded linear operators from Y to X, and by F(Y, X), K(Y, X) and W(Y, X) its
subspaces of finite rank operators, compact operators and weakly compact operators,
respectively.

In Section 2 we show that the set of Hahn-Banach extension operators IB(X,Y)
is a face in the unit ball of £(X*,Y*). We show in Proposition 2.2 that an un-
conditional Hahn-Banach extension operator has to be a center of symmetry in
B(X,Y). If X contains a copy of ¢; and is a u-ideal in its bidual, then we show that
diam BB(X, X**) = 2. We also show that in some important cases the set lB(X,Y)
consists of a single element. The subspaces Z of X such that ¢*|y«(Z++) c Z++
where ¢ € BB(X, X**) is unconditional are characterized.

In Section 3 we establish in Theorem 3.2 characterizations of the case when
F(Y,X) is a u-ideal in W(Y, X) for every Banach space Y. The characterizations
include a statement similar to Theorem 1.1 (b) involving a Hahn-Banach extension
operator, a statement which is an approximation property for X and statements
about approximating weakly compact operators by finite rank operators. In Theo-
rem 3.5 we give similar characterizations of the case when F(X,Y) is a u-ideal in
W(X,Y) for every Banach space Y.

In Section 4 we characterize the property that F (Y, X) is a u-ideal in W(Y, X**)
for every Banach space Y in Theorem 4.3, and the property that F(Y, X) is a u-ideal
in (Y, X**) for every Banach space Y in Theorem 4.4 (by statements similar to
those in Theorems 3.2 and 3.5). An example due to Oja [25, Example 3] shows
that the latter property is strictly weaker than the first (see Remark 4.3 below).
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We define an unconditional version of the weak metric approximation property. We
show by giving an example that this property is strictly weaker than F (Y, X) being
a u-ideal in (Y, X**) for every Banach space Y.

We will frequently use the isometric version of the Davis-Figiel-Johnson-
Pelczyniski factorization lemma [3] due to Lima, Nygaard and Oja [16]. Let X
be a Banach space and let K be a closed absolutely convex subset of the unit ball
Bx of X. If Z is the Banach space constructed from K in the factorization lemma
and J is the norm one identity embedding of Z into X (see [16, Lemma 1.1]), we
will write

[Z,J] = DFJP(K).

From the factorization lemma we know that Z is reflexive if and only if K is weakly
compact. The factorization lemma also says that if K is compact, then Z is separable
and J is compact.

From the isometric version of the factorization lemma proved by Lima, Nygaard
and Oja [16, Theorem 2.3] we get that if G C W(Y,X) is a finite dimensional
subspace, then there exist a reflexive Banach space Z, a norm one operator J: Z —
X and a linear isometry ®: G — W(Y, Z) such that T'= J o ®(T) for every T € G.
We will write

(1) [Z,J,®] = DFIP(G),

for this construction. Similarly, using [16, Corollary 2.4], we get that if G C W(X,Y)
is a finite dimensional subspace, then there exists a reflexive Banach space Z, a
norm one operator J: X — Z, and a linear isometry ®: G — W(Z,Y) such that
T =®(T) o J for every T € G. We will write

(2) [Z,®,.J] = DFIP(G)

for this construction.

We use standard Banach space notation as used by Lindenstrauss and Tzafriri in
[23]. Only real Banach spaces are considered unless otherwise stated. The closed
unit ball of a Banach space X is denoted by Bx and the identity operator on X is
denoted by Ix. We will write X* for the dual space of X. If Z C X is a subspace
of X, then we will write iz: Z — X for the canonical embedding. We will write
kx: X — X** for the natural embedding of X into its bidual. The symbol ext Bx
denotes the set of extreme points in Bx. If T: X — Y is an operator and = € X,
then we will write T« instead of T'(x) when there is no danger of confusion.
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2. UNCONDITIONAL HAHN-BANACH EXTENSION OPERATORS

Let us start with a general result about the location and size of the set of Hahn-
Banach extension operators.

Proposition 2.1. Let Y be a Banach space. If X is an ideal in Y, then IB(X,Y)
is a face in Bp(x» y«)-

Proof. Let o1, 92 € Br(x+ y~) and suppose ¢ = %(301 +¢2) € IB(X,Y). We
then get that
ixp1+ikpe

5 :Z;(QD:I)(* EextBL(X*7X*).

Thus i%y; = Ix~ and ¢; € B(X,Y) for i =1, 2. O

In Lemma 3.1 in [5] there is an algebraic proof of the fact that an unconditional
Hahn-Banach extension operator is unique. Next we have a geometric proof. (Recall
that = is a center of symmetry in a subset A of a linear space X if 2z —y € A for
every y € A.)

Proposition 2.2. Let X be a u-ideal in Y with unconditional ¢ € B(X,Y).
For z* € X*, let BB(z*) C Y* be the set of norm preserving extensions of * to Y.
Then ¢(x*) is the center of symmetry in lB(x*) for every z* € X*. In particular,
the unconditional Hahn-Banach extension operator ¢ is unique, and ¢ is a center of
symmetry in BB(X,Y).

Proof. Lety* € IB(z*) and let P, = ¢i% be the u-projection. Then ||z*|| =
ly*l = 1 = 2P,)y*]| = lly* — 2(a")] so that 2p(2*) — y* € BB(z*). Hence p(a*)
is a center of symmetry in HB(2*). Since a center of symmetry in a convex bounded
set is unique, it follows that there is at most one unconditional extension operator
in B(X,Y).

If v € B(X,Y) and z* € X*, then ¢(z*) € BB(z*). Using the fact that p(z*)
is a center of symmetry in BB(z*) we get 2¢(z*) — ¢(z*) € B(z*). Hence we get
20— € B(X,Y) and ¢ is a center of symmetry in IB(X,Y). O

The following result shows that if a Banach space X contains a subspace isomor-
phic to ¢; and is a u-ideal in its bidual, then the diameter of HB(X, X**) is as large
as possible.
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Proposition 2.3. Let X be a Banach space which contains a subspace isomorphic
to ¢1. If X is a u-ideal in its bidual, then diam HB(X, X**) = 2.

Proof. Letnw =kx-k% and P, = @k respectively be the canonical projection
and the u-projection on X***. By Proposition 2.2 the unconditional Hahn-Banach
extension operator ¢ is a center of symmetry in HBB(X, X**), i.e. ¥ = 2¢p —kx~ €
B(X, X**). Let Py = ¢k% and note that Py is an ideal projection on X***. By
Proposition 2.6 in [5] we have ||I — 27| = 3, so

22 [Py — 7| = |12, = 27[| > [T = 27| = [T — 2P| = 2.

Hence || — kx+|| = ||Py — || = 2, so diam IB(X, X**) = 2. O

Note that the proof of Proposition 1 in [1] shows that if a non-reflexive Banach
space X is 1 -complemented in its bidual by a projection P, then HB(X, X**) consists
of at least two elements.

One direction of the following theorem was proved for separable h-ideals in [5,
Theorem 6.7]. Our argument, just as the proof of Theorem 6.7 in [5], is based on an
application of Theorem 1.1 (b).

Theorem 2.4. Let X be a Banach space. Assume that X is a u-ideal in X** with

unconditional p € IB(X, X**). Let Z be a closed subspace of X. Then ¢*(Z+1) C

Z4L if and only if Z is a u-ideal in Z** with an unconditional Hahn-Banach extension
operator 1 € HB(Z, Z**) such that i, " e

Zxx = Py .

Proof. Suppose p*(Z++) c Z++. iz: Z — X is the natural embedding, so

ok

i% is the restriction and %" is weak*-weak* continuous, isometric, and onto Z++.
Define ¢: Z* — Z*** by

U(z*) = (" + Z0) =iy (")
for z* = 2* + Z+ € Z*. Since i} (Z**) C Z++ we get that ¢ is well-defined:
($(z*),2) = (2" + Z, 9" (17 (7)) = (&%, " (i (z™))) = (i7" (z"), 2™)

for z** € Z**. Thus we have (i} (2*)) = i5*p(z*) for all z* € X*. Taking adjoints
we get i3 )% | g = @ i3
Let us show that 1 is an unconditional Hahn-Banach extension operator. Clearly

1 is linear with norm at most one. For z € Z and 2z* = z* + Z+ € Z* we have

P(27)(2) = (p(a7),iz(2)) = (27,iz(2)) = 2" (2).
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Let z** € Bz«~ and € > 0. Since X is a u-ideal in X** and ¢*(i3(2**)) is in the
w*-closure of Bz in X™* there exists a z € Bz such that

1277 = 22| = [li7"(z™) = 2iz(2)|| < [|z""] + ¢

by Theorem 1.1 (b). Thus there is a net (z,) C Bz with limsup ||z** — 2z, < ||2**]|

k okok

z++ = @*i3"). Hence

such that z, — ©*(2**) weak* in Z** (here we have used i} ¢*
[lz** = 2k% (¢ (2**))|| < [|#**]| and 9 is unconditional.

For the converse assume that Z is a u-ideal in Z** with an unconditional ¢ €
IB(Z, Z**) such that i} ¢* |z« = p*iy". Let 2** € Z++ in X** and choose 2** € Z**
such that i3 (2**) = 2**; then ¢*(2**) = iy (v*2**) € Z++. O

Recall that a Banach space X is said to have the approxzimation property (AP) if
there exists a net (S,) C F(X, X) such that S, — Ix uniformly on compact sets in
X. Lima, Nygaard and Oja have proved [16, Theorem 3.3] that a Banach space X
has the AP if and only if the set IB(F(Y, X), W(Y, X)) of Hahn-Banach extension
operators is non-empty for every Banach space Y.

In some cases the set of Hahn-Banach extension operators consists of a single
element. For example, if X is an M-ideal in a Banach space Y, then HB(X,Y)
contains a single element (see [7, Proposition 1.2]; cf. [7, p.1] for definition of an
M-ideal). A Banach space X such that HBB(X, X**) consists of a single element is
said to have the unique extension property (UEP). This notion was introduced and
studied by Godefroy and Saphar in [6]. They proved in [6, Corollary 5.4] that if X
and Y are Banach spaces such that X is reflexive and Y* has the Radon-Nikodym
property (RNP) and contains no proper norming subspace, then X ®.Y and K(X,Y)
have the UEP. (Recall that a subspace Z of Y* is norming if ||y|| = sup{y*(y): y* €
Zly*| <1} fory € Y.)

From [24] we also know that HB(F (Y, X), L(Y, X)) contains a single element for
every Banach space Y whenever X is either ¢, or the Lorentz sequence space d(w, p)
for 1 < p < oo (see also [7, Example 4.1] for the case X = ¢, and Y = ¢, where
1 < ¢ < p < 00). Dually we also have that IB(F(X,Y), £(X,Y)) contains a single
element for every Y whenever X is either ¢, or d(w,p)* for 1 < p < co. From [26,
Theorem 3] we have in addition that the above holds if X is a closed subspace of
either ¢, d(w,p) or d(w,p)* with the AP. Also the set BB(F(Y, o), L(Y, co)) consists
of a single element for every Banach space Y (F(Y,¢p) is an M-ideal in L(Y,cp),
see [7, Example 4.1]). The next results tell us that in many more cases the set of
Hahn-Banach extension operators consists of a single element.
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Proposition 2.5. Let X and Y be Banach spaces. If X has the AP and Y is
reflexive, then BB(F (Y, X ), W(Y, X)) consists of one element only.

Proof. Let ® €¢ B(F(Y,X),W(Y, X)), let z* € X* and y € By. Assume
that y is a strongly exposed point. Then by Lemma 3.4 in [15] z* ® y has a unique
norm-preserving extension from F(Y, X) to W(Y, X) and hence ®(2* @ y) = 2* ®y.
Since Y has the RNP we get ®(z* ® y) for every z* € X* and y € Y by linearity and
continuity. By a theorem of Feder and Saphar [4, Theorem 1] F(Y, X)* is a quotient
of X*®,Y and it follows that ® is just the identity and hence unique. O

A Banach space X has the AP if and only if 7(Y, X) is dense in K(Y, X) for every
Banach space Y (cf. e.g. [23, Theorem 1.e.4]). By [17, Theorem 5.1] X has the AP if
and only if F(Y, X) is a (trivially unconditional) ideal in (Y, X) for every Banach
space Y.

For Y reflexive, we can combine Proposition 2.5 with the isometries F(X,Y) =
F(Y*, X*) and W(X,Y) = W(Y™*, X*) obtaining the following corollary.

Corollary 2.6. Let X and Y be Banach spaces. If X* has the AP and Y is
reflexive, then IB(F(X,Y), W(X,Y')) consists of one element only.

The dual of a Banach space X has the AP if and only if F(X,Y) is dense in
K(X,Y) for every Banach space Y (cf. e.g. [23, Theorem 1.e.5]). By [17, Theorem 5.2]
X* has the AP if and only if F(X,Y) is a (trivially unconditional) ideal in (X,Y")
for every Banach space Y.

3. F(Y,X) As A u-IDEAL IN W(Y, X)

From [17, Theorem 5.1] and [19, Theorem 4.4] (resp. [19, Theorem 4.3]) we have
the following result.

Theorem 3.1 (Lima and Oja). Let X be a closed subspace of a Banach space
Z. Then F(Y,X) is a u-ideal in W(Y, Z) (resp. K(Y,Z)) for all Banach spaces Y
if and only if F(Y,X) is a u-ideal in W(Y, Z) (resp. K(Y,Z)) for all separable, or,
respectively, reflexive separable Banach spaces Y .

The next theorem characterizes the property that F(Y, X) is a u-ideal in W(Y, X)
for every Banach space Y in terms of convergence of nets of finite rank operators.
The statements should be compared with their prototypes in similar results on ideals
(see [12, Theorem 5.2] and [20, Theorem 2.3]).
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Theorem 3.2. Let X be a Banach space. The following statements are equiva-
lent.

(a) F(Y,X) is a u-ideal in W(Y, X) for every Banach space Y.

(b) F(Y,X) is a u-ideal in span(F (Y, X),{T'}) for every T € W(Y, X) and for every
reflexive Banach space Y .

(c¢) For every reflexive Banach space Y there exists a Hahn-Banach extension op-
erator ¥ € BB(F(Y, X),W(Y, X)) such that for every T € W(Y, X) there is a
net (T,,) C F(Y, X) with limsup ||T — 2T, || < ||T|| such that T, — O*(T) =T
weak™ in F(Y, X)**. *

(d) For every weakly compact set K C X there is a net (S,) C F(X,X) with

lim sup ||z —2S,z|| < sup ||z|| such that S, — Ix uniformly on compact subsets
TE zEK

of K.

(e) For every Banach space Y and T € W(Y, X) there is a net (S,) C F(X,X)
with limsup ||T — 25,T|| < ||T|| such that S, — Ix uniformly on compact sets
in X. :

(f) For every Banach spaceY and T € W(Y, X) there is a net (So) C F(X, X) with
limsup ||T' — 2S,T|| < ||T|| such that Sq — Ix in the strong operator topology.

(g) For every reflexive Banach space Y and T € W(Y, X) there is a net (S,) C
F(X,X) with limsup ||T — 2S,T|| < ||T|| such that S,T — T in the strong
«

operator topology.

Proof. (a) = (b) is immediate from the local characterization of u-ideals,
Theorem 1.1.

(b) = (c). Assume that Y is reflexive and let T € W(Y, X). Since F(Y, X) is

a u-ideal in B = span(F(Y, X),{T}) we can, using the local characterization of u-

ideals in Theorem 1.1, find a net (T,) C F(Y, X) with limsup ||T' — 2T, || < ||T'|| such

that T, — ®%.(T') weak*, where &1 € BB(F(Y, X), B) is the unconditional extension
operator. From the argument in the proof of Proposition 2.5 ®7 is unique and of the
form ®p = Ix» ® Iy. A straightforward calculation shows that ®%.(7') = T. Thus
the operator ¥ = Ix- ® Iy € BB(F(Y, X),W(Y, X)) satisfies (c) in Theorem 1.1.
(¢) = (d). Let K C X be weakly compact, ¢ > 0, and u = Y 2z} ® =, €

n=1

X*®,X. Assume that K is a symmetric subset of Bx. Assume also that 1 >
x| — 0 and that Y ||z} || < co. Put [Z, J] = DFJP(conv(K U (£z,)22,)). Now Z

n

is reflexive, J € W(Z_,X) and ||J|| < 1. Find 2, € Bz such that z,, = Jz,. Choose
a net (Jo) C F(Z,X) with limsup ||J — 2J,| < ||J|| such that J, — J weak* in
«

F(Z,X)**. Since J*X* is norm-dense in Z* [16, Lemma 1.1] we can write J, = S,J

nl
n
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where (So) C F(X, X) (see the proof of [21, Theorem 3.2]). Now we can find an S
among the S,’s such that

o0 o0 o0 (o)
e > Z(SJzn, xy) Z Jzn,x0) | = Z STy, ) Z T, T
n=1 n=1 n=1 n=1

and sup ||l — 2Sz|| < sup ||Jz —2SJz|| < ||J—2SJ||<1+e.
zeK 2€Bz
(d) = (e). Let Y be a Banach space and let T € W(Y, X) be of norm one.

Let C C Bx be compact and let ¢ > 0. Define K = tonv(£(C UT(By))) and note
that K C Bx and is weakly compact. By assumption there is S € F(X, X) with

sup ||z —2Sz|| < 1+¢ and sup |z — Sz|| < e. From this (e) follows.
reK
(e) = (f) and (f) = (g) are trwlal

(g) = (a). Let Y be a Banach space, let € > 0 and choose a finite dimensional
subspace FF C W(Y, X). Put [Z,J,®] = DFJP(F) (see (1), page 3) and let G =
FNnF(Y,X). Then

K= ] T(By)
TeBg

is a compact subset of X and of Z. It follows from the assumptions that we can find
an S € F(X,X) with ||J —25J|| < 1+ € such that ||z — Sz| < € for every z € K.
Define L: F — F(Y,X)by L(T) = ST. Then ||T—L(T)|| < ||2(T)||||J-SJ| < €||T||
forevery T € G and |T —2L(T)|| = ||T =2ST|| < || 2(D)|||J—2S || < (1+¢)|T|| for
T € F. The result now follows from local characterization of u-ideals in Theorem 1.1.

O

Remark 3.1. Let /5 be the equivalently re-normed version of /5 defined by Oja
and denoted by F in Example 3 in [25]. The space F(f1,/5) is not a u-ideal in
W(El,ég) (by [25, Example 3] and [27, Theorem 1.2] or [28, Proposition 1]). Since
{5 has the AP, F(Y, ég) is an ideal in W(Y, ég) for all Banach spaces Y (see [25,
Example 3] or [16, Theorem 3.3]). Thus statement (a) in Theorem 3.2 is strictly
stronger than statement (a) in Proposition 3.3 below. Note that this implies that
the bound limsup ||T" — 25,7 < ||T|| in statement (f) in Theorem 3.2 is strictly

«
stronger than the bound limsup ||T,| < ||T]| in (iii) in Corollary 1.5 in [16].

Since /5 is reflexive, we also get that F(f5, () is not a u-ideal in W(f3, {s.).
Hence, also ¢, is an example of a Banach space X such that F(Y, X) is an ideal
in W(Y, X) for all Banach spaces Y, without being a u-ideal for all Y. Also, if for
0 < r < 1, Y, are the equivalently re-normed versions of ¢y defined in [8], then
F(61,Y;) is not a u-ideal in W(¢1,Y;) for any 0 < r < 1, even though F(Y,Y;) is an
ideal in W(Y,Y;) for all Banach spaces Y and 0 < r < 1 (see the last paragraph in
[25]).
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Remark 3.2. Let X be a Banach space and let K C Bx be a weakly compact
subset. If X has the AP, then there is a net (S,) C F(X,X) with sup ||Saz| <
zeK

1 such that S, — Ix uniformly on compact sets in X. Indeed, put [Z,J] =
DFJP(conv(+K)). Using [4, Theorem 1] we get that Bz x) cannot be strongly
separated from conv(S,.J). This should be compared with statement (d) in Theo-
rem 3.2.

A Banach space X is said to have the unconditional metric approzimation property
(UMAP) if there is a net (T,) C F(X,X) with limsup ||[Ix — 27,|| < 1 such that

To(z) — z for all z € X. Like u-ideals, also the notign of the UMAP (for separable
spaces using sequences) was introduced by Casazza and Kalton in [2].

In Theorem 5.2 in [12] it was proved that X has the UMAP if and only if
F(Y,X) is a u-ideal in L(Y, X)) for every Banach space Y.

If X is reflexive, then (d) in Theorem 3.2 says that X has the UMAP. By [2,
Theorem 3.9] it follows that in this case F(Y,X) is a wu-ideal in W(Y, X) for all
Banach spaces Y if and only if F(X, X) is a u-ideal in W(X, X).

From [16, Theorem 3.3] and [14, Corollary 2] (see also [9, Theorem 5.1], [30,
Proposition 2.1]) we get the following proposition.

Proposition 3.3. Let X be a Banach space. The following statements are equiv-
alent.
(a) F(Y,X) is an ideal in W(Y, X) for every Banach space Y.
(b) X has the AP.
(c) Every separable ideal Z in X has the AP.
(d) F(Y,Z) is an ideal in W(Y, Z) for every Banach space Y and a separable ideal
Z in X.

For u-ideals we have the following result.

Proposition 3.4. Let X be a Banach space and assume F (Y, X) is a u-ideal in
W(Y, X) for every Banach space Y. Then a closed subspace Z of X has the AP if
and only if F(Y, Z) is a u-ideal in W(Y, Z) for every Banach space Y.

Proof. One direction is immediate from Proposition 3.3.

For the reverse direction let Y be a reflexive Banach space, Z a subspace of
X with the AP, and T € W(Y,Z). Put T = iz oT, choose a compact subset
K of Z, and let ¢ > 0. By Theorem 3.2 there is a net (S,) C F(X,X) with
limsup |7 — 28,7 < |7 = |T|| such that S, — Ix uniformly on compact sets.

«

Since Z has the AP, there is a net (Ug) C F(Z, Z) such that Uz — Iz uniformly on
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compact sets. After switching to the product index set we may suppose that (Ug) is
indexed by the same set as (S, ). Hence we shall write (U,) from now on.

Now let v € F(Y,X)*. Since Y is reflexive and X has the AP, F(Y,X)* i
isometrically isomorphic to a quotient of X*&®,Y by a theorem of Feder and Saphar

[4, Theorem 1]. Choose a representation > z¥ ® y, for u. For the net T, =

n=1
SaizT —iz7U,T we have

Mz

(w,To) = > (x},(SaizT — izUsT)(yn))

n=1

i (igxy, Tyn) — i (i, Tyn) = 0.

Hence T, — 0 weakly in F(Y, X). Consequently, a suitable net of convex combina-

tions of T, converges in norm to 0. Thus there exist «y, S’ao € co{Sq: a> ap} and

Uy € co{Uy: o > ap} such that ||Sa,izT — izUaT| < &, sup ||Uny(2) — 2|| < €
zeK

and ||T — 28, T|| < |T|| + e. We get that
lizT — 2izUn,T|| < ||lizT — 28apizT|| + 2||SagizT — izUay T|| < |IT|| + 3e.

Hence | T —2U,,T|| < ||T||+3¢, and the result follows from the local characterization
of u-ideals in Theorem 1.1. O

Remark 3.3. If 7(Y, Z) is a u-ideal in W(Y, Z) for every Banach space Y and
every subspace Z of X with the AP, then F (Y, X) is not necessarily a u-ideal in
W(Y, X) for every Banach space Y. Indeed, for 1 < p < oo, choose a subspace X of
¢, such that X does not have the AP (cf. e.g. [23, p. 91]). X cannot be complemented
and hence it is not an ideal in £,. It is probably well known that F(Y,¢,) is a u-
ideal in W(Y, ¢,) for all Banach spaces Y. (This can be proved by using that the
standard basis of £, is 1-unconditional and then Theorem 3.2 (g).) By Proposition
3.4, F(Y,Z) is a u-ideal in W(Y, Z) for every subspace Z of X with the AP. But X
does not have the AP so F(Yp, X) is not even an ideal in W(Yp, X) for some Banach
space Y; by [16, Theorem 3.3].

Let X be a Banach space. In the next theorem we want to study the problem
when F(X,Y) is a u-ideal in W(X,Y) for all Banach spaces Y. In Theorem 6.5 in
[12] it was proved that (a) K(X,Y) is a u-ideal in £(X,Y") for all Banach spaces Y is
equivalent to (c) there is a net (T,) C K(X, X) with limsup |7 — 27T, || < 1 such that

@
Tox — x for all x € X and Tjax* — «* for all * € X*, which in turn is equivalent
o (e) X has the metric compact approximation property and X has the property
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(wM™*). Note that the equivalence of (c) and (e) follows from the equivalence of
(3°) and (2°) in Corollary 4.5 in [29] by taking a = 1 and B = {—2}. In all these
statements IC(X, X) (resp. K(X,Y)) may be replaced by F(X, X) (resp. F(X,Y))
(see the text after Corollary 4.6 in [29]).

Theorem 3.5. Let X be a Banach space. The following statements are equiva-
lent.

(a) F(X,Y) is a u-ideal in W(X,Y) for every Banach space Y .

(b) F(X,Y) is a u-ideal in W(X,Y") for every reflexive Banach space Y.

(¢) F(X,Y) is a u-ideal in span(F(X,Y),{T}) for every T € W(X,Y) and for
every reflexive Banach space Y .

(d) For every reflexive Banach space Y there exists a Hahn-Banach extension op-
erator U € BB(F(X,Y),W(X,Y)) such that for every T € W(X,Y) there is a
net (T,) C F(X,Y) with limsup | T — 2T,|| < ||T|| such that T, — V*(T) =T
weak™ in F(X,Y)*". ’

(e) For every weakly compact set K C X* there is a net (S,) C F(X,X) with
lim sup ||z* —2S%x*|| < sup |«*| such that S} — Ix~ uniformly on compact

o greK €K
subsets of K.

(f) For every Banach space Y and T € W(X,Y) there is a net (S,) C F(X,X)
such that limsup | T — 2T'S,|| < ||T|| and S}, — Ix~ uniformly on compact sets
mxs.

(g) For every Banach space Y and T € W(X,Y) there is a net (S,) C F(X,X)
such that limsup ||T — 2T'S,|| < ||T|| and S}, — Ix- in the strong operator

topology.
(h) For every reflexive Banach space Y and T € W(X,Y) there is a net (S,) C
F(X,X) such that limsup | T — 2T'S,|| < |T| and SET* — T* in the strong

operator topology.

Proof. If Y is a reflexive Banach space, we have isometries F(X,Y) =
F(Y*, X*) and W(X,Y) = W(Y™*, X*). Using this observation, Theorem 3.5, for
reflexive spaces Y, follows from Theorem 3.2.

It now suffices to show that the statements in (a) and (f) hold whenever they
hold for reflexive spaces Y. Indeed, to see that (a) holds we can use the local
characterization of u-ideals in Theorem 1.1 and an argument similar to (g) = (a) in
Theorem 3.2 (use (2) on page 3 instead of (1)).

To see that (f) holds we put [Z,®,J] = DFJP(span({7'})) where Y is a Banach
space and T € W(X,Y). Since Z is reflexive and J € W(X,Z) there is a net
(Sa) C F(X,X) with limsup ||J — 2JS,|| < ||J|| = 1 such that S} — Iy~ uniformly

«
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on compact sets in X*. Finally, write limsup | T — 2T'S,|| < limsup ||®(T)||||J —
2JS.|| < ||IT| and we are done. O

Remark 3.4. By [16, Theorem 3.4] we get that F(¢1,Y) is an ideal in W(¢1,Y)
for every Banach space Y. In Remark 3.1 we noticed that F (¢, éQ) is not a u-ideal
in W(tq, gg) where /5 is the equivalent re-norming of ¢, constructed by Oja in [25].
Thus ¢; does not fulfil statement (a) in Theorem 3.5.

Note that Proposition 2.3 in [22] for M-ideals also holds for u-ideals by using
the local characterization of u-ideals in Theorem 1.1 instead of the 3-ball-property
used in [22, Proposition 2.3] (see [13, Theorem 6.17], [7, Theorem I1.2.2] or [22,
Theorem 2.1]). Thus if a dual space X* contains a copy of cg, then F(¢1,Y) is a u-
ideal in W(¢1,Y") whenever F(X,Y) is a u-ideal in W(X,Y). If {5 is the equivalently
re-normed version of /5 constructed by Oja, it follows from Remark 3.4 that F (X, ég)
fails to be a u-ideal in W(X, éQ) whenever X* contains a copy of ¢g.

Remark 3.5. Recall that a u-ideal Z in X is strict if the u-complement of Z=+
in X* is a norming subspace for X, i.e. if ¢(Z*) is a norming subspace of X* where
¢ € BB(Z, X) is the unconditional Hahn-Banach extension operator.

If Y is a reflexive Banach space and F(Y,X) is a w-ideal in W(Y, X) then
it is in fact a strict w-ideal. This is easily seen from the proof of Proposi-
tion 2.5. Indeed, in this case there is a unique Hahn-Banach extension oper-
ator ® € IB(F(Y,X), W(Y,X)) which is of the form & = Iy« ® Iy. Since
Bx- ® By ¢ W(Y,X)* is norming for W(Y, X) the claim follows. Similarly by
Corollary 2.6, if Y is reflexive, then F(X,Y) is a strict u-ideal in W(X,Y") whenever
it is a u-ideal.

If X is a Banach space it follows from [16, Theorem 3.4] and [11, Proposition 2.5]
that F(X,Y) is an ideal in W(X,Y") for every Banach space Y if and only if F(Z,Y)
is an ideal in W(Z,Y") for every Banach space Y and for every separable ideal Z in
X. For u-ideals we have the following result.

Proposition 3.6. Let X be a Banach space. If F(X,Y) is a u-ideal in W(X,Y)
for every Banach space Y, then F(Z,Y) is a u-ideal in W(Z,Y') for every ideal Z in
X and every Banach space Y.

Proof. LetY bea Banach space and let Z be an ideal in X with the correspond-
ing Hahn-Banach extension operator ¢ € BB(Z, X). Let G be a finite dimensional
subspace of W(Z,Y) and define a map L: G — W(X,Y) by

L(T) = T* o p*|x, T € G.
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Let ¢ > 0. By the local characterization of u-ideals, Theorem 1.1, there is an
operator M: L(G) — F(X,Y) such that M(S) = S for every S € F(X,Y) N L(G)
and [|S — 2M(S)|| < (1 + ¢)||S|| for every S € L(G). Now define an operator
N: G— F(Z,Y) by

N(T)=M(L(T))oiz.

It is straightforward to verify that the operator IV fulfils (d) in Theorem 1.1 and the
result follows. 0

4. F(Y,X) As A u-IDEAL IN K(Y, X**) AND W(Y, X*)
From [17, Theorem 5.1] and [19, Proposition 2.10] we have the following result.

Proposition 4.1 (Lima and Oja). Let X be a closed subspace of a Banach space
Y. If F(Z,X) is a u-ideal in K(Z,Y") for every reflexive Banach space Z, then X is
a u-ideal in Y.

The next result tells us more.

Proposition 4.2. Let X be a closed subspace of a Banach space Y and let
Z be a reflexive Banach space. Assume F(Z,X) is a u-ideal in K(Z,Y) with an
unconditional extension operator ¥. Then X is a u-ideal in Y with an unconditional
extension operator v satisfying

V(" ®z) = (Yz)©z

for all z € Z and z* € X*.
Moreover, if the above assumption holds for every separable reflexive Banach space
Z, then ¢*|y is in the w*-closure of F(Y, X) in L(Y, X**).

Proof. We proceed as in the proof of [18, Theorem 2.3|. Let ¥ € IB(F(Z, X),
K(Z,Y)) be the unconditional Hahn-Banach extension operator and denote the cor-
responding ideal projection on K(Z,Y)* by Py. Since Z is reflexive, it follows from
[18, Theorem 1.3] that there exist {¢);: ¢ =1,...,n} C BB(X,Y) such that

Z = 2@12\1/%7 Zyy, # {0} for all 1 < i < n,
i=1

where
Z\pwi = {Z € Z: \I/((E* ® Z) = (Q/sz*) ® z,Vz* € X*}
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Let (Py,) be the corresponding ideal projections on Y*. It now follows that for
2 € Zgy; and y* € Y™

I2Mllyll = lly" @ 2l = [(I = 2Pe)(y" @ 2)|| = [ly" @ 2 = 2Pu(y” © 2)|
=lly" @z = 2(Pyy") © 2| = I(y" = 2Py,y") @ 2l = [Iz[llly" — 2Py, 47|

Hence every v; is unconditional and by uniqueness, see Proposition 2.2, they all
coincide. With ¢ = v; we have Z = Zgy.

Furthermore, if 7(Z, X) is a u-ideal in K(Z,Y") for all separable reflexive Z, then
by Lemma 2.1 in [20] there is for every such Z and T € K(Z,Y) a net (T,) in
F(Z, X) with sup || To|| < ||T|| such that T} — T™*t) in the strong operator topology.

By boundedness we may also assume that (u,T,) — (u,T) for all u € X*®,Z.
Choose u = Zx ®Yn € X*®,Y and assume that E lzXl =1and 1 = ||yn|| — O

and put [Z,J] = DFJP(conv((£y,)52,). Then Z is a separable reflexive Banach
space and J € K(Z,Y) with ||J|| < 1. Pick a net (J,) C F(Z, X) with sup||Jo| <
|.7]| such that J* — J*i uniformly on compact sets. As in the proof of (¢)= (d)
in Theorem 3.2 we may assume that each J} = J*S}, for some S, € F(Y, X). Now
choose € > 0 and let z, € Bz be such that y, = Jz,. Since J. — J*¢ uniformly

on compact sets, it follows from [23, Proposition 1.e.3] that there is an operator
S € F(Y, X) such that

i(J*S*x; Z (J* ), zn)
n=1 n=1

Hence ¢*|y is in the w*-closure of the F(Y, X) in L(Y, X**). O

Z nvsyn Z nﬂ/) yn

n=1 n=1

Remark 4.1. If Y = X** in Proposition 4.2 we actually have that ¢)*|x«« is in
the weak*-closure of set F(X, X) in £(X™**, X**). In this case J*(X*) and not just
J*(X***) is norm-dense in Z* (see the proof of [10, Proposition 2.1]). Thus for each
JX we can write J = J*S? for some S, in F(X, X) (and not only in F(X**, X)).

Let X be a Banach space. From Theorem 3.1 we have that F(Y, X) is a u-ideal in
W(Y, X**) for every Banach space Y if and only if (Y, X) is a u-ideal in W(Y, X**)
for every reflexive Banach space Y. The next results contain other characterizations
of these statements.

Theorem 4.3. Let X be a Banach space. The following statements are equiva-
lent.
(a) F(Y,X) is a u-ideal in W(Y, X**) for every Banach space Y.
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(b)

X is a u-ideal in its bidual with an unconditional Hahn-Banach extension op-
erator ¢y € lB(X, X**) such that for every Banach space Y and T € W(Y, X*¥)
there is a net (S,) C F(X,X) with limsup ||T — 2S5*T|| < ||T| such that
[e3

ST — *T weak™ in L(Y, X*).

There exists a Hahn-Banach extension operator 1 € HB(X, X**) such that for
every Banach space Y and T € W(Y, X**) there is a net (S,) C F(X, X) with
limsup ||T" — 25%*T|| < ||T|| such that SI*T — *T weak* in L(Y, X**).

For every weakly compact set K C X** there is a net (S,) C F(X,X) with

lim sup ||a** — 2S%*2**|| < sup ||z**| such that S, — Ix uniformly on
« r**eK z**cK
compact subsets of K N X.

For every Banach space Y and T € W(Y, X**) there is a net (S,) C F(X,X)

with limsup ||T — 2S5*T|| < ||T|| such that S, — Ix uniformly on compact sets

in X. :

For every reflexive Banach space Y and T € W(Y, X**) there is a net (S,) C

F(X,X) with limsup ||T — 2S5 T|| < ||T|| such that S, — Ix uniformly on
«

compact sets in X.

Proof. (a) = (b). Let Y be a Banach space and let T € W(Y, X**). Put

G:

is of

span({T'}) and let [Z, J, ®] = DFJP(G). Now Z is reflexive and J € W(Z, X**)
norm 1. Let ¥: F(Z, X)* — W(Z, X**)* be the unconditional Hahn-Banach

extension operator. As in the proof of Proposition 4.2 we can show that X is a u-

ideal in X** with ¢ € HB(X, X**) unconditional such that ¥(z* ® z) = ¢(z*) ® z for

every ¥ € X* and z € Z. By Theorem 1.1 there is a net (J,) C F(Z, X) such that

limsup ||J —2J,|| < 1and J, — ¥*(J) weak*. Since J*(X*) is norm dense in Z* we
«

can assume that for each «, J, = S&*J where (5,) C F(X, X). Since ||T—25%*T|| =
[|[J®(T) = 2S5 Jo(T)|| < |T||||J — 2SE*J|| we get limsup ||T — 255*T|| < || T
«

Let u =Y 7! ®y, € X*®,Y. Then v = Yz} @ (®(T)y,) € X*®,Z. We get
n n

that

This
(b

(w, g7 T) = Y (ay,, J(T)yn) = (¥(v), J) = (0,0 (J))

n

= lim(v, S57J) =1lim » (a7, S5 Ty,) = lim(u, S5°T).

shows that S**T — *T weak* in L(Y, X**).
) = (c) is trivial.

(¢) = (d) is similar to the proof of (¢) = (d) in Theorem 3.2.

(d
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(e) = (f) is trivial.
(f) = (a) is similar to the proof of (f) = (a) in Theorem 3.2. O

Remark 4.2. Note that X = ¢ fulfils Theorem 4.3 since ¢y is an M, space (see
[7] p-306) and [7, Proposition 5.6].

Theorem 4.4. Let X be a Banach space. The following statements are equiva-
lent.

(a) F(Y,X) is a u-ideal in K(Y, X**) for every Banach space Y.

(b) X is a u-ideal in X** with an unconditional Hahn-Banach extension 1 such
that 1| x«~ is in the weak*-closure of the F(X, X) in L(X™**, X**).

(¢) X is a u-ideal in its bidual with an unconditional Hahn-Banach extension op-
erator v € BB(X, X**) such that for every Banach space Y and T € K(Y, X*¥)
there is a net (S,) C F(X,X) with limsup ||T — 2S52*T|| < ||T| such that
ST — *T weak* in L(Y, X*). "

(d) For every Banach space Y and T € K(Y, X**) there is a net (S,) C F(X, X)
with limsup || T — 2S5*T|| < ||T|| such that S, — Ix uniformly on compact sets
nx. °

(e) For every separable reflexive Banach space Y and T € K(Y, X**) there is a net
(Sa) C F(X, X) with limsup ||T —25%*T|| < ||T|| such that S, — Ix uniformly

on compact sets in X.

Proof. (a) = (b) follows from Proposition 4.2.

(b) = (c). Let Y be a Banach space and let T' € K(Y, X**). Put G = span({T'})
and write [Z, J,®] = DFJP(G). Now Z is reflexive and J € K(Z, X**) has norm
one. Let ¢ € BB(X, X**) be the unconditional Hahn-Banach extension operator and
choose a net (S,) C F(X, X) such that S** — ¢*|x«« weak* in L(X**, X**). Since
7 is reflexive, K(Z, X**)* is a quotient of X***©,Z by [4, Theorem 1] of Feder and

o0
Saphar. Now let £ > 0 and let u € X**®,Z. Choose a representation Y z}**® z,

n=1

o0
for u such that > [|22**||||zn|| < ||ullx + € and write zf, = 2**|x. We get that
n=1

| (u, J — 287%7) f: o (] 287 f: 96 1 Jan)
n=1 n=1

o0 o0
Z = 202, Jon) < Z\x***llllJZnH [ullx +e.

Hence conv(J — 255*J) cannot be strongly separated from By (z x++). By taking
successive convex combinations we get a new net, also denoted by (S,), such that
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limsup ||J —25%*J|| < 1. Thus
limsup || T — 25T || < limsup ||®(T)||||J — 252" J|| < |||l

Obviously S¥*T — ¢*T weak™* in L(Y, X**).
(¢) = (d). Argue as in the proof of (d) = (e) in Theorem 4.3.
(d) = (e) is trivial.
(e) = (a). Argue as in the proof of (g) = (a) in Theorem 3.2. O

Remark 4.3. In [10, Proposition 2.1] it is proved that F(Y,X) is an ideal in
W(Y, X**) for every Banach space Y if and only if (Y, X) is an ideal in (Y, X**)
for every Banach space Y. This fails if we replace “ideal” with “u-ideal”. Indeed, if
we let X = /5, the equivalent re-norming of ¢; obtained by Oja (see Remark 3.1),
then we have a counterexample. This proves that the statements in Theorem 4.4 are
strictly weaker than those in Theorem 4.3.

The next result shows that F(Y, X) being a u-ideal in W(Y, X**) for all Banach
spaces Y is inherited by some subspaces of X.

Proposition 4.5. Suppose F(Y, X) is a u-ideal in W(Y, X**) for every Banach
space Y and let ¢ € IB(X, X**) be the unconditional Hahn-Banach extension oper-
ator. Then F(Y,Z) is a u-ideal in W(Y, Z**) for every Banach space Y and every
ideal Z in X such that p*(Z++) c Z++.

Proof. Let Y be a reflexive Banach space and let Z be an ideal in X such
that ¢*(Z++) c Z*+. Denote by iz: Z — X the natural embedding. Since
©*(Z++) c Z+4, it follows from Theorem 2.4 that Z is a u-ideal in its bidual with
an unconditional extension operator ¢ € H(Z, Z**) such that i} " |z« = @*i}.
From Theorem 4.4 we have ¢*|x«» in the weak*-closure of F (X, X) in L(X**, X**).
By the Principle of Local Reflexivity it is routine to check that *
weak*-closure of L(Z**, Z**).

Choose a compact subset K of Z and an operator T € W(Y,Z**). Put
T = i3 oT € W(Y,X**). By Theorem 4.3 there is a net (S,) C F(X,X) with
limsup |7 —28**T| < ||T]| = ||T|| such that S**T — ©*|x-.T weak* in L(X**, X**).
Froolln the first paragraph there is a net (U;) C F(Z, Z) such that U;* — ¢*| z«~ weak*
in £L(Z**,Z**). Assume (S,) and (U;) have the same index set. Thus we will write
(Uy) for the net in F(Z,Z). Note that U, — Iz uniformly on compact sets in Z.
Now let u=> 2! @y, € F(Y,X)* and T, = SZ*i*T — i UL*T. From this we get

n

z+« 18 in the
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that
(W, To) = Y (@, (S5riy =i UL)(Tyn))

=D (@}, SLF Tyn)) — Y (i5as, Us (Tyn))

- Z <{E:“ w*(Z*Z*Tyn» - Z <Z*Zx:nw*(Tyn)> =0.

Hence T, — 0 weakly in F(Y, X). Consequently, a suitable net of convex combina-

tions of T,, converges in norm to 0. Thus there exist ag, Sa, € co{S**: a > ay} and

Upy € co{U*: a > ag} such that |7 — 25,7 < |T|| +¢, sup [|[Uayz — 2|| < € and
z€EK

[1Sayis' T — i Usy T)| < e. We get
i T = 205 Uao T < 17T = 280,35 Tl + 201 Sa0i5 T — i5 Ua T < |17 + 3e.
Hence ||T — 2U,,T| < ||T|| + 3¢, and the result follows. O

In [21] Lima and Oja introduced and studied the weak metric approximation
property. Following Lima and Oja a Banach space X is said to have the weak metric
approzimation property (weak MAP) if for every Banach space Y and every operator
T € W(X,Y) there is a net (S,) C F(X,X) with sup ||T'S,|| < ||T|| such that

(03

So — Ix uniformly on compact subsets in X. It is easy to see that the MAP implies
the weak MAP. In [31, Corollary 1] it is shown that the weak MAP and the MAP
are indeed equivalent for a Banach space for which either its dual or its bidual has
the RNP.

Lima proved in [10] that X has the weak MAP if and only if (Y, X) is an ideal
in (Y, X**) for every Banach space Y. Based on this, it is natural to guess that
an “unconditional version” of the weak MAP could be the property that for every
Banach space Y and every operator T € K(X,Y") there is a net (S,) C F(X, X) with
limsup ||T — 2T S,|| < ||T|| such that S, — Ix uniformly on compact sets in X. As

«

remarked below, this property is strictly weaker than the statements in Theorem 4.4.

Proposition 4.6. Let X be a Banach space. The following statements are equiv-
alent.

(a) For every Banach space Y and every operator T € K(X,Y) there is a net
(Sa) C F(X, X) such that limsup ||T — 2T'S,|| < ||T| and S, — Ix uniformly
on compact sets. “

(b) For every reflexive Banach space Y and every operator T € K(X,Y) there is
a net (Sqo) C F(X,X) such that limsup |T — 2T'S,|| < ||T|| and TSy — T

uniformly on compact sets.
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(¢) There is a Hahn-Banach extension operator ¢ € MB(X,X™) with ||Ix« —
2¢*  ..Il = 1 such that ¢"|x-- is in the weak™-closure of F(X,X) in
E(X**7X**).

Proof. (a)= (b) is trivial.
(b) = (c). The proof is essentially that of [10, Proposition 2.5].
(c) = (a) is similar to Theorem 4.4 (c) = (d). O

Remark 4.4. If ¢y € IB(X, X*) is an unconditional extension operator then
([ {xee — 290 | x0n || = |[Ix2x — 200k% || = 1. To see this, first note that 1 = ||Ixx= —
k% || = [[Lx == — 2k%20*||. Write the identity operator on the dual X™* as Ix« =
k% kx+ and the identity operator on the bidual X** as Ix«~ = k%.kx-+-. By taking

adjoints we obtain from the first equality that Ix« = (Ix~)* = ki. kY. It follows
that
[Lxcen — 290" kxes

= |[Ixwr — 2 xes ) kxes
= ||k kixer — 2k K kxes

<L

Proposition 4.7. Let X be a Banach space. If every equivalent re-norming of X
is a u-ideal in its bidual, then X is a strict u-ideal in its bidual.

Proof. Let o™ € X** z* = k% (z™*), and let ¢ > 0. By [12, Lemma 2.4]
there is an equivalent re-norming X of X which is locally uniformly rotund at x* such
that Bx C Bx, € Bx(0,14¢). Let |- | be the norm on X; and let P: X{** — X;**

be the u-ideal projection. Then P(z***) = 2* and
which shows that |I — 27|| = 1 where 7 = kx-k%, so X is a strict u-ideal in its
bidual. g

Remark 4.5. The statements in Proposition 4.6 are strictly weaker than those in
Theorem 4.4. Indeed, as noted in [5] (see p.29), ¢1 is not a strict u-ideal in its bidual.
Thus it follows from Proposition 4.7 that there exists an equivalent re-norming ¢; of
¢4 for which ¢, is not a u-ideal in its bidual. Since ¢; has the AP, Proposition 4.6
(c) is fulfilled with ¢ = K.
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