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Abstract. Motivated by [10], we prove that the upper bound of the density function o
controls the finite time blow up of the classical solutions to the 2-D compressible isentropic
Navier-Stokes equations. This result generalizes the corresponding result in [3] concerning
the regularities to the weak solutions of the 2-D compressible Navier-Stokes equations in
the periodic domain.
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1. INTRODUCTION

In this paper we consider the blow up criterion for the classical solutions to the
following 2-D compressible isentropic Navier-Stokes equations in the periodic domain:

(L.1) Oro + div(oU) = 0, (t,x) € RT x T2,
' Ay (oU) + div(oU @ U) — pAU — (u+ NV div U + Vp(o) = 0,

where o, U = (u,v) stand for the density and velocity of the viscous compressible fluid
respectively, and p, A are the dynamical and volume viscosities such that p > 0 and
3\ + 2u > 0. For simplicity, in what follows, we always take y = 1. We complement
the above system with the initial data

(1.2) oli=0 = 0o, Uli=o0 = Up.
Furthermore, we assume that there exist two positive constants m and M such that
(1.3) m<oo(z) <M for xeT?

195



The Navier-Stokes equations are the basic model describing the evolution of a vis-
cous compressible gas. Before the celebrated works of P.L. Lions, very little was
known about the global solutions to the multi-dimensional compressible Navier-
Stokes equations. In particular, Lions [7] proved the global existence of weak so-
lutions to (1.1) under the assumptions that

2
plo) = Ao", 00 € L'(T)NLY(T?), 00 >0 and % € LN(TY),

3 d=2, ’y}% if d =3, 7>§ if d > 4,

V2 2
where we agree that m2/00 = 0 on the set {z € T¢ such that go(z) = 0}. This result
was improved later by Feireisl [4] et al to v > %d.

On the other hand, as was emphasized in many papers related to the viscous
compressible fluid dynamics, vacuum might be a major difficulty when one tries to
prove the global classical solutions to (1.1), like in [9], where Xin proved the finite
time blow up of classical solutions to the full compressible Navier-Stokes equations
when the initial density has compact support. As a matter of fact, starting from
initial densities with positive lower bound, local existence of smooth solutions to
(1.1) can be proved by classical method (see [5], [8]), while in [3], Desjardins proved

that sup |lo(¢)||L> controls the regularities of weak solutions to the 2-D isentropic
tE[OvT)
compressible Navier-Stokes equations.

Motivated by [10], where the authors proved the global existence of classical solu-

tions to (1.1) for A\ = ¢” with 3 > 3, we shall prove in this paper that sup ||o(t)]| 1~
tE[OvT)
controls the finite time blow up of classical solutions to (1.1). More precisely, we prove

Theorem 1.1. Given oy, Uy € H?(T?) with gg satisfying (1.3), and p(0) = Ag" for
A,~ > 0, there exists a positive constant T such that (1.1)—(1.2) has a unique solution
(o,U) with o € C([0,T); H3(T?)), U € C([0,T); H*(T?)) N L2((0,T); H*(T?)). We
denote by T* the maximal time of the existence of (p,U). Then if T* < co, we have

14 lim  sup |o(t)]|re = oo.
(14) Jim s o)

Let us end this section with the notation we are going to use in this paper.

Notation. In the following, we shall denote by C' and C7 uniform positive con-
stants which may be different on different lines. We shall denote by (a, b) the L?(T?)
inner product of a and b, and ||a||.», ||a|| g+ the standard LP(T?) and H*(T?) norms

of a.
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2. THE PROOF OF THE THEOREM

Under the assumptions of Theorem 1.1, in standard method can be applied to
prove the local well posedness of (1.1)—(1.2), like the [5], [8], and we omit the details
here. Now let (p,U) be the local classical solution of (1.1)—(1.2) given by Theo-
rem 1.1. Then one gets by the standard energy estimate that
(2.1) .

w UGN+ s [ plo)ydady+ [(IVUIE: +(1+ N divU])ds

1
~ s
2 ogs<t 0<s<t
1
< §||U0H%2—|—/ ©(0o) dzdy for 0 <t <T,

T2

. def _
with ¢(o) = QflgT 2p(7)dr.
To get an estimate of the derivatives of U, motivated by [10] we denote

def def

A= Uy — Vg, B = (24—)\)(11,35 +vy) —p(g),
2.2
22) p Y, 48, and B LA, +B,).
0 0

Then one can rewrite the momentum equations of (1.1) as
Ut + udpu + voyu = — (A, + By),
(2.3)

Ve + u0yv + V0 v = —(—Ay + By).

SJ Rl S

Lemma 2.1. Let (9,U) be the classical solution of (1.1)—(1.2) given by Theo-

rem 1.1. We assume that sup | o(t)||r= < oo, then
tE[OvT)

T
(2.4) SupT(llA(t)II%z +IB®)Z2) +/0 (IVADIZ + IVB(®)]7:) dt < Cr,

0<t<

where Cr depends only on |Up||1, ||¢(00)l|r: and s[up : llo(®)|| oo -
te[0,T
Proof. First, thanks to (2.2) and (2.3) we obtain
(2.5) Ay +u0, A +v0yA+ AdivU = L, — H,

and
(div U); + u(divU) 4 v0y (divU) + 3 + 2uyv, + v, = Ly + Hy,.
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On the other hand, thanks to the continuity equation of (1.1), one has
()t + udp(e) +v0yp(e) = —op'(0) divU,
from which we deduce that
1 .
(2.6) 2-|-—>\[Bt + 10, B + 09y B — op'(0) div U] + u2 + 2u,v, + vg =L, + H,.
By virtue of (2.5) and (2.6) we get by the standard energy estimate that

Ld (A2+B—2>d d +/ (LA, — HA,) + (LB, + HB,)|dzd
2°dt /o 21 a) T @ @ y) Iy

1
- op'(0)BdivU dzdy + / (uAy +vAy)Adz dy + divUA? dz dy
24+ A J2 T2 T2
1
+—— [ (uBy +vBy)Bdxdy + / B(u2 + 2u,v, +v2)drdy = 0.
2 + )\ '[(2 ‘[(2 Y

However, notice that

1
(LAy = HA) + (LBy + HBy) = < (Ay + Ba)® + (= Au o+ B,)%,

1
0
and

-1
[ sup flo®l=] " [ (VAR + (VR dedy

t€[0,T)

1
< / Sl + B+ (A + B Pl dody
ﬂ'2

for 0 <t < T. Then one gets by using integration by parts

14 , B
(2.7) ST P(A +—2+)\)dxdy

-1
T [ sup Hg(t)HLoo} / [(Ay + B.)? + (—Aq + B,)?] dady
t€[0,T) T2

<l/ (_A2+B_2>di Udzdy + —— [ op/(0)BdivU ded
S92/ SR YA R W vy

- / B(u2 + 2uyv, + vg) dz dy, for 0<t<T.
T2

Note that for any € > 0, Young’s inequality applied gives

B? .
[ (424 g aiv U asas| < O+ IBIE sl + oyl

o|Q

<e(IVAIZ: + IVBIZ2) + = (luallz> + lloyI22) (IAI72 + [ BIIZ),
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where we have used the trivial interpolation inequality in 2-D,
1 1
(2.8) [Alls < CllAlZ2IVAl 72,

and it is easy to observe that
‘ / B(u2 + 2u,v, + v;) drdy| < C||B||p(|Vul|® s + Vo] 5).
T2 L3 L3
On the other hand, thanks to (2.2) we have

IVall? s + V0l s < Cllug + 0|12y + luy = val?y),  and
3 1
luy = vl g = 1415 < ClAIL VAl L,

3 1
s <l +r@ll 5 < Cr(1+|BlL:IIVBIL.),

with Cr depending only on sup | o(t)||z=. As a consequence, we obtain
te[O,T)

C
[ B+ 2w+ ) oy < VAR + I9BI) + S0+ 1Al + 1BI)
T2

—1
for any € > 0. Then thanks to (2.7), we get by taking e < % [ sup Hg(t)”Loo} that
t€[0,T)

2

24X

d (42 +

1
= )dxdy + [ sup ||Q(t)HLoo:| / (|VA|2 + |VB|2) dz dy
dt T2 te[0,T) T2

2

B
< 1 22 22 A2 —_—
Cr(t+[9ulls + IVolia) [ (42 + 50 ) dod

and applying (2.1) and the Gronwall inequality gives (2.4). O

Lemma 2.2. Under the assumptions of Lemma 2.1, one can find a positive con-

stant mp which depends only on sup | o(t)||Le, |Uollg: and m, M in (1.3) such
t€[0,T)
that

(2.9) o(t,z) zmp for 0<t<T.

Proof. We first get by taking divergence to the momentum equation of (1.1)
that
A2+ X)divU — p(0)] = 8, div(eU) + div(div(eU @ U)),
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which implies that

divU = I [0,A7" div(oU) + A~ div(div(eU ® U)) + p(o)],
where A™!f is defined as the unique solution of

AN =f onT? Ndzdy =0.
]2

Then thanks to the continuity equation of (1.1),

00+ U -Vo+ odivU =0,

one has

1
Otlogo+u-Viogo+ G [0 AT div(eU) + A~ div(div(eU @ U)) +p(0)] =0,

which gives

1 oA 1
(2.10) 8t[logg+2+)\d1vA 1(@U)}+U-V{1ogg+2+)\
1

7 [u-VdivA~!(oU) — A~' divdiv(eU ® U) — p(o0)].

div A_l(gU)}

On the other hand, motivated by [2], we denote D LA

“tdivdiv(eU @ U) — u -
V div A=1(oU) and G < div A=1(oU). Then

AD = div[oU - VU 4+ divUVG — VU - VG + VG - VU],
from which and (2.2) one gets by the standard potential theory that

IVDllzs < Cll(eU + [VG)|VU|| s

NN

Cllell=llUllzsl[ VUl Lo < CoU 22 IVU | 20l All e + 1Bllze + 1]

However, thanks to (2.4) we have

T
/0 (AW®Is + | B o) dt

T 1 2 1 2
< C/O AN zIVAD 72 + 1BON 7= IVB(E)] 7] dt < Cr,
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which gives
T
(2.11) / VD] dt < O
0
Similarly to the proof of (2.11) we have

IDllLs < Cli(eU + IVGNIVUIIl, g < CllellLe= U2 VUII7. < Cr,

which gives

T
(2.12) / ID(t)]| L dt < Cr.
0

Thanks to (1.3), (2.10) and (2.12), one gets by using the characteristic method that
there exists a positive constant Cr such that

(2.13) log o(t, z) + 2+L/\G(t, xz) > —Cr for 0<t<T.

Now we note that
[GllLs < Cllellz= U]l s < ClU]|1e,
1 1
VGl L1 < Cllollz<|Ullzs < Cllollz= U7l VU]|}2,

which together with (2.1) and (2.4) implies that

sup [|G(t)|[z= < Cr,
t€[0,T)

from which and (2.13) one obtains (2.9). This completes the proof of Lemma 2.2. O

An estimate of higher derivatives of U is obtained by carrying out calculations

similar to but easier than (15) and (16) in [10]:

o(Ly +U-VL) — oL divU + uy Ay + vy Ay + uy By + v, By + (AdivU),
—(p(0)odivU), + (24 \)(u2 + ”5 + 205uy)

=(Ly—Hy)y+ 2+ N (La+ Hy)as

o(H +U-VH) - pHdivU — u Ay — v, Ay + uyBy + v, By — (AdivU),
—(p'(0)odivU), + (2+ \)(u2 + vg + 205Uy )y

=—(Ly — Ha)o + (2+ A)(La + Hy)y.

(2.14)

Now let us turn to the estimate of L, H.
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Lemma 2.3. Under the assumptions of Lemma 2.1, there exists a positive con-
stant Ct which depends on sup || o(¢)| L=, ||Uol|la2, |lool|zr and m, M in (1.3) such
te[0,T)

that

T
(2.15) sup /(L2+H2)dxdy+// [(Ly — Hy)* + (Ly + Hy)? | de dy dt < Cr.
0<t<T JT12 0 JT2

Proof. Thanks to (2.14), one gets by using the standard energy estimate that

1d

(2.16) 2/ Q(L2 + H?)da dy + / (Ly — Hy)? + 2+ N)(Ly + Hy)?| dzdy
‘[[2

/ (L* + H*)divU dx dy + /TI AdivU(H, — L,)dz dy
/ (L, + Hy) divUp'(0) dz dy

/ (uyAy + vy Ay + uy By + v, By) de dy

/ — vg Ay + uyBy + vy By) dzdy

-2+ /\)/ (Lo + Hy)(ul + 200y + v}) dzdy = 0.
Applying the Cauchy-Schwartz inequality, we obtain

\ | o H?)didexdy\ < lloll eIV 2 (NLIE + [ H24),

and using (2.8) we arrive at

ILIZ + 1 HIZs < CUILI L2 + 1H | 22)(IVL] 22 + [V H]| 22)

<
< CUILl L2 + [[H [ 2) (| Ly = Hell 2 + | Lo + Hy | 22)-

As a consequence, for any € > 0 one has
‘ / o(L? + H2)didexdy‘
T2

Cr
e(ILy = HellZ2 + 1Le + Hyll72) + — VU= (ILIIZ: + [ H]72)-

A similar argument yields
C
‘ / AdivU(H, — Ly)dxdy‘ <el|Hy — Ly||2: + ?||A||2L4|| divU|)2.
T2
Cr
< el Hy = Lyllze + — A+ 14l7:]VAlZ2 + [ BIZ IV BIIZ2),
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where we used (2.2) and (2.8), so that
(2.17) IVUl|zs < C(| div Ul[pa + [[uy = vzl 24)
1 1 1 1
< Cr(L+ Al =IIVAIE: + [[BI =1V B £2)-

It is easy to observe that

[ etre+ ) aivUpGo >dxdy\ L+ B3 + Do (@13 9U13
'[]'2

and

[ Bl 0 4Bt e | < LI VU1V Al + 9B ),
T2

while thanks to (2.2) and (2.9) one has
C

mr

< Op(|Lllp2 + [|H | £2) % (| Lo + Hyllz2 + | Ly — Hylz2)%.

VAl + VBl s < —([[L]lzs + [|H][ 1)

Then one obtains
‘ / L(uyAy + vy Ay + ug By + v, By) dzdy
'ﬂ'?
e(| L + Hyll72 + |1 Ly — Hell72)
Cr 2 2 3 3 3 3 |4

+ —(ILlZ2 + AN Z2) (@ + (AN 22NV Al Z2 + (Bl V Bl 72)*-

A similar estimate holds for fp H(—ugAg — v Ay + uy By + vy By) de dy.
Finally, again thanks to (2.17) one has

‘ /2(Lx + Hy)(u2 + 2vu, + vi) dz dy‘
T

Cr
<ellLe+ Hyll: + — (1+||A||L2HVA||L2+||B||L2||VB||L2)

Combining the above estimates, we get by taking ¢ small enough

(2.18) %di o(L* + H*)dz dy + /P (Ly — Hy)> + 2+ N)(Ls + Hy)?] dzdy

C
< (1 +ILIZe + [ H]1Z2)
[1 +IVUIZ2 + | AIZ=IVAllZ> + 1BlIZ:[VBZ:)]-

Then thanks to (2.1), (2.4) and (2.9) one obtains (2.15) by using the Gronwall
inequality. This completes the proof of the lemma.
O
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With the above estimate for the first derivatives of U, we now turn to an estimate
of the first derivatives of p.

Proposition 2.1. Under the assumptions of Theorem 1.1, there is a positive

constant Cr, which depends on sup |lo(t)||L=<, |leolla2, |Uo|lz2 and m, M in (1.3)
t€[0,T)
such that

(2.19) sup ||[Vo(t)||rs < Cr for any q < co.
<

tx

Proof. First, thanks to (2.15) we deduce that both L and H are bounded in
LP([0,T]; L9(T?)) with p, ¢ satisfying 1/q = & — 1/p. As a consequence, we get using
(2.2) and sup |lo(t)||z~ < oo that

:T)
(2.20) VA, VB are bounded in  LP([0, T]; LY(T?)),

in particular, B € LP([0,T]; L>°(T?)) for any p < oo.
Now let X be the flow of U given by

X (t,s,x) =U(t, X(t,s,1)), X(t,8,2)|t=s = x,

from which, (2.2) and (2.20) we deduce that

(2.21) det (W) = exp </0t divU{t', X(t,s,2)) dt')

~ (315 | ® A X (s ) o ) < O

Thanks to the continuity equation of (1.1) and (2.2) we have

(1, X (t5,2) = — 525 (B + A") (1, X (8, 5,1),

EQ
which gives
07 (1,2) = 05 (X(0,1,2))? TV IS B X ot) do

A t -1 t
T :A VNI Bls X (st ds g dF hr 4 0y 4 Myt 2),
0

and
(2.22) ot,x) = (My(t,z) + Ma(t,z))”*/7  and

Vo(t,xz) = (M (t, x) + Ma(t, x))*l/”*I(VMl (t,z) + VMa(t, z).

1
v
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Note that

VM, (t,x) = Vo (X (0,t,2)) - VX (0,1, )¢ @01 5 Bls:X(5,6,2))ds

t
00 (X0, t))er B BNt / VB(s, X(s,t,2) - VX (s, t,) ds
0

and

T
sup  |VX(s,t,z)| < exp (/ |VU(5,£)|ds>.
0

(s,t)€l0,T]?

Then thanks to (2.2) and (2.15), we obtain that VU € L2([0,T]; BMO(T?)), and

T 1/q
(2.23) IVMi(t,)|lre < CT</ exp (q’/ VU (s, x)| ds) dx)
T2 0

1 T 1/4’
< CT<—/ / exp(q’|VU(s,x)|)dxds> < Cr.
T 0 T2
A similar estimate holds for VM, as well, which together with (2.20) and (2.22)
completes the proof of the proposition. O

Now we are in position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let (p,U) be the local classical solution of (1.1)—(1.2)
given by Theorem 1.1. Then if 7% < oo, we have

tim sup [[o(®)] + 1U()]s2] = oo,

p
T—T" tcl0,T)

Therefore to complete the proof, we need to prove that if sup | o(t)||L>~ < oo, then
t€[0,T)

(2.24) sup [llo(®)lgs + U (#)||ms] < oo
te[0,T)

In fact, thanks to (2.5) and (2.6), we get by the standard energy estimate that

1d 2 1 2

+ Z /1{2 [(‘)O‘H(aaBy —0°A,) +8aL(8aAy+aan)} dz dy

lor]<2
= Y [~ 0w va et + 00w IB)00)
<2
- S (0018 + p(e)A], 0% 4)
+ (aa [H%Qp/(g) divU — (u2 + 2uyv, + ”5)} 7 3@3)}.
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Taking into account (2.2) we get

> / [0*H (0B, — 0 A,) + 9°L(0“ A, + 0°B,)] dzdy
T

la<2

T2

laf<2

+ Z /Trz {[8(’; %} (—A, + By) X (80(By —0%A,)

la|<2
1
+ [0 =]y + Bo) x (974, + 0°B.) f dway © Ry + Ro.
o
However, it is easy to observe that for any £ > 0, we have

Cr

| Rl < e(IBy = Acllyz + |4y + BellZ) + —(IV Al + IV BIZ) el

from which we deduce that

> / [0°H (0B, — 0 A,) + 0“L(0A, + 0°B,)] dz dy
T2

la<2

C
> (er — ) (I1By — Aallz + | Ay + Ball2) — ?T(IIVAH?p +IVBIE)llelZs-

Applying a Moser type inequality gives

> (90U - VA, aaA)‘

lal<2

=| Y [(U-VO"A4,07A) + (9°(U - VA) — U - V4,0 A)]

o] <2

< ClIVUll=l|Allaz + IVA[ g2 1U]

a1 All g2,

and thanks to (2.2), we have

(2.26) U]

me < U2 + Cllielge—r + I|All -+ + | Bll 1],

which gives
> (0°(U-VA),0°A)| < C(IVA| s + VU |[ze) (1 + llellFre + 1A + 1Bl Fr2).
lol<2

A similar estimate holds for > (0%(U - VB),0“B).

lal<2
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Applying a Moser type inequality again gives

> (0"[(B+p(@))A],0(’A)‘ < Cr(UH{|All L+ (1Bl o) 1+ [ ollz+ | All F2 + Bl 2 )

la<2

and

et 1 ! : (2 2 a
|§<:2 (8 {—2 Y (o) divU — (uf + 2uyvs + vy)} , 0 B)‘
< Cr(1+ VU)X + llelfe + [Al7: + IBlle)-

Then thanks to (2.25) we obtain by taking ¢ small enough in the above inequalities
that

d 1
@27) 5 (1413 + 55 1Ble) + er(1By = Aslif + 114y + Ballf)
< Cr(1+ [ VUl + Al + 1BI%=) (L + llelp + Al + 1B]3).

On the other hand, rewriting the continuity equation of (1.1) as

A 1
B0+ U - 2 L~ By=0
o+ U-Vot gmoi+ 5o Bo =0,

we get by the standard energy estimate that

d
S llellis < CA+Bllr=+IVUlle)llell s +1Ul 13 Vel L +llell= | Bl ms] ol s
However, trivial interpolation inequality gives
1 2 2 1

Ul < CIUIE U g IVellze < [[Vollz:lloll e,

which together with (2.26) implies that
2 2 c 2
Ul z=Vellzllellas < e[l +1Bllzs) + — (Ul + IVellz2) (1 + llellzs).
Therefore, we get
d . Cr
(2.28) llellis < e(lAlls + 1Bls) + — (Ul + 1Bl
+Vollzz + [IVU|=) (L + [lol Fs)-
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Finally, thanks to [6] and (2.26) we have

(2.29)  ||[VU| L
< C(1+ ||VU| saro x log™ |U|| =)
< Cr[L+ (1Ll + | H| ) log T (1 + [loll 2 + | All g2 + || Bl m2)]-

On the other hand, we deduce from (2.2), (2.15) and (2.19) that oL,pH €
L2((0,T); HY(T?)), which together with (2.2) yields that both VA and VB are
bounded in L?((0,T); H(T?)). Then combining (2.27)-(2.29), we get

T
sup (IA®ONZ2 + I1B®IZ + o)) +/0 (IBy = AxllZ> + 14y + Ball32) dt

X

< C(m, M, [looll a3, Vol s, T),

which together with (2.1) implies that

T
supT(IIQ(t)H?Hs +IU®17s) +/0 VU3 dt < Cm, M, [[ooll s, |Uoll s, T).

X

This implies (2.24), and we have completed the proof of Theorem 1.1. O
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