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ON THE BEHAVIOR NEAR THE ORIGIN OF DOUBLE SINE
SERIES WITH MONOTONE COEFFICIENTS
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Abstract. In this paper we obtain estimates of the sum of double sine series near the
origin, with monotone coefficients tending to zero. In particular (if the coefficients ay
satisfy certain conditions) the following order equality is proved

mn—l n m—1 1 n—1m-—1
g(x,y) ~ mnam,n + o IZ; lam, + o 1;1 kagn + — ZZ; l;l klag,y,

where z € (757 ] v € (A, mn=1,2,....
Keywords: double sine series, sum of a double sine series with monotone coefficients

MSC 2010: 42A20, 42A16

1. INTRODUCTION

Many authors considered the sine series

oo
g(z) = Z ap, sinnz
n=1

with monotone coefficients tending to zero.

Young [1] was the first to consider the problem of estimates of g(x) for x — 0
expressed in terms of the coefficients a,. Then Salem [2], [3], Hartman and Wint-
ner [4], Shogunbekov [5], Aljanc¢ié, Bojanié¢ and Tomié¢ [6] considered this problem,
as well. Later Telyakovskii in [8] has proved the following facts:
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Theorem T1. Assume that a,, | 0. Then for z € (=25, L] =1,,, m=1,2,...

m+1’ m
the following estimate is valid:

g(x) = i nanx + O(% z’”: n3an>.
n=1 n=1

Theorem T2. Let a, — 0 and let the sequence a be convex. If x € I,,,, where
m > 11, then the following estimate holds true:

m—1 m—1
am z 9 am z 6
7C0t5+% E_ k Aak<9($)< TCOti—f—— kg_lk Aak,

where Aay, = ar — Gp41.

As a special case he has proved an interesting corollary:

Corollary T. Let the sequence ay, tend to zero and be convex. Then the following
order equality is true:!

1 m—1
g(x) ~ manm + - ,; kap, z=€l,, z—0.

In [9] Popov has proved

Theorem P. For any nonincreasing sequence of positive numbers ay, tending to
zero, the following inequalities hold:

1 m
—5a sing <yg(z) < 2sin§kz;kak, for every x € (0, 7],

m

g(x) < Sinxz kay, forevery =z € (0, g}
k=1

The problem shown above is considered by the present author and by Braha [7],
too.
Our main goal in this work is to prove the above theorems in the two dimensional

case.

1 As usuall we write g(u) ~ h(u),u — 0 if there exist absolute positive constants A and B
such that Ah(u) < g(u) < Bh(u) holds in a neighborhood of the point u = 0.
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Therefore, let

(1.1) iiam sin kz sin ly

=1 k=1

be a double sine series whose coefficients satisfy the conditions

(A) ar; — 0 for k — oo and all [ fixed, and

for | — oo and all & fixed

and
Ay 10k = Gkl — Q1,0 — k141 + Gkt1,041 = 0

for all k£ and {.

In the following we denote

A1,00k,1 = Gkl — Qit1,0,

Ao 110Gk, = Gk 41 — Qk,1+1,
2

AT pak,1 = g, — 20410 + Q42,0
2

A 1@k = Ak — 20k, 141 + k142,
o (1) cos(v +1/2)u

U= ——— I
v 2sinu/2

") = Z () = _sin(.l/ + 1)u.

4sin? u/2

We observe that the conditions Ay 1ag,; > 0 and (A) yield the conditions Ay gag,; > 0
and Agqag,; > 0 for all k and [ (see [12], [13]).

Parallelly with series (1.1) we consider the series

(1.2) D> Avaagi D) Di(y),

=1 k=1

where D, (u) are the conjugate Dirichlet kernels.
Let

(1.3) S cuw

v=1p=1
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be a double numerical series and

n m
n=2
v=1

Cp,v
=1p=1

its rectangular partial sums.

If there exists a number S such that for all € > 0 there exist natural numbers k
and [ such that

[Smn — S| <e

for all n > k and m > [, then series (1.3) converges in Pringsheim’s sense to the
number S (see [11], page 27).

It is well-known (see [10]) that if a sequence of numbers {ax;} satisfies conditions
(A) and Aq jax,; > 0 for each k and [, then:

(1) Series (1.1) converges almost everywhere in Pringsheim’s sense, in other words
there exists a function g(z,y) such that the sum of series (1) is g(z, y).

(2) Series (1.2) converges almost everywhere in Pringsheim’s sense to g(x, y).

2. MAIN RESULTS

We begin with

Theorem 2.1. Assume that ay; satisfy conditions (A) and Ay iar; > 0. Then
forxz € I, and y € I,,, m,n =1,2,... the following estimate is valid:

(2.1)
) =YY klagy

=1 k=1
+O<mn3 szlsakl + —ZZ lakl + 3 ZZ(kl)Bak,l)~
=1 k=1 =1 k= =1 k=1

Proof. First, according to fact (2), we have

Al,lak,lﬁk(x)ﬁl(y)-

WK

=1

=~
Il

1
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Now we write
n

(22)  glzy) = Z Ay 1k Dy () Di(y)

NE

1=1 k=1
+ Al,lak,lﬁk(x)ﬁl(y) + Z ZAI,lak,lﬁk(x)ﬁl(y)
=1 k=m+1 l=n+1 k=1
) o) 4
+ > Y AvarDe(@)Di(y) =Y 1.
l=n+1 k=m-+1 =1
Since ﬁr(u) =0 (1/u) and T <r< o, A <y<t,mmn=12... wehave
oo oo 1
2.3 I, =0 A C—
(2:3) : ( S Avan y)
l=n+1k=m+1
:O(mn Z Z Amak,l) = O(mnamn ).
l=n+1 k=m+1
If we use the estimates
4 N,
(2.4) M n < sz_:lk kn, m=1,2,...

and

4 n
Namn S —3 Zl3am,z, n=12,...

1
(because Aq pax,; > 0 and Agqak,; > 0) we obtain

4 m
(2.5) MNGyy, , < 3 Z kgnak,n <
k=1

From (2.3) and (2.5) we get

(2.6) I = 0( !

On the other hand, we have

I, = O(f: i A 1ak, - i -f)l(y)) = O(miAO,lam,lf)l(y)

=1 k=m+1 =1

)

= O(m{ Z A, Sinly — am7n+1l~)n(y)}) =0 (m{ Z A, Sinly + namm})

=1

=0 ( Z Imam, 1y + Z ZBmam7ly3 + mnamm) ,
=1

=1

=1
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because siny = y + O (y3) when y — 0. From (2.4), (2.5), y € I, and the last
estimate we get

n

(2.7) I = O(% Z i K3 lag, —|— E zn: i(kl)‘gak,l>.

1=1 k=1 =1 k=1

Using similar arguments as if I, = € I,,,, we obtain

(28) Iy = < SO ki, 9D Z(kl)fsak,l)
=1 k=1 =1 k=1
Now we will estimate I;. First, if we denote A; gax,; = b;, then

I = iﬁk(a?)(zn:Al varDi(y ) ZDk <§:A0,1blﬁl(y)>
=1 =1 =1
— éf)k(a;) ( lz:; by sinly — bn+15n(y))
- if)k(a:)< " by sinly + O(nbn))
k=1 =1

=

=1 k=1

- Zsinzy(f:Aloaklﬁk(x)> o< zm:Al,Oak,nﬁk(x)>
s

m
Zak 1Sinkx — ama1, lD (z ))

_l_
@)
RS
—

(]
S
>
3
&.
=
>~
8
|
S
3
+
—
3
o
Py
8
SN~—
——
N———

k=1
= Z SiDZ:g(Z ag, sinkx + O (maml)) + O(n{ Z Ak, SINkT + O (Am,n) }) ,

=1 k=1 k=1
or
n m
(2.9) I, = ZZamsin kxsinly
1=1 k=1
n m 4 )
+0 (m Z A sinly +n Z agn sin kx + mnamm) = Z Il(l).
=1 k=1 i=1
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Let us now consider Ifl). Applying the relation sinu = u + O (u‘3), when u — 0 we
obtain

2100 1Y = Z Z ar {klzy + Okl xy® + KPlay + (klay)®]}

1=1 k=1
n m
= Z Z klxyar;
1=1 k=1
n m n m n m
+0 [ Z Z klgxy3ak7l + Z Z k31x3yak7z + Z Z klzy) aw]
1=1 k=1 1=1 k=1 I=1 k=1
= Z k;la:yam + 22 —|— 23 —|— 24
1=1 k=1
Further,
_ 3,..3 3
(211) 22 = kl Y Qk,1 = <mn3 Zkl Q. l>
1=1 k=1 I=1 k=1
Similarly, we find
1 n m 3
(2.12) Ny = O<ﬁ >k l%,z)
I=1 k=1
and
1 n m
(2.13) ¥y = 0( (k1)3ak,l>
G 22
Therefore by virtue of (2.10)—(2.13) we obtain
(2.14)
Ifl) = Z Z klzya,
1=1 k=1
< ZZkl3akl+ — Zzwzakl T )P ZZ(M)%,CJ).
1=1 k=1 (- I=1 k=1
Since

m m m
. 1
n g agpsinkr =n E kxay,, + O (ﬁ E E3nay, n)

k=1 k=1

— (mngszl akz—i— 32”:§: kl) akl)

=1 k=1 =1 k=1
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and similarly

=1 =1 k=1 =1 k=1
we get

2 3
(2 15) Il O(w Z kl Q.| + (mn)3 ZZ(kl) [07% l)

1=1 k=1 I=1 k=1

and

( ) 1 n m 1 n m
2.1 1Y =0 — 3lay, Sagy ).
(2.16) { o(mBnZ Klag, + )P > (k) aM)

1=1 k=1 I=1 k=1
But (2.5) implies
( ) 1 n m
(2.17) I = o( (kl)f*ak,l).
G
From (2.14)—(2.17) and (2.9) we obtain
(2.18)
I = Z Z klzyag;
I=1 k=1
1 n m 1 n m n m .
o — ki e k31 k) ay, ).
+0( s S>3 Klana t g 3K+ s gg Pas)

Finally, (2.2), (2.6), (2.7), (2.8) and (2.18) yield (2.1). The proof of Theorem 2.1 is
complete. (I

Theorem 2.2. Let ay; satisfy conditions (A), Ay iar; > 0, Aio (Ag,1011) = 0
and A (A10ak;) > 0. Then for x € I, and y € I,,, where m > 11, n > 11, the
following estimate is valid:

(2.19)
a0t L oop Y Loop 2 ZlA
1 co 200 5 4nco 0,1Gm,1
1 ym 1 n—1m—1
2
+ oot 5 Y K Aroan + ZZ (k1)* Ay 10k
k=1 (i
a T 1 22,4+
<g(z,y) < % cot 5 cot % + 5 cot 5’7 ; P Noam,
m—1 2 n—1m—1
1 y2,4+mn 9 (n+2,4)
+§C0t§ m kz_;k A170ak7n+T;; k?l Al 10k,1-
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Proof. We can write

n—1m-—1 oo m—1 N N
(2.20) g(x,y) = > > AryariDi(x )+ D AviagDi(z)Dily)
=1 k=1 l=n k=1
n—1 oo oo 0o
+3 > AvarDi(x )+ D> Avar,Di(x)Di(y)
=1 k=m l=n k=m
4
= ZSV(x7y)
v=1
Since
Buw) =Y smiu< Yiwsrtucn T Tocusl, =12
u) = sin 1y < MWMSrusn —, — X, J= L4
' i=1 i=1 J j+1 J
we conclude that
T[ n—1m-—1
2.21 S1( ZA .
( ) o lz_; ; 1,10k,

Next, using Abel’s transformation we get

m—1
T 2
(2.22) Sa(z,y) < p- k (ZA1 1Cllel )
k=1
n e 1 Yy
= - k2<ZA1’1ak’l{§ 00t5 +Sﬁl(y)}>
k=1 l=n
ned A1 pa TR
= o 2 kQ(%’“’" cot 2 + ZX:Aka,stl(y))-
= =n

Using Abel’s transformation again we arrive at

S3 (@ Z Avvarii(y) =Y A%y (Avoars) {0i1y) = on-1(y)} -

l=n

From the last equality we obtain

A qa A 1a
1 1,104k, 1,104k,
|S( )( zy)l < 4 sin? ” g (L sinny) < 2 sin’ y”
5 2
2A 1)°
< ALk (n+1) A apn.

22 2
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Now for n > 11 we have

(2.23) 1S (2, )] < Arqa -2’4212 24 nzlz Aria
. L1k -~ - n 1,10k,1-
By (2.22) and (2.23) the following estimate holds:
(2.24)  Sa(m,y) < icot— ijA a 2’4% sz_:l(kl)zA a
. 2\T, Y 1,00k,n + mn Lo L 1,10k,1-

In absolutely the same way we can prove that (m > 11)

n—1m-—1

T 2,4-n
(2.25) Ss(z,y) < 2—cot— Zl Ao, 1Gm,; + Z Z A1 10,1
" —1 med =
For Si(z,y) we have
1
(2.26) ZZAl 1akl{—cot—+<pk( )}{—Cotg+@l( )}
=n k=m
_ e Zeot? 4 Lot
1 cot 2cot 5 + 2cot 5 r1(y)
Loy
+ = cot Z - ro(z) + 73(2,Y),
2 2
where
o0
(2.27) 7“1(?4) = Z AO,lam,lSOl(y)v
l=n
ro(x) = Z A1,0ak,n Pk (T),
k=m
ra(zy) =Y > Aviarier(@)e(y).

k

I
3

~ 3

Applying Abel’s transformation to r1(y) we obtain

ZAO 1am,101(Y ZAO 10m. 1 {@1(y) = en-1(y)}-

Therefore
> 1+4+sinny _ Apia
2 0,14m.n
|T1( )| < ZAO,I m,l 4 Il2 y 251112 y
l=n 2
2 2
T n+1
< 2_y2 : AO,IGI'm n < ( 9 ) AO,IGI'm,n
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For n > 11 we have

274 n—1 ) 2,4 n—1 )
(2.28) r1(y) < == Ro1amn dr< o > Phosam.
=1 =1

In the same way, for m > 11 we can find an estimate

m—1

2,4
! k‘2A1’0ak7n.

(2.29) r2(z) < -
k=1

Now we estimate the quantity r3(z,y). Using twice Abel’s transformation to (2.27)
we get

rs(y) =Y my){ S A2 (Boai) [ok(x) — oo (1) }

l=n k=m
> > 9 1+ sinmx
<Y @)y > AT (Aorany) ———5—
4sin” £
l=n k=m 2
1 o0
< sin? Z At 1am01(y)
2 |=n
1 oo
= Zom?Z D AG L (Avoam) [pi(y) = on1(y)]
l=n
1 1 (m+1)%2 (n+1)?
< : <A < . <A .
2sin?Z 2smZZ T 2 2 L1fm,n
Therefore, for m,n > 11 we have
274)2 n—1m-—1 )
(2.30) r3(z,y) < A110m, — (kl)
=1 k=1
2’4 2 n—1m-—1
< ( ) (kl)QAl 10k, 1
Lt
From (2.26), (2.28), (2.29) and (2.30) we get
a T Yy z 2,4 2
2.31 < cot = -cot = + = cot = - — I*Ag.10m
(2.31) Sy 1 cotg (:02—|—2co2 w2 0,1Gm,1
m—1 2 n—1m-—1
1 Y 254 2 274) 2
—cot= - — - kA . kl)*A )
+ 5 Otg 2 1,00kn + ; k—l( )7ALak,



Now, by virtue (2.20), (2.21), (2.24), (2.25) and (2.31) the proof of the upper estimate
is complete.

On the other hand, using (2.20) we can write

(2.32) glw,y) = " cot £ cot
n—1 [e%s)
1 T ~
+ 5 cot 5{ > AoiamiDi(y) + ) Ao,lam,m(y)}
=1 l=n
1
+§C0t_{ZA10aknDl +I€2:A10akn50k( )}
n—1m-—1
+ZZA1 van Dy(z +2Dk ZA1 10k,0901(y
=1 k=1

n—1
+ZDl ZAllaleOk +ZZA11ale@k (@)p(y)-
=1

l=n k=m
Using relation (17) from [8] we conclude that

1n1

—ZAOszDz +ZA01amlapl() 0 for n>11
=1 l=n
and
1m—1
B AloaknDl +ZA10akngok() 0 for m>11.
k=1 k=m

Therefore relation (2.32) assumes the form

(2.33) g(z,y) = GTZ’" cot g cot %

n—1 m—
1 T ~ 1 Y
+ Z cot 5 lz_; A()’lam’lDl(y) Z cot 5 Z Al 0ar nDk( )

—|—Sl(x,y)-l—sl(x,y)-l—sQ(x,y)-i—rg( )
However,

n—1 m—1
(2.34)  Si(x,y) = Arramn ¥ Di(y) Y Di(x)
=1 k=1
A1 1am n

(msinx — sinmz)(nsiny — sinny),
16sm 53:5111 2y
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(2.35) si(z,y) = ZALMm,MPZ@) z_: f)k(x)
l=n k=1

1 , . =
e (msinz — sinmax) Z A1 1am 101(Y)
sin” £ P
A1,1am,n

" 16sin? £ sin (msinz — sinma)(1 + sinny).

2y
2 2

In a similar way we can prove that

A
(2.36) so(x,y) = L 1am (1 + sinma)(nsiny — sinny).

16sin2 2 st :

Now we are going to estimate r3(z,y) from below:

(2.37) r3(z,y) = Z ei(y) Z Aq 1agpk(z)
l=n

1
——— (1 +sinma) A1 1a
4sm 2( ; 1,1 mlsﬁl(y)
A1 1am,n

————— (14 sinma)(1 + sinny)
5 (
~ 16sin? £sin” &

A1 1amn . .
——=——— (1 +sinmx)(1 + sinny).
16sin2 2 sm2 4 ( X v)

From relations (2.34)—(2.37) for m,n > 11 we have

1
(2.38) 351(@y) +s1(w,y) + s2(z,y) + 73(2,y)
A m,n . . .
> % [(msinz — sinma) — 2(1 + sin ma)]
32sin” § sin” 5

x [(nsiny — sinny) — 2(1 + sinny)]
A1 1am,n

—————— (1 4+ sinmz)(1 + sinny) > 0.
73 (
16sin” £ sin® ¥

So by virtue of (2.38) relation (2.33) takes the form

oo, x 1 z ~
(2.39) g(z,y) = 47 cot 5 cot g + 1 cot 5 Z Ao 1am,1Di(y)

—1 —1m—1

L1 -~
A1 0arn D (@ t3 Z > Ay ki Di(x)Di(y).
=1 k=1

1 —

3

cot

I
Nl@

+

=~
Il
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(2.40) g(z,y) > —= Cotgcotg—f——cot—z:l Ag1am,
1 y m—1 n—1m-—1
4— 5 VAN 00k, ﬂ Z Z (k?l) A1,1Cllc,l
k=1 =1 k=1
Relations (2.31) and (2.40) prove Theorem 2.2. O

We notice that using relation (2.19) for x € I, and y € I,, we can write

n—1
m
(2.41) g(z,y) ~ mnap, , + o lz; ’Ao1am,1
n m— 1 n—1m-—1
+E ;k A1oakn+%;kzl (kl) Allakl

The last relation can be written in a simpler form as Telyakovskii for the one-
dimensional case did.

Since
n—1
—Zl Ao 1am,l = —{1 am1+(2 12)am,2+(32—22)am,3+...
=1
+[(n=12%=(n =2 amn-1— (n— 1) amun}
1 n—1
= —{ 2l —Dam,; — (n— 1)2am7n},
[C Nyt
we have

n—1 n—1 n—1

1 1 1
(2.42) ~ ;(21 = D1 — N < ~ ; A 1am, < - 2 (20 — V) am,.

Similarly we can prove that

m—1 m—1 ml

Z (2k — Dag,n, — Mam.n <
k=1 k=1 k:l

(2.43) %
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n—1m-—1
On the other hand, putting A, , = (mn)~* 3> 3 (kl)> Ay 1ax,; we have
=1 k=1

1 n—1 — 1 n—1m—1
(2.44) App < — Z Z (2k — 1) Agran; < — Z Z (2k — 1) (20 — 1) ay,
mn =1 k=1 mn =1 k=1
and
1 n—1 1 m
(245) Am’nEEZ Q{EZ 2]€—1 A01akl—mA01aml}
=1 k=1
1 —1 1 n—1 n—1
ZE 2k_1{n2 21—1 akl—nakn}——ZZA()laml
k=1 =1
1 n—1m-—1
=—> > (@k-1)(2-1)ar,
mn =1 k=1
n —1
- — Z (2k;—1)ak,n— —Zl ANg 1am 1
m k=1 =1
1 n—1m-—1
>— > > (@k—1)@2—1)ar,
mn =1 k=1
n m—1 n—1
- 2k = 1) agn — — > (2L = 1) am,
k=1 =1

Relations (2.42)—(2.45) and (2.41) immediately imply the following corollary:

Corollary 2.3. Let ay, satisfy conditions (A), Ay jag; > 0, A? 0 (Aopakg) >0
and A(Q),l (A1,0ar,:) 2 0. Then for x € I,, v — 0, y € I, y — 0 the following order
equality is true:

n—1m-—1

9@, y) ~ MmN, + — Zlaml-i-—Zkakn—f——ZZk‘lakl

=1 k=1

Theorem 2.4. Assume that ay; satisfy conditions (A) and Ay iar; > 0. Then
the following estimates are valid:

(2.46) % s1n§s‘~1 % <g(z,y) < 4sm—51 %ZZ klay, for every z,y € (0, 7]
=1 k=1
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and

n m

(2.47) g(x,y) < sinzsiny Z Z klag;, for every x,y € (0,m/2].
=1 k=1

Proof. First, for D,(u) the estimate

~ cos su — cos(n + 1 )u

2
Dy(u) - 24 1
sin 5u
cosi—1 sin? 1y 1 U 1. u
Z .21 =—— 14 =——tan— > ——sin —,
2sin su sin su 2 4 2 2

2 2

for every u € (0, n], holds.
Therefore, by this and fact (2) we obtain

Z Al,lak,lﬁk(x)ﬁl(y)
k=

1 x e a T
> 1 sin 5 sin % Z Z Ajak; = % sin 5 sin %
=1 k=1
To prove the upper estimate we denote ay; = by and a1, = d;. As in [2] for

0<t< nand ¢k |, we get

o0 (o)
~ ~ 1 t
(2.48) ru(t) = Z ek sinkt = Z Ay g Dy(t) — cur1Dy(t) < zcpyr sin -

2 2
k=p+1 k=p+1

Now by virtue of (2.48) we have

[e )

(o)
(2.49) Tman(T,y) = Z sinly{ Z bksink‘x}
l=n+1 k=m+1

= Z sinly{ Z Al’obkﬁk(x)—berlﬁm(x)}

l=n+1 k=m+1

1 T 1 T
3 sin 5 Z A1, 8inly = 3 sin 5 Z dysinly
l=n+1 l=n+1

oz ~ ~
sin 5{ l:zn;rl Ag1diDi(y) — dn+1Dn(y)}

N

1
2
<1 Xy
- 111 — SIn —.
X 4am+1,n+1S 28

2
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We now pass to the proof of the right hand sides of inequalities (2.46) and (2.47).

Suppose that = € (n/2, 7], y € (n/2, ], then m = 1,n = 1. By (2.48) and (2.49) we
obtain

(oo} (oo}
= ZZGM sin kx sin ly
=1 k=1
oo
=aisinzsiny +sinz Z a1, sinly
1=2

oo oo oo
+sinyZak,1 sinkx + ZZak,lsinkxsinly
k=2 1=2 k=2
< apsinzsiny + %sinxsn%
+ %sm%smy—i— fsmgsm%
:4singsin%{allcosgcos%+%cosg—l—% S§+1—6}

Since a1,2 < @1,1, a21 < @11, a22 < a1,1 and cos% < 0,71 for t € (n/2, 1], we have
g(z,y) < 3,6864-a; 1 -sin g sin% <4-aj;-sin g sin %
The right-hand inequality in (2.46) for = € (n/2, 7] and y € (n/2, 1] is proved.

Now suppose that x € (0,/2] and y € (0,7/2]. Then m > 2, n > 2 and g(z,y)
can be writen in the form

n

3

1m—1 m—1
g(z,y) = ak,; sin kx sinly + sinny Z ak,p Sin kx
=1 k=1 k=1
co m—1 n—1
+ Z Z ar, sin kz sinly 4 sinmzx Z Gy, SiD LY
l=n+1 k=1 1=1
n—1 00
+ Z Z ay,; sinkx sinly + ap, », sin ma sin ny
=1 k=m+1

E
I

(oo} [ee]
+ sinny E agn sinkx + sinmaz E Q1 Sinly
k=m+1 l=n+1

oo oo
+ Z Z a1 sin kx sin ly.

l=n+1k=m+1

To find the upper estimate of g(x,y), we use the obvious inequalities
sinvu < vsinw, 1<v<p—-1, O<u<mn/p, p=>2
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and

sinvu <sinu, n/(p+1)<u<n/p.
Therefore

n—1

g(z,y) < sinzsiny klay ; + sin z sin ny Z kak.n

n—1

1=
oo
+ sin Z kay, sinly + sinma siny Z lam,
=n+1 k=1 =1
1
1

m
T
l k
n— oo
Y Z lay,; sinkx 4 ap, n sinma sinny
m

+ sin Z
1

=1 k=

m—1
1 k=1
-1
+1

oo oo
+ sinny g ak,n sinkx 4 sinmaz g Gy, SiD LY
k=m+1 l=n+1

o0 o0
+ Z Z ar,; sin kz sinly.

l=n+1k=m+1

From estimates (2.48), (2.49) and sinu/2 < sinu the last estimate takes on the form

n—1m—1
g(z,y) < smxsmy{ Z Z klay; + Z kakn+ = Z kag n+1 + Zlaml
=1 k=1
n—1
+—Zla +a —|—1a —|—1a +la
9 £ m+1,1 m,n 2 m+1,n 2 m,n+1 4 m+1,n+1
n—1m-—1 m—1 n—1
<sinxsiny{z Zklakl—i—l 5Zkakn+1 5Zlaml+2 25amn}
I=1 k=1 =1
n—1lm—1
< sinxsinyz Z klay,.
=1 k=1

Estimate (2.47) for z,y € (0,1/2] is proved. Clearly the right hand side of estimate
(2.46) is a consequence of estimate (2.47). O
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