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KYBERNETIKA — VOLUME 46 (2010), NUMBER 3, PAGES 472-487

ON SECOND-ORDER TAYLOR EXPANSION
OF CRITICAL VALUES

STEPHAN BUTIKOFER, DIETHARD KLATTE AND BERND KUMMER

Studying a critical value function ¢ in parametric nonlinear programming, we recall
conditions guaranteeing that ¢ is a C1'! function and derive second order Taylor expansion
formulas including second-order terms in the form of certain generalized derivatives of D.
Several specializations and applications are discussed. These results are understood as sup-
plements to the well-developed theory of first- and second-order directional differentiability
of the optimal value function in parametric optimization.

Keywords: Taylor expansion, parametric programs, critical value function, generalized
derivatives, envelope theorems, Lipschitz stability, C*' optimization
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1. INTRODUCTION

In this paper, we study a parametric nonlinear program of the type

P(t), teT: mzin f(z,t) st. g(z,t) <0, (1.1)

where T is an open neighborhood of some t° € R!, and f and g map R"*! to R
and R™, respectively. If nothing else is said, we take t° = 0, and suppose that
fand g = (g1,...,9m) are C! functions with locally Lipschitz derivatives (briefly
f,g € CHY). For given t, let M (t) be the feasible set of P(t) and denote by S(t) the
set of all critical points of P(t),

S(t) = {(z,y) € R"™™ | F(x,y,t) =0}, (1.2)

where F'(z,y,t) = 0 describes Kojima’s [20] equivalent reformulation of the Karush-
Kuhn-Tucker conditions for P(t), and F' = (F1, F3) is defined by

Fl(.]?, Y, t) = Dxf('ra t) + ng(.lf, t)Ty+
FQ(xay7t) = g(ac,t) -y,
where y, y~ are the vectors with components y;” = max{y;,0}, y; = min{y;, 0},

and Df (resp. D, f, D, f) denote the derivative (resp. the partial derivatives) of f,
similarly for g. We define the Lagrange function related to (1.1) by

(1.3)

L(z,y,t) == f(z,t) + g(x,t) Ty, (z,y) € R*T™. (1.4)
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To get a compact and brief description of our results, we do not consider additional
equality constraints of h;(z,t) =0, j =1,...,k. As far as we work with Kojima’s
function F', it can be easily and directly seen by the assumptions and proofs be-
low that the equalities play the same role as inequalities with positive multiplier
components 3 of some “nperturbed” critical point s = (22, 4°) to P(0).

Since we are interested in local properties of critical values, we will restrict our-
selves to an open neighborhood O of s°. Given any selection s(t) = (z(t),y(t)) €
S(t)NO, t € T, we say that p(x(t),t), t € T, is the associated critical value function.
If 2(t) is even a (global) minimizer of P(t), then ¢(-) coincides with the optimal value
function of problem (1.1), provided a constraint qualification is satisfied.

The present paper is devoted to differential stability of optimization problems,
but it has a particular focus: we study conditions guaranteeing that a critical value
function ¢ belongs (locally) to the class C11, thereby deriving formulas for the Taylor
expansion of the critical value function ¢ with second—order terms of the form T' D¢y
(Thibault derivative) and C'D¢p (contingent derivative). This analysis is done under
the assumption of strong regularity of the critical point map in the sense of Robinson
[29]. Our approach is essentially based on the use of implicit multifunction theory
(which is common in the literature), but without assuming that the data are C?
functions or that the critical points under consideration represent local or global
minimizers.

The studies presented here are understood as supplements to the well-developed
theory of first- and second-order directional differentiability of the optimal value
function, for which we refer exemplarily to the books or surveys [1, 5, 6, 8, 10, 11,
27, 30] with many references to the field. Some results given below are known (cf.
e.g. [17, 23]) or could be derived from the literature just mentioned. On the other
hand, since the differential stability under investigation is important both in theory
and applications, we think that it is of value to have a self-contained presentation.
For example, results of this type are of interest in convergence studies of nonsmooth
Newton methods for solving critical point systems and in optimality and stability
analysis in certain bi-level problems.

Some basic preliminaries from variational analysis are compiled in Section 2.
Formulas for the Thibault and contingent derivatives of the gradient of a critical
value function, both for smooth and canonical perturbations, are derived in §3 and
discussed in general and special settings. Section 4 is devoted to an application in
bi-level optimization, which motivates and illustrates in detail our analysis.

2. PRELIMINARIES
2.1. Generalized derivatives of locally Lipschitz functions

Here we compile some facts on generalized (directional) derivatives of locally Lip-
schitz functions, for details see e. g. [17, Chapters 5-6].

Throughout || - || and B denote any norm resp. the related closed unit ball in
some finite-dimensional linear space. Let 1 be a given locally Lipschitz function from
R! to R?, briefly ¢» € C%'(R!,R%) or simply ¢ € C%! and let t°,7 € R!. For any
neighborhood A of t°, we put Lip (¢, N) := inf{L ||| (¢') = (t)|| < L||t' —t| Vt,t' €
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N}. The set T(t°)(7) consisting of all limits of the form 0=1[¢(t + 07) — ()]
attainable with certain sequences 6 | 0 and ¢t — t% is called the Thibault derivative
[34] of ¢ at t in direction 7. Similarly, the contingent derivative C)(t°)(7) consists
of all limits of of 711 (t° + 67) — (t°)] attainable with certain sequences 6 | 0.
Generalizations of these notions to continuous functions and multivalued mappings
play also an important rule in variational analysis, see e.g. [17, 30], but we do not
use them here.

In this setting, 79 (t%)(r) and C(t°)(r) are nonempty, compact and connected
sets, and one has conv T (%) (1) = 9v(t°)r, where 91 (t°) is Clarke’s [4] generalized
Jacobian of ¢ at t° and conv X denotes the convex hull of X. Hence, if v is real-
valued then T (t%)(7) = 9y(t°)r. If Cy(t°)(7) is a singleton, it coincides with
the standard directional derivative ¢/(t%;7). For X C R!, we write Ct(t)(X) =
{C¥(t)o | o € X}, similarly for T%. For a small perturbation f € C%! with f(t°) =
0, one has (cf. [17, Lemma 6.3])

(i) if Lip (f,° + pB) = O(p), then T(yp + f)(t°)(7) = T(t%)(7),
(i) if f(t) = o(t — %), then C(y + f)(t°)(7) = CY(t°)(7),
where as usual O(-) means O(p) — 0 as p — 0 and O(0) = 0, while o-type functions
o(-) satisfy o(u)/|lu|l — 0 as ||u|]| = 0 and o(0) = 0.
Given ¢ € C*1 (R, RY) and n € C%'(R9,R%), chain rules for h(t) := n(3(t)) and
s = 1(t) are generally generally only valid as inclusions Ch(t)(7) C Cn(s) (Cy(t)(1)),
similarly for Th(t)(7). Under additional assumptions, equality holds true,

1 or n directionally differentiable = Ch(t)(7) = Cn(s) (Cy(t)(T))
nect = Th(t)(r) = Dn(s) (T(t)(7)),

see e.g. §6.4.1 in [17]. For y,v € R™, define

(2.1)

(2.2)

I(y,v) = {ie{l,....,m}|y; >0o0ry, =0<uv},
Reo(y,v) = {re{0,1}"|r,=11ifi € I(y,v), r; =0 else},
Rr(y) = {re0,1]™|r=1ify; >0, r, =0if y; < 0}.

Obviously, R¢(y, v) is a singleton, say 7(y,v), and for the function h(y) =y,

Ch(y)(v) = 1/ (y;v) = {(r1(y,v) v1,..., rm(y,v) vm)} = Re(y,v) o v, (2.3)
Th(y)(v) = Oh(y)v = {(r1v1,...,Tmvm) |r € Rr(y)} = Rr(y) ov, ’

where rov = (r1,v1, ..., TmUn) denotes the Schur(-Hadamard) product of r,v € R™.

2.2. Taylor expansion and growth conditions for C'! functions

Consider a function 1 € C**(R",R) and points 2°, 2 € R™ as well as the Euclidean
inner product (-,-) and norm || - ||.

Then the Thibault derivative allows the following second-order Taylor expansion
at the point x, see [22, Thm. 3] or [17, Thm. 6.20]: There exist some 6 € (0, 1) and
some ¢ € T[DyY](x + Ou)(u) such that

Y+ u) ~ (z) — DY) = 3 (wq).
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This is completely analogous to the related statement when using Clarke’s general-
ized Jacobian 0[Dv] instead of T[Dv], we refer to [12].

As a consequence of this Taylor formula one obtains a uniform quadratic estimate:
Let ¢ be a constant such that

¢ < inf{(w,q) | ¢ € TDY|(@)(w)} Yuw: |u] = 1.

Then there exist some neighborhood N of x such that

YE) ~ () ~ DYEE ~&) > gell€ ~ ¢l VE € €N,

for a proof we refer to [17, Cor. 6.21]. This can be interpreted in the case ¢ > 0 as
a growth condition around the given point x of interest.

In contrast, a Taylor expansion in terms of the contingent derivative is not pos-
sible, in general. However, again some quadratic estimate holds true, which can be
now interpreted for ¢ > 0 as a quadratic growth condition at the given point x of
interest: Let ¢ be a constant such that

¢ < inf{(w,q) | g € CDY](@)(w)} Vw: w] = 1.

Then there exist some § > 0 such that
1
V(@ +u) = §(2) = DY(a)u > gellul® Vu: [lu] <9,
for a proof we refer to [17, Thm. 6.23].

2.3. Stability of critical points

For computing derivatives and a generalized Taylor expansion of critical values,
one needs descriptions of generalized derivatives of the Kojima function, and one
has to handle local Lipschitz stability properties of the critical point map S of the
parametric problem (1.1) and of the critical point map Sy of the canonically perturbed
pendant to (1.1),

Pop). p=(a,b) ER™™: min f(z,0)~ (a,z) st g(,0)<b  (24)

where f,g € C%! is assumed. Define the Kojima function resp. the critical point
map for (1.2) by

Fo(z,y) == F(2,y,0) resp. So(p) = {(z,y) | Fo(z,y) = p}. (2.5)

Then the Thibault derivative TFy of Iy at s = (2°,9%) € R*™™ in direction (u,v)
can be described by

0 q(u) + Z:il Ti'UiDa:gi(xO? 0)
TE()w0) =3\ pLgi@®,0)u — (1= ri)v; (V)

q(u) € Qr(u)
r € Rr(y?) }  (26)
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where Qr(u) := T,[D, L](z°, y°",0)(u), while the contingent derivative CFy(s°)(u, v)
can be represented in the form, with Q¢ (u) := C,[D,L](z", y0"0)(u),

q(u) + Zie](yo,’u) UzDrgl (Z‘O, O)
CFo(s°)(u,v) = Dqgi(a®,0)u (i€ 1(y’,v)) q(u) € Qo(u)
Dygi(z%,0)u — v (i € 1(y°,v))
(2.7)
For proving (2.6) and (2.7) see [16] or [17, Thm. 7.6].
Given s = (2°,9%) € S(0), we call the problem (1.1) strongly Lipschitz stable at

(s°,0) if there are neighborhoods O, N of s and 0, respectively, and some function
s(+) = (x(+),y(-)) such that

SHNO={st)},teN, s(0)=s" and s(-) is Lipschitz on N, (2.8)

and we say that Fy is strongly regular at (s°,0) (or, synonymously, s° is a strongly
regular critical point of P(0)) if there are neighborhoods U, V of s and 0 = (0,0) €
R™*™ such that F L(.)NU is single-valued and Lipschitz on V. A relation between
both notions is given in [29], see also [17, Cor. 8.4]:

Proposition 2.1. If D;F(-,-) exist and is Lipschitzian near (s°,0), then (1.1) is
strongly Lipschitz stable at (s°,0) if Fy is strongly regular at (s°,0).

For characterizations of strong regularity via injectivity of TFy see e.g. [17, The-
orem 8.2]. Derivative-free characterizations of strong regularity and other stability
properties, are e.g. given in [17, 18, 26].

3. GENERALIZED SECOND-ORDER DERIVATIVES OF
CRITICAL VALUES

3.1. Differentiability of the critical value function

Now we recall a basic result on Fréchet differentiability of critical value functions.
We again consider the parametric program (1.1) and suppose that

59 = (2°,94%) € S(0)N O, O neighborhood of s°.

The following theorem was first given by Jongen et al. in 1986, for completeness we
adapt the short proof. Conditions ensuring property (3.1) for optimal values p(t),
appear in the economic literature as envelope theorems, cf., e.g., [33, 35] for related
applications.

Theorem 3.1. (Jongen, Mobert and Tammer [14, Lemma 2.1]) Let f,g € C!, and
suppose that (z(t),y(t)) € St)NO, t € T, is a function such that (z(0),y(0)) =
(2°,9%), y(-) being continuous at t = 0, and z(-) being upper Lipschitz at ¢ = 0 with
modulus ¢ > 0, i.e., ||z(t) — 2°|| < ¢||t| for t near 0. Then the associated critical
value function ¢ = f(x(-),-) is Fréchet differentiable at ¢ = 0, and its gradient Dy(0)
has the form

Dy(0) = DyL(z°,4°", 0). (3.1)
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Proof. By assumption, g(z°, 0)Ty°" = (y97)Ty9" = 0. Since y(-) is continuous

at t = 0, we have for ¢ near 0, that y9 = y;(0) > 0 implies y;(t) > 0 (hence
gj(z(t),t) = y;(t)” = 0), and therefore
+
(g(z(t),t) — g(z°,0))Ty°" = 0. (3.2)
Since L(-,yﬁ, -) € C1, one has

.IT—Z‘O

L(x,y0+,t)—L(xO,y0+,0)—D(m)L(x0,y0+,0)< 0 ) = o(z—2°,¢t-0). (3.3)

Let € > 0 be arbitrary. Then we have for ¢ sufficiently close to 0, by using (3.2) and
D, L(2, y0+, 0) =0, as well as (3.3) and the upper Lipschitz property of z(-),

l(t) — (0) — D L(2, 40", 0)(t - 0) |
= | f(a(t),t) — £(2°,0) + (g(x(t),t) — g(a°,0))Ty""

—DL(2%,5°7,0)(t — 0) — Dy L(2°,y°", 0)(x(t) — 29) |

z(t)—20
| La(t),50t ) — L, y7",0) = D L%, 52, 0) ("D |

= lo(z(t) = 2°,t = 0)] < e||(x(t) —2°,t = 0)| < e(c+1)tll,

where | - || denotes the sum norm both for R**! and R!. Since ¢ was arbitrary, this
shows that (t) — ¢(0) — DyL(z°,y°",0)t = o(t) for some (new) o-function. This
completes the proof. |

In the following remarks we use for selected CQs (constraint qualifications) the
abbreviations LICQ (Linear Independence CQ), MFCQ (Mangasarian—Fromovitz
CQ) or strict MFCQ, their definitions are standard, cf. [1, 7, 17].

Remark 3.2. Note that the existence of a continuous selection y(-) of the multiplier
mapping is essential, and in general MFCQ is not enough to guarantee the assertion
of Theorem 3.1. Consider the parametric linear program for ¢t € T = (—1, 1),

min x; + a9 +txr;  s.t. —x1 —x2 < t, x1,x9 > 0.

Its optimal value function ¢ is not differentiable at ¢ = 0. One easily checks: For
teT, (i) pt) =0if t >0, but p(t) = —t —t2 if t <0, (ii) for t # 0, there is
a unique primal solution x(¢) = (0,0) if ¢ > 0 and z(¢t) = (—+¢,0) if ¢ < 0, and the
unique dual solutions y(t) satisfy y(¢) — (0,1,1) as t | 0, but y(¢t) — (1,0,0) as
t 10, (ili) MFCQ is satisfied everywhere, and (iv) at ¢t =0, z(+) is upper Lipschitz,
but y(-) is discontinuous.

Remark 3.3. If the critical point map S(t) is locally nonempty-valued and upper
Lipschitz at (0, (2°,4°)), i. e., if for some constant L > 0 and some neighborhoods O
of 8% = (2%, 4°) and N of t = 0,

D#£SHNOCs®+L|t|B (VteN), (3.4)



478 S. BUTIKOFER, D. KLATTE AND B. KUMMER

then, obviously, any (z(t),y(t)) € S(t) N O satisfies the assumptions of Theorem
3.1. In order to guarantee (3.4) in the case f,g € C? it is e.g. sufficient that 2°
is a strict local minimizer of P(0) satisfying both the strict MFCQ (hence there is
a unique associated multiplier y°) and a standard second-order sufficient optimality
condition, cf. [17, Cor. 8.16, Thm. 8.36].

Remark 3.4. For the case that z(t) are global minimizers of P(t) under f,g € C*,
there is a well-known envelope theorem first given by Gauvin and Dubeau [9], see
also slight modifications of it in [4, §6.5] (for special perturbations) and [33, Thm.
3.8.4]:

Theorem 3.1°. If 2° is a unique global minimizer of P(0), if M(-) is uniformly
compact near t = 0 and if LICQ holds at 2% w.r. to M(0), then the optimal value
function ¢(t) = inf, {f(z,t) | g(x,t) < 0} is Fréchet differentiable at t = 0 and (3.1)
holds true.

Note that, under the assumptions of Theorem 3.1°, the multiplier 3" associated
with 20 is unique, and there are neighborhoods A/, O of 0 and s° = (z°, y°), respec-
tively, and a function ¢ € N +— s(t) = (z(¢),y(t)) € S(t) N O being continuous at
t = 0, where s(0) = s” and z(¢) is a global minimizer of P(t) for t € . Indeed,
to obtain existence of x(-) with these properties, apply for example [17, Thm. 1.16]
together with compactness of M(t) and argmin ,epr(o)f(x,0) = {2°}; further, by
persistence of LICQ for ¢ near 0, the unique multiplier y(t) associated with z(t) is
also continuous (cf. e.g. [19, Lemma 2.1]).

Formally, Theorem 3.1’ also allows that (3.1) holds though z(t) is not upper
Lipschitz at ¢t = 0 (as required in Theorem 3.1), consider the example

Y _tr st. —1<x<1  (teR).

mxin T
However, in the “typical situation” that f,g € C*! and z° is a global minimizer
which satisfies LICQ together with a 1st- or 2nd-order growth condition for P(0)
(i.e., f(z,0) > f(2°,0) + o||z — 2°|| for all x € M(0) near 2°, with ¢ = 1 or = 2 and
some ¢ > 0), a global minimizer x(t) of P(¢) becomes automatically upper Lipschitz
at t =0, see [15, Thm. 3.3] or [1, Thm. 4.81]. The persistence of LICQ implies again
continuity of the associated unique multiplier y(-) at ¢ = 0, hence in our “typical
situation” Theorem 3.1’ is a special case of Theorem 3.1.

Under stronger assumptions, we have the following obvious (and known) conse-
quence of Theorem 3.1, where y*(t) := (y(¢))™:

Corollary 3.5. Let f,g € C1!, and let the problem (1.1) be strongly Lipschitz
stable at (0,s%). Then for some open neighborhood V of 0 and some function
s(+) = (z(-),y(-)) according to (2.8), the critical value function ¢ = f(z(-),-) fulfils

Dg(t) = DiL(x(t), y ™ (t),1), t €V, (3.5)

and hence, ¢ € CH! on V.
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The proof is immediate: s(-) satisfies the assumptions of Theorem 3.1 not only at
t = 0 but also at each ¢ sufficiently close to 0, and D.L, s(-) are locally Lipschitz.
To avoid misunderstandings note that D.L(z(t),y(t),t) in (3.5) means the partial
derivative of L w.r. to the third variable vector at the triple (z(t),y(t),t), t € V.

3.2. Formulas under smooth parametrization

We consider the parametric problem P(t) defined in (1.1) with Kojima function F
(1.3), where ¢ varies in a neighborhood T of 0 € R!. Throughout we assume

f,ge Cbt 50 = (29,949 is a given critical point of P(0),
and D;f(-,-), Dig(-,-) belong to C*! near (29,0). (3.6)
Hence, D.F(-,-) exists and is locally Lipschitz; this allow us to apply a suitable
implicit function theorem under strong regularity. Suppose now the assumptions
of Corollary 3.5 are satisfied with some selection s(t) € S(t) such that s(0) = s°.
Hence, for ¢ in some neighborhood V' of 0,

Dep(t) = DeL(@(t), y™ (1), 1) (3.7)
and we obtain a chain and partial differentiation rule for the composite function
t— G(t) = (x(t),y" (t),id(t)) — H(G(t)), where H(x,y,t) := Di{L(x,y,t). (3.8)
By assumption (3.6), D;L is C! near 2" := (xo,y0+, 0), and so due to (2.2),

TDp(0)(r) = D2, L(°) Tz(0)(r) + Dig(z°,0) Ty*(0)(r) + D{HL(=")r,

(3.9)

CDg(0)(1) = D3,L(2°) Cx(0)(7) + Dig(a®,0) Cy*(0)(1) + DFL(")T.
We assumed (3.6) to arrive at comparable (and computable) formulas for C Dy and
TDyp. Note that with respect to the contingent derivative, directional differentia-
bility of D:L or of s(-) would suffice to guarantee a formula similar to (3.9) when
replacing D2,L and D? L by C,D;L and CyD;L, respectively.

Theorem 3.6. Suppose (3.6), let s° = (2°,°) be a strongly regular critical point of
P(0). Then for each t in a neighborhood V' of 0 there is a locally unique critical point
s(t) = (x(t),y(t)) of P(t) such that s(-) is locally Lipschitz on V with s(0) = s,
o(-) = f(x(-),-) is CY' on V, and for any direction 7 € R, the formulas (3.9) hold
true.

Proof. Since s = (z%,4°) is strongly regular, p — Fy(p) has in some neighborhood
of (0, s%) a (single-valued) locally Lipschitz inverse s Fo_l(s) and, by using (3.6),
Proposition 2.1 and Corollary 3.5, (1.1) is strongly Lipschitz stable at (s°,0), and
the first part of the statement is shown. The second part was shown above. O

In the second-order derivative formulas (3.9), there appear still the unknown
mappings Tz(0) and TyT(0), the same for Cz(0) and Cy™(0).
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To find representations by known terms, we will first show that under the as-
sumptions of Theorem 3.6,

Ts(0)(1) = T[F; 1(0) (~D¢F(s°,0)7), similarly for Cs(0)(1), (3.10)

hold for the critical point map s(t) = (z(t), y(t)), where 0 is the zero in R**™  and
F; ! being the locally single-valued and Lipschitz inverse of Fy(-) = F(-,0) arising
from strong regularity.

Using the continuity of Dy F(-,-), we first derive local estimates of the remainder
function

r(s,t) := F(s,t) — F(s,0) — D,F(s°,0)t. (3.11)

By the mean-value theorem, there holds

r(s,t) = /0 1 [DyF(s,0t) — D,F(s",0)] tdo.

Hence,
(s, t)]| < O(s,t)||t]| with O(s,t) L0 ass— s and t — 0, (3.12)
and for §,¢ > 0 and (s,t) € (s° + 8¢ B, B), we thus obtain the uniform estimates
Lip (r(s,-),6B) < O(8) and sup ||7(s,t)|| < 0(8) if s € s° + deB. (3.13)
tedB

According to (3.11), one has for ¢ near 0,
0= F(s(t),t) = F(s(t),0) + D;F(s°,0)t + r(s(t), ).
Using the local inverse Fo_l, this is
s(t) = Fg ' (=DeF(s°,0)t — (s(1), 1)).
Since s = s(t) is locally Lipschitz, the estimates (3.13) follow and so, since Fj*
belongs to C%! and O(4), o() vanish in (3.13), we obtain indeed (3.10) via (2.1).
Now, (3.10) allows us to rewrite the formulas (3.9) in terms of TF; * and CF; '
By (2.3), and with 1 = (1,...,1) € R™,
T(x(),y"(NO) (1) = (1,Rr(y")) o Ts(0)(r),
C(z (), ()(0)(7) (1,Ro(y’,v)) o Cs(0)(7), v € A(7),

where RoY is the set-valued Schur product RoY = {roy e R™|r € R,y € Y}
and

A1) :={v € R™|Ju € R™ : (u,v) € C[F;*](0) (~DF(s°,0)7)}.
Hence, we have shown

Corollary 3.7. Under the assumptions of Theorem 3.6, the formulas (3.9) can be
equivalently written for s* = (2°,4°) and 20 = (2°,4°7,0) as
TDp(0)(t) = D% L(2°) [Rr(y°) o T[Fy '](0) (—D:F(s°,0)7)] + DAL(2%)r,
CDp(0)(1) = D% L(2°) [Re(y°, A(T)) o C[Fy ')(0) (—D:F(s°,0)7)] + DAL(z%)T,
) . (3.14)
where Ry (5°) = (1, Rr(3%)) and Ro(y”, A7) = {(1, Re(y,v), v € A7)}
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Note that by definition, one has, with s° = (2°,49),

(u,v) € TFJI(Q)(W) & 7€ TF (2% 9% (u,v),

(u,0) € CFy 1 0)(n) < e CFy(2°,1°)(u,v). (3.15)

Thus, the preceding corollary says that o € T Dg(0)(7) if and only if the inclusion
—DF(s°,0)7 € TFy(2°,4°)(u, v) (3.16)
has some solution (u,v) which satisfies

u

2 0,0t
O-EDstL(xay 70)(,’.01]

) + thtL(xO,y0+,O) 7, for some r € Ry (y?), (3.17)
and, on the other hand, each solution (u,v) of the inclusion (3.16) defines via (3.17)

an element o of TDy(0)(7). Completely analogous formulas apply for CFp, in
particular, (3.17) has to be replaced by

o =D2L(% 4", 0)u + Dyg(z°,0)[Re(y’,v)0v] + DAL, 40" 007 (3.18)

In the case of C? data, from (2.6) and (2.7) we have, again with s° = (2°,¢°) and
20 = (@,y°",0),

ri €[0,1] ify?=0

i
ri=1 ifyd >0 3,
r; =0 lfy?<0

TFO(SO)(’LL,’U) _ ( Dasz(ZO)U_FZ;zl TiUligi($0,0)>

D,gi(2°,0)u — (1 —ry)v; (Vi)

while in computing CDg(0)(7), the inclusion (3.16) has to be replaced by the equa-
tion

D2, L(2%) u + 3 1y0.0) ViDagi(2°,0)
—DiF(s°,0)r = | D,gi(z°,0)u (if y? > 0or [y? =0, v; >0])
Dgi(2®,0)u — v;  (ify? <0or [y =0, v; <0])
(3.19)
Finding a solution (u,v) of equation (3.19) means determining a KKT solution of
some associated quadratic program, or equivalently, solving a mixed LCP. Indeed,
using for i with y? = 0 the unique representation of v; by a pair (o, 8;) via v; =
a;+ B, a; > 0> B; and o; 8; = 0 and choosing a;; = v;, 8; =0 ify? > 0 and 3; = v;,
a; = 0if y? < 0, (3.19) becomes the mixed LCP

—D3,L(2°) 7 = D3, L(z°)u+ 3%, aiDygi(2°,0)
_Dtgi(xov 0) T = Da:gi(xoa O) u = ﬁia (320)
ﬁi :OlfygJ >0, o :OlfygJ <0, [Oli 202,81, Oéi,Bi :O] lfygJ =0,

and «;, 8; may be interpreted as multipliers resp. slack variables for a quadratic
program.
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Note that for a C? program and under the assumptions of Theorem 3.6, s(-)
is locally a PC' function (i.e., a continuous selection of finitely many C! func-
tions), hence C%! and directionally differentiable, this is well-known, cf. e.g. [31,
Thm. 4.2.2] or [17, §8.2]. Hence, by Corollary 3.5, Dy is also PC' and direc-
tionally differentiable, and so C'D¢ coincides with the standard directional deriva-
tive of Dp. This means that (3.20) has a unique solution by recalling C's(0)(7r) =
C[F;')(0) (—=D¢F(s°,0)7) from (3.10), and so we recover a classical result [13].

For general C'1'! data the formulas are similar but with the corresponding set-
valued (partial) Hessian of the Lagrangian, according to the representations (2.6)
and (2.7).

3.3. Formulas under canonical perturbations
In this subsection, we consider the canonically perturbed program (2.4),
Py(a,b):  min{fo(z) — {a,z) | go(z) < b}, (a,b) varies near 0 = (0,0) € R"*™,
at some critical point s° = (2°,y°) of Py(0,0). In comparison to (1.1),

fo(w) := f(2,0), go(z) := g(z,0) (fo, 90 € Cl’l)~

Let Fy and Sy be defined according to (2.5), and we suppose that Fy is strongly
regular at (s°,0), i.e., FO_1 exists locally as a single-valued Lipschitz function. Define
the associated critical value function by

@O(Qab) = fO(x) - <a7$>7 (x,y) = Fo_l(a’b)' (321)

Further recall the descriptions of the derivatives TFy(s%)(u,v) and CFy(s%)(u,v) in
(2.6) and (2.7). Define

T~ («, 8) and C~ («, 8) being the sets of all (u,v, )

satisfying (2.6) and (2.7), respectively. (3.22)

Then, by (3.15), one has, similarly for CF;*(0)(c, 8) and C~ («, ),

TFH(0)(@, ) = {(u,v)|(u,v,7) € T~ (e, B)}. (3.23)
If even Fy € C! near s°, the map (o, 3) — (u,v) plays the role of DFy(s°)~L.

Theorem 3.8. Under strong regularity of Fy at a critical point s = (z°,9%) of
Py(0,0), the map g belongs to C*!, and it holds for (a,b) near (0,0),

Dyo(a,b) = —(x,y1), (z,y) = Fofl(a,b). (3.24)
Moreover,
TDQOO(Q)(O‘vﬁ) = {_(uv ro U) | (u,v,r) € T_(avﬁ)}v
CDQOO(Q)(O‘vﬁ) = {_(uv TO’U) | (u,v,r) € Ci(avﬁ)}v

where r o v := (r1v1,...,"mUy) is the Schur product of r and v.
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Proof. Writing and fixing ¢t = (a,b) (near 0), and putting f(z,t) := fo(z) — (a, z)
and g(x,t) := go(z) — b, all assumptions of Corollary 3.5 are satisfied at s =
Fy*(a,b). Hence, one obtains, using also (3.21) and L(z,y,a,b) = fo(z) — (a,x) +
(y™ go(x) = b),

Deo(a,b) = _D(a,b) L(xvy+va7b) = _(xvy+)v (z,y) = F(;l(avb)'

To show the description of T'Dyy, one has only to combine (3.23) and (3.24) and
to note that the terms r o v, » € Ry (y°), just form the Thibault derivative of the
function y — y¥, i.e., by definition of R (y°) in §2.1,

071[(31 +0v)t —yT] = (riv1,. .., "),  (for small 9),

with r; € [0,1] if 40 = 0, r; = 1 if y? >0, 1, = 0if y2 < 0. The simple analogous
proof for C' Dy is left to the reader. |

An alternative approach to second-order expansion of ¢q in the special case of
perturbed local minimizers under tilt perturbations (put b = 0) can be found in [28].

Note that the above representations of T Dy and C' D¢y could be also immedi-
ately obtained from Corollary 3.7. Indeed, writing the canonical perturbations as
t=(a,b), f(z,t) := f(z) — (a,z), g(z,t) := g(x) — b, with direction 7 = («, 3), and
putting 20 = (xo,y0+,0), one easily checks that the term D? L(z°)7 vanishes, and,
further, —D;F(s°,0)7 = (o, B) as well as D%, L(2°)(-) = —id (*).

4. APPLICATION: SECOND-ORDER TERMS FOR A SPECIAL BILEVEL
PROBLEM

As an application, we study in this section the Kojima function ® of a special C1:!
program in the context of bilevel problems and thereby apply the formulas of the
previous sections. Consider a nonlinear program, called an upper level problem,

min(t) st. ¢(t) <0, i=1,...,N, (¢, € CHh), (4.1)

where some or all of the functions ¢, ; are optimal or critical value functions of
parametric nonlinear programs, so-called lower level problems. Models of the type
(4.1) are classical in bi-level, semi-infinite and multi-stage optimization, we refer
exemplarily to the books [5, 7, 32] and mention that there is a growing interest for this
in generalized semi-infinite optimization, Nash equilibrium theory, decomposition,
and other areas.
The Kojima function ® associated with (4.1) is, similarly to (1.3),
®1(t,\) = Dp(t) + DY(H) AT, @oy(t, A) = Dy(t) — A7 (Vi),

where A = (A1,...,An) is the associated multiplier vector. Then the derivatives T'®
and C® can be described analogously to (2.6) and (2.7), respectively, while Clarke’s
generalized derivative is 0®(t)7 = convT®(¢)(7). However, the corresponding de-
scriptions are still abstract and do not utilize the bi-level structure of (4.1), and so
we discuss now a special form.
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For space reasons, we handle only the particular case of T®(t)(7) = ®’(¢; 7), and
we restrict ourselves to the special setting that only ¢ represents a critical value
function, where (t) is defined via the lower level program P(t) (1.1).

This is a typical situation in primal decomposition procedures: if s = (2°,9°) is a
strongly regular critical point of P(t°) satisfying the assumptions (3.6) (replace there
0 by t°) and ¢V is a stationary solution of the program (4.1) for ¢(t) = f(z(t),t), with
x(t) according to Theorem 3.6, then (z°,t") is a stationary solution of the program
min o {f(z,t) | g(z,t) <0, 9(t) <0}; cf. [14, Thm. 2.1].

In detail, we suppose that

n (1.1), t° € R and s° = (2°,9%) € S(t°) are given,
f,9i € C? and D;f, D;g; € C%! near (z°,1),
5% € S(#Y) is strongly regular, and by Proposition 2.1, (4.2)
s(t) = (z(t),y(t)) is the locally unique critical point near (t°, s°),
in (4.1) put ¢(t) = f(z(t),t) for t near t°, and suppose ¥; € C2.
Under (4.2), the assumption (3.6) (which is essential in Theorem 3.6) is automatically

satisfied, and Dy is a PC! function and directionally differentiable.
Define the Lagrange function of (4.1) by L(t, A) := ¢(t) + Zfil A 4;(t), hence

(D:L) (£, \);7) = (D) (t; 7 +Z AF D2y (t)r.

We then obtain, analogously to (2.7), for (t°,\?), (,u) € RHN,

(Do) (1%7) + SO D2 () 4 S D (t9)

i=1 i€ J (A0, )
D;(t%)7 (i€ JOA%,p) ’
D (t°)T — i (i € J(A°, )

(4.3)

where J(A%, ) := {i|A) > 0y U {i| A\? =0, u; > 0}. Hence, by using the above
arguments, the next theorem is immediately obtained from Corollary 3.7 and the
discussion following that corollary. In particular, formula (4.4) follows by the partial
differentiation rule for directional derivatives (see (3.18) and the definition of D:L,
since s(-) is directionally differentiable under our assumptions.

(1%, \%); (1, ) =

Theorem 4.1. Consider the program (4.1), suppose (4.2) and let 7 € R, X%y €
RY be given. Then one has on some neighborhood V of t° that ¢ is C*', Dy
is directionally differentiable, and the Kojima function ® of (4.1) is Lipschitz and
directionally differentiable. Moreover, (D)’ (t% 7) in (4.3) has the form

(Dg) (t%7) = D2, L(2°, °", 1)u + Dyg(2°,0)[Re(y°,v) 0 v] + DEL(2°, 4" 107,

(4.4)
where L is the Lagrange function (1.4) of the lower level problem (1.1), Ro(y°, v) is
defined according to §2.1, o means the Schur product, and o = (u,v) is the unique
solution of the equation (3.20) when replacing there (s°,0) and (z%,0) by (s°,°)
and (2°,1%), respectively.
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The assumptions of Theorem 4.1 are persistent under small perturbations, and so
the formulas (4.3) and (4.4) similarly hold also for (¢, \) sufficiently close to (t°, \°)
and with s(t) instead of s°. This gives rise to use the following nonsmooth Newton
scheme (or some inexact variant of it) for finding a zero 20 = (t°, A\?) of ®: given an
iterate z* near 2°, compute 21 = 2¥ + ¢ via a solution ¢ of the generalized Newton
equation ®(z%) + ®'(2*;¢) = 0, or by solving the optimization problem

() + @' (4Ol - min. (4.5)

In particular, when || -|| is the Euclidean norm, one can show via the representations
(4.3) and (4.4) of @' that the problem (4.5) becomes a program with quadratic
objective function and (mixed) linear complementarity constraints, cf. [3, §3].

When using a suitable set-valued approximation I'® of ® instead of ®’, the New-
ton step becomes 0 € ®(z*) +T'®(2*; (), and it is of interest for future research how
the corresponding nonsmooth Newton schemes for standard nonlinear programs (see
for such settings e.g. [2, 7, 17, 21, 24, 25]) apply to our bi-level problem.

(Received April 14, 2010)
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