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Abstract. The main purpose of this paper is to study a hybrid mean value problem
related to the Dedekind sums by using estimates of character sums and analytic methods.
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1. INTRODUCTION

For a positive integer k and an arbitrary integer h, the classical Dedekind
sum S(h, k) is defined by

s = () (F):
where
z—[z] — 1 if 2 is not an integer;
() = { e
0 if x is an integer.

The various properties of S(h, k) were investigated by many authors, see [2] and [3].
For example, L. Carlitz [3] obtained a reciprocity theorem of S(h, k). J.B. Conrey
et al. [4] studied the mean value distribution of S(h, k), and proved the following
important and interesting asymptotic formula:

S

2m
1) Z,|S(h’ k)P = fm,(k)(%) + O((k9/5 4 2me1H (1m0 k),
h=1
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where >’ denotes summation over all & such that (k,2) = 1 and
I

Z fuln) _Eom) Lo am =) o
(m) s ram) )
where ((s) is the Riemann zeta-function.
Jia Chaohua [5] improved the error term in (1) to O(k?*™~!) provided m > 2. The
second author [6] improved the error term of (1) for m = 1. That is, he proved the
asymptotic formula

A 5 .Hwnk((H%)Q_lﬁ) Alnk

Ol k ,
h=1 Hp‘k(l_g_%_y}%) " (eXp(lnlnk))

where p®||k denotes that p®|k and p**! 1 k.
In this paper, we consider the following hybrid mean value problem related to the
Dedekind sums:

(2) z’z’és

=1

where b denotes the solution of the congruent equation z - b =1 (mod g).

It is clear that this sum is a finite sum, so it will be an interesting problem to
study its arithmetical properties. About the asymptotic properties of (2), it seems
that no one had studied it, at least we have not seen any related result before. In this
paper, we use the properties of character sums and analytic methods to study the
asymptotic properties of (2), and obtain an interesting hybrid mean value formula
and identity. That is, we shall prove the following two theorems:

Theorem 1. Let ¢ > 3 be an integer. Then we have the asymptotic formula

1,9, 1 _ 52 (p2— 1)2 7TIng
Z Z ES(ab, = 1447 1_51)2(}72 +1) +O(eXp(lnlnq))’

a=1 b=1

q

where 3" denotes the summation over all integers 1 < a < q with (a,q) = 1,
a=1

1 denotes the product over all different prime divisors of q, and exp(y) = eV.

plq
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Theorem 2. Let p be a prime with p > 3. Then we have the identity
0o 1
/ 1 T
> prclt =—-) IS(ap)

I

a=1 b=1 p 1

N
T

/

2
Il

Note that S(—a,p) = —S(a,p), so the sums on the left-hand side of the displayed
formula in Theorem 2 is conditionally convergent, its limit being a finite sum. From
this result and [6] we can also deduce the following

Corollary. For any prime p > 3, we have the asymptotic formula

S st = v+ 0o (L))

2. SOME LEMMAS

In this section we shall give some lemmas which are necessary in the proof of our
theorems. First we have

Lemma 1. Let ¢ > 2 be an integer. Then for any integer a with (a,q) = 1 we
have the identity

2
S(G,q)_%zﬁ S x@ILL P,

dlq x mod d
x(=1)=-1
where ¢(n) is the Euler function, >  denotes the summation over all odd char-
x modd
x(—1)=-1

acter modulo d, and L(s, x) is the Dirichlet L-function corresponding to x modulo d.
Proof. See Lemma 2 of [7]. O

Lemma 2. Let ¢ > 2 be an integer, d > 1 a divisor of g, let x2 denote the
principal character modulo q. Then we have the asymptotic formula

> L xx )P - LX)
x modd
x(—1)=-1

~ T I L0 - ) = 0o (559))

plg pld

where [] denotes the product over all different prime divisors of d, exp(y) = e¥.
pld

1173



Proof. Let x be any odd character modulo d with d | ¢. It is clear that
(oo}
L{L,xx§)L(1,x) = Y M
n=1

where U(n) = > x9(r). Let A(y,x) = Y. x(n)U(n), then for any real number

r|n d<n<y
N > d, applying Abel’s identity (see [1]) we have

L)L) = Y MJF/OOM@

2
1<n<N n N Y
Therefore,
(3) o P 1L, X))
x modd
x(=1)=-1
<A
SED x(n)U(n)+/ (y;x)d‘
x modd '1<n<N n N Y
x(=1)=-1
Ly |y e
x modd '1<n<N n
x(=1)=-1
U A
_ (Z M)(/ (yéx)dy>
x modd “<n<N n N Yy
x(=1)=-1
U > A
+ <Z M)(/ (yéx)dy>
x modd “<n<N n N Y
x(=1)=-1
OOA ’ 2
fE | A 0] e an e,
x modd N Y
x(=1)=-1

Now we estimate M7, Ms, M3, and M,. From the orthogonal relations for character
sums modulo d we have

4 M= >

2

3 x(n)U(n)

x modd '1<nN
x(=1)=-1
U(m)U(n) —
= > > —— > xmx(
1<mN 1<nN x modd

x(—1)=-1
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_ p(d) ' 7 Um)U(n) — ¢(d) ' 7 Um)U(n)
T2 Z Z mn 2 Z Z mn

1I<mN 1<mN 1I<mEN 1<mN
m=n modd m=—n modd
©o(d) 1 U?(m) / U(m)U(kd +m)
= — d - -
D) Z U v(d) Z Z m(kd + m)
1<m<N 1<m<N 1<k<(N—m)/d

ld) U(m)U (kd —m)
* O( 2 Z Z m(kd —m) '
1<m<N m/d<k<2N/d
Note that if (m,q) = 1, then U(m) = d(m), ((2) = £7?%, ((4) = g5, where d(n) is
the Dirichlet divisor function and ((s) is the Riemann zeta-function. So from the
Euler product formula we have

P Um) _ ¢@2) pp P - 1)? 1 1
©) 2 T T gp’%p? 1) g(l ) o)
bt (PP —1)? 1 1
I ) o)
! Um)Ukd+m) 1 2In N
(6) Z Z m(kd + m) < d eXp(ln 1nN) ’
1<m< N 1<k<(N—m)/d
/ U(m)U(kd —m) 1 2In N
(7) Z Z m(kd —m) < d eXp(ln 1nN)
1<m<N m/d<k<2N/d
From (4), (5), (6), and (7) we have
. PR Lt Vil = TN RS 2In N
(8) 1*m¢( )gpQ(pQ—l—l)g( _E)—’— (eXp<ln1nN))'

Similarly, by the orthogonal relations for the character sums modulo d we can also
deduce that

©) My= M)(/m@dy)<ﬁ/2

N y? \/N’

(10) M= ) M) (/oo A(z;x) dy) < &

n N \/N,
x(=1)=-1
> Ay, x) ‘2 ©*(d)
11 M, = / dy| <« ——.
(11) f X%;id M ~
x(—1)=—
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Taking N = d3, combining (3), (8), (9), (10), and (11) we immediately get

> L xx )P - L1, X))

x modd
x(=1)=-1
5mt (p? —1)? 1 61nd
=—o(d _— 1-— O .
122 )l_llp2(p2+1)lg( p2) + (eXp(lnlnd))
plg P
This proves Lemma 2. O

Lemma 3. Let p be a prime with p > 2. Then we have the identity

oo

) r 1 _ _ P 4
SIS s = gl X L
a=1 b=1 x mod p

x(=1)=-1

Proof. Let p be a prime with p > 2. Then for any integers a and b with
(ab,p) =1, Lemma 1 implies

S@hp) = 5o > X@XOILP,
x modp
x(=1)=-1

Summation for all positive integers a and b with (ab,p) = 1 in the above formula
immediately yields

o~ - p /o~ X(@)x(b) 2
DY =Sabp) = 5= > > > ==L,
a=1 b=1 ab T (p - 1) x modp a=1 b=1 ab
x(=1)=-1
p
= 20-1) > Ll
p x modp
x(—1)=-1
This proves Lemma 3. O
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3. PROOFS OF THEOREMS

In this section, we shall complete the proofs of our theorems. First we prove

Theorem 1. From Lemma 1 we have

q q/l
2) > > —S(abq)

a=1 b=1

/

=)

1 d? RS rx(a)x(b) 2
T 2g go(d) Z Z Z ab |L(1, x)|
d|q x modd a=1 b=1
x(=1)=-1
1 d T x(@)x5(a) |? 9
=5 > L(L, )|
~q d|q go(d) x modd 'a=1 a
x(—1)=-1
1 d?
=
g 4= p(d)
1 2
X L(1, xxq) — =1 > x(n)x§m) ) dy| - 1L(1, )]
x modd y q<n<y
x(—1)=-1
=Ly S 0 20, P
wqL=eld) s T ’
q X mo
x(=1)=-1
1 d? * 1 _
=Y X ([ ((E o) a)
dlg x modd q q<n<y
x(—1)=-1
x |L(1,x)|?
1 d? 0 < q 0
=Yg X awd ([ (T ) a)
d\q x modd q g<n<y
x(=1)=-1
x |L(1,x)?
1 d? | 2
Y S E (S xdm) ) nar
d|q z(m)odd q q<n<y
x(—=1)=-1

= N1 — Ny — N3 + Njy.

Note that from the identity

ZdQH(l—p—) =q,

d|q pld
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applying Lemma 2 we get

pld

(13) N = 1 {144 p(p__i)l)H(l P2 )+O(e p(fi?lii))}
T 2 n
= %Q'H (z(p 31) +O(6Xp<1111n2))'

For any non-principal character xy modulo d, from the Pdlya-Vinogradov’s inequality
we have the estimate
N+H

Z x(n) < d/?1nd.
n=N+1
Using this estimate and Abel’s identity we deduce that

R ) Dl -1 SR L

Y

1<n<d d<n<y
Ind
-y M (g,
1<n<d n \/E
x(n)x9(n) > 1
1) o= ¥ LTINS g
1<n<d n d Y \gtngy
0
= Z M_Fo(ﬁ.gwq))’
1<n<d n Vd

where w(q) denotes the number of all different prime divisors of g.

From (14), (15) and the orthogonal relations for character sums modulo d we
obtain

> red( / T (X xondm) an) - zaor

x modd q<n<y
x(—1)=-1
E xq xq u) o
= sl 2 > X > xOx(m)x(mx(w) ) dy
1<I<d 1<m<d 1<n<d g<uky x modd
x(=1)=-1

O(\/E'2w\(/2 'hlzq>
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<[HX ¥y ¥y Gt e
1KIKd1<m<d 1<n<d g<usy<2q
Im=un modd

l Z Z Z Xq Xq 2 Vd - 2@ . 1n? ¢
q 1<I<d 1<m<d 1<n<d tmn d va
n°d .ow(a) . p2
<l Ve =1
d Va
Consequently,
1 & in*d  Vd-2¢@ .1n?q 41Ing
16 N — .
(16) 2 <3y %q: 2(d) { a NG | < eXp(lnlnq)
Similarly, we can also get the estimates
1 d? rin*d  Vd-2¢@ .1n? ¢ 41Ingqg
17 N. —
(17) 3 < 2y %q: <p(d)[ a NG | < eXp(lnlnq)
and
d? | ?

) M5S0 S | [TL(E xendm)a] iaop

d|q x modd q Yy q<n<y

x(—1)=-1
d? lnq ?
=5 X || e
d|q X modd q
x(—D)=

3lng
< exp( nlnq)'

1
Combining (12), (13), (16), (17), and (18) we immediately deduce the asymptotic
formula

a4 2 2 2
1 5 (p*—1) Tlngq ))
Z Z b ~ 1447 HpQ(pQ—I—l) +O(eXp<lnlnq ’
a=1 b=1 plq
This proves Theorem 1. O

From the orthogonal relations for character sums modulo p and Lemma 1 we have
the identity

(19) > IS@pl = o 3 Ll
a=1

(p x modp
x(—1)=-1
Now Theorem 2 follows from Lemma 3 and formula (19).
This completes the proof of Theorem 2. O
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