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Abstract. The framework for shape and topology sensitivity analysis in geometrical do-
mains with cracks is established for elastic bodies in two spatial dimensions. The equilibrium
problem for the elastic body with cracks is considered. Inequality type boundary conditions
are prescribed at the crack faces providing a non-penetration between the crack faces. Mod-
elling of such problems in two spatial dimensions is presented with all necessary details for
further applications in shape optimization in structural mechanics. In the paper, general
results on the shape and topology sensitivity analysis of this problem are provided. The
results are of interest of their own. In particular, the existence of the shape and topological
derivatives of the energy functional is obtained. The results presented in the paper can
be used for numerical solution of shape optimization and inverse problems in structural
mechanics.

Keywords: crack with non-penetration, shape sensitivity, derivative of energy functional,
topological derivative
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1. INTRODUCTION

Shape optimization requires a few mathematical results, in the framework of mod-
elling and numerical solution, for any specific class of problems governed by partial
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differential equations of mathematical physics. Usually, we need to show the well
posedness of the specific problem, and also to propose a numerical method for the
effective solution procedure. Hence, in order to solve a shape optimization problem
we have to have results on

e the existence and continuous dependence with respect to the shape of solutions
to the model, which may result in the existence of optimal shapes;

e the differentiability of solutions with respect to the boundary variations, which
implies the existence of shape gradients and leads to some necessary conditions
for optimality of the first order and possibly of the second order, which leads to
the Newton method of shape optimization;

e in addition, to perform the asymptotic analysis of the related boundary value
problem in singularly perturbed geometrical domains and to derive the form of
the topological derivative for the shape functional of interest, which allows for
the topology changes in the process of numerical optimization, if necessary;

e and finally, to device a numerical method and show its efficiency in numerical
examples, and its convergence from the mathematical point of view.

One of the most important applications of shape optimization with long tradition
is structural mechanics. From practical point of view, it is useful for applications
that the analysis of a specific shape optimization problem is performed taking into
account the possible presence of cracks, in particular in order to avoid the damage
of the structure under considerations. Unfortunately, the analysis of elastic bodies
with cracks is quite complex, and a little is known about mathematical modelling
of cracks; however, the presence of cracks is evident, so the subject is important
and the research well developed in the experimental branch of mechanics. In the
present paper we consider cracks in two spatial dimensions, and we also prescribe
the so-called nonpenetration conditions on the crack faces in the framework of linear
elasticity. For such models we provide results on the existence of solutions, variational
formulations, shape sensitivity analysis, and asymptotic analysis with respect to the
singular perturbations of geometrical domains. We select the results in such a way
that we construct the theoretical background for possible application of the level set
method of shape optimization for the related problems. Most of the results presented
here have been obtained recently, and are results of the long term collaboration
between Nancy and Novosibirsk.

The aim of this paper is twofold, the modelling of elastic bodies with cracks and the
sensitivity analysis of the energy functionals with respect to the boundary variations
and singular perturbations of geometrical domains. The results presented in our
paper can be implemented in the framework of the so-called level set method of
shape optimization; we refer the reader to [4] for the numerical results obtained for
the Signorini problem.
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Thus, we provide some of the new results obtained in the course of the last years
and related to the crack theory in elasticity with possible contact between crack
faces, which are then required for the sensitivity analysis. The energy functional of
an elastic body in two spatial dimensions is a representative example of a possible
shape functional which can be minimized or maximized over a class of admissible
domains.

First, for the modelling issue, we discuss problem formulations, peculiarities of
the problems and possible relations between the topics under investigation. It is well
known that the classical crack theory in elasticity is characterized by linear bound-
ary conditions, which leads to linear boundary value problems. This approach has
a clear shortcoming from the mechanical standpoint since opposite crack faces can
penetrate each other. We consider nonlinear boundary conditions on crack faces,
the so-called non-penetration conditions, written in terms of inequalities. From the
standpoint of applications these boundary conditions are preferable since they pro-
vide a mutual non-penetration between crack faces. As a result a free boundary
problem is obtained, which means that a concrete boundary condition at a given
point can be found provided we have a solution of the problem.

The main attention in this paper is paid to the dependence of solutions of the prob-
lem on domain perturbations, and in particular, on the crack shape. The technique
of boundary variations [28] is used in Section 5 in order to obtain the shape gradi-
ent of the energy functional. On the other hand, asymptotic analysis in singularly
perturbed domains [24] is performed in Section 6 in order to obtain the topological
derivative [29] of the same energy functional. In this way we have all tools necessary
in the framework of the level set method of shape optimization, which is the subject
of the subsequent publication.

The outline of the paper can be described as follows. We start with the strong
formulation (1)—(5) of the elliptic free boundary problem. We have some inequality
type conditions in (4)—(5) which lead to the free boundary and to the unknown coin-
cidence set, which should be determined for the solution of the problem. In Section 2
the existence of weak solutions for variational formulations of problem (1)—(5) is pre-
sented. In particular, the smooth domain formulation introduced by the authors is
given. In Section 3 the fictitious method is described in detail for the crack prob-
lem. In Section 4, the case of a crack on the boundary of rigid inclusion is analysed;
this topic is new in the field of mathematical crack modelling to the best of our
knowledge. In Section 5 the shape sensitivity analysis is performed for the singular
parts of the boundary, i.e. the perturbations of the crack tips. Since the singularities
of the displacement field are not explicitly known for our model, the treatment of
the tips requires an appropriate technique proposed by the authors. We present in
detail the construction which allows us to derive the shape derivative of the energy
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functional for the perturbations of the crack tips. In particular, our results can be
used in the Griffith criteria for the crack propagation. The results of Section 6 are
new, and constitute the topological sensitivity analysis part of the paper. The form
of the topological derivative of the energy functional is obtained here for the first
time, and it is exactly of the same form as in the case of linear problem. However,
the proof is not the same, we use the method proposed for the Signorini problem
in [31]. In Section 7 the shape sensitivity analysis is applied to the modelling of the
kinking crack. Finally, in Section 8 some open problems, important for a progress in
the field, are formulated.

Let Q C R? be a bounded domain with smooth boundary I', and let T, C 2 be a
smooth curve without self-intersections, Q. = Q\ T, (see Fig. 1).

Figure 1. Domain Q.

It is assumed that T, can be extended in such a way that this extension crosses I'
at two points, and €. is divided into two subdomains D; and D, with Lipschitz
boundaries dD1, 0Ds, meas(I' N dD;) > 0, i = 1,2. Denote by v = (v1,v2) the unit
normal vector to I'.. We assume that I'. does not contain its tip points, i.e. I, =
T\ o).

The equilibrium problem for a linear elastic body occupying 2. reads as follows.
In the domain 2. we have to find a displacement field u = (u1,u2) and stress tensor
components 0 = {oy;}, i,7 = 1,2, such that

(1) —dive=f in Q,

(2) o= Ae(u) in Q,

(3) u=0 on T,

(4) [uly 20, [0,]=0, o, -[ulv=0 on I,
(5)

o, <0, o=0 on I‘Ci.



Here [v] = v —v~ is the jump of v on T, and the signs + correspond to the positive
and negative crack faces with respect to v; f = (f1, f2) € L?(Q.) is a given function,

1 2
Oy = 04jVjVi, Or =0V —0y,-V, 0;=(0;,0%),

oV = (O'lej, Ugjyj),

the strain tensor components are denoted by &;;(u),

(wij +uji), e(u)={eyw)}, i,j=12

N =

gij(u) =

The elasticity tensor A = {aijn}, 4,7,k,1 = 1,2, is given and satisfies the usual
properties of symmetry and positive definiteness

aijriériy > col€)?, V&, &j =&, co= const,

Qijkl = Qklij = ik, Qije € L°(8).

Relations (1) are the equilibrium equations, and (2) is the generalized Hooke’s law,
U;; = (Ou;/0uy), (z1,x2) € Qe. All functions with two lower indices are symmetric
in those indices, i.e. 0;; = 0j; etc. Summation convention is assumed over repeated
indices throughout the paper.

The first condition in (4) is called the non-penetration condition. It guarantees
the mutual non-penetration between the crack faces I'F. The second condition of (5)
guarantees zero friction on T.. For simplicity we assume the clamping condition (3)
at the external boundary I'.

Note that a priori we do not know points on I'; where strict inequalities in (4), (5)
are fulfilled. Due to this, the problem (1)—(5) is a free boundary value problem. If
we have ¢, = 0 then, together with o, = 0, the classical boundary condition ocv = 0
follows which is used in the linear crack theory. On the other hand, due to (4), the
condition o, < 0 implies [u]v = 0, i.e. we have a contact between the crack faces at
a given point. The strict inequality [u]v > 0 at a given point means that we have no
contact between the crack faces.

Hence, the first difficulty in studying the problem (1)—(5) is concerned with the
boundary conditions (4)—(5). The second is related to the general crack problem
difficulty—the presence of non-smooth boundaries.
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2. THE EXISTENCE OF WEAK SOLUTIONS

We will show that the analysed problem is well posed. Therefore, there is a unique
weak solution to the associated variational inequality. We introduce also the so-called
smooth domain formulation [15] which has some implications in numerical analysis.
For the related results in the case of a scalar problem of an elastic membrane with
a cut we refer the reader to [1]. The smooth domain formulation allows to obtain
variational solutions to the crack problem in the geometrical domain without any
cut, the crack is present only in the subset of admissible functions for the variational
solution, i.e., some inequality constraints are imposed on the admissible functions
over the crack I..

First of all we note that problem (1)-(5) admits several equivalent formulations.
In particular, it corresponds to minimization of the energy functional. To check this,
we introduce the Sobolev space

H(Q) = {v = (v1,02): v; € H'(Q), v; =0o0nT, i=1,2}
and the closed convex set of admissible displacements
(6) K ={veHFQ): ]y >0 ae. on L.}

In this case, due to the Weierstrass theorem, the problem

wind5 [ ovwegto) = [ g

has (a unique) solution wu satisfying the variational inequality

@) u € K,
(8) /Qc oij(u)eij(v—u) > /Qc filvi —w;), VveK,

where 0;;(u) = 0;; are defined by (2).

Problem formulations (1)—(5) and (7)—(8) are equivalent. Any smooth solution
of (1)—(5) satisfies (7)—(8) and conversely, (7)—(8) implies (1)—(5).

Below we provide two more equivalent formulations for the problem (1)—(5), the
so-called mixed and smooth domain formulations. To this end, we first discuss in
what sense boundary conditions (4)—(5) are fulfilled. Denote by ¥ a closed curve
without self-intersections of the class C!'' which is an extension of I, such that
Y C © and the domain 2 is divided into two subdomains ©; and Q9 (see Fig. 2). In
this case X is the boundary of the domain €2, and the boundary of 5 is X UT.
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Figure 2. Extension of I to X.

We introduce the space H'/?(X) with the norm

2
9 o =l + [ [ 1270 g
) lolzisay = Wellzae) + | [ ==y dedy

and denote by H~/2(X) a space dual of H'/?(X). Also, we denote by H/?(T.) the
fractional Sobolev space defined by (9) with the set ¥ replaced by T, and consider

the space

H%%R):{veHﬂ%ny-fgeL%nﬁ

with the norm
mmmfwwm+ﬁg*ﬁ

c

where o(z) = dist(z; 9T) and [|v]); /2 is the norm in the space H'/?(T,). It is known

that functions from Héf (T;) can be extended to ¥ by zero values, and moreover,

this extension belongs to H'/ 2(¥). More precisely, let v be defined on T, and let
T be the extension of v by zero, i.e.

L v(x), z €T,
v@){o, v €I\ T

Then (see [9])
v E H&éQ(FC) if and only if 7 € Hl/Q(Z).

With the above notation, it is possible to describe in what sense boundary condi-
tions (4)—(5) are fulfilled. Namely, the condition o, < 0 in (5) means that

<O-V7<)0>1/2,00 < 07 V()O € HééQ(FC)a 2 > 0 a.e. on Fca

where (-, )1/2,00 is a duality pairing between H&)l/ 2 (T.) and Héé 2 (T:). The condition
o; =0 in (5) means that

(08, 0)1/2.00 =0, Vo= (p1,02) € Hpp?(To), i=1,2.

439



The last condition of (4) holds in the following sense:

(ou, [ulv)1/2,00 = 0.

2.1. Mixed formulation of the problem
Now we are interested in giving a mixed formulation of problem (1)-(5). Let us
introduce the space of stresses

H(div) = {0 = {04;}: 0 € L*(Q), dive € L*(Q.)}

with the norm
HUH%{(div) = HUH%P(QC) + ||diVUHi2(QU)

and the set of admissible stresses
H(div;T,) = {¢ € H(div): [o¥] =0onT,; 0, <0, 0, =0on [T}

We should note at this step that for 0 € H(div) the traces (ov)* are correctly defined
on % as elements of H~'/2(X). The first condition in the definition of H(div;T}) is
fulfilled in the following sense:

(ov)T = (ov)” on ¥

for any curve ¥ with the prescribed properties (see [9]). Relations o, < 0,
or = 0 on FCi also make sense. The values o,, o, are defined as elements of
the space H&)l/Q(Fc).

The mixed formulation of problem (1)—(5) is as follows. We have to find a dis-
placement field w = (u1,u2) and a stress tensor field o = {045}, 4,5 = 1,2, such
that

(10) ueL*(Q.), o€ H(div;T,),

(11) —dive=f in Q,

(12) / Co(T—o0) +/ u(dive —dive) > 0 Vo € H(div; T}).
Qe ¢

The tensor C is obtained by inverting Hooke’s law (2), i.e.
Co =e(u).

It is possible to prove the existence of a solution to the problem (10)-(12) and check
that (10)—(12) is formally equivalent to (1)—(5) (see [13]). The existence of a solution
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to (10)—(12) can be proved independently of (1)—(5). On the other hand, the solution
exists due to the equivalence, and we already have the solution to problem (1)—(5).

2.2. Smooth domain formulation

Along with the mixed formulation (10)—(12) the so-called smooth domain formu-
lation of problem (1)-(5) can be provided. In this case the solution of the problem
is defined in the smooth domain 2. To do this, we should notice that the solution
of problem (1)—(5) satisfies (7)—(8), thus the condition

[ov] =0 on I,
holds, and therefore it can be proved that in the distributional sense
—dive=f in Q.

Hence, the equilibrium equations (1) hold in the smooth domain §2.
Introduce the space of stresses defined in §2,

H(div) = {0 = {04;}: o,dive € L2(Q)},
and the set of admissible stresses
H(div;I,) = {o € H(div): o =0, 0, <0 on I.}.
The norm in the space H(div) is defined as
HUH'%-c(div) = ||U||i2(§z) + ”diVJH%P(Q)'

We see that for 0 € H(div), the boundary conditions o, = 0, 0, < 0 on I, are
correctly defined in the sense of H(i)l/ 2(I‘C). Thus, we can provide the smooth domain
formulation for problem (1)—(5). It is necessary to find a displacement field u =
(u1,u2) and a stress tensor field o = {oy;}, ¢,7 = 1,2, such that

(13) ueL?(Q), ocH(div;T.),

(14) —dive=f in Q,

(15) / Co(cd—o0)+ / u(dive —dive) 20 V7 e H(div; TL).
Q Q

It is possible to prove the existence of a solution to problem (13)—(15) (see [15]).
Moreover, any smooth solution of (1)—(5) satisfies (13)—(15) and conversely, (13)-
(15) implies (1)—(5). The advantage of the formulation (13)—(15) is that it is given
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in the smooth domain. This formulation reminds contact problems with a thin
obstacle when restrictions are imposed on sets of small dimensions (see [12]).

Numerical aspects for problems like (1)—(5) can be found, for example, in [1], [18].
In particular, in [1] the convergence of the finite element approximations is proved
for a scalar problem, and some error estimates are derived.

3. FICTITIOUS DOMAIN METHOD

This type of modelling is also interesting from the numerical point of view, since
theoretically allows for numerical computations in a fixed domain, its shape being
defined by some additional constraints involving the Lagrangian multipliers. We
discuss here in detail only one aspect of this technique which can be useful for
numerical methods of shape optimization for frictionless contact problems.

In this section we establish the connection between problem (1)—(5) and the Sig-
norini contact problem. It turnes out that the Signorini problem is a limit problem
for a family of problems like (1)—(5). First we give a formulation of the Signorini
problem. Let ; C R? be a bounded domain with smooth boundary Iy, I} = I UTY,
I[.NTy =0, measTy > 0 (see Fig. 3).

Io

Lo

Figure 3. Signorini problem.

For simplicity, we assume that I'. is a smooth curve (without its tip points). Denote
by v = (11, v2) the unit normal inward vector to I'.. We have to find a displacement
field uw = (u1,u2) and a stress tensor field o = {0y;}, 4,j = 1, 2, such that

(16) —dive=f in Q,

(17) o= Ae(u) in Qy,

(18) u=0 on Ty,

(19) w >0, 0,<0, 0,=0, wv-0,=0 on I..
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Here f = (f1, f2) € L (R?) is a given function, A = {aijm}, i,j,k,0 = 1,2 is a
given elasticity tensor, a;;r € LﬁfC(RQ), with the usual properties of symmetry and
positive definiteness.

It is well known that problem (16)—(19) has a variational formulation providing
the existence of a solution. Namely, denote

H%‘O(Ql) = {U = (’Ul,’Ug) S Hl(Ql): v = 0 on FQ, 1= 1,2}
and introduce the set of admissible displacements
K.={v=(v1,v2) € H%O(Ql): vv 20 a.e. on I}

In this case problem (16)—(19) is equivalent to minimization of the functional

1
5/91 o (v)ei;(v) — o fivi

over the set K. and can be written in the form of variational inequality

(20) u € K,

(21) / O'ij(’u,)Eij (U — ’U,) > fi(’UfL' — ’U,i) Vv e K,.
Q1 Q

Here 0;j(u) = o; are defined from the generalized Hooke’s law (17). Variational
inequality (20)—(21) is equivalent to (16)—(19), i.e., any smooth solution of (16)—(19)
satisfies (20)—(21) and (20)—(21) implies (16)—(19). Along with the variational for-
mulation (20)—(21) problem (16)—(19) admits a mixed formulation which is omitted
here.

The aim of this section is to prove that problem (16)—(19) is a limit problem for
a family of problems like (1)—(5). In what follows we will explain in this statement.

Figure 4. Extended domain Q..
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First of all we extend the domain €; by adding a domain )5 with a piecewise
smooth boundary I';. Observe that the cut I'; in the extended domain is included in
the intersection of the boundaries Iy NI;. The extended domain defined in this way is
denoted by ., and it has a crack (cut) I'.. The boundary of . is TUT'F (see Fig. 4).
Denote 3o =T7 NIy, ¥ = ¥y \ I', hence ¥ does not contain the tip points of 3.

We introduce a family of elasticity tensors with a positive parameter A,

A Qijki n Oy,
A0 =
ijkl 1 .
A Qjjkr 111 QQ.

Denote A* = {a;\jkl}, and in the extended domain €2, consider the family of the
crack problems. Find a displacement field u* = (u},u3), and a stress tensor field

o* = {03y}, i,j = 1,2, such that

(22) —dive*=f in Q.,

(23) o = Ate(u?) in Q,

(24) u*=0 on T,

(25) My >0, [6)]=0, o) -uMr=0 on T,
(26)

v v

o) <0, 02=0 on T .

As before, [v] = v — v~ is the jump of v through T, where + fit the positive and
negative crack faces ['F. All the remaining notation corresponds to that of Section 1.
We see that for any fixed A > 0 problem (22)—(26) describes an equilibrium state
of the linear elastic body with the crack I'. where non-penetration conditions are
prescribed. Hence, problem (22)—(26) is exactly the problem like (1)—(5), and we are
interested in passing to the limit as A — 0. In particular, problem (22)—(26) admits
a variational formulation. Boundary conditions (25)—(26) are fulfilled in the form as
is explained in Section 2. It can be proved (see [7]) that the following convergence
takes place as A — 0:

(27) u® —u® strongly in HE(Q,),
A
(28) Y0 strongly in H' (),

VA

where u” = u on Q4 i.e. the restriction of the limit function from (27) to £ coincides

with the unique solution of the Signorini problem (16)—(19). From (27)—(28) it is
0

0

seen that the limit function u” is zero in Q2. On the other hand, the convergence

1
/ U?jgij(uk)zx/ aijrei(u)eij(ut) — 0
Qg QZ
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does not imply the existence of a limit for o* in 3 as A — 0. Thus, the domain €5
can be understood as an undeformable body. This means that the Signorini problem
is, in fact, a crack problem with the non-penetration condition between crack faces,
where the crack I, is located between the elastic body 2; and the nondeformable
(rigid) body Q2. It is worth noting that, in fact, we can write problem (22)—(26)
in the equivalent form in the smooth domain €. U T, by using the smooth domain
formulation (Section 2.2). Some additional details of the fictitious domain method
in the crack theory can be found in [7].

4. CRACK ON THE BOUNDARY OF RIGID INCLUSION

The inclusions in elastic bodies are also important for applications, both in design
procedures and in numerical solution of some inverse problems. We restrict ourselves
to the limit case of a rigid inclusion, with a crack at the interface. This seems to be
a new class of problems, both for the analysis and for the shape optimization. One
can also attempt to find the shape derivative of the elastic energy with respect to
the perturbations of the crack tip; some results in this direction are given with all
details in Section 5.

We consider a rigid inclusion inside of the rigid body. This section is concerned
with a crack situated on the boundary of the rigid inclusion.

Let Q C R? be a bounded domain with a smooth boundary I', and let w C Q be
a subdomain with a smooth boundary ¥, @ C Q. Assume that X is composed of
two parts: ¥ = I U (X \ ), meas(X \ T.) > 0, see Fig. 5. Denote Q. = Q\ .. As

I

Tr
Figure 5. Rigid inclusion w in elastic body.

before, by A = {ai;jn} we denote an elasticity tensor with the usual symmetry and

positive definiteness properties, a;;i; € Lﬁ)"C(RQ). For a positive parameter A > 0 we

introduce the elasticity tensor
N Qijkl in Q \ w,
aijkl = 1 . Z,j,k,l = 1,2,
A w in w,
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and consider a boundary value problem for finding a displacement field u* = (u3, u3)

and a stress tensor field o* = {a{\j}, 1,7 = 1,2, such that

(29) —dive* = f in Q,

(30) o — Are(u?) =0 in Q,

(31) u»=0 on T,

(32) My >0, [6)]=0, o) -uMr=0 on T,
(33) o}=0, o)<0 on ¥

Here f = (f1,f2) € L?() is a given function. We see that for any A > 0 the
problem (29)—(33) is the problem like (1)—(5) describing an equilibrium state for the
elastic body with the crack I'.. This problem has the variational formulation, the
mixed formulation and the smooth domain formulation. Our aim is to consider the
limit case as A — 0. This can be done by analyzing the variational inequality

(34) ut € K,
(35) /QC af‘j(u)‘)eij(v — u)‘) > /QC filv; — u;\) Vv e K.

Here 07y(u*) = 07y are defined from (30), and the set K was introduced in (6).

We can pass to the limit in (34)—(35) as A — 0. To this end, we introduce the
space of infinitesimal rigid displacements

R(w) ={o=(01,02): o(x) =Bx+ D, r € w},
where

0 b
B—( X o)’ D = (d',d*); b,d",d* = const.

Consider next the space
Hp“(Q) = {v € HE(Q): v=0onw, o€ R(w)}
and the set of admissible displacements

K,={veH*(Q): (vF -0 >0 ae onl,}.

Here vt corresponds to the crack face T}. Now we substitute v = 0, v = 2u’ as test
functions in (35). This yields the relation

/\
/ O—” 51] / fz Uy
QC
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which implies two estimates

(36) HUAHHIL(QC) < ¢,

/ aijrier (u)ei; (u) < ca,
w

>| =

being uniform in A, 0 < A < Ag. Consequently, we can assume that as A — 0
(37) ud —u  weakly in HE(Q,).

Moreover, by (36)

/ aijklekl(u)aij(u) < hmmf/ aijklekl(u)‘)eij(u)‘) < 0
w w
Hence,

gij(u)=0 inw, 4,j=12.

This means the existence of a function gy such that

u=ypo inw, g€ RWw).

A

Since u* converge to u weakly in HL(Q,) and u* € K, it follows that

(ut —o09)v >0 on T..

In particular, v € K,. Now we take an arbitrary function v € R(w). In this case,
there exists p € R(w), such that v = o on w. It is clear that the extension of v can
be substituted in (35) as a test function. Since A* = A in Q \ @ we can pass to the
limit as A — 0 in (34), (35) which leads to the variational inequality

(38) u € K,,
(39) /Q\w oij(u)eij(v —u) > /Q filvi —u;) Yv e K,.

In other words, the above variational inequality follows from the boundary value
problem written below. In order to derive the variational inequality it is sufficient
to multiply (40) by v € K., integrate over €2, and take into account (41)—(45).

Problem (38)—(39) describes an equilibrium state of the body occupying the do-
main €. which has the crack I'. and the rigid inclusion w. This means that any
possible displacement in w has the form go(z), z € w, where ¢ € R(w). Problem (38)—
(39) can be written in the differential form as follows. In the domain (2., we have to
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find a displacement field u = (u1,u2); u = go in w; g9 € R(w); and in the domain
1\ @ we have to find the stress tensor field o = {o4;}, 4,5 = 1, 2, such that

(40) —dive=f in Q\w,

(41) oc—Ae(u) =0 in Q\w,

(42) u=0 on I,

(43) (u—00)v =0, 0,=0, 0,<0 onI},
(44)
(45)

44 o, (u—p0o)v=0 on I},

—/ZUV'Q:/WfiQi Vo€ R(w).

Problem formulations (38)—(39) and (40)-(45) are equivalent. This means that
any smooth solution of (40)—(45) satisfies (38)—(39) and conversely, (38)—(39) im-
plies (40)—(45).

Like in the previous sections, it is possible to describe in what sense the boundary
conditions (43)—(45) are fulfilled. In particular, the last two conditions of (43) are
fulfilled in the sense of H&)l/ 2(Fc). As for (44), it is fulfilled in the form

45

(o), (u—00)v)1/2,00r. = 0.

Condition (45) holds as follows:

_<UVaQ>1/2,z:=/fiQi Vo € R(w).

To conclude this section, we note that the variational inequality (38) —(39) is equiv-
alent to the minimization of the functional

%/Q\U oij(v)ei;(v) — /Q fivi

over the set K.

5. SHAPE DERIVATIVES OF ENERGY FUNCTIONALS

This section and Section 6 are the most important contributions from the point of
view of the shape optimization. Here, the boundary variation technique is applied
in order to derive the form of the shape derivative of the energy functional with
respect to the perturbations of the crack tips. We refer to [3], [19] for some results
in this direction which apply to the domains with cracks. Such results constitute a
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complement to the monograph [28], where the shape sensitivity of elliptic boundary
value problems in domains with cracks is not dealt with. On the other hand, in [28]
the material derivatives of the solutions to the frictionless contact problem of an
elastic body with the rigid foundation are obtained in the framework of the conical
differentiability of solutions to variational inequalities.

The difficulty associated with the specific problem analysed in this section is in
particular the lack of any information on the form of singularities of the displacement
field at the crack tips. Therefore, we provide the precise form of the shape deriva-
tive using the path independent integrals, which is the standard procedure in the
linear fracture mechanics. The structure of shape derivatives for shape differentiable
functionals in domains with cracks is given in [19].

In the crack theory, the Griffith criterion is widely used to predict a crack prop-
agation. This criterion says that a rack propagates provided the derivative of the
energy functional with respect to the crack length reaches a critical value. In this
section we discuss this question for the model (1)—(5). We refer also to [16] for some
developments in the framework of finite strain elasticity and the rate-independent
model.

The general point of view is that we should consider a perturbed problem with
respect to (1)—(5). In particular, the crack length may be perturbed. The pertur-
bation will be characterized by a small parameter ¢, and ¢t = 0 corresponds to the
unperturbed problem, i.e. to problem (1)—(5). To describe properly a perturbation
of the problem, we should have a perturbation of the domain 2.. It will be done via
the so-called velocity method (see [28]). This means that we consider a given velocity
field V defined in R? and describe a perturbation of Q. by solving a Cauchy problem
for a system of ODE. Namely, let V € W%>(R?)2 be a given field, V = (V;,V3).
Consider a Cauchy problem for finding a function ® = (@4, P3),

(46) %(f, ) =V(®(t,-)) for t#0, &0,z)=u=x.

There exists a unique solution ® to (46) such that

(47) D = (1, o) (t,x) € C([0, t0); Wig T (R?)?),  |to] > 0.

loc
Simultaneously, we can find a solution ¥ = (¥, ¥s) to the Cauchy problem

dw

(ta ) = _V(\Il(ta )) for ¢ 7é 07 \II(Oa y) =Y
with the same regularity

(49) U = (Uy, Ua)(t,y) € CH([0, to]; WL (R?)?),  |to] > 0.

loc
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It can be proved that for any fixed ¢, the function ¥(t,-) is inverse to ®(¢,-), which
means the following (see the proof in [10]):

y=o(tV(ty), zeV(tdta), zycR.

Due to this, we have a one-to-one mapping between the domain €2, and a perturbed
domain Qf, namely

y=o(tz): Q — Q,
r=V(ty): Q) — Q.

Moreover, by (47), (49) we have the asymptotic expansions (I denotes the identity
operator)

(50) O(t,x) =z +tV(x) +r1(t),

(51) U(t,y) =y —tV(y) +r2(t),
o0(t) ov

(52) e —I+t% +rs(t),

(53) 8\;—;) :I—t%—v + 7a(2),

”Ti(t)”Wlt:o(R?)? = O(t), 1=1,2,
[ri()l| Loe (r2)2x2 = o(t), i=3,4.

Hence, in the domain QY it is possible to consider the following boundary value
problem (perturbed with respect to(1)—(5)): Find a displacement field u! = (uf,ub),
and a stress tensor field o' = {0}, i,5 = 1,2, such that

(54) —dive! = f in Q,
(55) ol = Ae(u') in QF,
(56) u' =0 on I'
u'v' >0, [0f] =0, ol -[u']v' =0 on T?,
14 v C
(58) ole <0, oL.=0 on I'*
y=o(t,z): T -T" T.—T

and we assume in this section that f = (f1, f2) € C'(R?) and a;j3; = const, i, j, k, | =
1,2. All the other notation in (54)—(58) follows that of (1)-(5), in particular, v* =
(v}, v4) is the unit normal vector to I\

450



Figure 6. Perturbed domain Q.

We can provide a variational formulation of problem (54)—(58). Indeed, let us
introduce the Sobolev space

Hi (Q) = {v = (v1,v2): v; € HY(Q), v, =00on T, i=1,2}
and the set of admissible displacements
K'={veH:(Q): [v]v! >0ae. onT!}.
Consider the functional

@) =5 [ dhwesw - | fo

c c

and the minimization problem

(59) min T1(Q%; v).
veEK?

Here o7;(v) are defined from Hooke’s law similar to (55). The solution of problem (59)

exists and satisfies the variational inequality
(60) u' € K,
(61) / o (u)eg(v —u') > filvi —ul) Voe K"
ot ar
Having found a solution of problem (60)—(61), we can define the energy functional

1
) = 5 [ oleg) = [t

Note that for t = 0 we have Q¥ = Q. and u° = u, where u is the solution of the
unperturbed problem (7), (8). The question is whether it is possible to differentiate
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the functional IT(Qf;u") with respect to t? We have in mind the existence of the
derivative

d oot o QG ut) = TI(Qe; u)
(62) FH(Q )= = lim - ,

The answer is in affirmative in many practical situations. We consider two cases,
where the derivative

63 I=—TI(Q;
(63) dt (e t=0
exists.

a) Assume that the normal vector v to I, keeps its value under the mapping
x — ®(t, ), i.e. v = v. In this case, it has been proved that the formula for I
can be obtained, namely (see [11], [17], [20]),

1
(64) I = 5 /Q {leV . 51‘]’ (u) — 2Eij(V;u)}aij (u) — /Q le(Vfl)u“
where
1 ..
Eij(U;v) = 5(virUrj +viulUni), U ={Ui;}, ,5=12.

Note that the assumption concerning the normal vector v takes place for rec-
tilinear cracks I'. and vector fields V' tangential to I'. (see Fig. 7). In this
situation, (64) can provide a formula for the derivative of the energy functional
with respect to the crack length which is practically needed for using the Grif-
fith criterion. It will be the case when V' = (1,0) in a vicinity of the right crack
tip and supp V' belongs to a small neighborhood of this tip (see Fig. 7).

Figure 7. Rectilinear crack I'. and tangential field V.
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b) A formula for the derivative (63) can be derived for curvilinear cracks when the
above assumption on the normal vector v is not fulfilled. We provide here the
formula (63) when the crack I is described as the graph of a smooth function.

Let v € H?(0,11) be a given function, I; > 0, and

Y= {(1‘1,1‘2)1 To = w(ﬂﬁl), 0<z < Zl}
Consider a crack I7, I} C X, as the graph of a function 1, see Fig. 8,

Fl:{(xl,.lﬁg)l Jﬁgzlp(%l), 0<J)1<l}7 0<l<ly.

Figure 8. Domain 2; with a crack I3.

Here [ is a parameter that characterizes the length of the projection of the crack I
onto the x; axis. Consider a smooth cut-off function 6 with a support in a vicinity
of the crack tip (I,4(1)). Moreover, we assume that § = 1 in a small neighborhood
of (I,%(l)). We can consider a perturbation of the crack I} along ¥ via a small
parameter t. Denote €, = Q\I}. The perturbed crack I} has the tip (I +¢, (I +1)),
and we consider the perturbed domain Q! = Q\ Et. It is possible to establish a
one-to-one correspondence between ; and Q by the formulas

y1 = x1 +t6(x),
65 Q Ot
o) Y2 = @2 + Y(x1 + 10(2)) — ¥(21), (1, 22) €, (y1,32) € Y

The transformation (65) is equivalent to (cf. (50))
y=x+tV(z)+r(tz)

with the velocity field

(66) V(x) = (0(z), ¢ (x1)0(x)).
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In the domain 2} we can consider a perturbed problem formulation. Namely, it
is necessary to find a displacement field u' = (uf,ul) and the stress tensor field
ot ={o};}, 1,5 = 1,2, such that

(67) —dive' = f in Qf,

(68) ol = Ae(u') in QF,

(69) u'=0 on T,

(70) [Vt >0, [oL:]=0, ol [u']v'=0 on I,
(71)

ol <0, of,=0 on I}

Here v' = (v}, 14) is the unit normal vector to I}. For a solution u’ of (67)—(71) it
is possible to define the energy functional

(O ut) = / ot (e (ut) — [ fout

2 Jo; of

and to find the derivative AI1( )
() = =

@) dt ‘t:O

with the formula (see [25])
1

(72) Hl(l) = 5 {leV . 51‘]’ (u) — QEZ‘j(V; u)}aij (u)

Q

_ /Ql div(V fi)u; +/Qz, oij(u)es(w) — /Ql Fows,

where the vector field V is defined in (66) and w = (0,60v¢"uq) is a given function.
Note that the formula (72) contains the function 6, but in fact there is no dependence
of the right-hand side of (72) on 6. In fact, the right-hand side in formula (62), and
hence the right-hand side of (63) does not contain 6. Since the limit exists, hence
there is no dependence on # by the limit passage.

In particular, if ¢” = 0, the formula (72) reduces to (64) with Q. = ;. In this
case we have a rectilinear crack and v* = v. Formula (72) defines the derivative of
the energy functional with respect to the length of the projection of the crack I; onto
the z1 axis. Hence, the derivative of the energy functional with respect to the length
of the curvilinear crack is

I'(s) = W' 1) +1)72,

where .
s= [ VirE
0

is the length of the crack Ij.
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To conclude this section we shortly discuss the existence of the so-called invariant
integrals in the crack theory analyzed. It turnes out that the formula (64) for the
derivative of the energy functional can be rewritten as an integral over an arbitrary
closed curve surrounding the crack tip.

Consider the simplest case of a rectilinear crack I'. = (0,1) x {0} assuming that
T. C Q, see Fig. 9. Let 6 be a smooth cut-off function equal to 1 near the point

)

Figure 9. Curve L surrounding a crack tip.

(1,0), and let supp @ belong to a small neighborhood of the point (1,0). Then we
can take the vector field
V = (6,0)

in (46), (48) which, according to (50), corresponds to the change of independent
variables

y1 =1 +t0(x) + r11(¢),

Y2 = T2.

In this case the formula (64) (or the formula (72) in the particular case ¢ = 0)
provides the derivative of the energy functional with respect to the crack length.
This formula can be rewritten as an integral over a curve L surrounding the crack
tip (1,0) (see Fig. 9, solid line). Namely, the following formula is valid (see [14], [17]):

(73) I= /L{%VNU(U)%(U) —Uij(u)ui,wj}

provided f is equal to zero in a neighborhood of the point (1,0). We should underline
two important points. First, the formula (73) is independent of L, and second, the
right-hand side of (73) is equal to the derivative of the energy functional with respect
to the crack length.

In fact, invariant integrals like (73) can be obtained in more complex situations.
For example, we can assume that the crack I is situated on the interface between
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two media which means that the elasticity tensor A = {a;;u} is (see Fig. 9)

1
ag  for zo >0,
Qijkl =

2
ikl for x5 < 0.

Here a}jkl = const, a?jkl = const, 7, j,k, 0 = 1,2, and {a%jkl}, {afjkl} possess the usual
properties of symmetry and positive definiteness. In this case, formula (64) for the
derivative of the energy functional holds true provided V is tangential to I.. This
formula provides the existence of an invariant integral of the form (73). We should
remark at this point that when calculating the integral (73), the values o;; (u)u;17;
can be taken at I';” or at I';. It gives the same value of integral (73). This statement
takes place due to the equality (see [8])

[O’ij (u)’u,i’le] =0 on FC.

On the other hand, we can analyze the case when the rigidity of the elastic body part
Q. N {z2 < 0} goes to infinity. Indeed, consider the elasticity tensor for a positive
parameter A > 0,

1
A Ak for x5 >0,
ikl =
I )\*lafjkl for zo < 0.

Then for any fixed A > 0, the solution of the equilibrium problem like (1)—(5) exists,
and we can pass to the limit as A — 0. As we already noted in Section 3, in the
limit the following contact Signorini problem is obtained. Find a displacement field
u = (u1,u2) and a stress tensor field o = {0;}, 4,5 = 1,2, such that

74
75
76
7

—dive=f in Q.N{xs > 0},
o= Ae(u) in Q.N{zy >0},
u=0 on I(Q.N{xz>0})\T,

w =20, 0,<0, 0,=0, o,-uv=0 on [..

(74)
(75)
(76)
(77)

For problem (74)—(77) it is possible to differentiate the energy functional in the
direction of the vector field V = (6,0), where the properties of 6 are described
above. The formula for the derivative has the form (cf. (64))

(78) I= % (divV - 3 (u) — 2B, (V, ) Yoy () — [ div(Vfi)us.
[N 1951

Assume that f = 0 in a neighborhood of the point (1,0). In this case, formula (78)
can be rewritten in the form of an invariant integral

(79) I= /Ll{%z/laij (w)eij(u) — aij(u)uiyll/j},
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where L is a smooth curve “covering” the point (1,0) (see Fig. 10, solid line). Like
for invariant integrals in the crack problems, formula (79) is independent of the choice
of Ll.

P

L/
1

Figure 10. Curve L; “covering” a tip of the contact set.

Z1

6. SINGULAR DOMAIN PERTURBATIONS, TOPOLOGICAL DERIVATIVES

Boundary variations technique applied in Section 5 to prove the shape differen-
tiability of the elastic energy functional in domains with a crack should be com-
plemented by the asymptotic analysis of the functional [24] in singularly perturbed
domains. Such an analysis is particularly related to the topology optimization, and
the knowledge of the so-called topological derivative of the shape functional provides
the information [29] whenever a small hole can be created in the process of numerical
solution of some shape optimization problem, e.g., in the framework of the so-called
level set method for variational inequalities [4].

In this section the topological derivative of the energy functional for elasticity
boundary value problems in domains with cracks is obtained. To this end the domain
decomposition technique is used in the same way as it is proposed in [31] for the
Signorini problem, and used in [4] for the purposes of numerical methods of shape
optimization. Therefore, the results given here can be applied in numerical solution
of shape optimization in domains with cracks.

We briefly explain what we mean by the topological derivative of a shape func-
tional. The notion of the topological derivative is new, the results are obtained in
the framework of the asymptotic analysis of elliptic boundary value problems in sin-
gularly perturbed geometrical domains in the spirit of [22]. The full mathematical
framework for linear elasticity boundary value problems can be found in [24].

First, let us make precise what is the meaning of a singularly perturbed geometrical
domain for an elastic body with cracks. We introduce a small parameter o > 0
which describes the singular perturbations of the elastic body under consideration.
We divide the elastic body D into two parts denoted by ¢ and €., respectively,
and denote by B,(x) the hole which is located in €y. The domain with the hole

is denoted by Q, = Qo \ B,(z), the boundary ¥ of € is fixed and independent of
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the small parameter o > 0, see Fig. 11. This means that for o > 0 we consider
the geometrical domain D, = Q, U ¥ U Q,, the crack being located in €., and the
hole B,(z) being located in €,. The domain 2, with the boundary ¥ U dB,(x)
includes the hole B,(x), see Fig. 11. For the purposes of the asymptotic analysis

Figure 11.

with respect to the small parameter o, we assume that the domain €, is located far
from the outer boundary I', and far from the crack I'.. We assume also that in the
domain €, the elastic body is isotropic and homogeneous, so we can perform the
asymptotic analysis of the Steklov-Poincaré operator associated with the domain 2,
with respect to the small parameter ¢ — 0 along the lines of [31]. We refer to [32] for
all details of such analysis in the framework of exact solutions to elasticity boundary
value problems by means of the elastic potentials [23]. For the convenience of the
reader we recall here some facts on the topological derivatives of the shape functionals
for linear elliptic boundary value problems; all proofs are given, e.g., in [29].

The topological derivative 7q of a shape functional [J(€2) is introduced in [29] in
order to characterize the variation of J(€2) with respect to the infinitesimal varia-
tion of the topology of the domain 2. In our context the notion of the topological
derivative has the following meaning. Assume that Q C R? is an open set and that
we are given a shape functional

J: Q\D—-R

for any compact subset D C Q. We denote by B,(z), z € €, the ball of radius ¢ > 0,

Bo(z) ={y € R?: ||y — || < o}, B,(z) is the closure of B,(z), and assume that the

limit

el |Bo()]

exists. The function ¥(z), z € Q, is called the topological derivative of J(2), and
provides the information on the infinitesimal variation of the shape functional 7
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if a small hole is made at = € . This definition is suitable for the traction free
boundary 0B, of the hole B,(x).

In several cases this characterization is constructive [5], [21], [6], [24], [30], [31],
[32], i.e. the topological derivative can be evaluated for shape functionals depending
on solutions of elliptic partial differential equations defined in the domain Q.

6.1. Problem setting for elasticity systems

We introduce the elasticity system in the form convenient for the evaluation of
topological derivatives. Let us consider the elasticity boundary value problem for an
isotropic and homogeneous elastic body Q¢ C R? with the boundary I'p U Ty,

(80) divo(u) =0 in Q,
(81) u=g on Ip,
(82) o(uyn =T on Ty,

and the same elasticity boundary value problem in the domain Q, = Qg \ B,(zo)
with a spherical cavity B,(z9) C Qo centered at x¢ € Qo,

(83) divo,(u,) =0 in Q,,
(84) up, =g on I'p,

(85) oo(ug)n =T on Iy,
(86) oo(ug)n =0 on 0B,(xp),

where n is the unit outward normal vector to 92, = 0 U 0B,(xo). In addition,
g, T must be compatible with u € H'(Qg). Assuming that 0 € Qy, we can consider
the case £y = 0. Here u and u, denote the displacement vectors fields, g is a given
displacement on the fixed part I'p of the boundary, T is a traction prescribed on the
loaded part I'y of the boundary. In addition, ¢ is the Cauchy stress tensor given, for
& =u (80)—(82) or & = u, (83)—(86), by

(87) o(§) = Ae(9),

where () is the strain tensor €(§) = {e;;(€)}, 4,5 = 1,2, and A is the elasticity
tensor

(88) A=2ul+ \I®T),
with

E E
(89) S

[ )\——
F=oa+oy 112
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FE being Young’s modulus, v Poisson’s ratio. In addition, I and [ respectively are
the second and the fourth order identity tensors. Thus, the inverse of A is

Aot [u A

=—|1- I®I)|.
24 2u+2/\( ®1)

The first shape functional under consideration depends on the displacement field.
For our purposes it is sufficient to consider the linear form

(90) h@=l;mw

where F is a given function; in particular F' = f, where f stands for the right-hand
side in (1), is a possible choice. It is also useful to introduce the functional of the
form

(91) b@:l;%wawwm

where S is an isotropic fourth-order tensor. Isotropy means here that S may be

expressed as
S=2ml+1(I®]I),

where [, m are real constants. Their values may vary for specific cases, in particular

S = A~ can be selected for our purposes. The following definition ensures that Ji,

Jo are well defined for solutions of the elasticity boundary value problems in €.
For simplicity the following notation is used for functional spaces

Hy(Q,) = {v e [H'(Q,)]*: v=gonTp},
H11~D (Q,) = {v e [H(Q,)]*: v=00nTp},
H{, (Q0) = {v e [H'()]*: v=0o0nTp}.

The weak solutions to the elasticity systems are defined in the standard way. Find
u, € H}(Q,) such that, for every ¢ € Hy, (€,),

(92) /Qg Ace(up) - e(p) = /FN T .

The solution u, for ¢ = 0 is denoted by u.

We introduce the adjoint state equations in order to simplify the form of the shape
derivatives of the functionals J;, Jo. For the functional .J; the equation takes on the
form: Find w, € Hy, (€,) such that, for every ¢ € Hy, (€,),

(93) A;u%»dwz—éfw,
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whose Euler-Lagrange equation reads

(94) divoy(w,) =F in Q,,
(95) w, =0 on I'p,

(96) oo(we)n =0 on Ty,
(97) oo(we)n =0 on IB,(xo),

while v, € Hf, (€,) is the adjoint state for J» that satisfies for all test functions
¢ € H{_ (Q) the integral identity

(98) /

whose associated Euler-Lagrange equation becomes

Aa%wam:—q/fwd%»dw,

e QE

(99) divo,(v,) = —2div(ASo,(u,)) in £,
(100) v, =0 on I'p,

(101) 0o(ve)n = —2AS0,(uy)n on Iy,
(102) 0o(vo)n = —2AS0,(up)n  on 9B,(xo).

We denote the adjoint states for p = 0 by w = wq, v = vg.

Remark 6.1. We observe that AS can be written as

(103) AS =4pml +~v(I ® I),
where
(104) v =2M 4+ 2(Am + pl).

Thus, when v = 0, the boundary condition on 9B,(xo) in (99)-(102) becomes ho-
mogeneous and the tensor S must satisfy the constraint
m [

(105) T:—(X—kl),

which is naturally satisfied for the energy shape functional, for instance. In fact, in
this particular case, the tensor S is given by

1, 1
(106) Sf§A =~v=0 and 2m+17ﬁ,

which implies that the adjoint solution associated with J, can be explicitly obtained.
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Finally, we describe the construction of the Steklov-Poincaré operator
A, HYV(D) — H-Y2(%)

defined for the domain €, in the following way.
Given the solution z, to the boundary value problem

(107) divo,(z,) =0 in Q,,
(108) Zp=g¢ on X,
(109) 0o(2zo)n =0 on 0B,(x),

we define the traction on ¥ as the value of the operator

Ap(g) = (20

6.2. Topological derivatives

The topological derivatives of shape functionals in elasticity in two spatial dimen-
sions are obtained in [29]. In three spatial dimensions the results are less explicit,
and can be found, e.g., in [24], [6]. The principal stresses associated with the dis-
placement field u are denoted by o(u), orr(u), the trace of the stress tensor o(u) is
denoted by tro(u) = or(u) + orr(u).

Theorem 6.1. The expressions for the topological derivatives of the function-
als Jy, Jo have the form

(110)  TJi(zo) = — [F(u) + %(auaw + 2byby cos 25)} )
1
= — [F(u) + E(4o(u) co(w) —tro(u)tr o(w))} pay’

and

(111) TJz(z0) = — |(a+ B)aZ + 2(a — B)b2 + l(auav + 2by by, cos 25)}

E
4(a — B)o(u) - o(u) — (o —36)(tro(u))?

(4o (u) - 0(v) — tro(u) tra(v))}

T=x0

— —

+

&~

T=xo ’
Some of the terms in (110), (111) require explanation.
According to (104) the constants o and [ are given by

_ v _ 9
(112) a—l+2(m+'yE) and ﬁ—ZE.
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Furthermore, we denote

(113) ay = or(u) 4+ or(u), by = 01(u) — or1(u),
aw:aj(w)—f—an(w), bw:J](w)—O']](w),
av:J](U)+O'[[(1)), bv:J](U)—O'[[(’U).

Finally, the symbol § denotes the angle between the principal stress directions for
the displacement fields v and w in (110), and for the displacement fields u and v
in (111).

Remark 6.2. For the energy stored in a 2D elastic body, the tensor S is given
by (106), vy =0, a = 1/(2E) and § = 0. Thus, we obtain the well-known result

(114) T Ja(o) = %[40(’“) ~o(u) = (tro(u) o=z,

which we use below for derivation of the topological derivatives of the energy func-
tional for domains with cracks.

Now we consider the domain D, =, UX U, see Fig. 11. The convex set K is
defined by the same formula (6), with the only difference that in the present situation
the boundary is 99, = X UT UTF, and there is no condition prescribed on ¥, hence

K ={veH:Q.): [v]v>0ae. onT.}.

The energy in D, is given by the functional depending on the size of the cavity

ie) = ine%{% /DQ oij(v)eii(v) — /DQ fﬂh‘}
= gél£{%/9 oij(v)eij(v) —/QC fivi + <Ag(v),v)1/2’2}7

where the expression for the energy in the domain 2, with the hole B,(xo) uses the
Steklov-Poincaré operator of the specific annulus domain 2,. We refer the reader
to [32] for the derivation of the asymptotics of arbitrary order for the operator. Thus,
the argument of [31] applies, and in view of (114) we have

1

7"(0%) = =g lo(w) - o(w) = (tro(w)lo=s,

which gives the expression for the topological derivative of the energy functional at
the point z.
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7. EVOLUTION OF A KINKING CRACK

The problem of a kink is of special interest, because it represents a change of
topology from a smooth crack to a non-smooth one. The topology change is the
main difficulty in the mathematical analysis of cracks with a kink. In this section
we apply the shape optimization approach to a two-parameter problem for a kinking
crack. Namely, we fix a point of kink and find the unknown shape parameters of the
kink angle and the crack length which minimize the total potential energy due to
the Griffith approach. This nonlinear minimization problem describes the evolution
of the kinking crack with respect to the time-like loading parameter. In the linear
crack theory, the optimization Griffith approach was used in [2].

Let  C R? be a bounded domain with a smooth boundary I'. Assuming that
the origin O = (0, 0) belongs to §, we consider a given crack Iy C Q with tips at I'
and at the origin, and the unknown part C, ) of the crack whose tip is described
in polar coordinates as

(recosg,rsing), (r,¢) €W,

where w is the set of admissible parameters

w={(r,¢): 0 <r < R(p) for g € (po, 1)}, [vo, 1] C (=7, 7),

with a given periodic function R € W2 (—x, ).
Admissible kinking cracks are defined as the union I}, ,y = To U C, ). Denote
by Q(

re) the domain with a crack I{, ), i.e. Q. ) = \f(mp), see Fig. 12. In the

Figure 12. Kinking crack.

domain €2, ) we can consider an equilibrium problem like (1)-(5). Namely, let v be
the normal vector to Iy, ) and let f = (f1, f2) € C*(Q) be a given function. The
formulation of the problem reads as follows. In the domain €2, ,) we have to find a
displacement vector u = (u1, u2) and stress tensor components o = {0y;}, 4,5 = 1,2,
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such that

(115) —dive = f in
(116) o= As(u) in
(117) u=0 on I,
(118)
(119)

)

)

[ulp >0, [0,]=0, o, [ulr=0 on I ),

_ +
0, <0, 0=0 on I‘(Mo).

For any given (r,¢) € w, a solution of problem (115)—(119) exists in the Sobolev
space HL. (Qr,p)). Hence, for any (r, ) € @ we can define a solution u"%) and the
energy functional

1

T(Qy ;0 "?)) = 5/9 03 (w7 )e g () —/ fiug™?,

Q

(r0) (r,¢)

where o;;(u("?)) = 0;; are found from (116). Thus, differentiability of the energy
functional with respect to (r, ¢) can be analyzed. These results can be found in [10].
The main difficulty in the study of differentiability is the following one. Considering
perturbations of problem (115)—(119), we have no one-to-one correspondence between
sets of admissible displacements for perturbed and unperturbed problems. This
requires additional considerations to prove differentiability of II((,); u("%)) with
respect to r, ¢.
In what follows, we formulate an evolution problem for a kinking crack. Denote

P(’I‘, 50) = H(Q(r,cp); u(r7¢))'

For a time-like loading parameter ¢ > 0 we consider a family of forces ¢f in (115).
Let the length of the crack Iy be equal to Iy > 0. Note that if the solution (%)
corresponds to the force f in (115), we obtain a solution tu("%) for the force tf due
to the homogeneity property for problem (115)—(119). Let the initial crack (at ¢ = 0)
be given as Iy. For the loading tf, we look for a propagating crack I',(s) ) C £
with the kink at the origin @ and unknown shape parameters of the crack length
lo+r(t) and the kink angle ¢* € [¢g, ¢1]. To this end, we use the shape optimization
approach, which is based on the Griffith hypothesis. Following this hypothesis, we
define a function of total potential energy

(120) T(r,@)(t) = 2v(lo +7) + *P(r, ), (r,¢) €w.

The first term in (120) represents the surface energy distributed uniformly at two
crack faces with a constant density v > 0 (the given material parameter). The second
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term in (120) represents the potential energy which is quadratic in ¢,

P(r, @)(t) = (s tu™)) = £2P(r, 5).
Thus we arrive at the problem formulation of the evolution of the kinking crack:
(121) r(0) = 0;

for t > 0, find parameters (r(t), p(t)) € @ that

(122) minimize T'(r, ¢)(t) over (r,¢) €@
(123) subject to ¢ € ﬂ{ap(s)}

The constraint (123) allows us to preserve the shape of the kinking crack during its
evolution. This means that if the kinking angle ¢* is found, its value is preserved
during the evolution. Problem (121)—(123) has a solution (see [10]). It turns out that
the radius r(¢) during the evolution may be multi-valued, i.e. r(t) € [r~(¢),r"(¢)],

which means a nonstable crack evolution.

8. 3D PROBLEMS AND OPEN QUESTIONS

Most problems discussed in the paper can be solved in the 3D case when a crack
is presented as a 2D smooth surface. For example, the crack can be described as

xi:xi(ylvyZ)a i:172a37

where (y1,y2) € D, D C R? is a bounded domain with smooth boundary, and the
mapping y — x is non-degenerating.

All formulas and statements of Sections 1-5 hold true with suitable specifications of
the situation. In particular, by discussing a fulfilment of the boundary conditions (4)—
(5) we should introduce the Hilbert space H'/?(X), where ¥ is the extension of T, to
a closed 2D smooth surface. The norm in H'/2(X) in this case is defined as (cf. (9))

2 2 [v(z) —v(y)?
_ 2 7 dady.
[0l g/2(my = 0l1Z2 () +/Z/E |z —y]? o

Mixed and smooth domain formulations as well as the fictitious domain method
hold true in the 3D case.
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Also, we can consider a crack located on the boundary of a rigid inclusion for a
3D elastic body and prove all statements of Section 5. Notice that in 3D case the
space of infinitesimal rigid inclusions is defined as

R(W) = {Q = (9179%93): Q(l‘) = BLE-l—D, HANS W},

where
0 biz b3
B=| by 0 by |, D=(d",d?*d%),
—biz —bz O

bij,di = const, i,j = 1,2,3.

As for the differentiation of the energy functionals with respect to a perturbed param-
eter (Section 5), we have a big variety of perturbations in the 3D case. The simplest
ones provide a perturbation of the crack front. For example, let I'. be chosen in the
form

Lo = {(21,22,0): 0 <71 < p(2), 22 € [-1,1], p(z2) > 0}

with a given smooth function ¢. In this case, the 3D vector field can be taken as
V(z) = (0(x),0,0),
where 6 is a given smooth function with support in a vicinity of the crack front
{(z1,22,23): 1 = p(x2), 3 =0, z2 € [-1,1]}.

This allows us to differentiate the energy functional in the direction of the field V,
which implies the formula (63) with 4,7 = 1,2, 3; see [11], [17].

Like in Section 5, in the 3D case we can consider curvilinear cracks described as
the graph of a function

x3 = Y(x1,22), (@1,22) € D,

where D C R? is a bounded domain with a smooth boundary. The necessary formulas
for derivatives of the energy functional in this case can be found in [26].
As for invariant integrals, in the 3D case we should integrate over closed 2D sur-
faces surrounding the crack front, see [8], [14].
To conclude the paper, we formulate some open problems.
e For a crack I, which crosses the external boundary I' with a zero angle, there
is no solvability of problem (1)—(5) in the general case, since Korn’s inequality
is non valid. Is it possible to overcome this difficulty?
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