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OPERATORS APPROXIMATING PARTIAL DERIVATIVES
AT VERTICES OF TRIANGULATIONS BY AVERAGING

JOsEF DALIK, Brno

(Received October 15, 2009)

Abstract. Let 7j, be a triangulation of a bounded polygonal domain Q C |R2, L}, the space
of the functions from C(Q) linear on the triangles from 7;, and II}, the interpolation operator
from C(Q) to £;,. For a unit vector z and an inner vertex a of 7;,, we describe the set of
vectors of coefficients such that the related linear combinations of the constant derivatives
OIl,(u)/0z on the triangles surrounding a are equal to du/dz(a) for all polynomials u of
the total degree less than or equal to two. Then we prove that, generally, the values of
the so-called recovery operators approximating the gradient Vu(a) cannot be expressed as
linear combinations of the constant gradients VIIj(u) on the triangles surrounding a.
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1. INTRODUCTION

Let us assume that the values of a function u defined on a domain Q C R? are
known at the vertices of a triangulation 7 of 2 only and approximate this function
by the interpolant II;(u) € L), at the vertices of 7. The paper is devoted to the
following classical problem treated in Zienkiewicz, Cheung [8], Vacek [6] and in many
other papers: Let z be a unit vector and « a function whose derivative du/dz exists
on €. Find a vector f of coefficients such that the weighted averaging

Ap[n(W)](2, @, ) = f1Olp ()|, /02 + ... 4 [0l (u)

T /&z

of the constant derivatives on the triangles T1,...,T, from 7; meeting a approxi-
mates Ou/dz(a) with an error of the size O(h?) for all u smooth enough. Originally,
the problem was formulated with the aim to find a second-order approximation of
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the small strain tensor in the postprocessing of the elasticity problem. Today, the
interest concentrates upon the linear extensions of the second-order approximations

(1) An[Ma(u)l(a) = (An[Ma (w))([1, 0], @ fz), An[TTA(u)]([0, 1], a, fy))

of the gradients Vu(a) from the vertices to the triangles of 7;,. Especially, operators
Gp: L — Lp X Ly, with the properties
(R1) (Consistency)

G|l (u)] = Vu for all quadratic polynomials u,

(R2) (Localization) for every triangle T' € 7}, and for every u € Ly, the values of
Gplu] on T depend on the values of u in the triangles from a local neighbourhood
Qn(T) of T only,

(R3) (Linearity and boundedness) the operator Gy, is linear and there exists a
constant C independent of h such that

1Grlull

0,00,T & C|U|17OO7Q}L(T) VT €Ty, u€ Ly,

called recovery operators in Ainsworth, Craig [1], provide a general tool for the con-
struction of a posteriori error estimators of solutions of the boundary value problems
for second-order partial diferential equations in the plane. Constructions and appli-
cations of these estimators are summarized in Ainsworth, Oden [2]. The Zienkiewicz,
Zhu operator from [9] and the Zhang, Naga operator from [7] are based on approxi-
mations by the least squares method. The former has been applied very successfully.
It is a recovery operator on triangulations closely related to the homogeneous tri-
angulations only. The accuracy of the latter is of second order. It is comparable
with the accuracy of the averaging operator of the form (1) presented and proved to
be a recovery operator on an extensive class of triangulations in Dalik [3]. Another
second-order averaging operator has been presented in Hlavacek, Kiizek, Pistora [5].

We study the property of consistency. First, we describe the vectors f such that

Ap[p(w)](z,a, f) = 0u/0z(a) for all quadratic polynomials u
for a unit vector z and an inner vertex a of a triangulation 7. Secondly, we
show that any ring » = (b!,...,b°) around an inner vertex a such that the value

Gp[x(uw)](a) of a consistent operator is a linear combination of the constant gradi-
ents VII}, (u)|r,, ..., VIIn(u)|r has to satisfy certain symmetry conditions.
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2. LAGRANGE SIX-TUPLES OF VERTICES OF TRIAGULATIONS

Let (z1,72) be the cartesian coordinates of a point z (in R?). For different points
a, b we denote by ab the straight line passing through a, b and by d(z, ab) the distance
of the point = from ab. Let us set

apy—C a2 —C2

D(a,b,c) = for arbitrary points a,b,c,

by —c1 ba—co

reserving the symbol II(u) for the linear interpolant of the function u at the vertices
of a triangle T and P? for the space of (real) polynomials

P(z) = a1 + agxy + oz + ou(w1)? + asz122 + ag(22)?

6

with (real) coefficients a,...,as. The points c!,...,c% are called a Lagrange siz-

tuple when for arbitrary real pi, ..., ps there exists a unique P € P? such that
P(c)=p; fori=1,...,6.
It is easy to see that for arbitrary points c',...,c®, the polynomial

Lhiz) =1z, ..., = D(z,c, E)D(x, 2, )D(c, 5, ) D(ct, 8, c?)

+ D(z,¢, ) D(x, %, ®)D(c*, ¢, °)D(c*, 2, )

belongs to P2 and l1(¢’) = 0 for j = 2,...,6. Adopting the convention that “+” and

«_»

on the set {1,...,k} of indices mean addition and subtraction modulo k, we set
Li(z) = l(z, ¢, ) fori=2,...,6.

Then, due to [4], ¢!, ..., 5 is a Lagrange six-tuple whenever /1(c!) # 0 and we have

Li(c) = (=) (et Vi, Li(c) =0 Vj#i.

Let Q be a bounded polygonal domain in R2. A non-empty finite set 7 of triangles

is called a triangulation of Q when Q) = |J T and the intersection of any two different
TeT
triangles 17, T5 from 7 is either a common side of T3, T5 or a common vertex of 17,

T5 or an empty set. We denote by h the length of the longest side of the triangles
from 7 and write 7, instead of 7. A vertex of a triangle from 7, situated in € is
called an inner vertex (of 7).
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Definition 1. An ordered n-tuple r = (b!,...,b") of vertices of a triangulation
7Ty, is called a ring around an inner vertex a whenever the related triangles 77 =
- - =
ab™bt, ..., T, = ab”~1b" are equally oriented and belong to 7. We set 6* = ab* for

1=1,...,n.

If z is a unit vector and = (b',...,b") a ring around an inner vertex a then we
denote by F,(r) the set of vectors f such that

8H1 (’U,)
0z

..+fn8H"(u) = @(a) Yu € P?

) h 0z 0z

for the constant derivatives of the interpolants II;(u) = Iz, (u).

We describe the sets F,.(r) under the assumption that for every ring r =

(bt,...,b") there exist indices 1 =iy < iy < ... <i5 < n such that ¢t =b", ... 5 =
b5, 8 = a is a Lagrange siz-tuple.

Due to the notation introduced above, the functions L;(z) = l;(x)/li(c!), i =
1,...,6, form a Lagrange basis in P? for every Lagrange six-tuple c!,...,c%, ¢ = a.

Then we call
L(z) = u(c')Li(x)

i=1

the (quadratic) Lagrange interpolation polynomial of a function u € C(Q) at the
nodes ¢!, ..., 5% An extensive class of triangulations such that every ring (b', ..., b")
with n > 5 satisfies the above assumption has been studied in [3].

3. DESCRIPTION OF THE SETS F,(r)

For a unit vector z = [21, 23] " and a ring (b',...,b") around an inner vertex a we
set 2t = [—29,21|" and ¢; = (6, 2), ¢; = (8%, z1) fori = 1,...,n. Of course, (¢;,¢;)
are the coordinates of the point b° in the Cartesian coordinate system with origin a
and axes ¢, ¢ in the directions of vectors z, z*. The identity

(3) dD(x,a,b)/8z = z1(as — bs) — za(a1 — by) = (ba, z*)

is valid for all points a # b and all unit vectors z, obviously.
We find a formula for the constant z-derivative of the interpolant IT;(u) and express
the vectors from F,(r) as solutions of certain systems of linear equations.
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Lemma 1. For a unit vector z, a triangle T = abc and a function u € C(T),

Oy (u)/0z = 5 (u(a) ch + u(b)at + u(c)ba, 2*).

L
(a,b,c)

Proof. Using (3), we obtain Lemma 1 by the identity
w(a)D(x,b,c) + u(b)D(z,c,a) + u(c)D(z,a,b)

My (u)(z) = D(a,b,c) '
O
In Theorem 1, we find a matrix form of the condition (2).
Definition 2. Let z be a unit vector, (b',...,b") a ring around an inner vertex
aof 7, and L1, ..., L the Lagrange basis in P? at the nodes c!,...,c5. Then we set

Lji=Lj(b") forj=1,...,6,i=1,...,n,

0o ... 0 —Cp—
Lln L11 . Ll,n—l _Cé C 0 C(T)L 1
Ly Loy ... Lapn— s '2 o i i
L=1] . : , E= R : : ;
' ’ ’ ’ 0 0 ... (oot 0
Lsn Lsi ... Lsn 0 0 ... oo G

d' = [0L1/dz,...,0Ls/0z]" (a) and relate the vector f = [f1,..., f]" to a given
f=1f1,---, fa]" by putting fi = fi/D; and D; = D(a,b"=1b%) fori=1,...,n.

Theorem 1. Let z be a unit vector, r = (b',... b") a ring around an inner vertex
a and L1, ..., Lg the Lagrange basis at the nodes c',...,c® = a. Then f € F,(r) if
and only if

(4) LEf =d".

Proof. Because of linearity, (2) is valid for all P € P? if and only if (2) is valid

for P=L4,...,Ls. By means of Lemma 1, we obtain
1
o [Gi(Lyi-1 = Lj(a)) = Gi-1(Lyi — Lj(a))] = O1Li(Ly) /0=
fori=1,...,n,j=1,...,6. This and (2), applied to P = L;, give

n

(5) > Fili(Ljia = Li(a)) = Gia(Lji — Ly(a))] = OL;/0z(a)

i=1
for j=1,...,6. Since L1 + ...+ Lg =1 and Ly1(a) = ... = Ls(a) = 0, we can see
that the equation (5) for j = 6 is a linear combination of the other equations. If
we omit this equation from (5) and substitute zeros for Li(a), ..., Ls(a), we get the
system (4). O
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We find the set of solutions f of the system (4) in two steps. In the first step, see
Lemma 2, we characterize the set

W=W.(r) = {w € R"| Lw = d'}.

Definition 3. For a ring (b,...,b") around an inner vertex a, let us set g =
{in+1,...,i5+1} and o ={1,...,n} — 0.

Lemma 2. If z is a unit vector and r = (b',...,b") a ring around an inner vertex
a then the following statements (a), (b) are valid:
(a) w € W.(r) if and only if ([P(b"), P(b"),...,P(b" 1)],w) = dP/0z(a) for all
P € P? such that P(a) = 0.
(b) w € W,(r) if and only if w; is arbitrary for all i € p° and

w;, 41 = 0L;/0z(a) — Z wilj,—1 for j=1,...,5.

1€0°

Proof. (a) Wehavew € W <= Lw=d!

= ([P(b™),P(b"),...,P(b" ")],w) = 0P/0z(a) VP € {Ly,...,Ls}
= ([P(b™),P(b"),...,P(b" "), w) = 0P/0z(a) VP € P?, P(a)=0.

(b) The statement is a consequence of the fact that for j = 1,...,5, the column
i;+1 of matrix L has the form [L;(c?),..., Ls(c¢?)]T with entry 1 in the j-th position
and 0 in the other positions. O

In the second step, we describe the vectors fz [fl, oo, fn] T satisfying
(6) Ef=w

for some w € W,(r). We point out that, due to our convention, the additions in
j+1,5+2,... are operations modulo » in {1,...,n}.

Definition 4. Let z be a unit vector and r» = (b%,...,b") a ring around an
k
inner vertex. Then we put oj; = ojr(w) = >, w1 for all w € W,(r) and
i=jF1

jked{l,...,n}.
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Lemma 3. Let z be a unit vector and r = (b',...,b") a ring around an inner
vertex a. Then oy ,(w) =0 for allw € W,(r) and for k=1,...,n.

Proof. IfweW,(r)and k € {1,...,n} then
k(W) = w1l + wola + ... + wplp—1 = <[P(b”), P(bl)7 o P(b”fl)], w>

for P(z) = (az,zt) = 21(xa — a2) — z2(w1 — a1). Now, due to Lemma 2 (a), we
obtain oy, (w) = OP/0z(a) = —z921 + 2122 = 0. O

The properties of the set F,(r), related to a ring r = (b%,...,b"), depend on the
number of zeros among the coordinates (1, ..., (, of b',...,b". We choose the indices
1,...,n so that one of the following cases (Z0)—(Z2) occurs:

(Z0) ¢; # 0 for all 4,
(Z1) ¢; =0 if and only if i = 1,
(Z2) there exists p € {3,...,p — 1} such that {; = 0 if and only if i € {1, p}.

Theorem 2. If z is a unit vector and r = (b',...,b") a ring around an inner

vertex a then f € F,(r) if and only there is w € W,(r) such that

a) fi is arbitrary and f; = [C.Cifi + 01.4(w)]/(Gio1Gi) for i = 2,...,n in the case
(20),

b) —Cufi + Cgf? = wy and f; = ?27i(w)/(gj_1gi) fori=3,...,nin (Z1),

) —~Gufi + Gafe = wa, —Goifp + Grrfpr1 = wprts fi = 024(w)/(Gio1Gi) for
i=3,...,p—1, fi = opt1,:(w)/({i=1¢;) for i = p+2,...,n and the mutu-
ally equivalent conditions o3 ,(w) = 0, opy1,1(w) = 0 are satisfied under the
condition (Z2).

Proof. fe F.(r)if and only if f satisfies (6) for some w € W, (r). In the case
(Z0), the first equation of (6) gives fn = (CnC1f1 —0n1)/(Ch—1¢n) and the following
equations lead to ﬁ = (anlfl +01,i)/(Ci=1G) for i =2,...,n. As 01, = —0op,1 due
to Lemma 3, the first formula for fn is just the case i = n of the second formula.
Hence a) is valid.

In the case (Z1), ¢; = 0 means that in (6) the unknowns f1, f appear in the single
equation —Cnfl + Cgfg = wo and the system of the other n — 1 equations for n — 2

unknowns is of the form

(:3 ,f3 w3
—C G fa Wy

_Cn—Q Cn fn—l W,

—Cn—l fn w1
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After elimination, the first n — 2 equations give the values fs, ..., fn from b). Then
fn = 09.n(w)/((n=1Cn), so that the last equation —(,— 1fn = w; is equivalent to
021 =0. But 0 =022 = 021 + w2(1 = 02,1 by Lemma 3 and ¢; = 0.

The statement c) can be proved by analogous considerations. (I

4. THE CONSISTENT OPERATORS

In this section we show that for every unit vector z there exist rings r = (b*,...,b%)
around inner vertices a such that the value of any consistent operator Gp[II,(u)] at
vertex a cannot be expressed in form of a linear combination of the constant gradients

VI, (u)|ry, - - -, VIIR(w)|7, on the triangles from 7, meeting vertex a.
Let us assume that there exists a vector f = [f1,..., f,] T such that
(7) Gy (w)](a) = VI (u) + ... + fu VIL,(u) Yu € P2

Due to consistency, (7) means that f € F,(r)NF,. (r) for z = [1,0]. In the following
example we find neighbourhoods with the property F,(r) N F,.(r) = 0.

Example 1. For a ring » = (b},...,b°) around an inner vertex a we find
conditions necessary for the existence of a vector f in F,(r) N F,.(r). Lemma 2
b) tells us that W,(r) and W, (r) are one-element sets with the elements w' =
[0Ls5/0x1(a), ..., 0Ls/0z1(a)]" and w? = [0Ls/dxs(a),. .. ,0Ls/0x5(a)] ", respec-
tively. Then, due to Theorem 2 a), F.(r) is the set of vectors f such that f; is
arbitrary and

i il
(8) fi= <C5§1f1 + kz::l WT(G)@)/(QMJ for i=2,...,5,

and F,. (r) is the set of vectors g such that gy is arbitrary and

N ;) ,
(9) 9i = (30590191 83: ( )%)/(gpilgoi) for i=2,...,5.

It is easy to see that the formulas

(10) fi:(fz 1Gi— 2+8L11 )/Q for i=2,...,5
and
(11) gi = <§i7190i—2 agl ! )/saz for i=2,...,5
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are equivalent to (8) and (9), respectively. For i = 2,... 5, the identities fic1 = i
and f; = g; can be shown to be equivalent to

;_ (VLioi(a),0")

: <VLi_1 (a), 5i_2>
S = D)

= Gi_ d ;: - - = §;.
dod e e

These identities lead to

(VL@ (VEi(a)62)
(12) D(bi=1,b+1 a)  D(bi=2,bi,a)

for ¢ = 2,3, 4. If we use the explicit form of the polynomials L1, ..., Lg from Section 2
then we can simplify the equalities (12) to the form

d(a,b%6%)  d(a,b*°)  d(a,b*°)  d(a,b%b')  d(a,b%bY)  d(a,b'b?)

A(b2,53b%)  d(bL,b4b0) " d(b5,b%5)  d(bZ,bobl)’ d(bh,b5bY)  d(b3,b1b2)’

Fig. 1 illustrates that the ring (b',...,b%) around the vertex a satisfies the first of
these identities but, obviously, the second identity is invalid.

Figure 1
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