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COMPATIBILITY AND CENTRAL ELEMENTS
IN PSEUDO-EFFECT ALGEBRAS

PaoLo ViToLo

An equivalent definition of compatibility in pseudo-effect algebras is given, and its re-
lationships with central elements are investigated. Furthermore, pseudo-MV-algebras are
characterized among pseudo-effect algebras by means of compatibility.

Keywords: pseudo-effect algebra, lattice pseudo-effect algebra, pseudo-MV-algebra, com-
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1. INTRODUCTION

Effect algebras (alias D-posets) have been independently introduced in 1994 by D. J.
Foulis and M. K. Bennett in [3] and by F. Chovanec and F. Képka in [I5] for mod-
elling unsharp measurement in a quantum mechanical system. They are a general-
ization of many structures which arise in Quantum Physics [8] and in Mathematical
Economics [4, [[3], in particular they are a generalization of orthomodular posets
and MV-algebras.

G. Georgescu and A. Torgulescu in [I4] introduced the concept of a pesudo-
MV-algebra, which is a non-commutative generalization of an MV-algebra, and
A. Dvurecenskij and T. Vetterlein in [9] introduced the more general structure of
a pseudo-effect algebra, which is a non-commutative generalization of an effect al-
gebra. The investigation of these structures is motivated by quantum mechanical
experiments. For a study see for example [9] [T6], [T§].

In this paper we investigate compatibility in pseudo-effect algebras. The aim is
to generalize results found by Rie¢anovd in [I7] for effect algebras. To this end we
give a definition of compatible elements in a pseudo-effect algebra which is a direct
generalization of the one given in [, Def. 2.3]. After deriving several consequences
from our definition, we show that it is equivalent to the one given in [T2, §3, p. 267].

In the final section we establish the relationship between central elements and
compatibility, making use also of some results from [I]. We also give a charac-
terization of pseudo-MV-algebras as those lattice pseudo-effect algebras in which
all elements are pairwise compatible, thus extending a well-known result of effect
algebras to the non-commutative setting.
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2. PRELIMINARIES

Definition 2.1. A partial algebra (E, +,0, 1), where + is a partial binary operation
and 0, 1 are constants, is called a pseudo-effect-algebra if, for all a, b, ¢ € F, the
following properties hold:

(P1) The sums a + b and (a + b) + ¢ exist if and only if b+ ¢ and a + (b + ¢) exist,
and in this case (a +b) +c=a+ (b+¢).

(P2) For any a € E, there exist exactly one d € FE and exactly one e € E such that
a+d=e+a=1.

(P3) If a + b exists, there are d, e € E such that a+b=d+a=0b+e.

(P4) If 14+ a or a+ 1 exists, then a = 0.

We note that, if + is commutative, then E becomes an effect algebra.

If we define a < b if and only if there exists ¢ € E such that a + ¢ = b, then
< is a partial ordering on E such that 0 < a < 1 for any a € E. If E is a lattice
with respect to this order, then we say that E is a lattice pseudo-effect algebra or a
pseudo-D-lattice.

If F is a pseudo-effect algebra, we can define two partial binary operations on F
such that, for a,b € E, a/bis defined if and only if b\a is defined if and only if a < b,
and in this case we have (b\a) + a = a + (a/b) = b. In particular, we set ~a = 1\a
and a* = a/1.

In the sequel, we denote by E a pseudo-effect algebra and by L a pseudo-D-lattice.
If a,b € E, we write a L b to mean that the sum a + b is defined. Moreover, we put
[a,b) ={ceE|a<candc<b}.

The following properties of pseudo-effect algebras will be used (for the proofs we
refer to [2, [, [0} [8]):

Proposition 2.2. For every a,b,c € E, we have:
(i) a L bif and only if a < Lp if and only if b < at.

(i) If @ < b, then b\(a/b) = (b\a)/b = a. In particular (for b = 1) we have +(a’) =
(*a)t =a.

(i) If a L cand b L ¢, then a 4+ ¢ = b+ ¢ implies a = b; similarly, if ¢ L @ and ¢ L b,
then ¢ 4+ a = ¢+ b implies a = b.

(iv) If a < b, then b L ¢ implies a4+ ¢ < b+ c and ¢ L b implies c+a < ¢+ b.
(v) If a < b <¢, then b\a < c\a and a/b < a/ec.
(vi) If a < b < ¢, then c\b < c\a and b/c < a/ec.

)
(vii) If a < b < ¢, then (c\a)\(b\a) = c\b and (a/b)/(a/c) = b/c.
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a <b < e, then (¢\b)/(c\a) = b\a and (a/c)\(b/c) = a/b.
If @ < b, then b\a = +b/*a and a/b = a*-\b .

(viii) If
(ix)
(x) If @ L b and a V b exists, then a Vb < a+b.
(xi) If a < b, a < cand b A c exists, then (b\a) A (c\a) exists and equals (b A ¢)\a.
(xii) If a < b, a < c and b A ¢ exists, then (a/b) A (a/c) exists and equals a/(b A ¢).
Proposition 2.3. Let a,b € E, and suppose that a A b exists. Then (a A b)t =
at Vbt and L(aAb) =Lta Vvt
Similarly, if a V b exists, then (a V b)t = a* Abt and L(a Vb) = ta A Lb.

Proposition 2.4. Let a,b € F such that aVb exists. For every ¢ € E with aVb < ¢,
we have c\(a V b) = (c\a) A (c\b) and (a Vb)/c= (a/c) A (b/c).

Proposition 2.5. Let a,b,¢c € E such that a < ¢ and b < ¢. If (c\a) V (c\b) or
(a/c) V (b/c) exists, then a A b exists, and we have c¢\(a A b) = (c\a) V (c\b) or,
respectively, (a Ab)/c= (a/c) V (b/c).

Sharp elements in pseudo-effect algebras are defined in the same way as in the
commutative case (see [Il, Def. 3.1]).

Definition 2.6. We say that p € E is sharp if p Apt =0.

Proposition 2.7. An element p € E is sharp if and only if p A +p = 0.

Proof. See [I, Prop. 3.2]. O

A key role in this paper is played by central elements. We recall the definition of
central element as given in [6, Def. 2.1].

Definition 2.8. We say that p € E is central if there exists an isomorphism f: F —
[0,p] x [0, p*] such that

e f(p) = (p,0);
e for every a € E, if f(a) = (a1, a2), then a = a; + as.
The set of all central elements of E is called the centre of E, and denoted by C(E).

We need a number of facts about central elements, which we summarize in the
proposition below. The reader is referred to [Il, 6] for the proofs.

Proposition 2.9. Let p € E be central. The following hold:

(i) p is sharp.

(ii) For every a € E, both a V p and a A p exist.
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(iii) pt also is central, and +p = pt.
(iv) fa<p,b<p,and a L b, then a +b < p.
(v) For every a € E, we have a = (a Ap) + (a Apt) = (a ALtp) + (a Ap).

In the sequel we will also make use of the following characterizations of central
elements.

Theorem 2.10. Any p € E is central if and only if for every a € E, both a A p and
a A pt exist and we have

a=(aAp)V(aAph).
Proof. See [I, Theor. 3.17 and Def. 3.6]. O

In a pseudo-D-lattice, central elements can also be characterized as follows.

Proposition 2.11. Let p € L. The following are equivalent:

a) pis central.

(

(b) For every a € L we have a = (a Ap) + (a Apt) = (a Apt) + (a Ap).

(c) p is sharp and, for every a € L, we have a\(a A p*) < p and a\(a Ap) < p*.
(

d) pis sharp and, for every a € L, we have (a A p)/a < p* and (a Apt)/a < p.

Proof. See [I, Prop. 3.18]. O

3. COMPATIBLE ELEMENTS

We adopt a definition of compatible elements which closely resembles the one given
in [I7] for the commutative case. Some equivalents of this definition are presented,
too.

We also show that our definition of compatibility agrees with the one which is
found in the literature (see [B] or [12]).

Definition 3.1. We say that a,b € E are compatible, and write a < b, if there exist
u,v € F such that:

(C1) a,b € [u,v];
(C2) a\u=v\b;
(C3) v\a =b\u.
It is apparent that, for every a,b € F, one has a < b if and only if b < a.
Proposition 3.2. Let a,b € E.
(i) If @ and b are comparable, then a < b.
(ii) Ifa L b,b L a and a +b = b+ a, then a < b.

(iii) Suppose that both a Vb and a A b exist. If (a VvV b)\b = a\(a Ab) and (a V b)\a =
b\(a AD), then a < b.
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Proof.

Suppose a < b and let u = a, v = b. Trivially a,b € [u, v]. Moreover a\u =0 = v\b
and v\a = b\a = b\u.

Let u=0,v =a+b=b+a. Clearly a,b € [u,v]. Moreover a\u = a = (a+b)\b=
v\b and v\a = (b+ a)\a = b = b\w.

Let u=aAband v =aVb Clearly a,b € [u,v]. Moreover a\u = a\(a A b) =
(a Vb)\b=0v\band v\a = (aV b)\a=0b\(a Ab) =b\u.

O

In the commutative case the definition of compatible elements is simpler, because
[[CT) and [[C2) imply [[C3)} We are going to see that, in general, this is not true.

Example 3.3. Let E = {0,a,b,¢,1} with a+b=b+c = c+a =1, while the sums
b+ a, c+b and a + ¢ are not defined (see the remark at the end of §2 in [2]).

Taking u = 0 and v = 1, we have that and are satisifed but does
not hold.

Proof. It is obvious that a,b € [u,v], i.e. is satisfied. Moreover a\u = a =
1\b = v\b, so that[[C2]]is satisfied, too. On the other hand v\a = 1\a = ¢ # b = b\w,
hence does not hold. O

In order to characterize compatible elements, we first establish some preliminary
facts which will be used in the sequel.

Lemma 3.4. Let a,b,c € E. If a < b < ¢, then a + (b/c) = (b\a)/c and c\(a/b) =
(c\b) + a.

Proof. Notethat b/c < b+ < at and c\b < 1y < J-a, so that the sums are defined.
We have (b\a) +a+ (b/c) = b+ (b/c) = ¢ whence a + (b/c) = (b\a)/c. Similarly

for the other equality. O
Corollary 3.5. If u < b < v then:
() b/ =/ ((B\w)/v);

(ii) u/b= ((v\b) + u)/v;

(i) 0\b = (v\(u/b)\us

(iv) b\u=v\(u+ (b/v)).



Compeatibility and central elements 1001

Proof.
By Lemma B we have u + (b/v) = (b\u)/v; hence
b/v=u/(u+ (b/v)) =u/((b\u)/v).
By Lemma B2l we have v\ (u/b) = (v\b) + u; hence, applying Proposition EZX1)}
u/b= (v\(u/b))/v=((v\b) +u)/v.
Similar to
Similar to
0
Now we are ready to characterize compatible elements in pseudo-effect algebras.
Proposition 3.6. Let a,b € E. The following are equivalent:
a) a < b.
b) There exist u,v € E, with a,b € [u,v], such that a\u = v\b and u/a = b/v.

(
(
(¢) There exist u,v € E, with a,b € [u,v], such that a/v = u/b and v\a = b\u.
(d) There exist u,v € E, with a,b € [u,v], such that a/v = u/b and u/a = b/v.
(

e) There exist r,s € E, with » < b and s < a, such that s/a =7r/b,r La, s L b
and r +a=s+b.

Proof.

(a)={(b)| Let 7 = v\a = b\u and s = a\u = v\b, where u and v satisfy (C2)
and Applying Corollary we have

ufa = ((v\a) +u)/v=((b\u) +u)/v=>b/v.

(b)={(d)] is proved in a similary way, as well as |(d)F={(c)| and |(c)={(a)

(a)l=(e)] Let r = v\a = b\u and s = a\u = v\b, where u and v satisfy
and Clearly r» < band s < a. Moreover we have r+a = (v\a)+a =v = (v\b)+

b= s+ b and, applying Proposition ZX(ii)} s/a = (a\u)/a = u = (b\u)/b=r/b.

()[(d)] Let w=s/a=r/band v=r+a=s+b, where r and s satisfy [[¢)] Clearly
a,b € [u,v]. Moreover, applying Proposition ZX(ii)| we have a\u = a\(s/a) = s =
(s 4+ b)\b=v\band v\a = (r + a)\a =r = b\(r/b) = b\u.

O

Corollary 3.7. Given a,b € E, we have a < b if and only if a- < bt.
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Proof. Suppose a < b, and let v and v satisfy condition @ of the previous
proposition. Then a*,bt € [vt,ut]; moreover, by Proposition we have
at\vt =a/v=u/b=ut\b+ and ut\at = u/a=b/v = b \vt.

The reverse implication is proved in a similar way. O

The previous proposition allows us to show the equivalence between our definition
of compatible elements and the one given in [T2, §3, p. 267].

Proposition 3.8. Let a,b € E. Then a < b if and only if

Jai,b1,c€e E: a1 Lb, by La, ay Lle b Leg 1)

a1 +b=b; +a, a=ai+c, b="b; +ec

Proof. We show that ([Il) is equivalent to condition
Suppose that B(e)| hold. Let a1 = s, by = r and ¢ = s/a = r/b. Then a; L b,
b1 L aand a;+b = by +a. Moreover a = s+(s/a) = a1 +cand b = r+(r/b) = by +c.
Conversely, assume that (Il is verified. Let » = by and s = a;. Since b = r+c and
a=s+c, wegetr <band s < a. Furthermore s/a =s/(s+¢)=c=r/(r+c)=0b.
Finally we have r L a, s Lbandr+a=b;+a=a1+b=s+0b. O

The next result gives a characterization of compatible elements in pseudo-D-
lattices, too.

Theorem 3.9. Let a,b € E. Assume that both a Vb and a A b exist (in particular,
assume that E is a pseudo-D-lattice). We have a « b if and only if there exists
¢ € F such that:

c<aAbd (2)
c<t(avb) (3)
c+ ((avb)\a) = (b\(aAb)) +c (4)
c+ ((@aVvb)\b) = (a\(aAb)) +c. (5)

Proof. Suppose a < b, and let u and v satisfy [[C1)} [[C2)] and [[C3)} Applying
Lemma we get
u/a= ((v\a) +u) /v = ((b\u) +u)/v=">/v,
u/b=((0\b) +u) /v = ((a\u) +u) /v = a/o.
Since u < aAb, we may define ¢ = (a Ab)\u, and in this way ) is satisfied. Observe

further that a V b < v; thus, applying Proposition B2 and Proposition E2Z2(xii)|, we
have

(6)

o\(aVb) = (v\a) A (0\B) = (B\u) A (@\u) = (b A a)\u=c, (7)

and consequently, by Propostion we also have

c=v\(aVb)<1\(aVb)="(aVb),
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so that (@) is satisfied, too.

Let r = c+((aVb)\a) and s = c+ ((aVb)\b) (note that, in view of (@), both these
sums are defined). The definition of ¢ implies that a A b = ¢ + u; hence, taking ()
and (@) in account, we obtain

r+a=c+ ((avVb\a)+a=c+(aVb) =v
=b+b/v=b+ufa= (b\(aAb)) + (aAb) +u/a
= (b\(aAb)) +c+u+u/a= (b\(aAb))+c+a,
and consequently, by Proposition we have r = (b\(a/\b)) + ¢, which gives @).
In a similar way we obtain (B).

Conversely, let ¢ satisfy @), @), @) and @). Set

r=c+ ((aVvb)\a) = (b\(aAb)) +c,
s=c+ ((aVvb)\b) = (a\(aAb)) +ec.

Note that, as ¢ < a A b, we have
r=(b\(@nb))+c< (b\(@Ab))+(aAb)=b
and, similarly, we obtain s < a. Furthermore,
a=(a\(aAb))+ (aAb) = (a\(aAb)) +c+c/(anb)=s+c/(aAD),

so that s/a = ¢/(aAb). Similarly one obtains b = r+¢/(aAb), and hence r/b = s/a.
Finally, we have

r+a=c+ ((aVb)\a)+a
=c+(aVb)=c+ ((aVb)\b) +b=s+b.

We conclude that conditon is satisfied, and therefore a < b. O

Corollary 3.10. Given a,b € E such that a Vb exists and a Ab = 0, we have a < b
if and only if (a vV b)\b =a and (a V b)\a = b.

Proof. Indeed, if ¢ satisfies (), we must have ¢ = 0. d

4. CENTRAL ELEMENTS

In this section we will see how central elements and compatibility are related.
First we establish some facts which are of independent interest.

Proposition 4.1. If p € E is central then, for every a € E:
(i) aAp,antpand aApt,as wellasaVp, aV 1pand aV pt exist;

(ii) a\(a Ap) =aALp;
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(iii) (aAp)/a=anph

(iv) (aVp)\a="1aAp;

(v) a/(aVp)=a* Ap.
Proof. Let a € E. Then follows from Proposition and Now, by
Proposition we have a = (a A 1p) + (a Ap) = (a A p) + (a A pt), hence
a\(aAp)=aAtpand (aAp)/a=aApt.

Moreover, taking into account Proposition it follows from applying
Proposition Proposition and Proposition that

a/(aVp)=a\(a" Apt)=at A(*p)t =a Ap.
Similarly one gets that (a V p)\a = “a Ap. O

Lemma 4.2. If p € E is central then, for every a € E, (a Ap*, aA*tpand aVp
exists, and) we have

p+(@np)=(an'p) +p=aVp.

Proof. In view of Proposition all suprema and infima used below in this
proof are defined.
Let a € E. In [1, Lemma 3.13], it has been proved that

p+(anp)=(aA*p)+p=(ar’p) Vp.
Hence it suffices to show that
(aA*p)Vp=aVp. (8)
By Proposition 24, Proposition and Proposition we get
(avp\((@n*p)Vp) = ((@aVp)\(aA*p) A((aVp)\p)
= ((@vp)\(aAp™)) A((aVp)\p) 9)
= ((avp)\((@rp)/a)) A ((aVp)\p).

Now, observe that by Propositionwe have (aVp)\a = taAp. Thus, from @),
applying Lemma B2l (with a A p in place of a, a in place of b and a V b in place of ¢)
and Proposition we obtain

((avp)\((@np)/a)) A ((aVp)\p)
(((avp)\a) + (@Ap)) A ((aVp)\p)
(("aAp)+ (anp)) A ((aVp)\p)

<pA((aVvp)\p) <pA-p.

Since, by Proposition and p A +p =0, we conclude that (a V p)\((a A
+p) \/p) =0, and () follows. |

(aVp)\((an*p)vp) =
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Proposition 4.3. If p € E is central then, for every a € E, (a A p exists and) we
have
p=(anp)+(a* Ap)=(taAp)+(aAp).

Proof. It suffices to show that
Vac E  p=(taAp)+(anp). (10)
Indeed, given a € E, by ([[[) and Proposition we have
p=(Ha) Ap) + (at Ap) = (anp)+ (at Ap).
Now we prove ([[). Fix a € E. Since by Proposition EZX(iii)| p* is central and
Lp = pt, we can apply Lemma B2, and we obtain
pt+ (tanp) =tavpt (11)

Finally, by Proposition Proposition 23l Proposition and (), we
have
p\aAp)="*p/anp)="p/(*aV 'p)
=p-/(tavpt) =p/(p" + (farp)) = Tanp,

and therefore p = (*a A p) + (a A p). O
The following result will help in characterizing central elements by means of
compatibility.

Proposition 4.4. If p € E is central then, for every a € E, both a Vp and a A p
exist, and the following hold:

Vp)\p = a\(a A p), (12)
(@Vp\a=p\(aAp) (13)

Proof. As already observed, for every a € F, both a V p and a A p exist. Now fix
a € E. By Proposition we have a\(a A p) = a A tp. On the other hand, by
Lemma A (a ALp)+p=aVp,so that a A+p= (aVp)\p. Hence [[2) follows.
Since by Proposition we have (a V p)\a = *a A p, to prove () it suffices
to show that
TaAp=p\(anp),

but this follows from Proposition O

In the next theorem, compatibility is used to characterize central elements of a
pseudo-D-lattice, thus generalizing a result of [I'].

Lemma 4.5. Given ¢,d € L, we have (¢Vd)\d = ¢\(cAd) if and only if (cAd)/d =
¢/(eVd).
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Proof. Suppose that (c¢V d)\d = c\(cAd). Applying Corollary BH(i)| and Propo-
sition we have

¢/(cvd) = (cnd)/((c\(cAd)/(cVd))
= (cAd)/(((cvd\d)/(cVd))=(cAd)/d.

Conversely, suppose that ¢/(c¢V d) = (¢ Ad)/d. Applying Corollary and
Proposition we have

(evd\d=((cVa)\((cAd)/d)\(cAd)
= (v a)\(¢/(cVd)\(eAd) = \(cAd).

Theorem 4.6. Let p € L be sharp. The following are equivalent:

a) p is central.

b) For every a € L, (aV p)\p = a\(a A p) and (a V p)\a = p\(a A p)
a\(a Ap) and (a Ap)/a=p/(aVp).
(aVp)and (aAp) (aVp)
(aVp)and (aVp) (anp)

d) Foreverya€ L, (aAp)/p=a/(aVp)and (aAp)/a=p/

(aVp)
c) Foreverya€ L, (aVp)\p

(anp)

(anp)

e) Foreverya€e L, (aAp)/p=a/(aVp)and (aVp)\a=p\

(
(
(
(
(
(f) For every a € L, p < a.

Proof.

follows by Proposition B4l

follows applying Lemma EERE in the same way one also proves that
and

follows by Proposition

[[}[B] Let a € L. By Theorem BT, there exists ¢ satisfying @), @), @) and @) In

particular we must have ¢ < p A +p and hence ¢ = 0, by Proposition 227

(b)={(a)]l Let @ € L. Since (a V p)\a = p\(a A p), by Lemma E3 (with ¢ = p and

d = a) we also have
(aAp)/a=p/laVp) <pt. (14)

Moreover, since (at V p)\a* = p\(a’ A p), applying Proposition and
and Proposition Z3, we get
(aA*p)/a=(antp)F\at = (a* p))\at

(15)
= (a* Vp)\ =p\(a* Ap) P
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From () and (&), applying Proposition Z4 and Proposition 27 it follows that
((a/\ Lp) Vv (a/\p))/a = ((a/\Lp)/a) A ((a /\p))/a <pApt=0.

Hence a = (aA+p)V(aAp). As a was arbitrary, we conclude, by Theorem EZIT, that
+p is central. Therefore, by Proposition Z(ii1)| and Proposition ZX(i1)] p is central,
too. 0

In [I1], pseudo-MV-algebras are characterized as follows.

Theorem 4.7. A pseudo-D-lattice L is (identifiable with) a pseudo-MV-algebra if
and only if

Va,be L: (aVb)\b=a\(aAb) (16)
or, equivalently,

Ya,be L: b/(aVb)=(anbd)/a. (17)
Proof. See [II, Theor. 8.7 and Prop. 8.15(y) and (J)]. O

The above facts allow us to give another characterization of pseudo-MV-algebras.

Theorem 4.8. A pseudo-D-lattice L is (identifiable with) a pseudo-MV-algebra if
and only if
Ya,be L: a«<b. (18)

Proof. In the light of Theorem E it suffices to prove that ([[H)= (&) and
()= (D).
([@)= () This follows immediately from Proposition

@)= Given a,b € L, let d = b/(aVb) and e = a/(a V b). Applying Proposi-
tion 20, we obtain

dVe=(b/(aVvb))V (a/(aVb))=(anb)/(aVDb). (19)
Similarly, by Proposition ZZ we get
dhe=(b/(aVDb))A (a/(aVb))=(aVb)/(aVb)=0.

Since d < e, we may apply Corollary BT thus, by Proposition and (),
we obtain

(anb)/a= ((aAb)/(aVb)\(a/(a VD))
=(dVel\e=d=0b/(aVD)).

O

(Received June 29, 2010)
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