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Abstract. In this paper, using a fixed point theorem on a convex cone, we consider
the existence of positive solutions to the multipoint one-dimensional p-Laplacian boundary
value problem with impulsive effects, and obtain multiplicity results for positive solutions.
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1. INTRODUCTION

In this paper we study the multiplicity of positive solutions to the multipoint
one-dimensional p-Laplacian boundary value problem with impulsive effects

(op(@' (1)) +a(0) f(t,u(t), u' () =0, t#t, 0<t<1,
)

(1.1) Ay (! (t:)) = —Ti(u(ts), u'(t;)), i=1,2,....n,
u0) =5 au(©). e 1) = S B/ n)

where ¢, (s) = [s[P~2s,p > 1, (pp) "t = ¢q, 1/p+1/q= 1 and Au(t;) = u(t])—u(t;]),
App (W' () = op(W (1)) — p(W/(t;)), u(t]) and u(t; ) represent the right-hand
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limit and the left-hand limit of the function w(t) at ¢ = ¢;. The sequences {t;},
{&} and {m} satisfy 0 < t1 <to < ...<t, <1,neN0<§H <& <... <
Em—2<1,0<m << ...<fp—2<1land §,n #t,1=12,...,n, 5 =

m—2 m—2
1,2,...,m — 2. The constants «;,3; € RT satisfy 0 < 21 o, 21 B; < 1, where
j= j=
RT =1[0,00).
In this paper we assume that
(C1) feC([0,1] x RT x RT RT),
(C2) ¢ € C[0,1] is nonnegative and there exists an integer k > 3 such that

[ a(tydt > o,

(C3) I; € C(R*,RY) is a bounded function, I; € C(R* x R* R*),i=1,2,... n.

m—2 m—2
We set G; = sup I;(u), Dy = 1/(1 -y aj), Dy = 1/(1 - > Bj), h =
w€[0,+00) J=1 =1

m—2
Dy (1 - > a;(1— fj)Q), b1 > 0 is a constant which is given by Theorem 4.1.
j=1

(Cy) max{G1,Go,...,Gn} < (kbi(h —1))/n.

Differential equations involving impulsive effects have been applied in many fields,
for example, in population dynamics, biological systems, industrial robotics, op-
timal control and so on. The boundary value problems for impulsive differential
equations have been studied extensively in literature (see [2]-]9], [11], [12], [14] and
the references therein). Most of those papers have studied the two-point or periodic
boundary value problems for impulsive differential equations. The literature devoted
to the multipoint one-dimensional p-Laplacian boundary value problem with impul-
sive effects is not too extensive. Recently there are papers studying some special
cases of the problem (1.1). For example, when I; = 0 and 3; =0 (i = 1,2,...,n,
j=1,2,...,m —2), Zhang et al. [14] have considered the special case of the prob-
lem (1.1) when the nonlinear term f does not involve the first-order derivative, and
have obtained the existence of multiple positive solutions to the following multi-
point one-dimensional p-Laplacian boundary value problem with impulsive effects,
by using the classical fixed-point index theorem for compact maps:

—(ep(@'(1))) = f(t,u(®), t#t, 0<t<1,
Au(tz) :Ii(u(ti))ﬂ i= 1,2,...,71,
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For the case of I[; =0 and I; =0 (i = 1,2,...,n), Wang et al. [13] have researched
the multipoint boundary value problem with a one-dimensional p-Laplacian

(ep(u'(£))" + f(tu(t) =0, 0<t<1,
m—2

o) = 5 (). ) =T Bu(s).

Jj=1

In the paper we consider the more general situation (1.1), we get over some new
difficulties such as the construction of the cone and the operator used. We prove that
under some conditions the problem (1.1) possesses multiple positive solutions. The
detailed statement and proof of our main result are given in Section 4. In Section 5
we give an example to support our main result.

2. PRELIMINARIES

In this section we give a brief introduction to the theory of cones in Banach spaces,
and to the so called Bai-Ge’s fixed point theorem.

Definition 2.1. Let E be a Banach space over R. A nonempty closed set P C F
is called a cone provided that
(1) au+bve P forallu,v e Panda >0,b>0,
(2) u,—u € P implies u = 0.
Every cone P C E induces an ordering in F given by z < y if and only if y —x € P.
Definition 2.2. A map 1 is called a nonnegative continuous concave functional

on a cone P of a real Banach space E provided that ¢): P — [0,00) is continuous
and

Ytz + (1 —t)y) = tp(z) + (1 - t)(y)

forall z,y € P and 0 < t < 1. Similarly, we say a map ¢ is a nonnegative continuous
convex functional on a cone P of a real Banach space E provided that ¢: P — [0, 00)
is continuous and

ot + (1 —t)y) < to(x) + (1 —t)e(y)

forall z,y € Pand 0 <t < 1.

Let r > a > 0 and L > 0 be constants, ¥ is a nonnegative continuous concave
functional and ¢ and w are nonnegative continuous convex functionals on the cone P.
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Define the following convex sets:

P(p,riw, L) ={y € P: ¢(y) <r, w(y) <L},

P(p,r;w, L) ={y € P: o(y) <7, w(y) <L},
P(o,riw, Lip,a) ={y € P: o(y) <r, w(y) <L, ¢(y) > a},
P(p,r;w, Li,a) ={y € P: p(y) <7, w(y) <L, ¥(y) > a}

The following assumptions as regards the nonnegative continuous convex func-
tions ¢, w are used:
(Hy) there exists M > 0 such that ||z| < M max{p(z),w(x)} for all x € P;
(Hg) P(p,7;w,L) #( for any r» > 0 and L > 0.

To prove our result in Section 4, we need the following fixed point theorem due to
Bai and Ge in [1].

Lemma 2.1. Let P be a cone in a real Banach space E and let ro > d > b > 1r; >
0, Lo > Ly, > 0. Assume that ¢ and w are nonnegative continuous convex functions
satistying (H;) and (Hz), ¢ is a nonnegative continuous concave function on P such
that 1(y) < (y) for all y € P(p,r2;w, La) and T: P(p,re;w, La) — P(p,r9;w, L)
is a completely continuous operator. Suppose that
(A1) {y € P(p,d;w, Lash,0): Y(y) > b} # 0, (Ty) > b for y € Py, dyw, La; 1, b),
(A2) ¢(Ty) <r1, w(Ty) < Ly for ally € P(p,r1;w, L1),
(A3) ¥(Ty) > b for all y € P(p,re;w, La; 1, b) with o(Ty) > d.
Then T has at least three fixed points y1,y2 and yz € P(p,r2;w, La) with

Y1 € P(¢7T1;w7l’1)7
Y2 € {ﬁ(@,’l‘g;u&Lg;’lp,b): w(y) > b}7
ys € P(p,72;w, La) \ (P(p,72;w, La; 1, b) U P(p, 715w, L1)).

3. SOME LEMMAS

In order to get the solutions of problem (1.1), we introduce the following notation.

Let J = [0,1], Jo = [0,%1], J1 = (t1,t2)s- -y Jne1 = (bn=1,tn], Jn = (tn, 1], J =
J\A{t1,te, ..., ta}.

Set PC(J) = {u: [0,1] — R: uw € C(J'), u(t]) and u(t; ) exist, and u(t; ) =
u(t;), 1 <i<n},

PCY(J) = {u € PC(J): u € CHJ),«'(t]) and u/(t]") exist, and u/(t;) =
u'(t;), 1 <i<n}.
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Obviously, PC(J) and PC*(J) are Banach spaces with the norms

lllpe = max fu(®)l,  llullper = max{|lullpe, |v'llpc},

respectively. A function u € PC*(J)NC?(J') is called a solution to (1.1) if it satisfies
all equations of (1.1).

Define the cone P C PC'(J) by P = {u € PCY(J): u(t) = 0, u is concave on J;

m—2
(1 <i<n)andw'(t) >0, v (t) is non-increasing on [0,1], u(0) = > aju( )}

Define nonnegative continuous functionals ¢, w and 1 by

= = = i t
p(u) = [nax lu(t)|, w(u)= [ax [/ ()], (u) peitin u(t)|
Then on the cone P, 3 is a concave functional, ¢ and w are convex functionals
satisfying (H;) and (Hs).

Lemma 3.1. Ifu € P, then

1
p— / e 1 = —_
qua o (1)) = w(0), - guax fu(h)] = (1), omin | fu()] = ()
Proof. By the definition of the cone P, the proof is very easy, so we omit it
here.

O
Lemma 3.2. Ifu € P, k > 3, then

. S 1 1
1/k<rtn§1{1—1/k ()] k 01222(1 [u(®)] Z [Auts
Proof. Let
u(t), t € Jo,
u(t) — |[Au(ty)], teJy,

1
U(t) - E |Au(t’t>|7 te Jn—17

u(t) — ; |Au(t;)], te Jy.

Note that «/(¢) is non-increasing on [0,1], hence v € C[0, 1] and v is concave on [0,1].
By Lemma 2.2 in [10] we have

i ) > - t).
pcin @] > 7 max v(®)]
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Moreover, u(t) is non-decreasing on [0,1], and we have

masx [o(t)] = v Zmu ) = max Ju(t)] - 3 [Au(t;)],
=1

0<t<1 Jnax
1 1
' Ol = (—): (—)— > A
1/kgltngl?—l/’Jv( JI=v k Y k 0<t‘<1/k| ulta)l
= min u(t)] — Au(t;)].
e )] OEW' (t:)]
Hence,
i )l = i t Au(t;
i = min - fo(t)] +O<t§’<1/k| u(ts)
> L wma fo(o)] > & max fu)] -+ 3 Aults)
7 hocic "2 ot k uiti)]-

i=1

O

Lemma 3.3. Assume that (C1)—(C3) hold. Then u € PCY(J)N C%(J') is a
solution to problem (1.1) if and only if u € PC(J) is a solution to the integral
equation

(3.1)  wu(t) < (1), u (7)) d7 + }: Ti( (t:)) + Y>ds
+Dlza]/waq(
+Dlza] S Lult)+ Y Liu(t:)

j=1  0<ti<&j 0<t;<t

(r),u/'(r)dr+ > T (t:) + Y)ds

s<t;<1

where

Y =D, z_: B; / q(s)f(s,u(s),u'(s))ds + Ds z_: B; Z Ti(u(ts),u' (t;)).

j=1  nj<t;<1

Proof. First, suppose that u € PC'(J)NC?(J') is a solution to problem (1.1).
Then

(ep(u' (1)) + a()f (tult), v (1) =0, t#ti, i=1,2,....n
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So,

p( () — gyl (1)) = / a(s) f (5, u(s), u/(5)) ds,

op(W () — o (£7)) / " (s) (s, uls),u(s) s, teE Jur.

Thus,
1 p—
ep(u'(t) = pp(u/(1)) +/ q(s)f(s,u(s),u'(s)) ds + L (u(tn), v/ (tn)), t€ Jn1.
t
Repeating the above process, for ¢ € [0, 1] we have
1

(3-2) @p(U'(t))=<pp(U'(1))+/ q(s)f (s, uls),u'(s))ds + Y Tilults), ' (t:)),

t

and taking ¢ = 1, in (3.2), we obtain

ool () = 0 (D) + [ a@F s uls) () ds + 37 Tiults). o' (6)

So, we have

m—2 m—2 m—2 1

> Biep ! (m)) = e (1) > B+ D> B [ als)f(s,uls),u'(s))ds

j=1 7j=1 j=1 j

m—2 _
+ ﬂj Il(u(ti),u/(tl))
m—2
Since @, (u'(1)) = ;1 Bip(u'(n;)), we have
m—2 1

(3.3) pp(u'(1)) = D2 Z Bj / q(s) f (s, u(s),u'(s))ds

m—2
+ DY B Y Tilults),w'(t:) =Y.
j=1

n; <t;<1
Substituting (3.3) into (3.2), we get
1
op(u'(t) = / a(s)f (s,uls) /() ds + Y Tilu(ti),u' () +,
¢ t<t; <1
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which implies that

(3.4) u'(t) = pq (/t q(s)f(s,u(s),u'(s))ds + Z Ti(u(ts), ' (t;)) + Y).

t<t; <1

On the other hand, note that

t1
u
0

| e
/tt u'(s))ds, teJy,

S,

ul(ty) = u(0) =
u(t) —u(ty) =
so that we have

u(t)zu(0)+/0 W(s)ds + L(u(t)), te .

Repeating the above process again for ¢ € [0, 1], we obtain

(3.5) u(t):u(O)—f—/o u'(s)ds+ Y Ti(u(t;)).

0<t; <t

Substituting (3.4) into (3.5), we get

(3.6) u(t)=u(0)+ >  ILi(u(t))

0<t; <t

t 1
el oSt )+ 3 Tt () v s
and taking ¢ = ¢; in (3.6), we get
u(&;) = u(0) + Z Ii(u(t:))
0<t; <&,
+/EJ ® </1q(7)f(7 u(r),u' (7)) dr + > Ti(u(t;) u’(t-))+Y> ds.
0 ! 8 7 7 s<t;<1 ' v '
So
- aju(&;)
j=1
= U(O) Z a; + (o7 Z Ii(u(tz))
J=1 Jj=1 0<t;<§;
m— 57 1
# X o [T [ anstamamar s 3 L) ) ds
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m—2
Since u(0) = Y oju(;), we have
j=1

(3.7) = Z > L(ult)

1 0<ti<§;

2 [ ( [ s ar
Z Iifu ))+Y> ds.

<t;<

Substituting (3.7) into (3.6), we get (3.1), which completes the proof of sufficiency.
Conversely, if u(t) € PC1(J) is a solution to (3.1), apparently

Au(t’t) :Il(u(tt))) i= 1,2,,71
The differentiation of (3.1) implies that for ¢ # ¢;

w) =i [ " g($) (s, us), () ds + > W)Y ),

(ep(u'(1)))" = —Q(t)f(LU(t), u'(t)).
Hence u € C?(J'), and

Ap,(u' () = —Li(u(ts), v (), i=1,2,...,n,

m—2
= Z aju(s),  pp(u Z Bjep(u
j=1
The proof is complete. O
Now, define an operator T: P — PC(J) by
t 1
68 Tut) = [ o [ asawmar s ¥ L) v ) ds
0 s<t;<1

+ Dy Z a /@ e (/q (7)1 (7, u(r), (7)) dr
+ > I ))+Y)d

s<t; <1
m—2
+D1Yy a; Y Lult) + Y Lifu(ti)
Jj=1 0<t;<E; 0<t;<t
Lemma 3.4. Assume that (C1)-(C3) hold. Then T: P — P is a completely

continuous operator.
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Proof. From the definition of T" we deduce that for each u(t) € P, Tu is
nonnegative and

(3.9) A(Tu)(t) = Liu(t), i=1,2,...,n.

By the differentiation of (3.8), for ¢ # t; we have

(TU)'(t)=¢q< / a(s)f (s,u(s) /() ds + 3 Ti<u<ti>7u’<ti>>+y) >0,

t<t; <1

(p((Tw)' (1)) = —q(t) f (¢, u(t), w'(t)) <O,

and

Agp((Tu) (1)) = ~Tilults) u/' (1)), i=1,2,...,n.

So, Tu € PCY(J), Tu is concave on J; for 0 < i < n and (Tw)'(t) = 0, (Tu) (t) is
m—2
non-increasing on [0,1], (Tw)(0) = > «;(Tw)(&;). Thus T(P) C P.

j=1

On the other hand, by the conditions (C1)—(Cj3), from the definition of Tu(t), it
is clear that T: P — P is continuous. Let 2 C P be bounded, i.e., there exists a
positive constant R such that Q C {u € P: ||u| pc1 < R}. Let

By = max flt,u,v) + 1,
(t,u,v)€[0,1]x[0,R] X [0, R]

By = max{ max Ii(u)},
1<i<n Lug[0,R)

Bs = max { max
1<i<n L(u,v)€[0,R] x[0,R]

Ry = t).
1 OQ%Q()

Ti(u,v)},

For all u € 2 we have

m—2 1 m—2
Y<D: ) / q(s)f(s,u(s),u'(s))ds + D2 > B > Tilu(t:), o/ (t:))
j=1 j=1 0<t; <1

m—2

< DQ(BlRl + TLB?,) Z ﬂj.

J=1
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Hence,

1 1
ruol< [ 90q< [ i@y + S 7i<u<ti>,u'<ti>>+Y> s

s<t; <1

D, ”faj / " ( / L4 () (7)) d
. £ Y Tl + ) ds

s<t;<1

m—2
—|—Dlza]‘ Z Ii(u(ti))—i— Z Iz(u(tz))

Jj=1 o<t; <1 o<t <1

m—2
< D1{90q <B1R1 +nBs + Dy(BiRy +nBs) > ﬂj) + nBz},
P

1 —
I(TU)’(t)I<¢q< JRCICHERIBTESSS fi<u<ti>,u’<ti>>+Y>

0<t; <1
m—2
<@g (31R1 +nBs + Dy(BiRy +nBs) > ﬁj) :
j=1
|(90P((Tu),(t)))/| <}lelﬂ t#tia i:1a27"'7n'
So, Twand (Tu)" are bounded on J and equi-continuous on each J; (i = 0,1,2,...,n).

This implies that T2 is relatively compact. Therefore, the operator T: P — P is
completely continuous. O

4. MAIN RESULTS

We are now ready to apply the fixed point theorem due to Bai and Ge to the
operator T in order to get sufficient conditions for the existence of multiple positive
solutions to the problem (1.1).

For the sake of convenience, we introduce the following notation:

m—2

H = Dlﬁpq <R1 +n+D2(R1 +TL) Z 5J> +71D1,

j=1
1-1/k
Nzgoq(/l/k qde)

m—2
L—apq<R1 +n+Dy(Ry+n) > 5]»).

Jj=1
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m—2
We recall that the integer k£ > 3 is given in (C3) and Dy = 1/(1 - > Oéj), Dy =
j=1

m—2 m—2
V(= g o) n= a1 -6 o = g a0

Theorem 4.1. Assume (C1)—(C4) hold and there exist constants ro > hkb; >
by > r1 > 0, Ly > L1 > 0 such that Ly > 2kbi, ¢,(kbi/N) < min{g,(r:/H),
¢wp(La/L)}. Let the following conditions be satisfied:

(B1) max{f(t,u,0), Ti(w,0)} < min{gp(n/H), op(L1/D)}, L) < ri/H for
(t,u,v) € 0,1] x [0,71] x [0,L1], 1 <i < n;

(B2) f(t,u,v) > @u(kbi/N) for (t,u,v) € [1/k,1 —1/k] x [b1, hkbi1] x [0, La];

(Bs) max{f(t,u,v), [;(u,v)} < min{p,(r2/H),¢p(La/L)}, Li(u) < ro/H for
(t,u,v) € [0,1] x [0,72] x [0, L2], 1 < i< n.

Then the problem (1.1) possesses at least three positive solutions u1, us and ug such
that

4.1 t I (¢ L

(4.1) max ur(t) <ri, - max fuy (1] < Ly;

4.2 b i t) < t) < 5] < La;
42 bh<, min ) uel) < moaxus(t) Sra - max fu(t)] < Ls;
4. t) < i t)<b 5(t)] < Lo.
(43) 1< max us(t) < 72 1/k<f£(1£_1>/k“3()< 1 max ug(t)] < Lo

Proof. The problem (1.1) has a solution u = u(t) if and only if u satisfies the
operator equation u = Tu. Thus we set out to verify that the operator T satisfies
all conditions of Lemma 2.1. The proof is divided into four steps.

Step 1. First we show that
(44) T: ﬁ(¢7r2;w7[’2) Hﬁ(@a’rQ;waLQ)'

In fact, for u € P(¢p,r2;w, La) we have ¢(u) < re, w(u) < L2, by the condition (Bs)
we get

m—2 1 m—2
Y<D: ) / q(s)f(s,u(s),u'(s))ds + D2 > B > Tilu(t:), o/ (t:))
j=1 J=1

0<t; <1

m—2
< min{g,(ra/H), p(La/L)} x Da(Ri+n) > ;.

J=1
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—|—D1204]‘ Z Ii(u(ti))—i— Z Iz(u(tz))

j=1 0<t; <1 0<t; <1

gDl/01%(/01q(T)f(T,u(T),u'(T))dT+ 3 Ti(u(ti),u/(ti))—l-Y) ds

0<t; <1

+D1 Y Ti(u(t)

0<t; <1
r m—2
2
< E{Dupq (R1 +n+D2(R1 —|—’I’L) j_g 1 ﬁ]) —|—’I’LD1} =7T9.

On the other hand, for v € P we have Tu € P. Thus (Tu)'(t) > 0, (Tw)'(¢) is
non-increasing on [0,1], and Jnax |(Tw)' (t)] = (Tw)'(0). Therefore,

w(Tu) = max (Tu)'(8)] = (Tu) (0

o, ( [ a9y ds+ 3 Tl + Y)

m—2

Lo
< T ¥ <R1 +n+ Da(Ry +n) Z ﬁj) = L».

j=1

So, (4.4) holds.
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Step 2. We show that condition (A1) in Lemma 2.1 holds.

We take u(t) = kbi[h — (1 —t)?] for t € [0,1]. Obviously, h > 1. It is easy
to see that u(t) € P(yp,hkbi;w, La;tb,by), ¥(u) = u(1/k) > by and consequently
{u € P(p, hkbi;w, La;1p,b1): ¥(u) > by} # 0. Thus for u € P(p, hkbi;w, La; 1, by)
there is by < u(t) < hkby for t € [1/k, (k — 1)/k]. By condition (B3) we have

GTw)=  min |(Tu)(t)| = (Tu)(%)

1/k<t<(k—1)/k

—/Ol/kwq(/:q(ﬂf( un ) ar+ Y Tl (e) + ) ds

s<t; <1

Dy "faj / Y < / ) () (7)) dr
= + Y T () + Y) ds

s<t;<1

+D12‘ S L)+ S Llu(t)

j=1 0<t; <& 0<t;<1/k

> [ e ( / / APy —— dT) ds

bl 1-1/k
> = q(T d7'>—b.
e[, amar) =

Therefore,
W(Tu) > by, Vu€ P(p, hkbi;w, La;p, by).

Consequently, condition (A;) in Lemma 2.1 is satisfied.

Step 3. We now show (Ap) in Lemma 2.1 is satisfied. If u € P(p,7r1;w, L1), by
condition (By), in the same way as in Step 1, we can obtain that T': P(p,r;w, L) —
P(p,r1;w, L1). Hence, condition (As) in Lemma 2.1 is satisfied.

Step 4. Finally, we show (A3) in Lemma 2.1 is also satisfied. Suppose that u €
P(p, 725w, La;1b,by) with o(Tu) > hkb;. Then, by Lemma 3.2 and condition (Cy),
we have (see (3.9))

P(Tw) = | min  [(Tu)(t)| >

Thus, condition (A3) in Lemma 2.1 is satisfied.
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Consequently, by Lemma 2.1, the problem (1.1) has at least three positive solu-
tions uy, us, uz € P(p,r9;w, Lo) with

u € P(@,Tl;w,Ll),
uy € {P(¢, 25w, La; b, b1): 1(u) > by}
ug € ?(Qpa T2; W, L2) \ (?(SOa ro;w, Lo 4, bl) U?(wvrl;wa Ll))

The proof is complete. O

From the proof of Theorem 4.1 it is easy to see that, if conditions like (B1)—(B3)
are appropriately combined, we can obtain an arbitrary number of positive solutions
of problem (1.1).

Corollary 4.1. Assume (C1)—(Cy4) hold and there exist constants 0 < r1 < by <
hkby < ro < by < hkby < ... < r, 0 < L1 < Ly <...< Ll, Il € N such that
Liy1 > 2kb;, pp(kbi/N) < min{pp(rig1/H), pp(Liy1/L)} for 1 <i <1 —1. Let the
following conditions be satisfied:

(D1) max{f(t,u,v), I;(u,v)} <min{pp(r;/H),op(Li/L)}, Ij(u) < ri/H
for (t,u,v) € [0,1] x [0,7;] x [0, L;], 1 <i <, 1<j<n;

(DQ) f(t,u,v) > sop(kbz/N)
for (t,u,v) € [1/k,1 — 1/k] x [b;, hkb;] x [0,L;41], 1 <i<1—1.

Then the problem (1.1) possesses at least 21 — 1 positive solutions.

Proof. When [l =1, it follows from condition (D;) that
T: F(% 1w, Ll) - P(@a 1w, Ll) C P(@a 1w, Ll)a

thus T has at least one fixed point u; € P(gp,71;w, L1) by Schauder’s fixed point
theorem.

When [ = 2, it is clear that Theorem 4.1 can be applied to get at least three
positive solutions u; (i = 1,2, 3) such that (4.1)—(4.3) hold.

Suppose that for [ = m the statement holds, i.e., the problem (1.1) possesses at
least 2m — 1 positive solutions w1, us, ..., Usm—_1 such that Jnax |u; ()| < T,y @ =
1,2,...,2m—1. When [ = m+ 1, by induction hypothesis, in ;daition to the 2m —1
positive solutions w1, us, . .., usm,m—_1 such that Orgfmgxl lu;(t)] S rm,i=1,2,...,2m—1,

we can apply Theorem 4.1 to the case

(1) max{f(t,u,v),fj(u,v)} < min{@p(rm/H)v<pp(Lm/L)}v Ij(u) < rp/H for
(t,u,v) € [0,1] X [0,7,] X [0, L], 1 < j < 15
(2) f(tauvv) > Sap(kbm/N) for (tauvv) € [1/ka 1- 1/k] x [bma hkbm] x [OvLerl];
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(8) masx{ f(t,,0),T;(w,0)} < mind @y (o s1 /H), @p( L/ D)}, L) < ronya /H
for (t,u,’u) € [Oa 1] X [Oarerl] X [OaLm+1]7 I<js<n

to get at least three positive solutions ug, ue,;, and ugy,4+1 with

max ug(t) < rm, max |ug(t)| < Lm;

0<t<1 0<t<1
S el o) S 2 ) S T g [ (1S B
Tm < 01252‘1 u2m+1(t) < rm1, 1/k<trg(i£—1)/k U2m+1(t) < bm,
012?2(1 |u2m+1(t)| < L1
Obviously uom,, ugm+1 are different from wuyq, us, ..., U2y, —1. Thus in this way we get
at least 2m + 1 positive solutions to the problem (1.1). O

5. EXAMPLE

Let q(t) =1, p= 2, n = 1. We consider the boundary value problem

jw

([ @)12u/ () + f(tult),u'(5) =0, t#3, 0<t<1,

2u(3) = 1(u(3)):
sy 4 2ee(e(3)) = T((3) (3)

where
i1t2+4u +—><(L)4 <1
18 2 275/’ ’
Bl Y i (—) >1
T +2X o75) 0 "7
1 1
—u, 0<u< <,
Iw) 18 2
R U1 >1
2 >
367 2’
I(u,v) = ! + 0, v=0
GO = 150" T a0 Y2 Y2
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Choose k =4, 1 = %, by =1, ry =450, Ly =1, Ly = 275. Then we have
8 1
Dy=Dy==16 h=g =14, H=17984, N=_=025 L=1024

It is easy to verify that (C;)-(C4) hold and 3/5(kb/N) < min{ps/s(r2/H),
@3/2(L2/L)}, Lo > 2kb and the following conditions are satisfied:

(BY) max{f(t,u,v),I(u,v)} < 0.1181 < min{pss(r1/H),3/2(L1/L)} ~ 0.1667,
I(u) < 55 <r1/H for (t,u,v) € [0,1] x [0, 3] x [0,1];

(BY) f(t,u,v) > ¢3/2(kb/N) = 4 for (t,u,v) € [1,3] x [1,5.6] x [0, 275];

(B) max{f(t,u,v),I(u,v)} <5 < min{ps(ra/H),ps/2(L2/L)} ~ 5.002, I(u) <
35 < ro/H for (t,u,v) € [0,1] x [0,450] x [0, 275].

Thus, all conditions of Theorem 4.1 hold. By Theorem 4.1, the problem (5.1) has

at least three positive solutions w1, us and uz such that

max ui(t) < =, max |u}(t)| <1;

0<t<1 27 ogt<l
1< min  wus(t) < max ug(t) <450, max |us(t)] < 275;
1/4<t<3/4 0<i<1 0<t<1
1 . ’
5 < Jmax us(t) < 450, 1/42123/4 us(t) < 1, max |ug(t)] < 275.
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