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CRITERION OF p-CRITICALITY FOR ONE TERM 2n-ORDER
DIFFERENCE OPERATORS

PETR HASIL

ABSTRACT. We investigate the criticality of the one term 2n-order difference
operators l(y)r = A" (rpA™yy). We explicitly determine the recessive and the
dominant system of solutions of the equation I(y); = 0. Using their structure
we prove a criticality criterion.

1. INTRODUCTION

In this paper, we deal with the 2n-order one term difference operators and
equations

(1.1) Wy)g = A" (rgAMyr) =0, 7, >0, k€ Z,

where A is the forward difference operator, i.e., Ayr = yr+1 — Yk-
Our paper is motivated by a conjecture given in [7, Conj. 4.1] and by some
results presented in [8], where the ordered system of solutions of the 2n-order

one term differential equations [r(t)y(")](n) = 0 is investigated. The concept of
a critical operator was introduced in [I0] for the second order Sturm-Liouville
equations (via tridiagonal matrices) and in [7] for the 2n-order Sturm-Liouville
difference equations (via Hamiltonian systems). We recall these concepts in more
details in the next section.

Our results are based on a structure of the solution space of Equation 7
which is described in [6] (we recall this structure in Lemma [2)), see also [I].

The paper is organized as follows. In the next section, we recall necessary
preliminaries, including the relationship between banded symmetric matrices,
Sturm-Liouville difference operators, and linear Hamiltonian difference systems,
and the concept of p-criticality as introduced in [7]. Section [3]is devoted to the
study of the structure of the solution space of Equation and in the last section
we formulate the main results of our paper.

2010 Mathematics Subject Classification: primary 39A10; secondary 39A21, 39A70, 47B25.

Key words and phrases: one term difference operator, recessive system of solutions, p-critical
operator, sub/supercritical operator.

Research supported by the Grant P201/10/1032 of the Czech Science Foundation.

Received November 9, 2010, revised December 2010. Editor O. Dosly.


http://www.emis.de/journals/AM/

100 P. HASIL

2. PRELIMINARIES

In this section we describe the relationship between Sturm-Liouville operators,
banded symmetric matrices, and linear Hamiltonian systems, which is necessary
for understanding the results of [7] and [I0], and their connection. Let us consider
the Sturm-Liouville operator

n

(2.1) Ly => (-8 (Wavy,) . kez o' #o,

v=0
and the equation
(2.2) Ly)i = 0.
It was established in [I2] [I3], that the operator (2.1)) is associated to the matrix
operators

k+n

(2.3) Ty = Y tojyi, ke,

j=k—n
defined by the infinite symmetric banded matrix
T=(tyy), tuv=tuu, wWvez, t,,=0 for [p—v|>n.

Expanding the differences in (2.1f), we obtain the recurrence relation ([2.3)) with ¢; ;
given by the formulas

thktj = Zi:i ( ) < )T%w

jv=j
(2.4) n i
(1]
teg_j =
o Zg( ><V+J)Tk+w
for k € Z and j € {0,...,n}. Therefore, one can associate the difference operator

L given by ([2.1)) with the matrix operator 7 defined via the infinite matrix 7' by
the formula

(Ty)k = L(y)k7 kel.
Conversely, the coefficients T,E] can be expressed in terms of the elements of the
matrix 7. Having any symmetric banded matrix T' = (¢, ,) with the bandwidth
2n 4 1, we can associate this matrix with the Sturm-Liouville operator (2.1]) with
rlil 1w =0,...,n, given by the formula

(2.5) TI[::]-M = (=D~ z": [( >tk k+s +Z ('u+l > <§_’i_1l)tk—l,k—l+s} ;

s=pu

where k € Z, 0 < p < n.
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For Equation (1.1)) we get formulas (2.4 and (2.5)) in the form
- (1 n
t i =(—1)/ v
kk+j (=1 E,- <1/> <u _j>7"k+

v=j
J

trl—j v

= Z ()

Thtn = (—=1)" tk kotn -
Now, we recall some basic facts concerning linear Hamiltonian systems (see

papers [3, B, 9] and books [2] [T1])
(2.6) Az = AgTi+1 + Bruk, Aug = CrTre1 — Aguk s

and

where Ay, By, and Cy are n X n matrices, By and Cy are symmetric, and I — Ay
is invertible (where I stands for the identity matrix of the appropriate dimension).
Let y be a solution of Equation (2.2) and let

Yk—1 ZZ:l(‘DHilAM?l(Tl[e#]Auyk*u)
Ayg—2

1 —A(r][f"]Anym )"’Tk “HAT Ty
A Yk—n an]A”yk_n

Then (£) solves the linear Hamiltonian difference system (2.6) with a constant
matrix

1 ifj=i+1,i=1,...,n—1
(2.7) Ak:A::aij:{ Hy=1+1, 1 RERENL )

0 elsewhere,

and matrices

(2.8) By = diag{O,...,O,ﬁ}, Cy = diag {r”, ... "7
k

We say that the solution (7) of (2.6) is generated by the solution y; of (2.2). For
Equation (|1.1)) we obtain this system with C} = 0.
Let us consider the matrix linear Hamiltonian system

(29) AXy = Aka+1 + BpU,, AU, = Cka+1 — AgUk,

where the matrices Ay, By, and Cj are given by (2.7) and 1D We say that

a solution (X,U) of (2.9) is generated by the solutions y!l, ... yl"l of if
and only if its columns (ﬁﬂ), ce (uin]) (the solutions of (2.6)) are generated by

ym, ...,y respectively. On the other hand, if we have the solution (X,U) of
, the elements from the first line of the matrix X are exactly the solutions
y o Syl of 22).

Let (X U) and (X,U) be two solutions of (2.9). Then
(2.10) XU, Ul X, =w
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holds with a constant matrix W. (This is an analog of the continuous Wronskian
identity.) We say that the solution (X, U) of (2.9) is a conjoined basis if

X
XFU, =Ul'X, and rank(U):n.

Two conjoined bases (X,U), (X,U) of are called normalized conjoined bases
ofifW:Iin .

System is said to be right disconjugate in a discrete interval [I,m], I, m € Z,
if the solution ()U() of given by the initial condition X; = 0, U; = I satisfies

Ker Xj11 C Ker Xj, and X3 X[, (I —A)"'B, >0

fork=1,...,m—1, see [3]. Here Ker, ! and > stand for the kernel, Moore-Penrose
generalized inverse, and non-negative definiteness of a matrix indicated, respectively.
Similarly, is said to be left disconjugate on [, m] if the solution given by the
initial condition X,, = 0, U,, = —I satisfies

Ker X; C Ker Xpy1 and Xp1 X, Be(I—A)T"1>0, k=1,...,m—1,

see [4]. System is disconjugate on Z if it is right disconjugate (which is the
same as left disconjugate, see e.g. [4, Th. 1]) on [I,m] for every I,m € Z, | < m.

System is said to be non-oscillatory at oo (non-oscillatory at —oo) if there
exists | € Z (m € Z) such that it is right disconjugate on [I,m] for every m > [
(left disconjugate on [I,m] for every | < m).

System is said to be eventually controllable if there exist N,k € N such
that for any m > N the trivial solution (i) = (8) is the only solution for which
Ty = Tyl =+ = Tmix = 0. Note that Hamiltonian system corresponding
to Sturm-Liouville Equation is controllable with the constant k = n, see [3|
Rem. 9].

. We call a conjoineq b%sis (g) of the recessive solution at oo if the matrices
X}, are nonsingular, Xka_jl(I — Ap)71By > 0, both for large k, and for any other
conjoined basis (5) for which the (constant) matrix XU — UT X is nonsingular
we have

lim X, 'X; =0.

k—o0
The solution (X, U) is usually called dominant at co. The recessive solution at oo
is determined uniquely up to a right multiple by a nonsingular constant matrix and
exists whenever is non-oscillatory and eventually controllable. The recessive
solution at —oo is defined analogously.

We say that a pair (i) is admissible for system if and only if the first
equation in holds.

Finally, we can define the oscillatory properties of via the corresponding
properties of the associated Hamiltonian system with matrices Ay, By, and
C}, given by and . E.g., Equation is disconjugate if and only if the
associated system is disconjugate, the system of solutions y!*! ...,y is said
to be recessive if and only if it generates the recessive solution X of , ete.
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Now, let us recall the concept of p-critical operators as it is introduced in [7].
Let 9l and gl!, i = 1,...,n, be the recessive systems of solutions of (2.2) at —c
and oo, respectively. We introduce the linear spaces

V- =Lin{gM, ... g}y, v =1Lin{gV ... M}, H=v V.

Definition 1. Let be disconjugate on Z and let dimH = p € {1,...,n}.
Then we say that the operator L given by (or Equation ) is p-critical on
Z. If dim’H = 0, we say that L is subcritical on Z. If is not disconjugate on
Z, we say that L is supercritical on Z.

The following theorem describes a very important property of the p-critical
operators — their resistance to negative perturbations of their coefficients. We use
a notation |J| for a number of elements of a set J.

Theorem 1 ([7, Th. 4.1]). Let the operator L be p-critical on Z, and let m € Z
and € > 0 be arbitrary. Further, let J C{0,...,n—1} with |J|=n—p+1 and let
us consider the sequences

Al {rlﬁ] —€, for peJ,
T =

m (1]

T otherwise,
7/’\‘][€'u'}:’[“I[CH]7 fOT ]f?ém, (M:()))n)

Then the operator

n

Ly) =Y (~A) (# Ay,

v=0
is supercritical on Z, i.e., it is not disconjugate.

Remark 1. If we consider the operator [ from (1.1]) as a special case of the operator
L with 71 =0, i =0,...,n — 1, then Theorem [1]is applicable.
3. RECESSIVE AND DOMINANT SYSTEM OF SOLUTIONS

In this section we describe the recessive and the dominant system of solutions
of Equation . Let us recall, that H = V* NV~ where VT and V™~ denote the
subspaces of the solution space of Equation generated by the recessive system
of solutions at co and —oo, respectively. To prove the results in this section, we
need the following statements, where we use the generalized power function

KO =1, k9 =k(k-1)...(k—i+1), ieN.

Lemma 1 ([7]). (i) Let zy be any sequence and

k—1
1 , n—
b= gy k=g~ D"V,
2

then A"y = 2.
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(ii) The generalized power function has the binomial expansion

n

(=)™ = 30 (1)K i 1,

=0

We distinguish two types of solutions of (I.1). The polynomial solutions k()
1=0,...,n—1, for which A"y, = 0, and non-polynomial solutions

E
=

(k—j—1)= D01 =0, . n—1,

<.
Il
=)

for which A"y, # 0. (Using Lemma we obtain that A"y, = (n — 1)1k@r 1)
The following Lemma describes the structure of the solution space of (|1.1)).

Lemma 2 ([6] Sec. 2]). Equation (L.1)) is disconjugate on Z and possesses a system
of solutions yU,gll, j =1,... n, such that
(3.1) gl <<yl < gl < < glnd

as k — oo, where f < g as k — oo for a pair of sequences f,g means that

limg— o0 (fie/gx) = 0. If holds, the solutions yl! form the recessive system of
solutions at co, while U form the dominant system, j =1,...,n. The analogous
statement holds for the ordered system of solutions as k — —oo.

Using Lemma [2] we can explicitly describe the recessive and the dominant system
of solutions of Equation (|1.1)). We split this problem into two partially different
cases.

Theorem 2. Suppose that m € {0,...,n—1}, p:=n—m—1,p<m+1, and

(3.2) i [k(P)]erzl =00, i f(P) P
k=0

k=0
Then
{(Lk, . kMycyt gt gDy gyt
Proof. Let us consider the following non-polynomial solutions of Equation (1.1]

k—1

yl[f] _ Z(k —j— 1)(”*1)j(1)+€71)rj—1
7=0

.y o]
—pZR—ni(n?l)( D B A N
‘ j=0

for{=1—p,...,p, and

k—1

4 . ne1) - ) —
=S (k- j - DD
7=0
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for ¢ =p+1,...,m+ 1. It is clear that these solutions are ordered, i.e., yl <
yitll i =1 —p,... m, as well as the polynomial solutions, i.e., k(*) < k(+1
1=0,...,n—2.

Now, we prove that
(33) (Lo kTP <l R )
which is sufficient for the statement of Theorem

At first, we show that for £ = 1,...,p it holds that y,[f} < k(0 which means

that y,[cl] is the smallest solution in the set on the right-hand side of (3.3) (the
recessive system of solutions). We have

WﬁL ) me 1) 1)
Y. (n_ —1—6' 0 j J ]

- Z -1 <n : 1) (n ,(321111"2!, (k- pme

X Zj(l’“‘l)(j +i— 1)(“@1}

j=0
k—1
= (n—l)'! (k—j— )(P 1’) i(p+e—1),. —1
=0 =

= ;. (n=Dl(n—1-19) i
- Z [(71) (n(— 1 —)z)(!z!(p -/ —) z)!(k A

=0
o .
x 3D (4 1)@)7«;1}
=0
k—1
(n—1)! (=0 s (pe—1) 1
= (k—jg = 1) 0 =
(p—20)! { = J
p—2L p— / oo
— Z [(_1)2< . )(k _ 1)(10—5—1) Zj(P+€—1)(j 4 1)(1)7ﬁj_—1} }
i=0 =0

k—1 0o
[Zk e F e N (S RS DU (Wl)ﬂ

7=0 7=0
e

n—1)!
( Zijlpf(p+€1)j
=k

(p—0)!
= (=1)P~ é+1 Z (p f)j(p-&-é Dy= ]
=k
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and
o0 o0 o0
Z j4+1— p Z) i(p+0—1) j—l < Zj(p’f)j(””’l)rj_l < Zj(p)j(pfl)rj—l ,
j=k j=k j=k

hence,

4]

Yk _ ’rn-i-f [L’]
A ey = A =0

thus y,[f] < kM0 ¢ =1, ... p, holds.
Now, we show that k(™) < y,[vl]. We have

p ‘kzl kzi +1— i)
=0

=0 j=1
k-1 j oo k-1
- ZJ+1_Z(p1 i(p) —1+ZZJ+1_1171)()]
j=0 =0 j=k i=0
kzj Pyl {_J“_")(p)]m +§:j(p>r;1 {_(j“—i)(p)r
=0 p 0 s P 0
1 k—1 1 o
};ZJ( 1)(1’) + 5 Zj(l’)rj—l [(] + 1)(:0) (41— k)(P)] ,

J=

where for k > p the first sum tends to infinity as k — oo (using the assumption
ij(p)j(p)rjl = o0) and the second sum is positive. Therefore, we have

y[1] 1 k—1 n
ko m+1 _
khigo kM) m) khigo ; ATy o

which means that k(™) < y,[gl}.

Altogether, we have obtained that k(™) < y,[vl] and y,[f] < kMmO 0 =1,...,p,
where m +p = n — 1. Thus (3.3) (and therefore the statement of Theorem
holds. (]

Theorem 3. Suppose that m € {0,...,n—1}, p:=n—m—1,p >m+1, and
(13.2) holds. Then

{1,k,... . k™} c Vvt (kD Dy g

Proof. Here, we use the non-polynomial solutions

1 . 1) +(ptfe1) —
=D (k= j = 1)
j=k
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for{=1-—p,....,p—n+1, and
k—1

yl[c] _ Z(k - 1)(n—1)j(17+€—1)7,,;1
7=0

p—* o]

ifn—1 n—1—i . B i),.—
—§j[<—1)( l. )(k—n( NG i = O
i=0 j=0

for{ =p—n+2,...,m+1, and we can proceed as in the proof of Theorem[2] O
The following Corollary follows directly from the proofs of Theorems [2] and [3]
and from Lemma 2

Corollary 1. Let m € {0,...,n— 1} and p:=n—m — 1 and suppose that (13.2)
holds. Then the recessive and dominant systems of solutions of Equation (1.1)) are

{1,...,k(m),y,[clfp],...,yl[ﬁo]} and {kj(m"'l),...7k("_1),yl[€1],...,yk +l]}

respectively, where the solutions yU =71, ... y™ 1 are given in the proof of Theorem
[4 for p <m+1 and (or) in the proof of Theorem[d for p > m + 1.

Remark 2. To find a counterpart of Theorems [2] and [3] and Corollary [T] at —oo, it
suffices to replace Y™ by >

Remark 3. The previous analysis shows that only polynomial solutions can be
simultaneously contained both in the recessive systems of solutions at co and —oo.

4. CRITICALITY OF ONE TERM OPERATOR

Now, we can formulate the main results of this paper. The first one follows
directly from Theorems [2] and [3] and from Remarks [2] and [3]

Theorem 4. Let V' and V™ denote the subspaces of the solution space of Equation
(1.1) generated by the recessive system of solutions at oo and —oo, respectively. If
for some m € {0,...,n—1}

0

Z [k(n—m—l)]Q,r; i k,(n m— 1) ,

k=—oc0
then
Lin{1,...,k™}cvtny-.
If in addition

i k("_m_l)k("_m_z)r,zl < oo or ikz("_m_l)k("_m_mr,;l < o0,
k=——oo k=0
then
Lin{1,...,kM} =yt Ny,
i.e., is (m + 1)-critical on Z.

In the last theorem we formulate a criterion of subcriticality.
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Theorem 5. Let us consider Equation (1.1)) and let at least one of the sums

0 ) o ,
(4.1) Z [k(”*l):| lel, Z [k(nfl)} 7,]:1

=—00 k=0

be convergent. Then Equation (1.1)) is subcritical, i.e., VT NV~ = 0.

Proof. Let > .7, [k(”)]zrgl < 00. The case where only the first sum in (4.1)) is
convergent can be treated analogically. We consider the following non-polynomial
solutions of Equation (1.1

I4 - . n—1) :(n— () . —
Y=Y (k= — 1),
=k

where £ =1—mn,...,0. For k£ > 1 we have

0 . 1) (1) — (1) +(n—1) —
| = ‘Z(k—J—l)(" b 1)7“]-1’ <Y et
Jj=k j=k
Therefore by (4.1))

: (0] _
klinc}o we =0

(0]

Thus y;,° < 1 and we have obtained the ordered system of solutions

yl[clfn] DN y][CO]

Therefore, by Lemma 2] there is no polynomial solution in the recessive system of
solutions of (I.1]) at co and therefore V¥ NV~ = (. O

<1< <k,

Remark 4. Theorem [I| deals with perturbations of n — p + 1 coefficients at one
point m € Z. If we consider the matrix operator we can see, using , that
these perturbations affect the matrix T in rows (and columns) from m +1 —n
to m + 1. Hence a natural question arises, whether a perturbation of only one
coefficient at more points will cause the same effect. Theorem [d] the Sections IV.
and V. in [§], together with the proof of Lemma 4.1 in [7] have lead us to the
following conjecture, in which we sufficiently (in the sense of ) perturb some of
the diagonal elements of the matrix 7. This conjecture is a subject of the present
investigation.

Conjecture 1. Let there exists an integer m € {0,...,n — 1} and real constants
Co, .-, Cm Such that
0 2 — 2
Z [k(n—m—l):l 7,];1 = 00 = Z [k(n—m—l)] 7,,];17
k=—o0 k=0

and the sequence z = co + c1k + -+ + cm k(™ satisfies

L
(4.2) lim sup Z @z <0.
K|—o0,LToo =K
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If ¢ £ 0, then the equation

(=A)" (reA"yk—n) + qryr = 0

is not disconjugate.

1

2

(3

[4

[5

6

7

8

9

(10]
(11]
(12]

(13]
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