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ASYMPTOTIC BEHAVIOUR OF A TWO-DIMENSIONAL
DIFFERENTIAL SYSTEM WITH A NONCONSTANT DELAY
UNDER THE CONDITIONS OF INSTABILITY

JOSEF KALAS, JOSEF REBENDA, Brno

(Received October 15, 2009)

Abstract. We present several results dealing with the asymptotic behaviour of a real two-
m
dimensional system ' (t) = A(t)z(t) + 3. Bi(t)x(05(t)) + h(t,z(t),2(01(t)), ..., z(0m(2)))
k=1
with bounded nonconstant delays ¢t — 05 (t) > 0 satisfying tlim 0r(t) = oo, under the
—00

assumption of instability. Here A, By and h are supposed to be matrix functions and a
vector function, respectively. The conditions for the instable properties of solutions together
with the conditions for the existence of bounded solutions are given. The methods are based
on the transformation of the real system considered to one equation with complex-valued
coefficients. Asymptotic properties are studied by means of a suitable Lyapunov-Krasovskii
functional and the Wazewski topological principle. The results generalize some previous
ones, where the asymptotic properties for two-dimensional systems with one constant or
nonconstant delay were studied.

Keywords: delayed differential equations, asymptotic behaviour, boundedness of solu-
tions, Lyapunov method, Wazewski topological principle
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1. INTRODUCTION

Consider the real two-dimensional system

m

(L1) /(1) = A)z(t) + Y Be(D)z(0k(t)) + h(t.2(t), 2(01(2)), - .., 2(0n (1)),

k=1

where 65(t) are real functions, A(t) = (a;x(¢)), Bi(t) = (bjm(t)) (4, k = 1,2;
I = 1,2,...,m) are real square matrices and a real vector function h is given
by h(t,l’,y) = (hl(tvxvyla'"aym)7h2(t7x7y1a'"aym))v whereas x = (xlva)a
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e = (Y1k, y2) (kK =1,2,...,m). It is supposed that the functions 0y, a;; are locally
absolutely continuous on [tg, 00), b;x; are locally Lebesgue integrable on [tg, c0) and
the function h satisfies the Carathéodory conditions on [tg, 00) x R2(m+1),

There are a lot of papers dealing with the stability and asymptotic behaviour of
n-dimensional real vector equations with or without delay, such as [1], [2]. Since
the plane has special topological properties different from those of the n-dimensional
space, where n > 3 or n = 1, it is interesting to study the asymptotic behaviour
of two-dimensional systems by using tools which are typical and effective for two-
dimensional systems, which gives different results likely incomparable with those for
general systems. A convenient tool is the combination of the method of complex-
ification and the method of the Lyapunov-Krasovskii functional. For the case of
instability, it is useful to add to this combination a Razumikhin-type version of the
Wazewski topological principle formulated in the paper [13].

Using these tools, stability and asymptotic properties of the solutions of two-
dimensional ordinary differential systems (a special case of (1.1)) were studied in
[9] (stable case) and [8] (unstable case). Similar results for two-dimensional differ-
ential systems with one constant delay were published in [7] (stable case) and [6],
[5] (unstable case). The results were extended and new corollaries were presented
for systems with a finite number of constant delays in [12], [11] (stable case only).
The results concerning asymptotic properties of solutions for the stable case of (1.1)
with (generally unbounded) nonconstant delay can be found in [4] and in [10]. In
the present paper we shall give results for the unstable case for (1.1). These results
generalize those of [3] for the case of several delays.

2. PRELIMINARIES

Throughout the paper we use the following notation:

R (C) set of all real (complex) numbers,
R (Rg_, R_, R%) set of all positive (non-negative, negative, non-positive)
numbers,
C class of all continuous functions [—r,0] — C,
ACioc(I, M) class of all locally absolutely continuous functions I — M,
Lioe(I, M) class of all locally Lebesgue integrable functions I — M,
K(IxQ,M) class of all functions I x Q — M satisfying
the Carathéodory conditions on I x €,
Rez (Imz) real (imaginary) part of z,
z complex conjugate of z.
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Introducing complex variables z = x1 + ixg, Wy = Y1 +iyer (k=1,2,...,m), we
can rewrite (1.1) into an equivalent equation with complex-valued coefficients

@) ) = al0)=0) + b0 + YA + Bilt)(0u(1)]
+g(t,2(t), zk;l(t)), L 2(0m (1)),
where
alt) = (a1 (1) + 022(0)) + 5 (e (1) = as2(0)),
bt) = (@11 (0) — aza(t)) + 3 (a (1) + ana(0),
AV(t) = 5(0118(0) + baae(0) + 5 (aarlt) — bian(0),
Br(t) = 5 bun(t) = baan(0)) + 5 (baaelt) + bize (1),
gt z,w, . wy) = h1<t, %(z + 2), %(z - %), %(wl + 1), %(un — W),
%(wm + W), %(wm W) ) +iha (1, %(z +32), %(z -2), %(wl + 1),

1

_ 1 .1 .
S (01 =), 5 (w0 + W), 5 (w0 — T) )

Conversely, the equation (2.1) can be written in the real form (1.1).

3. ASSUMPTIONS

Consider the equation

m

(3.1) 2Z'(t) =at)z(t) +b()z(t) + Y [Ar(t)z(0x(t)) + Bi(t)z(0k(¢))]
+g9 oy Z

(
k=
(t, 2(t), 2(6:(t)), (Om(1))),

—

where 0, € AClOC(J, R), a, be AC]OC(J, C), Ak, By € Lloc(Ja C), (S K(JXCerl, C),
J = [to, 00). Hereafter we shall suppose that (3.1) satisfies the uniqueness property
of solutions.

‘We shall consider the case

1itminf(|a(t)| — |b(t)]) >0, t—r<O0pt) <t for t=tg+r,
—00
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where r > 0 is a constant. Our assumptions imply the existence of numbers T > to+r
and p > 0 such that

(3.2) la(®)| > [b(t)|+p fort =T—r, t=0k{t)>t—r fort>T (k=1,2,...,m).

Denote

(33) 1(0) = lalo) + VolF ~ PP, e(t) = Z0A0).

Since y(t) > |a(t)| and |c(t)| = |b(t)], the inequality

(3.4) V() > le(®)] +

is valid for ¢t > T — r. It can be easily verified that v,c € ACoc ([T — r, 00),C).
Throughout the paper we denote

(3.5) alt) = 1— ‘Zit;

Re((1)7/(t) — e(t)e'(5)) — (0)e!(£) — 7/ (B)el)]
o) = 22() — D) |

sgn Re a(t),

The equation (3.1) will be studied subject to suitable subsets of the following as-
sumptions:

(1) The numbers T > ¢ + r and p > 0 are such that (3.2) holds.

(ii) There exist functions s, ki, 0: [T, 00) — R such that

[y#®)g(t, z,wi, ..., wm) + )G, 2, w1, ..., wm)| < 2(E)|7(t)z + c(t)Z]

+ Z ko (8) (O (8))wi + c(0r () )Wk] + o(t)

fort > T, z,w, € C (k=1,2,...,m), where p is continuous on [T, ).
(iip) There exist numbers Ry > 0 and functions s, kox: [T, 00) — R such that

[v(#®)g(t, z,wi, ..., wm) + c(®)G(t, 2z, w1, . .., w)]|

7o () |y (t)z + c(t)z] + Z rok ()7 (01 (8) )wr + c(0x (1))

fort > >T, |Z|+ Z |wk| > Rp.
k=1
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(iii) B € ACioe([T, ), RY) is a function satisfying
(3.6) 0,.(t)B(t) < —Ag(t) a.e. on [T, 00),

where A\ is defined for ¢t > T by

(O] + [e(®)]
Y0k (0))] = 1e(Ok ()]

(ilig) Bo € ACioc[T, 00), RY) is a function satisfying

(3.7) Ae(t) = rk(t) + (AR (8] + [Br(8)])

(3.8) 05.(£)Bo(t) < —ok(t) a.e. on [1p,00),
where Aoy is defined for ¢t > T by
YO+l
1y (0x ()] — (0 (£))]
(ivg) Ao is a real locally Lebesgue integrable function satisfying the inequalities
B(t) = Ao(t)Bo(t), Op(t) = Ao(t) for almost all ¢ € [rg,00), where O is
defined by

(3.9) Aok(t) = rok(t) + (|Ak ()] + [ Bk (1))

(3.10) Oo(t) = a(t)Rea(t) + I(t) — »0(t) +mBo(t).
Furthermore, denote
(3.11) O(t) = a(t) Rea(t) + 9(t) — »(t).

Obviously, if Ay, By, k&, 8}, are locally absolutely continuous on [T', 00) and A (t) >
0, 0;.(t) > 0 with 6, ' bounded on any compact subinterval of [T, 00), the choice
Bt) =— , max [\ (t)(0,.(t)) "] is admissible in (iii). Similarly, if Ax, By, Kok, 0}, are

yeeeyM
locally absolutely continuous on [T, 00) and Aok (t) = 0, ;. (t) > 0 with 6, ' bounded
on any compact subinterval of [T, c0), the choice Gy(t) = — | nax EYAGICAG)

yeey MM

is admissible in (iiip). Moreover, it can be easily verified that the function ¢ is
locally Lebesgue integrable on [T, c0), assuming that (i) holds true. If the relations
Bo € AC1oc([T, ), R_), 39 € Lioc([T,0),R) and 5} (t)/Bo(t) < Op(t) for almost
all t > 79 together with the conditions (i), (iip) are fulfilled, then we can choose
Ao(t) = O(t) for t € [T, 00) in (ivg).

4. RESULTS

The asymptotic properties for the solutions of the equation (3.1) with one bounded
nonconstant delay under the conditions of instability were studied in [3]. Here we
give the generalization of some of these results to the case of a finite number of
delays.
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Theorem 4.1. Let the assumptions (i), (ilp), (iilp), (ive) be fulfilled for some
70 = T. Suppose there exist t1 > 19 and v € (—o0, 00) such that

(4.1) inf { /t Ao(s) ds — In(y(6) + )| = v.

t>t1

If 2(t) is any solution of (3.1) satisfying

(4.2) a(tlr)ngi.rslgtl |Z(S)| > Ry, A(tl) > Roe—v,
where 0(t) = _min 0i(t), A(t) = (v(t) = [e(®DI=(O] + Po(t) 9<3§2§<t|2(8)| x
Z f}c(tl ) + |e(s)]) ds, then
AW T A ds
- =01 55 oy o | 4000

for all t > t; for which z(t) is defined.

Proof. Let z(t) be any solution of (3.1) satisfying (4.2). Denote wy(t) =
2(0k(t)) and use a Lyapunov function

m t

(4.4) V() = U+ 6o®)Y / U(s)ds,

k=g, (1)

where U(t) = |y(t)z(t) + c(t)Z(t)|. Proceeding similarly to [3, Theorem 1], we obtain
U'>U(aRea+9 — ) — (v +c]) i (|Ax| + | Bg|)|wg]
k=1
- Em: rok V(O (8))wr + c(0k (t))wk|
> U(aRea+19 — ) — f: Mok |y 0k (8))wi, + (6 (¢) )y

for almost all t € K := {¢ > t1: 2(t) exists, min |z(s)| > Ro}. Consequently, using

(4.4) and (3.8), we obtain s€ltt)
V() > UB)6(t) + Bt Z/ [v(s)z(s) + c(s)z(s)| ds.
k=1"0x(?)
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Hence, in view of (ivg), we get V'(t) — Ag(t)V () = 0 for almost all ¢ € . With
respect to (4.4), we have

t

(4(8) + 1O 2] > V(E) > V(tr) exp { / Ao<s>ds] > Alty) exp [ Ao(s) ds}

t1

on any interval [t1,w) where the solution z(t) exists and satisfies the inequality
|2(t)] > Ro. If (4.2) is fulfilled, there is an R > Ry such that A(t;) > Re™”. By
virtue of (4.1) and (4.2) we can easily see that

=O1> S e p[/h“”d}” K

for all ¢ > t; for which z(¢) is defined. d

Corollary 4.1. Let the assumptions of Theorem 4.1 be fulfilled with Ry > 0. If

[ a06s)as — iz + ()] = o<,

lim
t—o0 t
1

then for any e > 0 there exists a ty > t1 such that |z(t)| > ¢ holds for all t > ty for
which z(t) is defined.

The proof of the next theorem is based on the results of K.P.Rybakowski [13]
on a Wazewski topological principle for retarded functional differential equations of
Carathéodory type.

Theorem 4.2. Let the conditions (i), (ii), (iii) be fulfilled and let A, 0, (k =
1,2,...,m) be continuous functions such that the inequality A(t) < O(t) holds a.e.
on [T,00), where © is defined by (3.11). Suppose that £: [T — r,00) — R is a
continuous function such that

(145) 40)+50 3 0w |- [ et)as] - > a1 e [~ [ e(o)as]

k=1 O (t)

for t € [T, 00] and some constant C' > 0. Then there exist a to > T and a solution
zo(t) of (3.1) satisfying

C t
(4.6) l20(t)] < S0 = ] &P [/T &(s) ds}
fort > to.
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Proof. Let 7> T. Write the equation (3.1) in the form
(4.7) 2 =F(t, z),

where F': J x C — C is defined by

F(t,9) = a(t)y(0) + b(t)y ZAk (0k(t) — t) + Be(t)0(01(t) — t)]
< $(0),(01(t) — t), ..., (Om(t) — 1))

and z is the element of C defined by the relation z;(f) = z(t +6), 6 € [—r,0]. Put

Ot 2.7) = (t)z + e(t)z] — (t), w(t)—CeXP[ /T f(s)ds}

2° = {(t,2) € (r,00) x C: U(t, 2,z) < 0},
25 ={(t,2) € (1,00) x C: U(t, 2,%) = 0}.

It can be easily verified that 2° is a polyfacial set generated by functions U (t) = 1-t,
U(t,z,Z) (see Rybakowski [13, p. 134]). It holds that 275 C 002°. As (y(t) +

le®)DIz(@)] = [7(#)z + ¢(t)z], we have

20 = ¢ ex S
= O @] T A p[/§ d}”

for (t,z) € £25. We have DYU(t) = gt(r—t) = —1<0. Let (t*,{) € 25 and ¢ € C
be such that ¢(0) = ¢ and (t* 46, ¢(9)) € £2° for all § € [—r,0). If (1)) € (7,00) xC,
then

DYU(t,4(0), (0))
= limsup(1/A)[U(t + h,1p(0) + hF(t,4), $(0) + hF(t, ) — U (t,1(0), ¥(0))]

h—0+
_ 90(%(0),9(0) | U $(0), (0))
ot 0z

F(t,) + Er F(t,1).

Similarly to [3] we obtain

k=1
for almost all ¢t € (7, 00) and for ¢ € C sufficiently close to ¢.
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Replacing ¢ and ¥ by t* and ¢, respectively, in the last right-hand side, we get
AQ) |y (t *) (0) +c(t*)(0))|
Z O ()Y (0k(E) SO () =) + (O (t)) Ok (t7) — )| = o(t") — &' (t")

m

Ay ()¢ + () + B(E) Y Ok (t° t*) = o(t") — &'(t")

k=1

> A(t)p )y 0t t7)) = o(t") = ¢'(t")

k=1

= {awy a0 io; exp[—/: £(s)ds] —e) fremp | /Tt}(s)ds]_g@*).

=1 k(t )

Clearly, the expression on the last right-hand side is positive. Therefore, in view of
continuity, DV U (t,1(0),%(0)) > 0 holds for ¢ sufficiently close to ¢ and almost all
t sufficiently close to t*. Hence §2° is a regular polyfacial set with respect to (4.7).
The rest of the proof is the same as that of [3, Theorem 4]. Using a topo-
logical principle for retarded functional differential equations (see Rybakowski [13,
Theorem 2.1]), we infer that there is a solution zg(¢) of (3.1) such that |zo(t)| <

@(t)/(v(t) = [e(®)]) for t > ts. O

As a corollary of Theorem 4.2 we obtain sufficient conditions for the existence of
a bounded solution of (3.1) or the existence of a solution zo(t) of (3.1) satisfying
tlim z0(t) = 0.
— 00

Corollary 4.2. Let the assumptions of Theorem 4.2 be satisfied. If

o |5 (/Tt'f“) )] <=0

then there is a bounded solution zo(t) of (3.1). If

lim

i [m exp (/th(s) dsﬂ _

then there is a solution z(t) of (3.1) such that
lim zo(t) = 0.
t—o0
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