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Abstract. In this paper, we consider a fractional impulsive boundary value problem
on infinite intervals. We obtain the existence, uniqueness and computational method of
unbounded positive solutions.

Keywords: fractional derivative, impulsive equations, positive solutions, fixed point the-
orem, monotone iterative method

MSC 2010: 26A33, 34A37

1. INTRODUCTION

Fractional operators have a long history, having been mentioned by Leibnitz in
a letter to L'Hospital in 1695. Early mathematicians who contributed to fractional
differential operators include Liouville, Riemann, and Holmgren. For three centuries,
the theory of fractional derivatives developed mainly as a pure theoretical field of
mathematics useful only for mathematicians. However, in the last few decades,
many authors pointed out that fractional calculus is very suitable for the description
of memory and hereditary properties of various materials and processes, such effects
are in fact neglected in classical models. Nowadays, fractional differential equations
are increasingly used to model problems in acoustics and thermal systems, materials
and mechanical systems, control and robotics, and other areas of application. For
example, nonlocal epidemics can be modeled with fractional derivatives [2]. The
results are relevant to foot-and-mouth disease, SARS, avian flu. The constitutive
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equation of viscoelastic fluid is given by 7 = n(d*vy/dt*) in [5], where d®v/dt® is
the fractional derivative. The fluid-dynamic traffic model with fractional derivatives
can eliminate the deficiency arising from the assumption of continuum traffic flow [6].
Based on experimental data, fractional partial differential equations for seepage flow
in porous media are suggested in [7]. A review of some applications of fractional
derivatives in continuum and statistical mechanics is given by Mainardi [11]. Re-
cently, there are some papers dealing with the existence and multiplicity of solution
(or positive solution) to fractional boundary value problems (see [3], [12], [13], and
the references therein).

The theory of impulsive differential equations provides a natural framework for
mathematical modeling of many real world phenomena. Significant progress has
been made in the theory of impulsive differential equations in recent years (see [1],
[4], [8]-[10], [14], and the references therein). However, to the best knowledge of
the authors, there is no paper concerned with fractional impulsive boundary value
problems on infinite intervals. Inspired by the above-mentioned works, in this paper,
we will consider the following boundary value problem

Dgyult) + f(tu(t) =0, te(0,00), t £t k=1,2...,m,
(1.1) uth) —ulty) = —I(ulty), k=1,2,...,m,
w(0) =0, D§;  u(oo) =0,

where « is a real number with 1 < a < 2, D§ | s the standard Riemann-Liouville
fractional derivative, tg = 0, 1 < t; < tg < ... < t;, < 00, u(t;) = hlirgl+u(tk + h),
u(ty) = ;}Eﬁ u(ty — h), Dg_:lu(oo) = tli>Holo Dg;lu(t).

The main features of this paper are as follows. First the existence and uniqueness of
unbounded positive solutions for fractional boundary value problems are considered.
Second a computational method is given. Third the solutions of boundary value
problem (1.1) are unbounded.

Now we list some conditions in this section for convenience.

Let

F(t,u) = f(t, (1 +t%)u).

(H1) F: [0,00) X [0,00) — [0, 00) is continuous;
(H2) |F(t,u)|] < ¢(t)x(|u]) with x € C(]0, c0), [0, 00)) nondecreasing and

o0
O</ (r)dr < oo;
0

(H3) Iy: [0,00) — [0,00) (k=1,2,...,m) are continuous;
(H4) there exist constants ¢ (k =1,2,...,m) such that |I;(u)| < c.
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2. PRELIMINARIES

For the convenience of the readers, we provide some background material in this
section.

Let u: [0,00) — R, Jo = [O,tl], Jm = (tm,oo), Jk = (tkathrlL k= 1,...,m— 1.
For k = 1,2,...,m, define the function uy: J; — R by ux(t) = u(t). Consider the
Banach spaces

PC = {u: u € C(Jg,R), k=0,1,...,m,

u(t;) and u(t, ) exist, u(ty) = u(t;), exists}

lim
t—oo 1 4+ t@
with the norm

u(t)
1+te

lullpc = sup |
t€[0,00)

and

PC, = {u: u € C(J,R), k=0,1,...,m,

u(t}) and u(ty ) exist, u(ty) = u(ty), tlim u(t) exists}
—00

with the norm
lully = sup fu(t)].
t€[0,00)
Lemma 2.1 ([15]). Let Qy C PC;. Then §; is relatively compact in PCj if the
following conditions hold
(a) © is bounded in PCy;
(b) the functions belonging to €}y are piecewise equicontinuous on any interval of
[0, 00);
(c) the functions belonging to ), are equiconvergent, that is, given € > 0 there
exists T'(€) > 0 such that |u(t) — u(oc0)| < € for any t > T'(¢) and u € €.

Definition 2.1. A function u is said to be a positive solution of (1.1) if u € PC
satisfies (1.1), u(t) > 0, ¢t € [0,00) and u(t) is not identically zero on [0, o).

Definition 2.2. The Riemann-Liouville fractional integral of order « of a func-
tion f is defined as

18, f(t) = ﬁ/o (t— )" f(s)ds, a>0,

provided that the right-hand side is point-wise defined on (0, c0).
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Definition 2.3. The Riemann-Liouville fractional derivative of order v > 0 of
a function y is defined as

Dg.y(t) = ﬁ(%)n /Ot (t—zgii)"“ ds, a>0,

where n = [a] + 1, provided that the right-hand side is point-wise defined on (0, c0).

Definition 2.4. Let E be a real Banach space. A nonempty closed set K C F
is a cone provided that

(1) au+bv e K for all u,v € K and alla > 0, b > 0,
(2) u,—u € K implies u = 0.
Every cone K C FE induces an ordering in F given by < y ifand only if y—x € K.
Definition 2.5. The map « is a nonnegative continuous concave functional on
a cone K of a real Banach space F, provided that a: K — [0,00) is continuous and
altu+ (1 —t)v) = ta(u) + (1 — t)a(v)
forallu,v e K,0<t<1.
Let E = (E,| - ||) be a Banach space, K C E a cone, o a nonnegative continuous
concave functional on K and a, b, ¢ > 0 constants. Define
K.={zx e K: |z| < ¢},
K(a,a,b) ={z € K: a < afx), |z| <0b}.

To prove our results, we need the following fixed point theorem.

Theorem 2.1 ([3]). Let K be a cone in a Banach space E. Suppose that there
exist a positive number ¢, and a nonnegative continuous concave functional o on K
with a(z) < ||z|| for * € K.. Moreover, assume that T: K. — K. is completely
continuous and there exist a,b,c,d with 0 < a < b < d < ¢ such that

(S1) {z € K(a,b,d): ax) > b} #0 and «(Tx) > b for all z € K (o, b,d);
(S2) ||Tu|| < a for all x € K ;

(S3) a(Tx) > b for all x € K(a, b, c) with || Tu|| > d.

Then T has at least three fixed points x1, s, x3 € K such that

lz1|| < a, a(xe) >b, |xs||>a with a(zs) <b.

Remark 2.1. If d = ¢, then the condition (S1) of Theorem 2.1 implies the
condition (S3) of Theorem 2.1.
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3. RELATED LEMMAS

Lemma 3.1. Let y € C[0,00), with [;°y(s)ds convergent, and 1 < a < 2. If
u is a solution of the equation

(3.1) u(t) = /0 TGt s)ys)ds + 3 Wil u(te)),

k=1

where

I'(a)

(3.2) Glts) =14 0y
<t <K
T(a)’ 0<t<s<oo,

and

I a—1

%v 0ty
(3.3) Wi(t,u(ty)) =< " "

I a—2

M tk <t< 00,

R
then u is a solution of the following boundary value problem
Dg u(t) +y(t) =0, te(0,00), t#ty, k=1,2,...,m,
(3.4) u(ty) —u(ty) = —Ip(u(ty)), k=1,2,...,m,
u(0) =0, D§;  u(oco) = 0.

a—1

Proof. If u satisfies the integral equation (3.1), then w(0) = Dg "u(occ) = 0.
Let
t e (0,00)\{tl,tQ...,tm},

then we have

D§ u(t) = D, (/OOO G(t, s)y(s)ds + Z Wi (t, u(tk))>

k=1
e t ta—1 _ (f, _ S)oz—l 5 ds o0 pa—1 5 ds
g ([ T e [T i e
+> Wk(t,u(tk)))
k=1

a—1 o] t — 3 a—1 m
=05 (s [T woas— [y as 4 Y Wttt
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Clearly we have
ultd) —uty) = —Ip(u(ty)), k=1,2...,m.

The proof is complete. O

Let )
1 o

M=—— su .

T(a) oc1an 1+ t°

Lemma 3.2. The function G(t,s) defined by Eq. (3.2) satisfies the following
conditions

G(t,s) 1ttt
1) 0< ——=2< < M fort, 0,00);
(1) 1+t " T(a)l+te or £, € (0,0)

(2) there exists a positive function v € C(0, 00) such that

(3.5) min G(t,s) =v(s) sup G(t,s) =7v(s)G(s,s) for 0 < s < o0,
k<t<l 0<t<oo

where 0 < k < | < o0.

Proof. Looking at the expression for G(¢, s), it is clear that

G(t,s) 1 to—1
0< AN su for s,t € (0,00).
1+t = T'(a) 0<t<poo 1+t ( )

In the following, we consider the existence of the positive function . Set

tafl _ (t _ S)afl B tafl
F(Oé) ) 92(t78) - F(Oé)

g1 (ta S) =

First for given s € (0,00), G(t,s) is decreasing with respect to ¢t for s < ¢ and
increasing with respect to ¢ for ¢ < s. Consequently, we have

a(l,s), s € (0, k],
Jin G(t,s) = § min{gi(l, 5), g2(k, 5)}, s € [k, 1],
g2(k, s), s € [l,00),

- {gl(l,s), s € (0,7],
g2(k,s), s€[r,00),
R )

I'(a) ’
po—1
ING)N

s € (0,7],

s € [r, 00),
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where r is the unique solution of the equation
lafl _ (l o S)afl _ kafl.
Specially if k =1, =4, a = %, then s = 3 is the unique solution of the equation
2—v4—s=1, ie r=3.

By the monotonicity of G(t, s), we have

Sa—l
sup G(t,s) = G(s,s) = , s€ (0,00
oS0 (t,s) = G(s,5) () (0,00)
Thus settin,
g la—l _ (l _ S)a—l
) , 0<s<,
VD=9 e
(—) , r<s < oo,
S

the proof is complete. O

Define the cone K C PC by
K ={u € PC": u is nonnegative on [0, 00)}.

For u € K, define the operator T by

(3.6) (Tu)(t) = /0Oo G(t,s)f(s,u(s))ds + Z Wi (t, u(tr)).

k=1
Clearly the boundary value problem (1.1) has a solution v = wu(t) if and only if
u solves the operator equation u = Tu. Since the Arzela-Ascoli theorem fails to
work in the space PC, we need a modified compactness criterion to prove T is
compact. Similarly to Theorem 2.5 in [16], we give the following lemma.

Lemma 3.3. Let Q2 C PC. Then s is relatively compact in PC' if the following
conditions hold
(a) Qg is bounded in PC;
(b) the functions belonging to {u(t)/(1+t%): u € Q2} are piecewise equicontinuous
on any interval of [0, c0),
(c) the functions belonging to {u(t)/(1+t*): u € Qy} are equiconvergent at infinity.

Proof. It is easy to see that Q) = {y: y(t) = u(t)/(1 +t%), u € Q2} C PC
satisfies the conditions of Theorem 2.1. So there exists a sequence {y,} C Q) and
yo € PC; such that lim lyn — wolli = 0. Let up(t) = (1 +t)yn(t), n = 1,2,...
and ug(t) = (1 + ta)yr(;(t(f Obviously {un} C s, up € PC and nlirgo lter, — wollpc =
Jim |y, — y(0)[[i = 0. O
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Lemma 3.4. If (H1)—(H4) hold, then T: K — K is completely continuous.

Proof. We divide the proof into two steps.

Step 1: We prove that T: K — K is continuous.

First we show that T: K — K. From Lemma 3.2, we have (Tu)(¢) > 0 for u € K.
By (H2), (H4), we get

(3.7) /000 G(t’S)F(s7 uls) )ds < Al po)t™ 2 /0Oo @(s)ds < oo

1+1te 1+ 52 I(a)(1+tv)
and
m m
Ik(u tk ta71 to—1 Ck
W, t t <
1+t(yz:1 k U(k 1+t(y§_:1 t}: ta2 1+taztgfl_t?72

Thus the Dominated Convergence Theorem guarantees that

- (Tw)()
(3.8) t1i>1£10 T

) < G(t,s) u(s) 1 &
=1 F E =0.
tlr?o(/o 1+ e (S’ 1+sa) ds+ s k=1Wk(t,U(tk)) 0

Therefore, TK C K. Second we show that T: K — K is continuous. In fact,
suppose {u,} C K, up € K and ugp = lim wu,, then there exists B > 0 such that

n—oo

lunllpc < B,n=0,1,2,.... By (H1), (H3), we have

fim # (e 550 = P (e 125). ee o)

and

m
nlLII;OZWk (t, un(tr)) Z (t,up(tr)), te€]0,00).

According to the Dominated Convergence Theorem,

1+ s« 1+ s«
T (un(tr)) — Ik (uo(tr))
'« E =0
+ ( )k_l‘ tg—l tz(—Q ‘)

Thus T: K — K is continuous.
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Step 2: We show that T: K — K is relatively compact.
Let Q be any bounded subset of K. Then there exists L > 0 such that

wp 1L

[ullpc < L.
te[0,00) 1+ 1

First we will show that T'Q) is uniformly bounded. For u € €2, it is easy to prove that

(Tw)(t)
Tu||pc = sup
ITullpe = s S50

< G(t,s) u(s) 1 &
tes[ggo) (/ 1+ (S’ 1+ 80‘) ds+ 14+t kzzl Wilt, u(tw))

<M</<;(L)/O ds+zta1_tk )<oo.

Hence, T2 is uniformly bounded. Second we show that the functions belonging to
{{Tu)(@®)/(1+t*): u € Q} are locally equicontinuous on [0,00). For any u € €,
tte Jy, t<t, k=0,1,2,...,m, we have

Case 1. t,t € Jy.

‘(TU)@ B (TU)@
1+ te 1+t

¢ [Tl Gl b, o)y,

1+t "1+ s
L[PG
e — [ G ’f)F<s, u(s) )ds
o 141t 1+ 5@

m
C _ ~ ~ _
FY T (L B - e )
k=1 "k k

< k(L) /000 U Sl)gff(t’sﬂsﬁ(s) ds

+MMD(-J%AwM®®

*-Eiitg T ) = T () < o0
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Case 2. t,t € Jp, k=1,2,....m

‘(Tu)@ _ (Twi
I

o [0 -Gl o)y,

1+t "1+ s

-~ * G(t,s) u(s)
e -t L F d
+ )/0 1+t (s’l—i—sa) s

m
Ck vy ~ ~ _
+ZWW L1482 — 7 (1 4 82))

+Zt& - ta SO 8 — 2 (14 1)
k k

< H(L)/O |G(ta S) _~G({’ S)|§0(S) ds

1+t

+ Ma(D)(F* - ) / o(s) ds
0

& Ck Fza—1 (e FJa—1 e
T [T (L ) BT )

— k k

m c
Y T ) (1 )] < oo

Yk

Hence,

‘ (Tu)(®) _ (Tu)i
14t@ 14to

Therefore, the functions belonging to {(Tw)(t)/(1 + t*): u € Q} are piecewise

equicontinuous on any interval of [0, c0).
Finally by (H2), (H4), and Lemma 3.2, for any u € Q we have

(L) [> gl
< d — ] 1 =
(F(a)/o ( S+Zta l—ta 2)t—>ool—|—t0( 0

Hence, T is equiconvergent at infinity. By using Lemma 3.3, we obtain that T'Q2 is

— 0 uniformly as  — .

o | T
t—oo| 1 4+ t@

relatively compact, that is, T is a compact operator. As a consequence of Step 1
and Step 2, we can prove that T: K — K is completely continuous. The proof is
complete. (I
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4. EXISTENCE OF THREE POSITIVE SOLUTIONS

We define the nonnegative continuous concave functional

, YueK.

Let 1 141
NN=—eo——

- L Ny
M [ o(s)ds f,i v(s)G(s,s)ds

Theorem 4.1. Assume that (H1)—(H4) hold and there exist constants a, b, ¢, d

with 0 < (1/T(a)) 3 er/(t27 ' —t07%) < a < b < ¢ = d such that the following
k=1
conditions hold

(B1) w(u) < Ny (a - ;i /(g7 — 172)) for all u € [0, a;
(B2) F(t,u) > Nab for all (t,u) € [k, 1] x [b,d];

(B3) k(u) < Ny (c - i e/ — t%72)> for all u € [a, c].

Then the boundary value problem (1.1) has at least three positive solutions uq, us,
and us such that

‘ ’U,Q(t)
‘ < a, b < min sup ,
te[o 00) 1 +ta g1+t te[0,00) 1 + ¢
t
a < sup < c¢ with min ‘ us (1)
t€[0,00) 1+ta telk,]l 1 4 t&

Proof. First we show that (S2) of Theorem 2.1 holds.
If u € K, then ||u||pc < c. By Lemma 3.2 and (B3), we get

(Tu)(t)
Tu|lpc = sup
1Tl te[0,00) L+ 1¢

m

G(t,s) u(s) 1
- F d Wi (t, ult
;320)(/ D (Y s e S i)
<M ) ds
/ 1—|—5 +Zta1 ta2
oo m r o
<M/ @(S)Nl(C—Zm)dS—i—ngc
° k=1"k k k=1 "k k

Hence, the condition (S2) of Theorem 2.1 is satisfied. In the same way, we can show
that if (B1) holds, then TK, C K,.
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Second we show that (S1) of Theorem 2.1 holds. To check the condition (S1) of
Theorem 2.1, we choose

1
uo(t) = §(b+6)(1 +1%), te€0,00).
It is easy to see that u € K, |lul[pc = 3(b+¢) < ¢, a(u) = £(b+c) > b. That is,
uo € {u € K(a,b,d): afu) > b} #0.

Moreover, for all u € K(a,b,d) we have b < u(t)/(1+t*) < cfor t € [k,l]. By (B2)
and Lemma 3.2, we have

a(Tu) = min [Tl
telk,l] 14 to

. < G(t,s) u(s) 1 &
- F d £ ult
tgblcl,ll](/o 1+ to (8’1+sa) S+1+takZ:1W’“(’u(’“))

1 e u(s)

>

S /0 ~v(s)G(s, s)F(s, = SO‘) ds
1 ! u(s)

> 1 T /k ~v(s)G(s, s)F(s, = s") ds
1 l

> — = 0.

> 1+la/k v(s)G(s,s)Nabds = b

Hence, condition (S1) of Theorem 2.1 is satisfied. By Remark 2.1, condition (S3) of
Theorem 2.1 is satisfied. To sum up, all the hypotheses of Theorem 2.1 are satisfied.
The proof is complete. O

5. EXISTENCE OF SUCCESSIVE ITERATION SOLUTIONS

Theorem 5.1. Assume (H1)-(H4) hold. If there exists a positive number A >

m
S e/ (27 — t972) such that
k=1

(C1) F(t,-)

0,0) i

(C2) K(A) < Ny (A — 3 e/t - tg”)) for all u € [0, A];
k=1

(C3) F(t,0) is not identically zero on any compact subinterval of (0, co),

, I(4): [0,A] — [0,00) (kK = 1,2,...,m) are nondecreasing for all t €

7

then the boundary value problem (1.1) has two positive solutions w*, v* € K 5 with

(5-1) lw*lpc < A and  lim T"wy = w*,
(5.2) lv*]lpc < A and lim T"wvy = v™,
n—oo
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where
wo(t) = A(1+1%), te€0,00),

vo =0, te€0,00).
Proof. We now show that T: Ky — K. If u € K, then ||ul|pc < A, and we
have
pe U _ o u)

T+io S, 000 T4
te(0,00)

By (H2), (H4), (C1), (C2), and Lemma 3.2, we get

< G(t,s) u(s) 1 &
| Tu| pe = tesgl;)</ 1+t&F(s,1+sa)ds+1+tak2=:1Wk(t,u(tk))
< [ et
SM/O p(s)N ( Z = )derZWgA-

Thus we conclude that T: K — K 4.

= l[ullpc < A.

Let w, = T"wq, v, = T"vy. Then wy,v, € FA, n = 1,2,.... Since T is

completely continuous, we see that {w,}2, {v,}32 are relatively compact sets.
By (H3), (C1), (C2), and Lemma 3.2, we get

wi(t) _ (Two)()
L+t 14t

A UL ki_lwm,wo(tk))
< /Ooo fif’;)F(s,A) ds + kzml W
< /O T sm(a) s + g T
<ar [ et (8- i g: )
+ F(la) ;ta lc—kta z = A

Hence, w1 (t) < A(1+¢%), ie., wi(t) <wo(t) for t € [0, 00).
Similarly we get wa(t) = (T'w1)(t) < (Two)(t) = wi(t) for t € [0, 00).
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By induction, we get
W41 (t) = (Tw)(t) < (Twn—1)(t) = wy(t) for t €[0,00), n=1,2,....

Hence, there exists w* € K, such that w* = lim w,. Applying the continuity of T
n—oo
and wy4+1 = Twy,, we get Tw* = w*.
For t € [0, 00), by (C3), we get

on(t) = (Two)(t /Gts)f(svo( Vs + 3 Walt.vo(ts)

k=1

> /0 G(t, 5)f(5,0) ds > 0 = vo(t)

and va(t) = (Tw1)(t) = (Two)(t) = vi(t), t € [0,00).
By induction, we get

anrl(t) = (T’Un)(t) > (Tvnfl)(t) = vn(t)v te [Oa OO), n=12....

Hence, there exists v* € K, such that v* = lim v,. Applying the continuity of T

n—oo
and v,41 = Ty, we get Tv* = v*. The proof is complete. O

Theorem 5.2. Assume that there exist a function h € L'[0,00) and numbers dj,
(k=1,2,...,m) such that

|F(t,z) — F(t,y)] < h(t)|x —y| for t €[0,00), 0 <z,y <A,

[1:(z) = Lk (y)

| <dglz —y| fork=1,2,...,m, 0 <z,y <A,

and

M/ ds+za1ta2 <1

=1 Uk
Then T has a unique fixed point in K ,, that is, w* = v* (defined by Eq. (5.1), (5.2)).

Proof. Let ui,us € E. Then we have

e = [Tl ) - oo
b D WA (1) — Wtk w00)
k=1

m
o0 d
< (M/ h(S)dS—FZTkOL_Q)HUl_UQ”PC
0 k=1 tk _tk
< ||ur — w2l pc-
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Thus

[(Tur)(t) = (Tuz)(t) | pe < llur — uzllpe-
Consequently, T is a contraction. As a consequence of the Banach fixed point the-
orem, we deduce that T has a unique fixed point which is an unbounded iteration

positive solution of the boundary value problem (1.1). Hence, w* = v* (defined by
Eq. (5.1), (5.2)). The proof is complete. O

6. EXAMPLE

Example 6.1. Consider the problem
Dy Pu(t) + f(t,u) =0, t € (0,00)\ {t:},

(6.1) w(ty) —u(ty) = —Li(u(tr)),
u(0) =0, D*u(oo) =0,

where

x/Tu, e [0,10];
tq :27 Il(u)
5\/_, u € [10, 00),

F(t,u) = f(t,(1+t3/?)u) = (5—\2& u+ 10)e*t, t € [0, 00).
Choose A =5/, h(t) = ¢(t) = e™", k(u) = 2 \/—u +10, c1 = di = 55/7, wo(t) =
5v/m(1+t3/2), vo(t) = 0, t € [0,00). By computing, we have M = %
%\J/ﬁ\/ﬁ Hence,
(1) F(t,-), I1(-): [0,00) — [0,00) are nondecreasing for all t € [0, 00);
(2) k(5v/m) <12 < Ny (A —c1y/ti/(t1 — 1)) for all ¢ € [0, 00);
(
(

)
3) F(t,0) = 10e~t is not identically zero on any compact subinterval of (0, 00);
4)

[F(t,2) = F(t,y)| < h(t)]z —y] for ¢ € [0,00), o<x y <A,
() — L) < dile—yl, 0 <,y < A, M [ h(s)ds +dy /i /(11— 1) < 1.
Thus by Theorem 5.2, the problem (6.1) has an unbounded iteration positive solution.
By computing, we have

lwy — wol|po = 7.85227,  |wy — w1 || pe = 0.00975,  |ws — wa pc = 0.000012.

Example 6.2. Consider the problem
Du(t) + f(t,u) =0, te (0,00)\ {11},
(6.2) u(t]) —u(ty) = —Li(u(t)),
u(0) =0, Dy}*u(o0) =0,
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where

u € [0, 5],

L

1
200°
(35 +4ut)e™,  uw<l,

_ 3/2 _
F(t,u) = f(t,(1+¢7)u) {(3+2%+u)e—t7 u > 1.

Choose a = b=1,¢c=12,k =1,1 = 4. By computing, we have N; = %3— =

107
0.5971, Ny = ﬁ nt~ 3.4183, ¢ = E' Hence,

(1) K(u) = 55 —|—4u4 < 0.0504 < Ny(a—e1v/E1/(t1 — 1)) for (¢, u) € [0,00) x [0, 15];
(2) F(t,u)= 3—|— 55 +u = 4.005 > Nab for (t,u) € [1,4] x [1,12];
(3) K(u) =3+ 55 +u < 15.05 < Ni(c—c1y/T1/(t1 — 1)) for (t,u) € [0,00) x [1,12].

By Theorem 4.1, we get that the fractional boundary value problem (6.2) has at
least three positive solutions w1, us, and uz with

1
< — 1 < min

1532 in | ——-—>0 — 1 <12,
tes[g};)‘ 1+t3/2‘ 10’ te[1,4]‘ 1 —|—t3/2‘ Ooo)‘ 1 +t3/2‘

< <12 with

1 _usl) ) <1.
10 t;‘;ﬁo)\ 1 +t3/2‘

t614]‘1+t3/2‘
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