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Abstract. We show that for every € > 0 there is a set A C R> such that H'LA is a
monotone measure, the corresponding tangent measures at the origin are non-conical and
non-unique and H'_A has the 1-dimensional density between 1 and 2+ ¢ everywhere in the
support.
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1. INTRODUCTION

This paper is devoted to a construction of a monotone measure with bad tangential
behavior satisfying some additional density assumptions natural for minimal surfaces.

Definition 1.1. Let y be a Radon measure on R™ and k € N. We say that p is

k-monotone if the function r +— uB(z,7)/r* is non-decreasing on (0,0c) for every
z € R™.

The tangent measures of p at z € R™ were introduced by Preiss in [5]. They are
defined by blowing up p by sequences of expansive homotheties around z, normal-
izing suitably and taking the vague limits. The mapping T, , that blows up B(z,7)

to B(0,1) is given by
T —2z

T, (z) =

Since every k-monotone measure u, where k < n, has a finite k-dimensional density
defined by 6Fu = liII(l) uB(z,7)/wir® at every point z € R™, where wy, is the volume
T—

of the unit ball in R¥, it is natural to normalize the blow-up by 1/7*.

Research of the first and the third author is supported by the grant MSM 0021620839.
Research of the second author is supported by the grant AV 0Z 10190503.
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Definition 1.2. Let ;4 be a Radon measure on R™, z € sptpu and £ < n. We
say that v is a k-tangent measure of u at z (v € Tan’j w) if v is a non-zero Radon
measure on R™ and if there is a sequence {rj}‘j?‘;l, r; >0, 7; — 0asj — oo, such
that

1
— T, () — v vaguely as j — oo,

J

i.e. for every continuous function ¢ on R™ with a compact support we have

jlggo%/go(””;'z) dule) = [ p(o) dv(o).

J

Definition 1.3. Let v be a Radon measure on R" and k € N. We say that v is
k-conical if v(AA) = \¥ - v(A) for every Borel set A C R™ and every A > 0.

Instead of 1-monotone, 1-tangent and 1-conical we simply write monotone, tangent
and conical, respectively.

The first monotone measure with bad tangential behavior was given by the second
author in [3]. He constructed a measure in R? which does not have a unique tan-
gent measure at the origin, and observing that the monotonicity can be sometimes
obtained by adding a suitable monotone measure he added a measure absolutely
continuous with respect to the Lebesgue measure to obtain the desired result.

Immediately, a new question arises whether there exists a monotone measure with
similarly bad tangential behavior and more related to minimal surfaces. It is a well-
known open problem whether for each fixed ¢ > 0 a k-monotone Radon measure p
in R™, 1 < k < n, can be found, with non-unique k-tangent measures at the origin
0 € spt 1 and with the density properties

(1) 6%u=>1 forevery z € sptpu (then u is called a concentrated measure),

(2) 0% =1 for every z € spt uu\ {0}
and
(3) O < 1+e.

There are several partial results. A well-known result is an unpublished example
by Kirchheim. He studied the so called logarithmic spirals in R? and proved the
“local monotonicity” (there is ro > 0 depending on |z| such that r — pB(z,7)/r is
non-decreasing on (0,7¢)) for H! restricted to these curves. Then it is not difficult
to show that there is a finite number of lines passing through the origin such that
H! restricted to the union of these lines and the symmetrical pair of logarithmic
spirals is monotone (and the spirals ensure the bad tangential behavior).
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An improved version of Kirchheim’s result can be found in [2]. The authors gave
a different proof of the “local monotonicity” which enables estimating r¢. In fact, the
estimate of ry was accurate enough to show that for some types of logarithmic spirals
only two suitably chosen lines are a sufficient compensation for the monotonicity
(hence there is a monotone measure in R? with bad tangential behavior satisfying (1),
(2) up to the points of intersection of the spirals and the lines, and the version of (3)
with 0fu < 3 +¢).

Motivated by the above result, in this paper we give a version of logarithmic spirals
in R3 such that only one line provides a sufficient compensation to the monotonicity.
Thus the final measure satisfies 9(1) 1 < 24 ¢, which becomes the best achieved result.

For a,c > 0 fixed we define a version of an anti-symmetrical pair of logarithmic
spirals in R3 by

I‘(jfc(t) = (cexp (at) cost, cexp (at) sint,exp (at)), te€ R,
L, .(t) = =T, .(t) = (—cexp (at) cost, —cexp (at) sint, — exp (at)), t € R.

a,c

Further, we set
prae = M0 U TG,
where [[}] = {I7.(t): t € R} and [, .] = {T,, .(t): t € R}.
Next, we define L = {(0,0,¢): ¢ € R}. This is the line we use as a compensation
for the monotonicity. Now, we can state or main result.

Theorem 1.4. Let ¢ > 0. Then there is K = K(g) > 0 such that for every a > K
and ¢ = a3 the measure ta,c + H'_L satisfies:

ta,c + H'_L is monotone,
ta,c t+ H'LL does not have a unique tangent measure at the origin,
the tangent measures at the origin are not conical,

0L (pfta,c + H' L) =1 for every z € (spt pia,c U L) \ {0},
and

Qé(ua,c + Hl\_L) <2+e.

We refer to [4], [5] and [6] for further information concerning the geometry of
measures and the Monotonicity Formula.

The paper is organized in a way similar to [2]. In the third section we study the
tangential behavior. The last two sections are devoted to the proof of the mono-
tonicity, which is the most difficult part of the proof of Theorem 1.4. We prove
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the monotonicity showing that the lower derivative of r +— (uq,. + H'LL)B(2,7)/r
is non-negative for every pair (z,7), z € R3, r > 0. When checking this pointwise
property, we distinguish several cases. In the fourth section we consider the cases
concerning z and r such that the proof of the non-negativity of the lower derivative is
just a straightforward computation. The fifth section is devoted to very small radii.
It was the most difficult and challenging part of our work to obtain a reasonably
short proof of the monotonicity at (z,r) for very small r. Let us note that the planar
method from [2, Section 5] cannot be used in our case. Our proof is finally based on
a method from [1].

2. PRELIMINARIES

Notation. The scalar product of x,y € R? is denoted by z -y. The Euclidean
norm of x is |z|, x1, x2 and x3 are the first, the second and the third coordinates of
x. We use the following notation for a ball, a sphere, a northern hemisphere and for
an equator:

When z = 0, we simply write B(r), S(r), ST(r) and E(r).
For fixed z € ST(1) U E(1) and ¢ > 0 we define the function

U, (t) = czicost + czosint + 23, ¢ € R.

Further, if z € ST(1) and ¢ > 0, let

2 2 2 2
V2]t 23 _ V2]t 23
cz3 /1 — 22 — 22

s=s(z,c) =
Hence

(4) 2 S N and (/22 423 = —0
MV gy LR T3

The 1-dimensional Hausdorff measure is denoted by H'. If A C R? is a Borel set
and p is a Radon measure, then pi A is the restriction of p to A, ie. (u A)(M) =
uw(MNA). If I CRisaninterval and T': I+ R3 is a curve then [[] = {T'(t): t € I}.
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For z € R? and 7 > 0 such that spt .. N S(z,7) # 0, our estimates often deal
with the points of intersection with maximal and minimal third coordinates. Let

&€ € spt g, N S(2z,7) be such that £ > 03 whenever 6 € spt pg N S(z,7)
and let
7 € Spt pa,c N S(2,7) be such that ns < O3 whenever 6 € spt i, N S(2,7).
Properties of spt i, .. We denote a = a(c) = V1 + 2 and

L))
d(Tale(t))s/dt

V(AT(0))1/d)” + (d(TFe(6)2/dt) + (A(Tae()s/dt)?
d(Tah(t))3/dt

)

~ /(cae® cost — ce sint)? + (cae® sint + ce® cost)? + (ae?)?

2
:\/1+c2+c—2.
a

Using the symmetry between I‘(jf . and I'". we obtain from the above

5: 5(0,,0) =

aeat

(5) pac({z € R3: dy < 23 < do}) = B(da — dy)

for any dy < dp. Further, if ¢ € spt p4,c, then we see that

(6) G+ G =l

From (5) and (6) we obtain

7) Pa,cB(r) _ fac{r € R3: —r/a < 23 <r/a} _B
2r 2r a

Notice that spt ji4, ¢ is self-similar in the sense that multiplying all three coordinates
by the same constant corresponds to some rotation of the plane generated by the X
and Y-axis. More precisely, if we define

F;fc,to(t) = (ce®%) cost, ce® ) gin t, e¥t10)) ¢ € (—00, 00),

Loeto(t) = (—ce®10) cost, —ce®F0) gin t, —e(tt0)) ¢ € (—00, 00),
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and
,u'a,C,to = Hl'—([ric,to] U [Fz;c,to])a

then for every o > 0 we have

1 Inp
(8) ETo,g(Ma,c) = Hacto Wheretfo = —=.

Some notes on monotonicity. Let us recall some well-known facts concerning
the monotonicity of Radon measures. Let I': [a, b] — R™ be a regular C'-curve and
let v = H'L[[']. If we want to prove that 7 — vB(z,7)/r is nondecreasing on (0, o)
for some z € R", then it is enough to show that

vB(z,r)

9) D, PP~ (D vB(z ) 1Bz )

is nonnegative on (0,00). Here we use the notation D, f(r) = 1igrliglf(f(r +9) —
F))/6.

Notice that the condition D, (vB(z,r)/r) > 0 is satisfied when vB(z,r) < 2r and
I'(a),T'(b) ¢ B(z,r) (if vB(z,r) = 0 then the proof is trivial and if 0 < vB(z,r) < 2,
then there are at least two points of the intersection S(z,r) N T'((a,b)) and the
contribution of each of them to D, vB(z,r) is at least 1). We use this criterion very
often.

We say that a measure v is monotone at (z,7) if D, (vB(z,r)/r) = 0. The super-
additivity of the lower derivative D, implies that a sum of monotone measures at
(z,7) is again monotone at (z,7).

We need the following criterion for the monotonicity at (z,7) (see [1, Proposi-
tion 3.1] and use a suitable rescaling of the coordinates).

Proposition 2.1. Let d > 0, ¢ € (0, %], 0 € (O,%d_l] and let f,p €
C?((—9,6),R) be functions satisfying

£(0) = £'(0) = ¢(0) = ¢'(0) = 0,
|f"(z) —d| <ed and |p"(z)] <ed on (=6,9).

Set v(z) = (z, f(z), p(x)) for x € (—6,6) and py = H' ({y(x): = € (—6,6)}). Then
r+— uyB((0, h, g),r)/r is non-decreasing on (0, ) for every h € R and every g € R.

We also make use of the following easy lemma.

Lemma 2.2. Let f: (0,00) — [0,00) be a non-negative non-decreasing function.
If D.(f(r)/r) 2 0 on (0,1) U (1,00), then r — f(r)/r is non-decreasing on (0, c0).
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Proof. In a standard way, it can be shown that f(r)/r is non-decreasing on
(0,1) and on (1, 00). Hence there exist

A= lim M and B = lim M
r—1_ r r—ly r
We want to show that A < f(1)/1 < B. Let us prove the first inequality. For
contradiction, suppose A — f(1) = 2¢ > 0. There is 6 € (0,1) small enough so that
f()

>A—€ and f(1)+€>m

f(1=9)
1-6

Thus, as f is non-decreasing we obtain

f)  f1=0)
1-67 1-96

>A—€:f(1)+€>1f(—_1)5.

This is a contradiction, hence A < f(1). The inequality f(1) < B is proved in the
same way. O

Finally, let us show that the measure H!LL is abundant in monotonicity. If z €

S(1) and r > /2% + 23, then we have

(10) D (H'L)B(z,7) _ d 2y/r? =27 — 23

T r dr r
_ 2 + 25 2+ 2
=2 > 222 3 -
r2\/1r2 — 2% — 23 r

If r € (0,4/2? + 22], then (H'LL)B(z,r) = 0. Hence D,((H'.L)B(z,r)/r) > 0 and
thus

I I)B
(11) D, M >0 for every r € (0,00).

3. TANGENTIAL BEHAVIOR

In this section we show that the measure j, . +H' L has infinitely many tangent
measures at the origin. Moreover, these tangent measures are non-conical.

Proposition 3.1. Let a,c > 0. Then

Tan(l)(ua,C +HNL) = {Wacto + HWL: 0<ty < 2n}.
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Proof. Let us fix 0 <ty < 2n. Since we plainly have

(12) Ha,cto = Ma,etot+2kn  for all k € 7,

considering the sequence p; = exp(a(to — 2jn)), 7 € N, we obtain from (8)

;To,gj (Ha,e) = Haeto—2jn = Hase,to-
J

Further, we obviously have for any ¢ > 0

(13) éTO,Q(HlLL) =H' L.

Hence

1
Q_To’gj (1o + HII_L) = Ua,eto + HILL vaguely converges to La,c to + H' L
J

and thus
Tang (pta.c + H'CL) D {fta,e.o + H'LL: 0 <ty < 21},

The reverse inclusion is obtained by a suitable choice of a test function. Assume
that o; > 0 for j € N, o; — 0 and (1/0;)T0,0, (Hta,c + H'LL) vaguely converges. Set
t; = Ing;/a. Hence from (8) and (13) we see that i .¢; vaguely converges. Let
¥: R+ [0,00) be a continuous function with a compact support satisfying ¥ (¢) = 0
fort < 0 and fooo ¥?(t) dt = 1. We define on R? a continuous function with a compact

support by 1(0,0,0) =0 and

v1(x) = ?ﬁ(%)?ﬁ(%)(ﬁ cos (1n|x|) + 22 Sin (lnclﬂ)) for |x| > 0.

cle] a /" caf

] we have ¢ () = 0 and if z = T

a,c,t;

For = € spt pia,ct; \ [T (t) for some t € R,

a,c,t;
then we have

v1(z) = w(%>w(x3)(costcos(t —t;) +sintsin(t — t;)) = ¥*(x3) cost;.
Hence we obtain from (5)
/ o1 dpact; = / B2 (t) cost; dt = Bcost;.
R3 0

Therefore cost; converges. If cost; — 1, then from (12) we see that jig,ct; — fa,c,0 =
Ma,c vaguely. Similarly, if cost; — —1, then pig c.¢; — fa,c,x vaguely.
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Finally, if cost; — d € (—1, 1), then there is ty € (0, n) such that cost; — costy =
cos(2n — tg). Let us set v2(0,0,0) = 0 and

po(x) = 1/)(%)1/)(@,)(% cos (% + to) + % sin (IHTM +to)) for |z| > 0,

where the function v is the same as above. This time we obtain for x = I‘;‘ e, (1)

po(x) = w(%)w(xg)(costcos(t—tj +to)+sintsin(t—t; +tg)) = ¥*(x3) cos(t; —to).

The vague convergence implies in the same way as above that cos(t; — tg) converges.
If cos(t; — to) — 1, then (12) implies fig,c.t; — fa,c,t, vaguely. Otherwise, since
cos(tj—tg) — b # 1 and cost; — cos(2n—tg), using (12) we obtain pia,ct; — ta,c,2n—to
vaguely. Hence we have the remaining inclusion

Tang (pta.c + H'LL) C {fta,e.o + H'LL: 0 <ty < 21},

4. LARGE RADII: MONOTONICITY BY COMPENSATION

Because of the self-similarity of our logarithmic spirals it is enough to prove mono-
tonicity at (z,7) only for z € S*T(1) U E(1) U {0} and > 0. In the case of large
radii, we carefully estimate each term on the right-hand side of (9) for v = 4 c.

Proposition 4.1. There is K1 > 0 with the following property: If a > Ki,
¢ = a2 and if one of the following conditions is satisfied
(i) =0 and r € (0,00),
(if) z € E(1) and r € (0,00) \ {1},
(iii) z € ST(1), with s(z) ¢ (3,2), and r € (0,00) \ {1},
(iv) z € ST(1), with s(z) € (3,2), and r € (4c,00) \ {1},

then the measure jui, . + H'CL is monotone at (z,r).

Note that Proposition 4.1 is in fact satisfied with K7 = 1000. Therefore we prefer
to state and prove our auxiliary lemmata with the assumption a > 1000 rather then
always warn the reader that we pass to a sufficiently large.

The monotonicity of uq . at (z,r) is easily obtained when the center z is far enough
from spt piq,c-
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Lemma 4.2. Let a > 1000, c = a2 and z € S*T(1) U E(1).

i) If /22 + 22 € (3c,3¢) and r € (0,/27 + 23 + 2¢|, then r < 4c.
(ii) If /22 + 23 ¢ (3c,3¢) and r € (0,+/27 + 23 + 2], then fiq,c is monotone at
(z,7).
(iii) If /22 + 22 > 4c and r € (\/23 + 23 + 2¢, 1], then fiq,c is monotone at (z,7).

Proof. Assumptions of (i) imply

3
r<a/22+22+2c< §C+26<4C.

Thus, we have proved (i) and it remains to prove (ii) and (iii).

We can suppose that p, B(z,7) > 0 (otherwise the proof easily follows from (9)).
Therefore the points & and 1 (see Preliminaries for the definition) are well defined,
D, ttq,cB(z,7) > 2 and, in addition, (6) implies

(14) VA3 = clns| < ellzs| +7) < eflz] +7) = e(1 4 7).

Our next step is to prove the estimate

(15) ‘\/Zl+z2 \/771“‘772‘/_07”-
We distinguish four cases. If /27 + 22 € [0, 2c] and r € (0, /2] + 23 + 2¢|, then we

have r < 3¢,
23:\/1—2%—232\/1—(%0)221—0

and 3 > z3 —r > 1 — 4c. Hence from (6) we obtain

3
R =l >l 10> e

Therefore

3 1 1 1
\/nf+n§—\/z%+z§>zc_§czzc>zc.
If\/m % ] and r € (0 \/m—k%} then we obtain from (14)

1 7
VP +ni <e(l+7) < <1+5+20) \gc

and thus

37 1 1 r 4 4
\/Zf+23—\/77%+n§>5c—502502 ¢ %+2621—0r>§cr.
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If /27 +23 € [£,1] and 7 € (0,1/2] + 23 + 2¢], then (14) implies /77 + n3 < 3c.

Thus

1 >4
7r/3cr.

,
1427

P

| =
| =
\Y4

1
Va+d -\l B> s>

Finally, if /2% 4+ 23 > 4c and r € (y/2} + 23 + 2¢, 15|, then using (14) we arrive at

VT + 12 < Sc. Therefore

5 3
Va3 -y +m - Se=1e

WV

| =
WV
ol e

3
—c- —cr.
2

—
=

[
=)

Since our four cases cover the assumptions of (i) and (iii), we have proved (15).
Consequently,

2
=l <\ =]\ B -7
4 \2 16
< r2—<—cr) =r 1——02<£.
V 3 V'™ 3

In the same way we obtain |{3 — 23| < /3. Hence |{3 —ns3| < 2r/[ and thus from (9),
(5), and D, ptq,cB(z,7) = 2 we conclude

D, fa,cB(z,7) > iz(w B 26%) > 0.
r r I}

O

The rest of this section is devoted to the difficult case when the center z is not so
far from spt piq,c.

Let us briefly outline our strategy. Since there are always at least two points of
the intersection B(z,r) N spt fiq,c in our case (i.e. £ and 7 are well defined), from (5)
and (9) we obtain (28). Next, we estimate all the terms on the right-hand side
of (28) using the identities from Lemma 4.4. Notice that when estimating d&s/dr
(and similarly d(—ns)/dr), we do not use the explicit formula (23) (which is not
convenient to work with), but we proceed in the following way. First, we obtain
a rough estimate (see Lemma 4.5). Then we use formula (22) together with this
rough estimate on the right-hand side (where d¢z/dr is multiplied by a~!, which can
be made very small).

We start with some estimates concerning the function ¥, (t).

1151



Lemma 4.3. Assume a > 1000, ¢ = a3, z € ST(1)UE(1), r € [/2] + 23 +
2¢, oo) and t € R. Then we have

16 ¥, (t)| < a,

|‘III( )| < X €y Z1 +22a

(16)

(17)

(18) V2(t) + a2( 7~2—1) ar,
(19) VU2(t) +a?(r? — )—a|\1/;(t)|>0.

17

If moreover either r > 4c and z € ST(1) with0 < s <2 orr > 10, then

1
(20) VU2(t) +a2(r2 —1) > 307

Proof. By the Schwartz inequality for the scalar product we have

max |U.(t)] = max |c(z1,22) - (cost,sint) + z3]
2€8T(1) 2€81T(1)
teR teR

= mmylev/A et s = magfien - (Ve o n)]

=+v1+c2=a.

Hence we have proved (16), and (18) follows. Further, we obtain (17) from

[U. ()] = c|(z1,22) - (—sint,cost)| < cy/23 + 22.

Let us prove (19). First, for z € E(1) we have r > 1 + 2¢ and thus (17) implies

VI2(t) +a2(r2 — 1) > \/a2(r2 — 1)
1
>V/a2(1+2¢)2 — 1) > 2ac > £ E|‘I’;(t)|

and we are done. In the case z € ST(1) we have by (4)

2 1 5@2 2 (1—862)2
2 2 2 — =
vLt) 2 (Z3_CV A +Z2) B (\/1+8202 - \/1+8202) C 14s%e

Further, from (4) and

(5 +2)°A1+ ) = (s +2)%c* + (s + 22 > T 4 (s +1)2
a
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we see that

2 sc 2
2 /.2 2
r 2( 22+ z +2c) :( +2c)
! 2 V1 + s2c2

(s+2)2c  s%ct/a®+ (s +1)%c2
1+ s2¢2 (1+c2)(1 + s2¢2)

Hence, as a? = 1 + ¢2, we obtain from (4), (17) and from the above estimates

i\I/'Q(t) . s2ct _ (1 — sc?)? 2(5204/a2 +(s+1)2%c? B 1)
a2 * 7 T a2(1 4 s2c?) 1+ s2¢? a?(1+ s2¢2)
<V2(t) +a?(r? - 1).

This proves (19). Finally, let us prove the last assertion. If r > 1(1), then

1 102 1
VU2(t) +a2(r2 — 1) > /a2(r? ):am/l—r—22am/1—(ﬁ) > gor.

If r > 4c and z € ST(1) with s < 2, then we have from (4)

W2(¢) ! ( > 2)2 1 ( 1 sc? )2
> — (23 —cy/22+23) = — -
a? aZ\" toe A?\1+ 5822 1+ s2c2

B (1 — sc?)? (1 —2¢2)?
(1)1 +s2¢) T (14 c2)(1 4 4c?)

>1-—10c.

Therefore

VI2(1) +a2(12 —1) = ay/1 —10¢2 4+ 72 — 1

/ 10c2 / 102 1
= ar 1—r—2>ar 1—@>

The following lemma enables us to use the parameterization of our logarithmic

O

spirals when estimating the right-hand side of (9).

Lemma 4.4. Assume a > 1000, c=a"3, 2 € ST(1)UE(1). Ifr > /22 + 22 +2¢,
then S(z,r)Nspt pq,c # O and thus the p01nts§ and n are well defined. The function
r+— &3 is continuously differentiable on (/23 4 23 4 2¢,00) and satisfies

(21) & = 5 (V.(7) + () + 027 1)),

dgg o'W (r)d&s/dr + 1
(22) dr VOT) + a2(r2 1)’
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and

% B r
(23) dr \/\112 + O42 _ 1) _ a_lqlfz(T)7

where 7 € R is such that £ = F;:C(T). The function r — 73 is continuously differen-

tiable on (/2% 4 23 + 2¢,00) \ {1} and satisfies

(24) N3 = a12( —/92(0) 4+ a2(r2 — 1)),
- —a~ 1y’ - r+r

o Aom) _ x/£i( LE A

and

(26) d(_n?)) T

dr \/‘112 Y+ a2(r2 = 1) + a0, (o)’
where o € R is such that n = F* .(0) provided r € (0,1) (\/z:1 + 22 + 2c, oo) and

n =T, (o) provided r € (1,00) N (\/27 + 23 + 2¢,00).

Proof. Ifz € S*(1), let us set 6§ = log(|23])/a. Then § <0, (I;/.())3 = 23 and
for any r € (\/z% + 22 + 2c, oo) we have by (6)

T5(0) = 2 <\ (TEe(0)3 + (The(0)3 + /23 + 28 = ez + /22 + 22 <.

Hence spt 1q,.NS(z,7) contains at least two points and thus £ and 7 are well defined.
Similarly for z € E(1).
Using £ = I} (1) = (c€3 cos T, c€38in 7, £3) we set

F(r,7) =€ — 2> = r® = (c€3cos T — 21)° + (c€asinT — 20)° + (&3 — 23)° —1?
= a2§§ —2¢3(cz1cosT + czosinT + 23) + 1 — r?
=a?62 — 263V, (1) + 1 — 2.

Solving the equation F(r,7) = 0 with respect to & we obtain that {3 satisfies ei-
ther (21) or

(27) & = a2 (W.(r) - VO() + 022~ 1)),

Let us show that formula (27) cannot be satisfied. Recall that T,7.() € B(z,7),
thus & > z3. Our aim is to show that formula (27) implies &3 < z3. We distinguish
three cases. If > 1, we observe that (27) implies {3 < 0 < z3, hence (27) cannot
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be satisfied. If 7 € (\/2] + 23 + 2¢,1] and ¥.(7) < z3, then from (27) we obtain
& < a 223 < z3. Finally, if r € (\/z% + 22+ 2, 1} and W, (1) > z3, then (27) implies

£ = 1—r2
ST 0L (r) + /2(1) — a2(r2 — 1)
1—(\/z%+z§+2c)2 1— 27— 23
g < = Z3.
\I/Z(’T) z3

Hence (27) cannot be satisfied. Thus we have proved (21).
The smoothness, (22) and (23) follow from the Implicit Function Theorem. Indeed,
d¢s/dr = d(exp(ar))/dT = aexp(at) = a3 implies

F
?3_7 — 20%a8} — 28 V() — 26 WL(7) = 208 (a2 — V. (7) - éqﬂzm).

Hence applying (19) and (21) we obtain

g—f = 2a§3(\/\11§(7) +a2(rz2 —1)— %\II’Z(T)) > 0.

Further, OF /0r = —2r, d¢3/dT = a&s and the above formula for OF /07 imply

de _ dggdr _ dés
dr dr dr dr

oF/or “ 2r
(1) s 2a&3(\/P2(1) + a2(r2 — 1) — a0/ (7))

oF/or

and we have proved (23). As o = 8/(y + 0) is equivalent to & = (8 — d«) /~y provided
v+ 0 #0+#~, (22) follows from (23).

For the point of intersection 7, the proof is similar. Because of the symmetry
between I}, and T, . we obtain the same formulae in both cases 7 € S(z,7) N [[;]
and € S(z,7) N [, ]. Since the Implicit Function Theorem requires 73 # 0, the
additional assumption 7 # 1 occurs. Notice that the assumption r > /27 + 23 + 2c
ensures that we do not consider any case with S(z,r) N [T, ] # 0 for r < 1. O

Hence if a > 1000, c = a2, z € ST(1) U E(1) and 7 € (\/23 + 23 + 2¢,00) \ {1},
then (5), (21), (22), (24) and (25) imply

(29) p, tacPEn) o D% AEmY, gy )
p

=a2r2(U1+U2+U3+V1+V2+V3)7
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where
r o a?W(r)d&/dr

a /B + a2 —1)
Upy= —W.(T) + 23,
B a® — V(7
B \/\1/2 21 a2(rr 1)
2‘1"( ) d(=ns)/dr
a\/\IIQ + a2 7'2—1)7
Vo=V (0) — 23,
a? —¥2(0)
V(o) +a? (P — 1)

Uy =-

Y

Vs =

Next, we need to obtain suitable estimates of Uy, Us, Us, Vi, V5 and V3.

Lemma 4.5. Let a > 1000, ¢ = a3, z € ST(1)UE(1) and r € (y/2] + 23 +
2¢,00) \ {1}. Then
1 d(=ns) _ 1
- d > —.
ﬁ an g 3

If, moreover, d¢3/dr > 2 or d(—ns3)/dr > 2, then i, . is monotone at (z,r).

Proof. By Lemma 4.4 we observe that &3, 03, dé3/dr and d(—n3)/dr as func-
tions with respect to r are well defined on (\/m +2¢,00) \ {1}. The estimates
of dé3/dr and d(—ns)/dr plainly follow from (5) and from the fact that each point
of the intersection spt yq . N B(z,r) contributes to dug,.B(z,r)/dr at least by 1.

Further, if d¢5/dr > 2 or d(—n3)/dr > 2, then we have from the first part of the
lemma that dé3/dr + d(—n3)/dr > 2 + 1/0 and thus (28) gives

g
2

>r ((2—}—%)7“—27“) > 0.

O

Lemma 4.6. Let a > 1000, ¢ = a3, z € ST(1)UE(1) and r € (y/2] + 23 +
2¢,00) \ {1}. Then
Us>0 and V3>=0

Proof. The proof follows from (16) and from the definition of Us and V5. O
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Lemma 4.7. Assume a > 1000, ¢ = a=3, z € S*(1), with s < 5, and r €
(V22423 +2¢, 1]\ {1}. Then
(s 1P/(1+82) | (5= 1%C/(1+5¢)
VI +a2(r2 1) U202 +a2(r2 1)

Proof. First, in view of the Schwartz inequality for the scalar product and

U+ Us+ Vot V32

of (4) we can write

802u

V1 + s2¢2

U, (T) — 23 = cz1co8T + czasinT = ¢(z1, 22) - (cosT,sin7) =

for some u € [—1,1]. Therefore

. —scu = (1/V1+ s2¢ + sc*u/V1 + s 02)
Us +Us > min —|—
L1\ V1 + s2¢2 \/\112 —a?(r2 —1)

u€[—
The minimum is attained for v = 1, hence (recall a? = 1 + ¢?)

—sc? a? — (1 +sc?)?/(1 + s2c?)
29 Uy +Us > +
(29) RSV, g VVU2(1) —a2(r2 — 1)
—sc? (s —1)% 2/(1+8 %)

V1T s22 VU2(T) — a2(r? — 1).
The estimate of V5 4+ V3 is similar, though we have to estimate the minimum a bit
more carefully. Indeed, first we observe arv1+ s2¢2 < 2 and thus from (18) we
obtain
sc? . 2sc2 /(1 + s2¢?) < 2sc2 /(1 + s2c?)

V1+s2c? ar VUZ(0) + 2(r2 — 1)

Next, as above we can write

(30)

502u

it

U,(0) — 23 = cz1€080 + cza8ino =

where u € [—1, 1]. Hence we have

. sc?u — (1/V1+ s2¢2 + sc*u/V1 + s 02)
Vo+ Vs3> min +
LI\ V1 + s2¢2 \/\112 —a?(rz —=1)

u€[—
By (30) we can see that the minimum is attained for © = 1 again and we obtain

sc? a? — (14 5c2)?/(1 + s2¢2
(31) Vot Vs> o) /Ut e )
V1 + s2c? VU2(0) —a?(r2 — 1)
s (5—1)2 2/(1—|—s %)
7\/14—8202 VI2(0) —a2(r2 = 1)
Now, summing estimates (29) and (31) up we obtain the assertion. O
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Lemma 4.8. Assume a > 1000, c = a™3, 2 € ST(1) UE(1), r > 1§, d&s/dr < 2
and d(—ns3)/dr < 2. Then

U s> - VA

a(r—1)

and

2, .2
Upt Vo> — den/ 27 +22.
a(r—1)

Proof. Notice that for r > X we can use Lemma 4.4. Since r > 1 and z € S(1),

we have &3, [n3| € [r — 1,7+ 1]. Set 6 = |7 — o] (recall { =T.f (1), n =T, .(0)). We
obtain

1 1
(32) og&:‘—mgg——mmgw

a a

1 1

() = tn(ie 2 < 2

a r—1 a r—1 a(r—1)
Further, we plainly have
(33) [U.(1) — U, (0)| = |cz1(cosT — cos o) + cza(sinT — sino)|

< 2¢y/22 + 226,

(34) |W (1) — U (0)| = |cz1(—sinT + sino) + cz2(cos T — cos 0)]

< 2cy/22 + 226.

Since for a,b € [B,o00] we have [1/a — 1/b| = |b? — a?|/(ab(a + b)) < |b? — a?|/2B3,
we obtain from (16), (20), (34) and (35)

1 1
| V() + a2 —1)  /¥2(o0) + a2(r2 1)
o [P20) —v2(r)|

(35)

2 313
o [¥=(0) + W= (7)[|¥:(0) — W (7)]
= 2—27a3r3
- 202cy/23 + 226 - c
h Zadr’ 2r(r —1)°
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Now, (17), (20), (22), (25), (34), (36) and (37) imply

dés  d(=m3)
(38) dr  dr ‘

K\/\IIQ )+ a2(r?2—1) \/\112 ) + a? r2—1))
1 t(1)dés/dr W (r)d&s/dr

T <(\/\112 J+a2(2—1) /92(0) + a2 r2—1))

L (We(r) — ¥i(o)) d&s/dr | Wi(o )(dﬁs/dTer( ns)/dr))‘
VV2(0) +a2(r? — 1) VU2(0) +a2(r2 — 1)

< +1(\/ TN I f—
X C\/ Z Z
2(r — 1) R G )
20\/21—1—2252 c 21—1—224) c
S

Lar ar -1

3 3

Next, using (17), (20), (34), (36), (37) and (38) we obtain

_ U (1)d€s/dr U’ (1) dEs/dr
i+ Wl = ‘\/‘I’Q(T )+a?(r2—1) \/\112(0' +a?(r2 —1)
L (WL(T) — Vi(0)) d&s/dr | Pi(o )(dés/dr — (—773)/017“)}
VV2(0) +a2(r? — 1) VU2(0) +a2(r2 — 1)
T 5 5 c \/zl+z262 ez + 23¢/(r — 1)
= E(C S 27“(7“ - 1) 3047“ %ar )
o o/ 23 + 23
S oa(r—1)

Hence we have proved (32). Finally, as Uz + Vo = ¥,(0) — U,(7), the estimate (33)
follows from (34) and (35). O

Proof of Proposition 4.1.  We distinguish four cases concerning (z,r) when
showing that y, . + H'LL is monotone at (z,r).

Case 1: z =0 and r € (0,00).

Using (11) and (7) we obtain

1
4 +D, (H \_L7)RB(z,7") > D, 2(57{0[)7' L0=0.

D Ma,cB(Za 7)

T

Case 2: z € S+(1) UE(l) and r € (0,/27 + 23 + 2¢].

If /22422 ¢ ( ), then the proof follows from Lemma 4.2 (ii) and (11).
Conversely, if /27 —|— 22 c —c , then r < 4¢ by Lemma 4.2 (i) and we need
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not care about this case (see the statement of Proposition 4.1 (iv) and notice that
V721 + 23 € (3¢, 3¢) implies that s(z) € (1,2) for ¢ small enough).

In the remaining cases, we have r € [\/m +2¢,00) \ {1}. Hence we can use
the estimate (28). We can also suppose that

% <2 and d(;ﬂg) <2

(37) dr r

)

otherwise the proof follows from Lemma 4.5 and (11).

Case 3: z € ST(1)UE(1) and r € [\/2 + 23 + 2¢, 1] \ {1}.
If z € ST(1) with s € [ , 2] [2,5], then from (4), (17) and (39) we conclude

QW (7) dgs/dr ‘ ‘ QW (o) d(— Ua)/dr‘

\/\112 +a2(r2—1) a\/U2(0) +a2(r2 — 1)
322 + 23 3en/23 + 23

a\/\I/2 +a?(rz2 —1) a\/\I/2 )+ a?(rz —1)

2

3sc 3862
a\/\I/2 + a?(r a\/\I/2 Y+ a2(r2 —1)
Further, Lemma 4.7 gives
162 /V/1+ 25¢2 162 /V1+25¢2

Us+Us+Va+ V3 >

+ > U + VW,
N R YO E T R
and thus (11) and (28) imply D, ((¢a,c + H' L)B(z,7)/r) = 0.
If z € S*(1) is such that s € [§,2], by Lemma 4.7 we have Uy + Us + Vo + V3 > 0
Moreover, the estimates (17), (20) and (39) imply

W (7) dgs/dr ‘+‘7"— a?W (o) d(—ns)/dr
a/U2(r) +a?(r2 — 1) a/U2(0) +a2(r2 — 1)
<2£a20 21—1—222 13cy/2% + 23

<
a 3047“ a

(38) U1+ VA <\

Further, from (4) we have

2\/2'%4—25 2250/\/14-52(:2 S s> 1 - B 13c

11 = = 2
r o 2 o’ a

Y

and thus from (10), (28) and (40) we obtain

D (fta,c + H'LL)B(z,r) > 9 22 + 22 B 13cy/2? + 22 5 0.

= r r3 o?r? a

1160



If /27 + 23 > 4c, then the proof follows from Lemma 4.2 (iii) and from (11). Since

STMUEQ)={zeST(1)UEQ): /21423 >4c} U{z € ST(1): s <5}

for ¢ small enough, the monotonicity at (z,r) in the third case is proved.
Case 4: z € ST(1)UE(1) and r € [}, 00).
If z € S*(1) is such that s < 3, then by Lemma 4.7 and the estimate (18) we have

1.2 12 2
1 141
U2+U3_|_V2+V3>2M>lc_.

ar 4 r

Thus, from (4) and (32) we obtain

2, .2 2.2 2 2
|U1+V1|<C\/Zl+22 <csc/\/1—|—sc <11c 1

c
< < —— < U+ Us+Vo+ V3.
a(r—1) ar/11 a “17 2t Us ot s

Hence (11) and (28) imply D, ((gta,c + H' L)B(z,r)/r) > 0.
Finally, if either z € E(1) or z € S*(1) is such that s >

%, then by Lemma 4.6 we
have Us 4+ V3 > 0. Moreover, Lemma 4.8 gives

2,2 2,2 2 .2
|U1+U2—|—V1—|—V2|<C\/zl+22 den/23 + 22 _50\/214—22.

a(r—1) a(r—1) a(r —1)

Hence from (4), (10) and (28) we obtain

b ae T HUDBGr) A+ B bey/F T3

“r /2 -

r 73 a?r? a(r—1)

R 6c
> 1 2(2 / 2 2 )
73 At a(r—=1)/r
1
S NEEE <2 3 6c ) > 0.

=
r3

This is the monotonicity at (z,r) in the fourth case.

Finally, it can be easily seen that our Cases 1-4 cover the assumptions of Propo-
sition 4.1 (i)—(iv), and thus we are done. O
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5. SMALL RADII

In this section we deal with the case when the center z is very close to spt pq,c.
Our strategy is the following. We use the self-similarity of our logarithmic spirals
to pass to the case of a ball such that spt 4, on a neighborhood of the ball can be
parametrized as the graph of a suitable multivalued function to which we can apply

Proposition 2.1.

Proposition 5.1. There is Ko > 0 with the following property:
Ifa > Ka, ¢ = a3, 2z € ST(1) with s(z) € [0,2] and r € (0,4c], then p, . is
monotone at (z,1).

Because of the self similarity of spt y4,. we can use the following idea: having any
fixed plane not passing through the origin and using a suitable transformation, we
see that the monotonicity at (z,r) in the case of the ball B(z,r) centered on S(1) is
equivalent to the monotonicity at (Z,7) in the case of the ball B(Z, 7) centered at the
proper point on the above mentioned plane. This can be done in such a way that
B(%,7) is “not far away from” to the B(z,r).

Let us therefore define a new orthogonal basis {i, 7,w} in R® by

1

a

1 a®+1 - w
we (L1 Py o

a ab |w]

Now, it can be seen that Proposition 5.1 follows from Proposition 5.2 below because
of the self similarity of sptpg.. Indeed, for large a we have 4 ~ (0,0,1), 7 ~
(0,1,0), w ~ (1,0,0), T,f.(0) = (a™2,0,1) ~ (0,0,1). Hence, the center of the “new”
ball is very close to the center of the “old” one. Furthemore, we can assume the
“new” radius 7 to be only a little larger (502 instead of 4a—3), and similarly, the
distance of the center of the “new” ball from the “new reference point” T, (0) is
“almost equal” to the distance of the center of the “old” ball from the “old reference
point” spt g, N ST (1) (compare the assumptions concerning s in Proposition 5.1
and the assumptions concerning \/m in Proposition 5.2). Thus the assumptions
of Proposition 5.2 cover the case of the “rescaled” assumptions of Proposition 5.1.

Proposition 5.2. Let a > 1000 and ¢ = a=3. Then p,, . is monotone at (z,r)
whenever z = I .(0) 4 610 + tow with \/t3 +t3 < 5a~?, and r € (0,5a7?).
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The proof of Proposition 5.2 is based on Proposition 2.1. Suppose a > 1000 and
¢ = a2 in the sequel.

Let us consider a new coordinate system with respect to the basis {@, 9, w} with
the new origin at T,".(0). Then the curve I}, turns to

Let t € (—6a=%,6a=%). Since |1 — cost| < |t], |sint| < [¢t| and e € (1 —18a3,1 +
18a7?), from

. 1 1
I (t) = (Ee“t(a cost — sint), ge“t(a sint + cost), ae“t)

and

. 1 1
I (t) = (a—[e“t((a2 — 1) cost — 2asint), geat((a2 — 1)sint + 2a cost), aQez‘“f)7

we obtain
. et g2 4 . . 20
(39) (1) - 6 = W(T Cost—i—a), [Cret) @l > a = =,
. at 2 1 2 1
(40) |F(;'_’C(t)-ﬂ|:€|3—| %c t—gsmt—l—(f‘ < 2a?,
’ u a
at 2
oy & (Ot + ). ol <
(41) Pa,c(t) U= W(T Slnt)v |Fa,c(t) 'U| < Ea
2 _ e ra?+1 a?+1 .
(42) Lf.(t)-0= W(T cost + pe smt),
. ~ eat Cl2 + 1 . ~ 7
(43) F(;fc(t) S = mT(cost 1), |F(;fc(t) w| < el
at | 2 2
L o e"jat+1 +1 . 7
(44) T o(t) - w] = 0] +—(cost —1) — s sint| < e

Next, by (41) we have #'(t) > a — 20a=2 on I[-6a~%,6a~%]. Therefore we can
= 3! on (Z(—6a*),Z(6a"*)) D [-ba~3,5a"3]. We
set

V(@) = (2, f(2),0(2)) = (2, f(¥(2)), p((2)))-

Hence we have

(45) f'x) =
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o @) @) @)
W TOEGe) T meE)
_ BRWE) 0 () W) )
o ((a) - 0)? Erw(@)-ap
P _ TL0E) @
47) P = @)~ T o)
and
vy ) ) ()
(48) 0= mGE) T B W)

_'F'Ic(w(x)) o (L) @) () )

Now, let us check that f and ¢ satisfy the assumptions of Proposition 2.1.

Lemma 5.3. Let a > 1000 and ¢ = a—3. Then

Proof. Since Z(0) = 0 we have 1(0) = 0 and thus from the definition of ¥ we
obtain f(0) = f(0) = 0 and (0) = $(0) = 0. Further, (43), (45), (47), (49) and
(0) = 0 imply f'(0) = ¢'(0) = 0. O

Lemma 5.4. Let a > 1000 and ¢ = a3 and v(z) € (—6a=*,6a=*). Then

(49) (@)~ ) < 2£(0) and | (@)] < 27 (0).

Proof. First, we need some estimates concerning f”(0). As ¢(0) = 0, (41),
(42), (43), (44) and (48) imply

_w 1/a%? +1/a*
vl (a+1/a® +1/a")?

_1/a4u_|2 14+ 1/a? 1 y/1+41/a?

o] (1+1/a8+1/a®)2 ~ a*1+1/aS+1/ad"

(50) 7"(0) +0

Hence for every t € (—6a~%,6a=*) we have from e € (1 — 18a73,1 + 18a~3)

uf? 1

| atect

<L),

a

Gy |- ]

~| <2 and |0
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Next, since t € (—6a~*,6a~*) implies e®*
(45), (46), (49) and (52) we obtain

7/a® 7/ab - 2a® - §+§ B
(a—20/a2)3 ~a” a7

l" (z)] < (a — 20/a?)2

€ (1—-18a3,1+ 18a~3), from (41), (42),

25 < 2 p(0).

a’ a

Hence we have the second inequality in (51) and it remains to prove the first. As

> 1000, |t] < 6a=?, |sint| < |¢], |1 — cost| < |t], (41

jat (e (1) - v) = e (Lo (1) - w)?|

=e"|(a® +1)cost + (a® + a)sint — (a—|— a

and thus from (41) we obtain

) and (44

2

) give

1 2
- cost) ‘<2

CAR 2 R o L - GRSt RO
(Cae(®) -uflul)?  atlolect] ol a(Tafe(t) - u/|ul)? Sl
Finally, using (41), (42), (43), (44), (48), (53) and (54) we conclude the proof by the

following estimate (where we simply write ¢ instead of ¢ (x)):

v . Juf? W2,
7@) = 7O < |6 - \a4|v|eat - (0)]
ORI ,
S 2(t) _a4|v|e‘“ ‘ ~’3 ‘+ 17(0)
Bl
@) /)2 atlulet
(Ffo(8) - o/ E(0) - u/lu))] 1,
TR0 ) o
6.9, 2
<3y 7@7/_ e+ 10 <210

Proof of Proposition 5.2.
B(z,r) N [L,] =
[~5a=3,5a~
tion 2.1 are satisfied (with d = f”(0) ~ a™*, &€ = 2a7!
Thus, Proposition 2.1 completes the proof.

O

For all considered pairs (z,r) we observe that
(. Further, as a > 1000 and ¥(x) € (—6a=* 6a"*
[], Lemma 5.3 and Lemma 5.4 imply that all assumptions of Proposi-
and § = 5a™® < 55d71).

) for x €

O

Therefore we have also proved Proposition 5.1 (by the comments at the beginning

of this section).
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Proof of Theorem 1.4.  First, let us prove the monotonicity. Suppose that
K > max{K;,K>}. Because of the self-similarity of the logarithmic spirals and
lines, it is enough to check the monotonicity for z € S*(1) U E(1) U {0} and r > 0.
By Lemma 2.2 we can further suppose that r # 1. In every case but z € S*(1)
with s € (%, 2) and r € (0,4c) we can use Proposition 4.1. Finally, Proposition 5.1
completes the proof in the remaining case.

The assertions concerning the tangential behavior follow from Proposition 3.1.

From the definitions, we easily obtain that
0 (fta,c +H' L) =1 for every z € (spt fia.. UL)\ {0}.
Finally, (7) gives

Vv1+1/a+1/a8 1
60} Ln)y=1 é:1 =1 14+ ——
o(Ha,c +H LL) T + T+ 1/a0 + +a8+a2

Consequently, we have 0} (.. + HLL) < 2 + ¢ for a sufficiently large. O

Remark 5.5. Our restriction about a and ¢ in Theorem 1.4 was made to obtain
simple proofs and does not mean that the other compensated measures ji4 . +H'LL
cannot be monotone.

On the other hand, using a similar method as in the last section of paper [2] it
can be shown that p,  itself is not monotone for any a,c > 0.

Acknowledgment. The authors are very grateful to Professors David Preiss and
Bernd Kirchheim for fruitful discussions.
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