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On a Construction of Amalgamation |

L. BERAN
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Recetved 23 Fuly 1973

This paper is concerned with a construction which generalizes some known
constructions used in the theory of posets. We mention here e.g. the extensions
in the sense of G. G. Boulaye [3] and especially the disjoint sums of M. F. Janowitz
[7], the pasting of R. J. Greechie [4], [5], [6] who discovered the convenience of such
constructions for the study of orthomodular posets and lattices. I hope that the
present approach will be useful in other connections as well.

The purpose of this note is to investigate some of the basic questions about
the amalgams. The results were partly reported in Mai 1969 [1] and in September
1969 [2].

I. Introduction

For two subposets .#,.4" of a poset 2 let [#, /] = {[x,y]|xeM,yeN
or x €N,y eM and (in both cases) x < y}.
Consider a system {%;}ica of posets &1 = <{S» =i>. (The subscripts
distinguishing different partial ordering will be often omitted.) Suppose &, is
a subposet of the poset &3, A €A, and for each 41, A2 €4 suppose ¥4, is an
order isomorphism of &;, onto &;,. A poset & is called an amalgam of the &#;'s
relative to the isomorphisms ¢; 4, iff there exist order isomorphisms ¢ : 31—~
such that
(a) the union {@i(S1); A €A} of the sets pa(S1) = {pa(x) | x € S2} equals
to S;

(aa) for any two distinct x»,A€/4 and for each nonempty interval ¥ =
= [@x(Sx), pa(S4)] the intersection F () ¢x(S,) is nonempty;

(aaa) for each a, 8 €4 the diagram

ss s
id l l id
v
Pa 7
Sa ——> S «—— S5

is commutative and @a(S,) # 9.
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We will now confine our attention to some immediate consequences of the -
preceding definition.

Lemma 1,1. (i) If @i(s51) = @a,(s2) and A1 £ Ao, then s1 €S, s2€S;,
and sy = @a a(s1). (i) Ifcard A =2 and A# p, A, ued, then

@a(S2) N @u(Su) = @a(S) = N {pa(Sa); Aed}.

Proof. Ad (i): By (aa) [pa,(s1), ¢a,(s2)] N 92,(S:) # 90 and so ¢z,(s1) =
= @;,(s;) for an element s €S; . Hence s1€S; and similarly s; € S;,.
In view of (aaa) this yields @;,(s2) = @a,(s1) = @a,(p1,/2,(51)), so that ss =
= @2,/2,(s1)-
Ad (ii): If se@a(Si) N eu(Su), then s = @;i(s1) = @u(ss) and, by (i), s=
= @u(pau(s1)) € pa(Sy). Since @i(S;) < @u(Sy) this completes the proof.

Proposition 1,2 Letr {Fi}ica, &> @2 and @iy, be defined as above and
let @;: Fr2—>F" =8, <,> be order isomorphisms satisfying the conditions
(a), (aa), (aaa). Then the poset S° is isomorphic to the poset & .

Proof. For every s €S there exists s; € Sy such that s = @a(s2). Defining
a mapping p of S into S* by w(s) = @;(s2), we shall see that y is an isomorphism
of & onto &*. Clearly, v is well-defined. Furthermore, if s* € S*, then s° =
= @,(s2), s2 € Sz, and for s = @s(s1) we have s* = y(s). Thus y maps S onto S*.
If s = @a(sa), t = @u(ts), then in the case A = u it is obvious that s < ¢ is
equivalent to y(s) =, (¢); in the case 4 # u we can use the following argument:
The assumption A3 u implies that there exist s; € Sy, s, € S, such that
s = @a(s1) = @a(s) = @u(s,) = pu(ts). Hence sy < s; and s, < tx. Consequently,

P(s) = @a(sn) =, @i(s) = @ulsy) =, @ulen) = (o) .

Replacing here the ¢’s by ¢"’s we see that also the implication y(s) =, y(z) =
= s < ¢ is valid and this proves the proposition.
Let yix be the mappings defined by ya/u = @iu iff A4 u, 4, ueA and
for A = u let ysu be the identity mapping on S;.
We now associate with each element s € S; a symbol s(* and we next define
As = Au(Sy) = 2UA {I | 1 € S;}. Let R be the relation on A4(Ss) defined by
€

l{") R 1(2“) <> 1/),1/;4(11) =1.

Lemma 1,3. (i) ]f 1/);,/,‘([1) =1ly and t/)u/x(lz) = I3, then l/)l/x(ll) = [3.
(ii) R 1is an equivalence relation on Aj.

Proof. The second statement is a corollary of the first. It therefore remains
to show that vs/x(/1) = /3 whenever A% u and u # %, since otherwise the
assertion is trivial. But, @i(l1) = @u(piu(l1)) = @u(lz) and, similarly, @.(l3)=
= @u(l2), completing the proof. .

The quotient set A4/R will be denoted by W4 = W4(S1:) and for the equi-
valence class of s we use the notation [s].

Lemma 1,4. Let D; be the projection mapping, D, : si |- [sa). Then
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@ U {Px(Sn); Aed} = Un
(ii) For every a, 8 €A and every so € S,

Ps(@a;p(s0)) = Pals0) -
Proof of (ii): If [s] = Da(s0), then [so] = [s{]. Now let sz = @a;a(so).
Since sz € S5, we have . ..

Pa(s0) = [s§] = [(Pa/a(s2)) @] = [s)] = Py(s3) = Po(pas(so)) -

We are now able to show that 2,4 can be made (in a natural way) into a poset.
Actually, one can construct the relation < as follows: If [m®)], [n®)] € A4 we define
[mw)] < [n®)] iff there exist mg € Su, no € Sy such that m <. mp, no <, n and
Yuss(mo) = np.

Lemma 1,5. U4, <> s a poser.

Proof. If [m@W] = [m)], [n®] = [n{*)] and if there are mo, no such that

m =amo, Wau(mo) =no Sumn,
then, by Lemma 3 (i),
Yay u,(Wu12,(n0)) = paju,(mo)

and, by the definition of the y’s,

Yaalm) = m,  Yu u(m) =n.
Hence

Yagam1) = pua(no) ,  wasu(mo) = pu u(ny)
and v
m1 = Yusa(n0)s  Pa,u,(Pusa,(n0)) = paju(mo) < ni1.

This proves that = is well-defined.

To prove transitivity suppose [m] < [n®)] and [n®] < [p®]. Then there
exist mo, no, po such that
m=xmo, No=uh, n=um, Po=tph,
Ya/u(mo). = no,  Yus(n1) = po.
Since np < n < nm, we get yu(mo) = Yu(no) < p.
Thus [mP] = [p™)].
We next check the antisymmetry: If [m#] < [n®] < [mD], then there are
mo, no, 1, my such that
puyulmo) = no, Yua(n) = m
m<my, no=mn n=mn, m=m
Since ng < n, .
m < mo = pua(no) = Yuwa(n) = pua(m) =m = m,
hence [nW] = [m@¥].
Lemma 1,6. The mappings D, defined in Lemma 1,4 are order isomorphisms
satisfying the conditions (a), (aa), (aaa).
Proof. By Lemma 1,4 it only remains to prove (aa). Suppose that
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Dy(s1) < Di(s2), x# A s1€Sx s2€81 Then [s¥] <[s¥] and there exist
s10, S20 such that
s1 = 510, @w/a(510) = S20 = S2.

Therefore [s{] < [5{7)] = [s{)] = [s{"] and Pu(s10) €[[s{], [s2]] () Pu( S0

We can summarize the results proved above as follows:

Theorem 1,7. For any system {¥3}ica of posets there exists an amalgam
relative to the given system of the isomorphisms @j,a, and it is uniquelly determined
(up to isomorphism).

For the amalgam we shall use the notation : . : %, A €. Since the amal-
gam of two posets 1, 2 is determined by a unique order isomorphism
@ 1 &1 — P35 Wwe write in this case simply &1 : ¢ : L.

2. Amalgams of lattices

To avoid repeating that a poset is a lattice, we make the assumption that all
symbols, in the remainder of the paper, denoted by ¥ having possibly subscripts or
superscripts will denote lattices.

Simple examples show that the amalgam :¢uu.: £i, 2€4 need not be
a lattice even if we suppose &; = &, are sublattices of the lattices #;. We shall
now treat the question under what conditions is such an amalgam a lattice.

We start off with a relatively simple but, at the same time, highly effective
and useful result about the basic relations in an amalgam.

Lemma 2,1. (i) If &; = P, are (meet) subsemilattices of the lattices L ;, then
[a@] N [6@] = [(@a N b)@] for any [a‘@], [6@] € Aa(La).

(i) If &; = &, are sublattices of the lattices ¥ and if Na(L1) is a lattice, then
the lattices {pi(Lys), <) are sublattices of the amalgam.
(iii) Let &; = £, and suppose that [a'D] N [bB] exists. Then there is an element

d belonging to L, or to Lg such that [d] = [a®] N [bA)].

Proof. Ad (i): Suppose that [a@] = [¢")] and [b®@] = [c"]. Without loss
of generality we may assume that y % a. Hence there exist ao, co, bo, 1 such that

a=ag, co=2c¢, b=by, c1=c¢
Ya/y(@0) = co, Yasy(bo) = c1.

Since ao N bo € P,, co Nnc1€P, we have
Ya/y(@o N bo) = pasv(ao N bo) = @asy(a0) N @asy(bo) = co N c1

and a nb =ag Nnbo, co Nc1 =c. It follows that [(a N b)@] = [¢M].

Ad (ii): This is clear from (i).

Ad (iii): Set [d®] = [a@®] N [b®]. We can suppose that a # f, % #* a
and x» # B. Since [a@] = [d®] and [6®] = [d®)], there are by, co, a0, c1 such
that

b = bo, ppx(bo) = co =d, a = ao Pa/x(as) =c1 =d.

34



A straightforward computation yields [d**'] = [(px/a(co N €1))@] = [a@] N [6®].

Throughout the rest of this paper, unless otherwise specified, by an amalgam we
shall mean an amalgam where &; = ¥, are sublattices of the lattices ¥ ;.

We write (]={z]|2=c¢c), [c)={v|v=c} and similarly ¢(c] =
={y|3x x = ¢, ¢(x) =y} and we use this notation below.

Lemma 2,2. If N4(%,) is a meet-semilattice, then

MAApuNMcaelyMceLl,
euacl] 98 or @uu(cs] 9.

Proof. Let [d®] = [c"] n[c{¥]. Then [c] =[d™], [c{¥] = [d®)] and
there exist ci0, d10, ¢20, d20 such that

(A)

c1 = c10, YPa/x(€10) = d1o = d, ¢z = ca0, Yuyn(c20) = dzo = d.

By hypothesis, we have Yiyu = @yu O Yux = @ux. Say Wiu = @ayu. Then
@ix(c10) = dio implies @aa(c10) = @x/a(dio) and we therefore conclude that

aa(c] # 9.
Lemma 2,3. If Wi(L;) is a meet-semilattice, then

®B) { M A u (puyalel] # 8 and @uu(cs) # 9) =
= [(Mx € @ualee] c1 N x €upace]) or (My Epauler] c2 Ny Epyulca])] .
Proof. Suppose c1 and ¢; are any two elements such that
pualcr # 0, @uulce] # 9  3Ix € pujalcs]
c1 N x ¢@ualce] 3y €pauler]l c2 Ny E@aule] .
Since [c!] N [c¥] = [d™)] exists, there are c10, d10, c20, d2o for which
c1 =c10 Yyx(cro) =do =d

c2 = ca0 Yuu(c20) = d2o = d.

We shall show that we can consider only the case where ¥ = 4 or » = u.
For suppose x# A and x # u. Then [(dio N d20)*®] = [d®] and therefore
dio N dao = d. Now the assumption A 7 x 54 u implies that dio €L,, d2o €L,
and so d € L,. But this implies [d{P] = [c{"] n [c{"'] where di = @x/(d).

In the case » = A # u we get easily

[(c1 A D)P] <[], [(er M 0)P] < [x@] <[] ;
hence
((er N x)W] <[] N [ef] = [dD].

On the other hand, since [d#] < [c¢{*)], there exist do, c30 With
d=do, @uu(do)=c3 =c2.

From the fact that & is a sublattice of #,, we conclude ds = do U x € L;.
Moreover, [(c2 Nny)®W] <[y®] < [c{Y] and therefore

[(c2 M »)®) <[] A [c4] = [dW).
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Thus there are po, go such that
2Ny =po, Yurpo) =qo=d.
Let p1 =po Ny, q1 = @ui(y) N go. Because of
(4] = [cf] = [d§"] = [dP] = [¢{'] = [p¥],
we have p1 =y N c2 and finally '

¥ 0 ez = @au(qr) € pauler] .
This contradiction completes the proof.

The conditions (A) and (B) are not sufficient that U 4(.# ;) be a meet-semilattice.
For, let [0,1] : ¢ : [0, 1] be the amalgam of two copies %1, ¥2 of [0, 1] C R
where L] = L; ={x|0=x <1,x€Q} and ¢ is the identity mapping of L;.
Then the conditions (A) and (B) hold, and yet [1®] A [1®] does not exist.

Since (A) and (B) represent no guarantee for the existence of meets, we shall
still consider an additional condition. (To denote the fact that supp M e M, we
write supp M = max M, and in this case we say that the maximum of the set M
ex1sts.) :

Lemma 2,4. If Ws(&L;) is a meer-semilattice, then

MA#u Ma€eLl, Mcel,

(©) [(y epu(ci] = c2 0y Eau(ca]) =
= (the maximum of the set {c1 N x| x € pua(ca]}
exists and @ua(c2) # 0)] .

Proof. Let [d®] =[c"] n[c]. By Lemma 2,1 (iii), we may assume
that x = A or » = A.

Suppose first that @i/u(c1] = @#. Then [d®] = [d{¥] implies the existence
of c10, d2o such that '

c1 =cro, @uyulcro) = dzo = da
and @z/4(c1] # @, a contradiction. Hence [d®] = [d{’] and since @uu(c1] = ¥,
also @a/a(c1) = 9. By Lemma 2,2, g u(c2) # @ and therefore @u/a(cz) # @. Note
that the considerations we are going to use in the following depend only on the
assumption @u(ce] # 9. We shall refer to this fact in the end of the demon-
stration.

If x € gua(ce], then [(c1 N x)@] < [d{Y]. Consequently [d{P] < [c¢¥].
Since [d{M] < [c{], there are e, f such that [d{}] < [eW] = [f®W] < [c¢{], and it is
easy to see that [d)] = [(c1 n e)@]. This shows, however, that dy =c1 N e,
and the condition (C) is in this case valid.

Next assume that ¢@uu(c1] # 9 and that the implication y €@a/u(ci] =
=c2 Ny Epiulct] is true. Since cz Ny €pyu(c], there is an element z = ¢;
such that @/.(2) = c2 N y. It follows that @u(c2] # 9.

It remains only to show that in the case @z/u4(c1] # 9 there exists the maximum
of the set {c1 N x | x € pua(ce]}. As above, we may suppose that x = 4 or x = pu.
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Then necessarily » = A. For if » = u, then there exist e,f such that ¢; =,
@pau(e) = f = d whichimplies d = f N c2. Since f € pa/ulc1]), wehave d = f N cze
€guu(c] and [dW] = [(pua(f N c2))P].

Now, if » =1 and ¢uu(c1] # 9, then a repetition of the argument used
above clearly leads to the desired result. Q.E.D.

Corollary. If the maximum mentioned in the lemma 2,4 exists, then

[(max {c1 N x| x € pua(ca]NP] = [cM] A {c] .

Let I';! denote the set @u(c1] and let, similarly, I2¢ be the set (p,,/,l(cz]
The set {c: Ny |y e} will be denoted by ¢; A Iy

Theorem 2,5. An amalgam Ws(L,) is a latrice 1]7 i sam_‘ﬁes the followmg
condition (D) and its dual:

MA#pu Mael, MceL,

[(I'sY # @, the maximum of the set c1 A\ I's!
(D) exists and ca A\ I'tt < L) or

(IN' # 9, the maximum of the set ca N\ I’ll

exists and c1 A\ I'ab < L))

Proof. 1. Suppose first that @za(c1] # 9 and @uu(ce] # 8. By (B), either
fcz Ny |y epuulcr]} < paju(ca] or {e1 N x| x €Pujalca]} < ‘Pll/).(CZ] In accordance
with the notation defined above, this means that either ¢z A It} < L, or
c1 A I'2v < L;. In the first case [cV] N [c§] = [(max c1 A I2})@], by (C) and
the same argument applies to the second case.

Suppose further that @z/u(ci] = 9. By (C), it is clear that Id £ @ and that
the corresponding maximum exists. Since 1l = 9, it follows tnv1ally that
ca NIt < L i

Finally, 1f @u(ca] = 9, we may repeat the same argument by replacing A
by u. Therefore, by (A), the necessity of (D) is proved.

2. For the converse, suppose that @u(cz2] # 9, ¢z A It < L, and that the
maximum m of the set {c1 N x| x €pua(ce]} exists. We shall prove that then
[m™] has the properties of the greatest lower bound of {[c{], [c{*]}.

Indeed, if m =c1 Nncao where ca20 €@ua(c2], then [(c1 N czo) (4)] <
< [e1®), [c"). Suppose we have [d®] <[c)] and [d®] <[] If A% x,

u # %, then there exist do, c10, d1, c22 such that '

[(do N d))™] < [d§] = [efp] =[]
[(do N d1)™)] < [d{] = [c$5'} < [c{].

On the other hand, dy N d1 € L,';; and so [(px/a(do N dl))(")] = [(do N d1)™].

We now aim to prove that [d®)] < [(c1 N c20)W). By the result just proved,
we may assume, without loss of generality, that either » = 4 or » = u. ‘

Case » = u. Since [dW] < [c{¥], there exist c11, c21 such that

c1 = c11, paulerr) =ca1 =d.
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It is clear that [(ca1 N c2)®] = [d®W] and so di = c2 N c21 = d. By assumption
dieL, Let e1 = @ui(d). Then
e1 = @ua(d1) < @ua(ce1) = cu1 = c1.
By definition of ¢1 N c20, We get ¢1 N c20 = e; and therefore
[(er N c20)D] = [ef*] = [d{*)] = [dW] .
Case x = A. Since [c{")] = [d{!], there exist d11, c22 such that
c2 Zc22, @ualcee) =dn=d.

Thus, we see that d < c¢1 Nndi1 = c1 Nncgo. Hence [AWV] < [(c1 ndi)W] <
=< [(c1 N c20)]). This completes the proof of the theorem.
Corollary. If the first possibility formulated in the condition (D) occurs, then

[ef] N [c§] = [(max c1 A T24)P] 5
tn the case the second possibility occurs,
[c"] A [c4)]) = [(max ce A T1d)®] .

In what follows we shall deal with the cofinality and with the dual notion:
A subset M of a poset 2 is said to be dually cofinal in 2 if for every p € P there
exists an m € M such that m < p.

Lemma 2,6. The condition (A) for the amalgam L1 :¢ : Lo is equivolet
to the condition
(L; is dually cofinal in #1) or
(Ly s dually cofinal in ¥3) .
Proof. We observe first that if ¢; € L1, then ¢@11(c1] = (c1] () Ly; similarly,

c2 € Ly implies that @g2(c2] = (c2] () L,. Let us now suppose that (A) is valid
and that

(A%)

ihely, MlLel; Iinon <
312€Lz Vl;EL; l;nonglz.

Then either (W] N L, #8 or (k) L,#9. If (4N L; #9, then for any
xe(ll N L; we have xeL; and x <I;, a contradiction.

Next, assume (A*) is true. If L] is dually cofinal in %1, then for any c; € L1,
ca €Ly there exists an [J € L; with I} <c. Consequently, /; €(c1] \ L; and
we conclude that (A) is valid.

Corollary. If the amalgam Ws(Z;) is a join-semilattice, then for all A €A
(possibly except one) the L, is cofinal in L ;.

Proof of Corollary follows from Lemma 2,6 and from the obvious fact that
for every A # u €A the amalgam A4(¥;) induces the amalgam Lz : @iu @ Lu
which is also a join-semilattice.
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