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In the last few years, the stable torsion theories were investigated by several authors
(see e.g. [3], [9], [10], [11]). Our present paper is devoted to the study of stable preradic-
als. Among other results, the Skornjakov’s criterion for stability is generalized (Theorem
2.8 below) and almost all the results are dualized to the constable preradicals. This paper
can be viewed as a continuation of our previous investigations [4], [5] of the general

theory of preradicals.
I. Preliminaries

In what follows R stands for an associative ring with identity and R-Mod denotes the
category of all unitary left R-modules. The injective hull of a module M will be denoted by
E(M),the direct product (direct sum) by [T M; ([ [ Mi, M1 @ Mz). A submodule N of a

el iel

module M is called essential in M if K ('}E N £ 0 for every nonzero submodule K of M
(in this case M is said to be an envelope of N) and it is called superfluous in M if K = M
whenever K + N = M. A module M is called cocyclic if its socle is a simple essential
submodule (see [8], [12]). An exact sequence O - K — P —-> M — O is said to be
— a projective presentation of M if P is projective,
— an injective presentation of K if P is injective,
— a cover of M if K is superfluous in P,
— a projective cover of M if P is projective and K is superfluous in P (see [1] for details).
A class M of modules is called
— abstract if it is closed under isomorphic images,
— hereditary if it is abstract and closed under submodules,
— cohereditary if it is abstract and closed under factormodules,
— closed under (projective) covers if P €I whenever MefMand O - K—-P > M
— O is a (projective) cover of M.

A preradical r for R-Mod is any subfunctor of identity, i.e. r assigns to each module
M its submodule (M) in such a way that every homomorphism of M into N induces a
homomorphism of (M) into r(N) by restriction.

The class I, of all the modules M with r(M) = M is a cohereditary class closed
under direct sums and the class % of all the modules M with (M) = O is a hereditary
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class closed under direct products. Modules from 7, are called r-torsion and those from
& r r-torsionfree. A preradical r is said to be
— idempotent if r2 = r,
— hereditary if #(N) = N () r(M) for every submodule N of a module M,
— cohereditary if r(M/N) = (r(M) + N)/N for every submodule N of a module M,
— a radical if r(M/r(M)) = O for every module M. A preradical r is hereditary iff it is
idempotent and J, is hereditary, and r is cohereditary iff it is a radical and % is coheredi-
tary (see [5]).

There are several preradicals associated with every preradical . The idempotent core
7 is defined by #(M) = ZK, where K runs through all the submodules K of M with
K € J+, and the radical closure 7 is defined by (M) = () L, where L runs through all the
submodules L of M for which M/L € % ,. Obviously, 7 r =7 7and %, = & 5. Further,
the hereditary closure A(r) is defined by A(r) (M) = M [ r(E(M)) and the cohereditary
core ch(r) by ch(r) (M) = r(R)M. For every projective module P, ch(r) (P) = r(P).
The basic properties of these preradicals are studied in [4] and [5]. For two preradicals
r, s we shall write » < s if r(M) < s(M), for all M € R-Mod. We shall say that a module
M splits in a preradical r if (M) is a direct summand of M. A preradical r has the cyclic
splitting property (CSP) if every cyclic module splits in r.

2. Stable Preradicals

2.1. Definition: A class 9t of modules is called stable if every module M € IR has
an injective presentation
O —> M — Q — K — O such that Q €.

2.2, Proposition: Let 9N be an abstract class of modules closed under direct
summands. Then 9 is stable iff M is closed under injective hulls.

Proof: If M,QeIM, Q injective, M = Q, then Q = E(M)® S. The rest is
obvious.

2.3. Definition: A preradical r for R-Mod is said to be stable if every injective
module splits in 7.

2.4. Proposition: Let r be a preradical for R-Mod. Then
(i) if r is stable then 7, is stable,

(ii) if r is idempotent and 7, is stable then r is stable.

Proof: (i) For every Te€J,, E(T) =r(E(T))® F, r being stable. Since T is
essential in E(T)and T = r(T) < r(E(T)), we get F = O, and consequently r(E(T))=
= E(T).

(ii) If Q is injective then Q = E(r(Q)) @ S. Since r is idempotent and J, is stable,
E(r(Q)) e I+ by 2.2. Thus E(r(Q)) = r(Q).

2.5. Proposition: Every stable hereditary preradical is a radical.

Proof: Letr bea stable hereditary preradical. First, we shall prove that 7, is closed
under extensions. For, let O - A —-B — C — O be an exact sequence with 4, C€ J .
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It is an easy exercise to prove the existence of a monomorphism f such that the diagram

0O—A4 B —-C—-——0

| fi !
0 — E(4) - E(4) ® E(C)— E(C)~ O

is commutative. Hence B € #, by 2.4 and [5], Prop. 2.1. Further, let M € R-Mod be
arbitrary. The exact sequence O —r(M)—> T — T/r(M)— O, where T/r(M) =
= r(M/r(M)), yields Te J,. Thus T < r(M) and r(M/r(M)) = O.

2.6. Theorem: Let r be a preradical. Then
(i) r is stable iff A(r) is so, _

(ii) if r is stable then 7, 7, A(r) are so and A(r) = A(F) = h(¥) = h@.

Proof: (i) If Q is injective then A(r) (Q) = Q () r(Q) = r(Q) be the definition of

h(r), and the assertion easily follows.
(ii) For every injective module Q, Q = r(Q) @ F, and hence r(Q) = r(r(Q)) @ r(F).
Thus #(Q) =r(r(Q)), H(Q/r(Q)) = r(F)=0, so that ¥Q) = r(Q) =r(Q). Con-
sequently, 7 and 7 are stable by the definition of stability. Further, by [5], Prop. 3.2,
h(r) = h(F) = h(r) and h(r) (M) = M () r(E(M)) = M () F(E(M)) = h(F) (M), for all
M € R-Mod, finishes the proof.

2.7. Theorem: A preradical r for R-Mod is stable iff the injective hulls of cyclic
modules split in r.

Proof: With respect to 2.6, it suffices to prove that k(r) is stable. Let T € 7 n¢y and
x € E(T) be arbitrary. Then T < h(r)(E(T)) and E(Rx) =r(E(Rx)) @ F =
= h(r) (E(Rx)) @ F. As Rx, h(r) (E(T)) are essential in E(Rx), E(T) respectively, for
every nonzero y € E(Rx) there are s,z€R such that O #syeRx and O #1sye
€ Rx () h(r) (E(T)) = h(r) (Rx), and therefore A(r) (Rx) is essential in E(Rx). Since
h(r) (Rx) (\ F < h(r) (E(Rx)) () F = O, E(Rx) = h(r) (E(Rx)). Thus x e h(r)(E(T)).
According to 2.4, A(r) is stable, and we are through.

2.8. Theorem: Let r be a hereditary preradical for R-Mod. Then the following are
equivalent:

(i) every module M ¢ J, contains a nonzero submodule N € %,
(1) the class 7 is closed under envelopes,
(iii) if A < B < C are modules and B/4 € J+ then there is a submodule D of C such

that D(\B=A and C/De T,

(@iv) if I = K are left ideals of R and K/I = r(R/I) then there is a left ideal L such that

LNK=1I and RILETJ,

(v) ifI < K S R are left ideals of R and K/I = r(R/I) then there is a left ideal L such
that L# Iand LN K =1,
(vi) r is stable.

Proof: (i) implies (ii). Let N € 7, be essential in the module M. If M ¢ 7, then
there is a nonzero submodule K < M with r(K) = 0. Hence K \NeJ,(\ %r = O,
r being héreditary, and consequently K = O, a contradiction.

(ii) implies (iii). Let D be a submodule of C such that D/4 is maximal with respect to
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D/ANB/A=0. Then D(\B=A and (B+ D)/D~ B/(D (\B)=B|A€TJ.
According to (ii), it remains to show that (B + D)/D is essential in C/D. If (B + D)/
/D G/D = O then (B+ D)(YG =D, hence B () (G + D) = A, and therefore
B/AN (G + D)JA = 0. Thus G+ D =D by the maximality of D/4, and conse-
quently G = D, as desired.
(iii) implies (iv). Obvious.
(iv) implies (v). Obvious.
(v) implies (vi). With respect to 2.4, it suffices to show that 7, is stable. Let T € 7, and
x € E(T) be arbitrary. Then r(Rx) is essential in Rx (as in the proof of 2.7) and there are
left ideals I, K such that Rx ~ R/I and K/I = r(R/I). If x ¢ r(E(T)) then r(Rx) =
= Rx () r(E(T)) # Rx, and hence there is a left ideal Lsuchthat L~ I and L | K =
= I. Then L/I(\ K/I = O, a contradiction.
(vi) implies (i). If M ¢ 7, then r(M) is not essential in M, for otherwise E(M) € 7, by
2.4and M € 7. Thus there is a nonzero submodule N = M with»(N) =r(M) | N = O.

2.9. Corollary: Every hereditary preradical with CSP is stable.

2.10. Theorem: Let r be a preradical such that 7, is closed under direct products
and every cocyclic module splits in r. Then r is stable.

Proof: First, we shall show that every module M can be imbedded into a direct
product of cocyclic modules. For every nonzero x € M, let M, be a submodule of M
maximal with respect to x ¢ Mz, and C;, = M/M,. One can easily show that all C,

are cocyclicand there is a monomorphism f: M — [ | C;. Now, let Q be an injective mo-
i€l

dule. Then Q < J] C;, where C; are cocyclic, so that[J C; = Q @ X. Since every
i€l i€l

cocyclic module is directly indecomposable, it belongs either to ., or to &, and con-
sequently HIC¢ =T®F, where Te¢J, and Fe %, Further, r(I—[I C)=T=
i€ i€

=r(Q) ®r(X), hence [] C;i = r(Q) @ r(X) @ F, which yields Q =rQ) @

OENEXOF). <
2.11. Theorem: Let r be a stable preradical. If 7 is hereditary then 7 is hereditary.
Proof: Obviously, 7 = A(7). On the other hand, 2.6 yields A(r) = h(F) =F < 7.
2.12. Corollary: Let r be a stable preradical. Then the following are equivalent:

(i) ris a radical and 7, is hereditary,

(if) r is idempotent and .7, is hereditary,

(iii) r is hereditary,

@iv) r is a hereditary radical,

(v) ris aradical and 7 is hereditary.

3. Costable Preradicals

3.1. Definition: A class M of modules is said to be costable if every module
M e M has a projective presentation O — K — P —> M —O such that PeM .
3.2. Proposition: Let M be an abstract class of modules such that M is closed
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under direct summands and every module from It has a projective cover. Then I is
costable iff it is closed under projective covers.

f
Proof: Let MeIM , O > K— F— M — O be a projective presentation of M

with FeM and O - L - P e M — O be a projective cover of M. There is
h € Hom(F, P) such that Ag = f, and % is an epimorphism, since L is superfluous in P.
Thus P is a direct summand in F. The converse is obvious.

3.3. Definition: A preradical r for R-Mod is said to be costable if every projective
module splits in r.

3.4. Proposition: Let r be preradical for R-Mod. Then
(1) ifr is costable then & is costable,

(ii) if r is a radical and & is costable then 7 is costable.

Proof: (i) Let Fe #, be arbitrary and O - L — P — F— O be a projective
presentation of F. Then P = r(P) ® Q. Sincer(F) = O,r(P) < L and O — L|r(P)—
— Q — F —O0 is a projective presentation of F with Q € #.

(ii) Let P be a projective module. According to the hypothesis, there is an exact sequence

f
O — L— Q— P|r(P)— O with Q € #, projective. Further, there is a homomorphism
h such that the diagram P
.
el
“f

!
O—->L—->Q — Plr(P)—O0

is commutative. Since r(Q) = O, k induces a homomorphism &: P/r(P) — Q such that
gk = h. Therefore P/r(P) is projective and P splits.

3.5. Proposition: Every costable cohereditary radical r is idempotent.

Proof: First, we shall prove that &, is closed under extensions. For, let O -~ 4 —
— B — C— 0O be an exact sequence with 4, Ce€ %,. There is a homomorphism f

such that the diagram
O—>P1-—)P1@P2—>P2—>O

Y fi y
O>A—B—C—>0
y y
(0] (0]

where P;, P; are projective modules from &, is commutative. Obviously f is an epimor-
phism and [5], Prop. 4.1 gives B € #,. Further, let M € R-Mod be arbitrary. Consider
the exact sequence O — r(M)/r(r(M)) — M[r(r(M)) — M/r(M) — O. The first part of
the proof yields M/r(r(M)) € #,, which implies that r(M) = r(r(M)).

3.6. Proposition: The following conditions for a preradical r for R-Mod are
equivalent:
(i) Rsplitsinr,
(ii) every free module splits in r,
(iii) r is costable.
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Proof: (i) implies (ii). It follows from the fact that T(LIMi) = I_[r(Mi) for every
family of modules M;,iel. €t
(i) implies (iii). If P is projective then there is a free module F such that F = P @ Q.
Hence F=r(F)@QH=r(P)®r(Q) ®H and P =r(P)® (P (r(Q) ® H)).
(iii) implies (i). Obvious.

3.7. Corollary: Every preradical r with CSP is costable.

3.8. Theorem: Let r be a preradical for R-Mod. Then
(i) r is costable iff ch(r) is so,
(ii) if r is costable then 7, ¥, ch(r) are so and ch(r) = ch(¥) = ch(F) = ch(r).

Proof: (i) By 3.6, since ch(r) (R) = r(R). _
(ii) If r is costable then R = r(R) @ F, hence r(R) = r(r(R)) ® r(F), which implies
that r(R) = r(r(R)), r(R/r(R)) ~ r(F) = O. Thus #(R) = 7(R) = r(R), and hence #, 7
are costable. Further, ch(r) = ch(F) = ch(r) by [5], Prop. 5.3. Finally, ch(r)(M) =
=r(RIM = ¥(R)M = ch(¥) (M) for every module M.

3.9. Theorem Let R be a left perfect ring and r be a preradical for R-Mod. The
following are equivalent:
(i) ris costable,
(ii) if C is a cocyclic module and O -~ K — P — C — O is a projective cover of C then
P splits in r.

Proof: (i) implies (ii). Obvious.
(ii) implies (i). First, we shall prove that & ¢p () is costable. Let F € & ¢p(r) be arbitrary and
O - K —-> P - F — O be a projective cover of F. Suppose that ch(r) (P) # O
and x € ch(r) (P), x # O. Further, let Q be a submodule of P maximal with
respect to x ¢ O, and O - L - § — P/Q — O be a projective cover of P/Q.
Obviously, P/Q is cocyclic. As ch(r) (F) = O, it must be r(P)=ch(r) (P) = K.
According to the hypothesis, S = r(S)@® H. Since L is superfluous in S, there is an
epimorphism of P onto S, and hence r(S) is isomorphic to a direct summand in P, S
being projective. Thus ch(r) (S) = r(S) = O, since r(P) is superfluous in P. However
ch(r) is cohereditary, hence ch(r) (P/Q) = O. On the other hand, x + Q is a nonzero
element of ch(r) (P/Q), which yields a contradiction. Now, an application of 3.4 and 3.6
finishes the proof.

3.10. Theorem: Let r be a cohereditary radical for R-Mod. Consider the following
conditions:
(i) ris costable,
(ii) every module M ¢ %, has a nonzero factormodule which belongs to 7,
(iii) # is closed under covers.
Then (i) implies (ii) and (ii) implies (iii). Moreover, if R is left perfect then (iii) implies (i).

Proof: (i) implies (ii). Let M ¢ &%, be arbitrary. With respect to 3.4, we get the
commutative diagram

O—->K—->P—->MirM)—O
i l
O —>rM)—>M—-> Mjr(M)— O



with P € &, projective. If r(M) is superfluous in M then f is an epimorphism, and hence
Me ., r being cohereditary. Thus there is K ¥ M with r(M) + K = M. Then
0 # M/K =~ r(M)[(r(M) N K) € ¥, since r is idempotent by 3.5.

(ii) implies (iii). Let Fe #, and O — K—f+ P—>F—>O beacover of F. If P¢ F»
then there is a nonzero factormodule P/L € J,. However r is cohereditary, and so
P/((f(K)+ LYe I, %r. Thus P = L, since K is supperfluous in P, a contradiction.
The rest is obvious.
3.11. Theorem: Let r be a costable preradical for R-Mod. If 7 is cohereditary then
7 is cohereditary.
Proof: Obviously cA(7) < #. On the other hand, 3.8 yields # = 7 = ch(¥) = ch(F).
3.12. Corollary: Let r be a costable preradical for R-Mod. The following are
equivalent:
(i) ris idempotent and & is cohereditary,
(ii) r is a radical and &, is cohereditary,
(iii) r is cohereditary,
(iv) r is an idempotent cohereditary radical,
(v) ris idempotent and 7 is cohereditary.

References

[1] H. Bass: Finitistic dimension and a homological generalization of semiprimary rings, Trans.
Amer. Math. Soc. 95 (1960), 466—488.
[2] L. BicaN: QF-3’ modules and rings, Comment. Math. Univ. Carolinae 14 (1973), 295-303.
[3] L. Bican, T. KePkA: On stable rings (to appear).
[4] L. Bican, P. JAMBOR, T. KEPKA, P. NEMEC: Preradicals (to appear).
[5] L. Bican, P. JaAMBOR, T. KEePkA, P. NEMEC: Hereditary and cohereditary preradicals (to
appear).
[6] J. P. Jans: Torsion associated with duality, T6hoku Math. J. 24 (1972), 449-452.
[7] S. MacLANE: Homology, Springer Verlag, Berlin-Gottingen-Heidelberg, 1963.
[8] T. OnNobpERA: Koendlich erzeugte Moduln und Kogeneratoren, Hokkaido Math. J. 2 (1973),
69-83.
[9] L. A. SkornjJAkOV: O ras$éepleniji injektivhych modulej, Mat. Issled. 5 (1970), 183-186.
[10] Bo STENSTR6M: Rings and modules of quotients, Lecture Notes in Mathematics 237, Springer
Verlag, Berlin-Heidelberg-New York, 1971.
[11] M. L. TerLY: On non-commutative splitting rings, J. London Math. Soc. 4 (1971), 157-164.
[12] P. Vamos: The dual of the notion of “finitely generated”, J. London Math. Soc. 43 (1968),
643-646.

69



		webmaster@dml.cz
	2012-10-05T21:24:24+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




