
Acta Universitatis Carolinae. Mathematica et Physica

A. Švec
On the non-existence of certain ovaloids

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 18 (1977), No. 1, 47--49

Persistent URL: http://dml.cz/dmlcz/142395

Terms of use:
© Univerzita Karlova v Praze, 1977

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/142395
http://project.dml.cz


1977 ACTA UNIVERSITATIS CAROLINAE - MATHEMATICA ET PHYSICA VOL. 18, NO. 1, Pag. 47-49 

On the Non-existence of Certain Ovaloids 

A. $VEC 

Mathematical Institute, Charles University, Prague*) 

Received 2 December 1975 

We prove the non-existence of ovaloids satisfying 
A{(K^dg(K)} + 2g(K) = 0, g: (0, oo) -> < 0, oo). 

HecymecTBOBaHHe HenoTopbix oBanoHAOB. ,II,oKa3aHo HecyinecTBOBaHHe oBajioHflOB, jym 
KOTOpblX 

A{(K"id^(K)} + 2g(K) = 0, g: (0, oo) -> < 0, oo). 

Neexistence jistych ovaloidu. Je dokazana neexistence ovaloidu, pro ktere 
A{(K^dg(K)} + 2g(K) = 0, g: (0, oo) -> < 0, oo). 

A more detailed analysis of the proof of the linearity of certain functions on 
the sphere, see [2], enables us to prove the following 

Theorem. Let g : R+ -> R+ U {0} , R+ = (0, oo), g =j= 0, be a function. 
Then there is no ovaloid M c= Es such that 

(1) A { J K-i ^ g P d*:} + 2g(K) = 0. 

Here, K is the Gauss curvature of M and A the Laplacian. 

Proof: Let us consider just the Riemannian structure of a given ovaloid M. 
In a suitable domain & of M, let us choose 1-forms co^^co2 such that co1 /\ co2 ^ 0 
and 

(2) ds2 = (co1)2 + (CO2)2 ; 

M may be covered by such domains. Then there is a 1-form coi2 such that 

(3) dcD1 = — co2 A °>i > dco2 = co1 A ft>f-

and we get 

(4) dco2 = - Kco1 A co2, 

K being the Gauss curvature of M. Be given a real valued function / on 
M. Then, in ^ , we get by the standard prolongation procedure the covariant 

*) Malostranske nam. 2, 118 00 Praha 1 
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derivatives /«,/</, A, ..., D , R,..., V of / with respect to co1, co2 by means of 
the formulae 

(5) d/ = /ico1+/2co2; 

(6) (d/2 -/2cof ) A co1 + (d/2 +/icof) A co2 = 0 ; 

(7) d/ l -PCOI = fllCO1 + /12C02 , 

d/2 +/icof =/t2co1 + f22co2 ; 
(8) (d/n - 2/i2c»f) A CJ1 + {d/12 + (fa -/aa) *>!} A « 2 = Kfcco1 A coa, 

{d/12 + (/u -/aa) cof} A co1 + (d/aa + 2/i2ci>f) A co2 = - K/ico1 A OJ2 ; 

(9) d/n - 2/iawf =^Aco1 + (B-\ Kf2) co2 , 
d/ia + (/n ~/22)co? = (B + * K/^cu1 + (C + i K/i)co2 , 

d/22 + 2/iawf = (C - i K/i) co1 + Deo2 ; 

(10) {dA - (3B + -I Kf2) cof} A co1 + {dB + (A - 2C - -1- .Kfr) cof} A co2 = 
= i (5K/i2 + K1/2) co1 A OJ2, 

{dB + (A - 2C - -J- iC/i) cof} A co1 + {dC + (2B - D + |- Kf2) cof} A co2 = 
= i (3Kf22 - 3Kfn + K2f2 - Kifi) co1 A co2, 

{dC + (2B - D + J K/2) cof} A co1 + {dD + (3C + \ Kfi) cof} A <»z = 
= - 1 (5.K/12 + /Ca/i)coi A co2 ; 

(11) d.4 - (3B + J .Kfc) cof = /^w1 + (5 - £ K/12 - J K1/2) co2 , 
dB + (_4 - 2C - \ Kfi) cof = (5 + I KfX2 + \ Kif2) co1 + 

+ (T + fK/n + i W i ) c o 2 , 
dC + (2B - D + i ^ / 2 ) c o f = (T + f/C/22 + |/<2/2)co1 + 

+ (U + §Kfi2 + lK2fi)co2, 
dD + (3C + I Kfi) cof = (U - 1 Kfn - \ K2fi) co1 + Vco2 . 

(12) <p = { - / u . 4 + (/11 -/aa) (B + | .Kfe) + /i2(C - \ Kfi)} co1 + 
+ { -MB - i K/2) + (/u - /aa) (C + i <pKfi) + /12D} co2 , 

This form is invariant, see [1], and we have 

(13) dep = - [0 + {(/n - / 2 2 ) 2 + 4/2
2}K] co1 A co2 

with 

(14) 0 = 2(B2 + C2 - <4C - BD) - 1 (/? + /I) K2 - (fiA + /2D) K . 

Now, let us study a general equation 

(15) A/ + 2 ^ = 0 

on Af. In our notation, (15) turns out to be 

(16) / n + / 2 2 + 2# = 0. 

Because of (9), the differential consequences of (16) are 
(17) A + C - J K/i + 2*i = 0 , B + D-\Kfi + 2g2 = 0, 
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and we get 

(18) <Z> = 2fi2 + 2C2 - i (ft + ft) I<2 + 
+ (2C + fiK) (C - 1 Kfi + 2gi) + (2.5 + f2K) (B - A .K/a + 2^2) = 

= (2B + £2)
2 + (2C + £i)2 - (g2 -hKf - (gl - / i X ) 2 , 

Suppose 

(19) dg = Kdf; 

of course, we get 

(20) dK A d/ = 0 

as an immediate consequence. The suppositions / = f(K) and (19) imply 

(21) 0 ^ 0 , 

and we get 

(22) / u - / 2 2 = 0 , / i2 = 0 

from the integral formula Jjw-dgp = 0. From (16) and (22), fa = / 2 2 = — g, i.e., 

(23) d /= /*» - +/2o>2, d/i -/2cof = -gm\ d/2 +/ i Wf - = ^ 2 . 

Now, 

(24) d * d/ = d(—/nw1 +/io>2) = - 2goA A «>2 ; 

the supposition g ^ 0 and the integral formula J" Md * d/ = 0 imply 

(25) g = 0. 

Because of K > 0, we get 

(26) / -= const. 

from (19). Thus there is only one couple of functions g(K)y f(K) = j K^gXfQdK 
satisfying (15), this couple being given by (25) + (26). QED. 

As an example of our Theorem, we get the following. 

Corollary. There are no ovaloids M c E3 satisfying 

(27) OL&K*-1 + (a - 1) K« = 0 , 1 + a e R . 

Proof. Take g(K) = K* . QED. 
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