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Udine, Iasi*) 

Received 1. October 1995 

This paper presents some types of hypergroups, associated to an arbitrary hypergroup, studying the 
properties and the heart of them, establishes results concerning the width and gives some other results 
about the sequence of hearts, which can be associated to a hypergroup, in connection with the 
subhypergroups generated by a non-empty set, by an union of subhypergroups or by the intersection of 
subhypergroups, if it is not empty. 

Introduction 

The notion of the heart COH of a hypergroup H, introduced by two among the 
founders of the Hypergroup Theory, Dresher and Ore [9], has been studied by 
many mathematicians. 

Just this subject is involved by most of the results of this paper, which throws 
light also on the algebraic structure of the set &*(H) of non-empty subsets of H, 
of the set of the hyperproducts of elements of H, and on some topics of join spaces 
and of subhypergroup theory. 

Let <//, o> be a hypergroup, P = {^*(H); ®> be the set of non-empty subsets 
of H endowed with the hyperoperation <®> defined: V(4, B) e 0>*(Hf, 
A®B= {Ce0>*(H)\C c AoB}. Vaetf, let IP(a) = {eeH\aeeoa}, 
Ipr(a) = {feH\aeaoj}, IP(a) = Ipr(a) u IP(a). Let A = { D c IP(H) | V/i e H9 

\D u IP(h)\ = 1 = \D n Ipr(h)\}, IP = [JlP(a). Moreover, Ve e IP9 Vq e H, let 
aeH 

ur(q9e) = {yeH\eeqoy} 
U(<1> e) = {zeH\eezoq} 

1. Theorem. 
X.IfQe ^*(H\ Q is an identity in P iff there exists DeA such that Q => D. 
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2- V Q>Q' e &*(H), then Q' is an inverse of Q iff there is D e A such that 

VeeD, \Ju(q,e)nQ' + 0, 
«eQ 

VeeD, [jur(q,e)nQ' * 0, 
cieQ 

3. If coP is the heart of P, we have coP = P. 

Proof. 
1. Let Q be an identity. Then Va e H one has {a}e Q ® {a},{a}e {a}® Q, 

whence aeQoa, aeaoQ from which there exists (ehe2)elp(a) x Ipr(a) such that 
{eu e2} cz Q hence Va e H, Ip(a) n Q 4= 0 4= Q n /pr(a). On the converse if this 
condition is satisfied by a subset Q of //, we have: VS e ^*(H), Vs e 5, 
3es e /^(s) n Q, whence S e S ® Q o Q => (Js O es ^ S from which Q is a right 

.seS 

identity. Similarly on the left. 
2. It's enough to remark that Q' is an inverse of Q iff there is D e A such that 

Q'oQ-^DczQoQ' and this condition is satisfied iff for all he H, we have 
Q' n (Q\Ipl(h)) * 0 * Q' n (Q\IpJ(h)) and Q' n (Ip(h)/Q) * 0 4= Q' n (/„r/Q). 

3. It's enough to remark that H is an identity for P and it is inverse for any 
element of H. It follows, by Th. 129 [5], that coP = H® H = P. 

2. Definition. Let A be a non-empty subset of a hypergroup H. Let's set 

n 

T(A) = {{xl,x2y...,x,)eH"\Y\xi = A} 
i=\ 

XH(A) = min {ne N* \ T(A) * 0}. 

Clearly, AH(CDH) = w(H) where w(H) is the width of H (see [7]). 

3. Definition. If <//;o> is a semi-hypergroup, let's denote f](i/) ^ e s e t °^ ^ e 

fe> 
hyperproducts P of elements of H, such that %>(P) = P. 

4. Theorem. Let (H',o} be a hypergroup, let (xb x2,..., x„) e if" be such that 
n 

f|x,ej^[(//), then (x\,x'2,..., x'n)eHn exists such that X!OX2o... OX„ox;,o... 
1 = 1 «• 

... o x i = COH. 

Proof. Vk e /„ = {1,2,..., n}, let uk be an element of cOH, and let x̂ . e H be such 
that a* e xkox'k, then, since c0H is a complete part, we have a>H => xkox'k. It follows 
X! OX20... OX,.OX;? = CDHOXx O... OX„OX;, = X! O... OX„_! O0)HOXnOXn = 

« - l 

X!0... OX,,.! OCOH = C0HO YiXi-
i = l 
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n-2 n-2 

Hence xxox2o... OXnox'nox'n_{ = coHo Y\*iOXn_{ ox'n_{ = % o [ ] x i ' 
/ = i » = i 

Going on in the same way, one arrives to x 1 ox 2 o . . . ox„ox| ,o . . . OX2 = cOH 0*1 
whence finally xxox2o ... Oxnoxn o... Ox 2 ox\ = a>Hoxxox[ = coH. 

5. Corollary. If <H;o> is a hypergroup, then w(H) < K0 iff neN* and 
n 

(xb ..., xn) e Hn exist such that \\xx e \\(H). 
/ = i fa 

6. Lemma. Let <H;o) be a hypergroup, then H — a)H is a complete part. 

7. Proposition. Let <H; o> be a hypergroup. IfH — coHisa hyperproduct, then 
a>H also is a hyperproduct. 

If follows straight from Th. 4 and from the former lemma. 

8. Remark. Let H be a hypergroup endowed with a complete hyperproduct. The 
n 

following implication is satisfied for VA e 0>*(H): A n Ilx, = 0 => <g(A) n {"[x, = 0. 
J = I 

n 

Let's suppose z e ^(A) n J^x„ then aeA exists such that ze%?(a), hence 
/ = i 
n n 

%(a) = <g(z). The hypothesis f]xf- = #(]!•**) implies 
/ = i / = i 

«(z)c u%) = ̂ n*) = n*.--

Therefore a e Ai, a e m(z) cz j^x„ whence f^x, n ,4 + 0 which is absurd. 
. = i / = i 

9. Theorem. Let (H;o} be a hypergroup, such that w(H) < X0. £e/'s denote 

Xm(H) = min {k | 3Q e II,(H): k = A(Q)} 

2M(H) = max {h\3Qe R,(H):h = k(Q)} 
Then we have: 

I. Am(H)G{w(H),w(H)-l} 

II. XM(H)e{w(H\w(H)+ 1} 
Proof. 
I. By the Corollary 5., TL^ti) * 0. Let Q = fly, e Y\(H). By Th. 63 [5], we 

/ = i v 

have Q = #(Q) = (J^(x), we have clearly: Vx e Q, #(x) n Q + 0 it follows 
xeQ 

^(x) z> Q = <#(Q) => #(x) whence #(x) = Q. Therefore by Th. 67 [5], Q = coH o x, 
from which if y e H is such that x o y <= CD// (it exists since a>H is conjugable, Th. 
75, 110 [5]), it follows Qoy = (oH whence w(H) < X(Q) + 1. 
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If we suppose Xm(H) + w(H), we have clearly Xm(H) < w(H\ then if Q is 
such that X(Q) = Am(H), one obtains X(Q) < w(H) < X(Q) + 1. Therefore 
w(H) = X(Q) + 1, whence Xm(H) = w(H) - 1. 

n. It's immediate. 

10. Remark. Hypergroups H exist such that 
a) Xm(H) = w(H) - 1 and others such that b) XM(H) = w(H) + 1. 

a) See for instance the Example HI, 220 [5]. We have co(Hx) = 3 since 
^H, = {0,^1,^2,^3} and coHi =(xxox2)ox3. But we have also X({xhx5}) = 
X(xx o x2) = 2, whence Xm(Hx) = 2. 

b) See the Examples I, II, 267 [5], in both of them XM(H) = w(H) + 1. 

11. Remark. If <f/; o> is /i-complete, we have by 112 [5], Xm(H) = w(H) < n. 

12. Remark. Let <i/; o> be a strongly canonical hypergroup. If it is finite, then 
Xm(H) = 2 = w(H) (see Th. 211 [5]). If it is not finite it can happen w(H) it K0, 
see for instance the following example: let <K; <> be an infinite, totally ordered 
set, endowed with a minimum element 0. Let <o> be the hyperoperation defined 
in K (see [13]) OoO = 0, Vx:x 4= 0, xox = {y\y < x), V(x,y)eK\ x =h y, 
x o y = max {x,y}. Clearly, <K; o> is strongly canonical, coK = K and w(K) ^ X0. 

Let (H\ o> be a semi-hypergroup, let H(H) the set of hyperproducts of elements of 
H. In U(H) let's define the hyperoperation <Q>, AQB= {Ce 11(H) | C cz A o B\ 

13. Theorem. 7/*<H;o> is a hypergroup, then <!!(//); ©> is a hypergroup. 

Proof. It's clear that <Q> is associative. Let's prove now the reproducibility. 
p P 

Let A = Y[a» B = f|b7 elements of H(H). By the reproducibility of <o>, there 
1 = 1 » = i 

exists yxe H such that ape yxo bq. Similarly, there is y2 such that yxe y2o bq_x, 
whence ap e y2obq_x obq. Going up in the same way, one obtains yq such that 

P-\ 
yq-\ e yq O bx. Hence ap e yq obxob2 o... o bq. Therefore if we let X = Y[ai O yq, 

» = i 

we have A e X Q B. 
Similarly, we can find zuz2,...yzq such that axebx ozh zxeb2oz2... zq_xebqozq 

whence A = ax oa2o... oap cz bjO^O... obqozqoa2oa2o... oap. 
14. Theorem. If K is a subhypergroup of a hypergroup <//; o> and K belongs 

to II(i/), then K is contained in coH. 

Proof. If A is an element of H(H) and A n coH =t= 0, then A cz coH since coH is 
a complete part. Then it's enough to remark that K n coH contains the set Ip(K) of 
partial identities of K, to obtain the Theorem. 

15. Remark. Not all subhypergroups of a hypergroup H are in H(H). For 
instance: 
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0 1 2 
0 0 1 2 
1 1 0 2 
2 2 2 H 

Let <if; o> be the hypergroup. 
It's clear that K = {0,1} is a subhypergroup, 
and that K £ II(J/). 
Moreover, coH = He H(H). 

Now a natural question arises: do non-conjugable subhypergroups exist, which 
can be written as hyperproducts? 

For instance, does a hypergroup H exists, which is endowed with an ultraclosed 
subhypergroup A such that kH(A) = nl 

The following example proves it exists. 
Let <-4;o> be a hypergroup such that coA = A and w(A) = n. 
It could be this one (see [5], §2): 

n 

A = [JAj where i + j => At n A} 4= 0, V(x,y) e At x Ap xoy = A> u Aj. 

Now, let's set H = A u T where A n T = 0, \T\ > 3 and the hyperoperation 
® in H is defined (see 112, [5]). V(a,b)eA\ a®b = aob, V(a,t)eAx T, 
a ® t = t ® a = t, V(t, s) e T2, s ® t = A u (T - {s,t}). We have clearly that 
(A\ o> is an ultraclosed (non conjugable) subhypergroup of (H\ ®> and ̂ n(A) = n. 

We have clearly coH = H and w(.f_T) = 2. 
Indeed since T contains {sl5 s2}, S! =j= 52; then 

(8i O s{) o s2 = (A u (T - {8i}))o s2 3 {sz} u (T - {%}) u i = if. 

Let <-rT;o> be a hypergroup. Let's consider the sequence 

(*) H -3 C0(//) = CO! 3 C0(C0(H)) = C02 3 ... 3 COk 3 C0fc+1 3 ... 3 COn 3 ... 

16. Theorem. T/te following conditions are equivalent: 
1. f/ie sequence (*) w finite; 
2. there is (n, /c) e N2, where n > k + 1, 

swc/i r/iar co„ « a complete part of cok\ 
3. there is (n, /c) e N1 where n > k + 1, swc/t that for any 

(x,y)e(cok-con) x (cok-con)\ xoyn>(cok-con) + 0 implies xoy^cok-con\ 
4. there is (n, k) e N2 where n > k + 1, 

SMC/I that for any con is cok-conjugable. 

Proof. 1. => 2. If the sequence (*) is finite, then there is ne N such that 
con = con_x, hence con_2 is a complete part of c0„. 

2. => 3. If co,. is a complete part of cok, then cofc — co„ is a complete part of cok. 
3. => 4. One proves easily that for any seN*, cos is a closed subhypergroup of 

H. Moreover, for all a, b in cofc, if {a,b} <~ cok — con, we have a o b c= co„, if a -# 6 
and |{a,b}n a)„| = 1, we have aob a cok — con. Then, by Th. 104, 3") [5], we 
obtain that con is av-conjugable. 
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4. => 1. By the Th., con is a complete part subhypergroup of cojt. Hence cok+l = 
co(cok) cz con cz cok+l from which con = cok+l. So, we have: con+l = co(cof) = 
co(cok+{) = cok+2 z> con = cok+l 3 cok+2. Therefore, con = cok+2 = con+l. Let 
con+s = cok+l. It follows con+s+l = co(con+s) = co(cok+]) = cok+2 = cok+[. Then, for 
any m such that m > n, we have com = c0n. 

17. Theorem. Let <//;o) be a hypergroup such that the sequence (*) is finite, 
and let K be a complete part subhypergroup of H. Then there is p e N such that 
cop+l(K) = cop+l(H). 

Proof. Let's remark that co(K) is a subhypergroup of co(H). Indeed, for any 
a e co(K\ there is e e K such that a e a o e\ it's clear that a e pk(e) cz pH(e) = co(H). 
Moreover, since K is a complete part subhypergroup of H, we have co(H) cz K. 
Then C0\(K) cz co{(H) cz K. For any s > 1, from cos(K) cz cos(H) cz cos_i(K), one 
obtains cos+1(K) cz cos+l(H) cz cos(K), hence a sequence K z> colvH) => co^K) => 
co2(H) ZD co2(K) zo .... 

By Th. 16, there is (n, p j e M x M , where n > p + 1, such that co„(H) = co^+^i/), 
therefore cop+l(H) = cop+l(K). 

18. Remark. If K b K2 < H, then 

c o ( K ! n K 2 ) < ( y f K ^ n c o f ^ ) . 

Generally, we have not equality. 

19. Examples. I. Let h be a hypergroup, for which co(h) #= h and let be x, y 
arbitrary in H. Let's define on H = h u {b,c, d}({ft,c, d} n ft = 0) the following 
hyperoperations: 

i. 

® X b c d 

У yox b c d 
b b h d c 
c c d h b 
d d c b h 

We can easily verify the associativity and the 
reproducibility, so (H, ®) is a hypergroup. We 
consider Kx = ftu{ft}, K2 = /iu{c}, K3 = ftu{d}, 
co(Kx) = co(K2) = co(Ki) = ft, co(K{nK2nK}) * ft 

D X b c d 

>• yox b /iu{c} ÍM 
/ j b h \b,d) ft u {c} 
c hu{c} {M}. h u {c} {M} 
d {b,d} Һ\J {c} M ft u {c} 

(n , D) is a hypergroup. We consi­
der X, = l i u {/J}, K2 = hu {c), 
co(K,) = fe; o;(K2) = d u {c}, 
«(A:, n K2) = co{h) =(= /i = w(K,) n 
<y(K2) 

II. Let ft and k be two hypergroups with coh -# ft and let be x, y arbitrary in ft and 
t, f arbitrary in k. Let's define on H = ft u k u {a,c} ({a,c} n ft u k = 0) the 
following hyperoperation 
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o X a t c 

У yox a h u k м 
a a h {a,c} h u k 

f ҺKJ k c fot M 
c {a9c} hкjk {a,c} ҺKJ k 

(if, O) is a hypergroup. We consider 
Kx = fiu{a}, K2 = /iufc, co(Kx) = h\ 
co(K2) = h u fc, o)(K! n K2) = o)(fc) * h 
= co(Kx) n co(K2) 

But, for H a hypergroup, whose sequence (*) is finite, between co(Kx n K2) and 
co(Kx), co(K2) we can find the following. 

20. Proposition. If Kh K2 < H, where H has a finite sequence (*), then 
3p e N*, cop+x(Kx n K2) = cop+x(co(Kx) n co(K2)). 

Proof. Let's consider J? = Kx n K2 and K = (^(Ki) n co(X2). K is a subhy-
pergroup, complete part of R. (We can verify this using the definition of 
a complete part of a hypergroup.) Then we use the proof of Th. 17. 

Also, we can give a relation for n-subhypergroups of H: 3peN*, 
cop+x(K nK2n ... n K..) = cop+x(co(Kx) n co(K2) n ... n a>(K,,)). 

21. Remark. If Kb K2 < //, then ^K j ) cz Kx n cO«K1 u K2». Generally, we 
haven't equality. 

22. Example. Let h and k be two hypergroups and let be xh x2 arbitrary in h and 
yh y2 arbitrary in k. Let's define on H = h u k u {a} (a $ h u k) the following 
hyperoperation 

(//, •) is a hypergroup. Let's consider Kx = hv{a}, 
K2 = /c, KxuK2 = H, (Kx u K2> = H => 
co((Kx u K2» = H. So 

co(Kx) = fc § K! n co«K1 u K2» = Kx = hu {a}. 

But, also in this case, for //, whose sequence (*) is finite, we can find: 3p e N*, 
o V ^ K i ) = ( ^ ( J M n o)«K! u K2»). 

Indeed, we have co(Kx) c ^ n co((Kx u K2>) cz Kt so co(Kx) is a subhyper-
group, complete part of K{ n 0)(<K1 u K2>), whence using the Th. 17, we obtain 
this equality. 

23. Remark. If Kh K2 < H, then (co(Kx) u a)(K2)> u co«Kx u K2». General­
ly, we haven't equality. 

24. Example. Let /ibea hypergroup, which has an identity, i; and let be y, y' 
arbitrary in h {i}. Let's define on H = h u {a,c}({a,c} n ft = 0) the following 
hyperoperation 

D X, a Уi 

*2 X 2 O X , a н 
a a h н 

J2 H H У2У1 

23 



І a У c 
i І a У н 
a a i У н 
У' У' ýoy н 
C н н н н 

(H, O) is a hypergroup. Let's consider: Kx = {i, a}. 
(In fact, Kx is group.) K2 = h 

Kxu K2 = {a}u h=>(KxvK2) = H => co«K1 u K2» = H 

(o(Kx) = {i},co(K2) = rj(h) => <co(K1) u co(K2)) = <{/}u co(h)> = w(h) <= h * H 

In general, <co(K1) u co(K2)> is not a complete part of co(Kx) u co(K2). In the case 
of the example given, c2 n (h) =t= 0, but c2 <£ co(h). 

25. Remark. If A is a subset of a hypergroup H, then 

<o)«^ l»n^>czo)«^» . 

Indeed, ft)«A»n X c: co«A»n 04 > = o((A)) so that <o)«^»n A} c G)«,4». 
Generally, we haven't equality. 

26. Example. Let's define on if = {e,x, y, z] the hyperoperation 

Let's consider A = [e, x, z). 
(A)=H=>(o«A))= {e,x,z}. 
So, <o)«^»n^l> = {e, x} £ co«^». 

o e X У z 
e e X {e, x, y] z 
X X e \e,x, y\ z 

У {e, x, y} {e, x, y} {e,x, y} z 
Z z z z {e, x, y} 

We notice <co(<Al>)n A) isn't a complete part of co((A}). For the preceding 
example, / n <c0«,4»n A} 4= 0, but y2 <£ <c0«,4»n A}. 

27. Proposition. Let H be a commutative hypergroup and Kx,K2be subhyper-
groups ofH. If for any a e (Kx u K2> — (Kx u K2), there exists (kx, k2) e Kx x Kh 

such that a e kxk2 and if {(o(Kx) u co(K2)> is a closed subhypergroup of 
co«K1 u K,» then 

<C0(K1)UC0(K2)> = C 0 « K 1 U K 2 » . 

Proof. We shall prove that <c0(K1) u co(K2)} is conjugable in (Kx u K2>. 
(co(Kx) u co(K2)> is closed in (Kx u K2> because, from a e bx, where 
(a, b) e <co(Kx) u co(K2)}

2 and x e < K 1 u K 2 > , it results (a, b) e (o\Kx u K 2 » 
and so x e co((Kx u K2>). Using now the condition given in the proposition, 
x e <c0(K1) u co(K2)>. 

As regards an arbitrary element a e <Kj u K2>, we have three situations: 

a e Kx => 3a' e Kx, ad a a>K{ cz (CD(KX) u (o(K2)} ; 

a e K2 => Ha' e K2, ad c: coK2 c (a)(Kx) u co(K2)> ; 

a e (Kx u K2> - (Kx u K2) => 3kx e Kx, 3k2 e K2, ae kxk2. 
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For fc, there exists k\ e Kh such that /c,k; e coK., i = 1,2. 
So, ak\k'2 a (k\k2) (k2k'2) c: ^(K^o^K^ c <co(K!) u co(K2)>, whence for 

every t e k\k2, at c ^(K) u co(K2)>. 

28. Remark. If H is a hypergroup, such that coH can be written as a hyper-
product and if h is a subhypergroup of H, then, generally, co(h) can't be written as 
a hyperproduct. 

We can consider h a hypergroup, for which a>h + h and CO/, can't be written as 
a hyperproduct. 

Let's define on H = h u {a} (a $ h) the following hyperoperation: 

r x o y = xy 
< aoa = h 
laox = xoa = a, Vx e ft 

<ff;o> is a hypergroup, for which coH = h = aoa, but co(h) = (o(a>(H)) is not 
a hyperproduct. 

29. Theorem. Let Hx, H2,..., Hmbe hypergroups, such that for any i = 1, 2,... 

..., m,a>H. can be written as a hyperproduct, with w(H) = n,. Let H = x if,-. Then 
' ' / = i 

a>H is a hyperproduct and w(H) = max {n; | i = 1, m}. 

«i 

Proof. Let x,.,..., xin eHh such that 00(H) = Y\xij and let q = max { |̂ i = l,m}. 
1=1 

If g > n„ then for any k = n{ + 1,..., k = q we define .x,fc in this manner: 
;C,M.+ . = e, where e is a partial identity on the right of X,H; for k > n( + 2, xik is 
a partial identity on the right of xik_l. 

We obtain co(if,) = f^x„ c[] .Xy= f j x,y J. f|x,7 c a>(if,-) whence co(H) = f̂ .x,7 
j=i 7=1 V = i 7 «/ 1=1 

ando)(H) = n ^ - ' ^ J -
A = l 

For p < q, P =|= co(if), for any hyperproduct P of p elements of if. So, 
w(if) = 4. 

Let if be a hypergroup and let's denote by A || B = {a/b\a e A, b e B}, where 
{A,B} cz 0>*(H). 

Let's define on if || if the hyperoperation: (a/b) • (c/d) = (ac)\\(bd). 
Generally, • is not well defined. 

30. Example. 
1. Let's consider the following join space: <Z,o>, where xoy = {x+ y, 

x + y + 1,..., x + y + n}.Then x/y = {x — y, x — y — 1,..., x — y — n}and 
x/y • z/w = {(x + z)/(y + w),..., (x + z)/(y + w + n), (x + z + l)/(y + w),..., 
(x + z + \)/(y + w + n),..., (x + z + n)/(y + w),..., (x + z + n)/(y + w + n)} = 
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{{x — y + z — w, ...,x — y + z — w — n}, ...,{x — y + z — w — n, ...,x — y + z — w + 2n}, 
{x — y + z — w + l,...,x — >l + z — w — n + 1},..., {x — y + z — w + 1 — n,..., 
x — y + z — w + 1 — 2n}, ..., {x — y + z — w + n,.. . , x — y + z — w},..., 
{x — y + z — w,..., x — y + z — w — n}}. 

Let's remark that x/y = x'/y' if and only if x — y = x' — / . 

Therefore, " • " is well defined. 

2. Let <H, o> be the hypergroup: 

H is not a join space. In fact, y/z r\ z/z e x, 

but yoznzoz = 0. 

o x y Z 

У 
Z 

x H H 
H y z 
H z y 

We shall prove that " D " is well defined. 

One has x/x = H\ y/x = {y,z} = {x, y} = z/x; x/y = {x}= x/z; y/z = {x,z} = z/y 

and y/y = {x,y} = z/z. 

Whence, for any {a,b, c, d} a {y,z}, we have: 

x/x D fc/x = a/x D x/b = x/x D a/b = H || H; 

x/xDx/a= {x}||tf= {#;{*}}; 
x/x D a/x = H | | { x } = {//;{>>, z}}; 
x/x D x/x = x/x = H; 
x/a D x/fe = {x} = x/y = x/z ; 
a/x D fe/x = {y,z} = y/x = z/x; 
x/aafo/c = H||{y}= H\\{z}= {{x},{x,y},{x,z}}; 
a/x • 6/c = {y}\\H = {z}\\H = {{y,z},{x,y},{x,z}}; 
a/b D c/d e {y/y = z/z, z/y = y/z} = {{x,y},{x,z}}; 

So, " D " is well defined. If we denote by a = x/x; /? = y/x\ y 

Y = y/y* ^ e n <H | |H; a> is the following hypergroup: 

x/y\ \i = y/z and 

D cc ß У Џ V 

a (X OL,ß <x, У н\ н н \н 
ß *,ß ß н\ н ß , џ , ^ ß,џ,Y 

У <x,y н\ н У У,џ,V У,џ,V 

џ H\\H ß , џ , ^ У,џ,V V Џ 

V H\\H ß,џ,Ч У,џ,V џ ч> 
Let's remark that <H | |H, D > is not a join space. (We have fi/fi n fi/W a, 

LioY n fiOfi = 0.) 

3. Let's consider the hypergroup <H,o>, where x o y = {x,y}, for any 
(x, y) e H2. Then, " n " is not well defined. Indeed, for x, y, z, w four different 
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elements of H, we have z/z = H, x/y = x/z = {x},so x/y • z/w = x/z • z/w. But, 
on the other hand, x/y • z/w = (x o Z) ||(y O w) = {x/y,z/y, x/w, z/w} = {{x},{z}} 
and x/z • z/w = {{x},{z},H}. 

4. Let L = <L; A , v > be a lattice, without inferior and superior limits. Let 
<L, o> be the hypergroup (join space) defined: 

x o y = { u | x A y < u < j / v y}. 

Also, in this case, " • " is not well defined. Indeed, we have 

t < x}, if x < y 
x < t}, if x > y 

if x = y 

and xx/yx = x2/y2 if and only if (xh x2) = (yx, >>2) or (xx = x2 = x and {yx, y2} <-= 
{t\t < x})or (xx = x2 = x and {yx, y2) cz {t\x < t}). 

On the other hand, 

(x/y) • (u/v) = {z| x A w < Z < x v w}|| {z| y A v < z < >> v v} . 

Choose, x, y, y', u, v in L such that y < u < v < y' < x (it is possible, because 
L is infinite). 

So x/y = x/y' and we have x/y = (x A u)/(y A v)e (x/y) • (u/v), but w/y =# 
u/s = (x A u)/s, for any s, such that y' A v = v < s < yf Vv = y'. Moreover, 
u/y 4= z/t, for any z, t such that X A W < Z < X V W and yAv<t<yvv. 
Therefore, u/y $ (x/y') • (u/v(, whence " • " is not well defined. 

31. Proposition. Let H be a hypergroup, for which " • " is well defined. Then 
<H||H, •> is a hypergroup. Moreover, 

1. If H is regular, H||II is regular, too; 
2. If H is join space, H\\H is join space, too; 
3. (H || H)/pH{{H = {PHl{H(a/b) | (pH(a), pH(b)) e H//SH x H/(iH}. 

Proof. 1. If e e E(H), then e/e eE(H\\ H). 
For any a/b e H\\H, a'/b' e iH\\H(a/b), where a' e iH(a) and b' e iH(b). (E(H) is the 

set of identities of H and i(x) is the set of inverses of x, for any x e H.) 

2. Let (xx/x2) / (yx/y2) n (zx/z2) / (wi/wt) + 0, that is OLX/OL2 exists, such that 
HUH HUH 

xx/x2e(yxoocx)\\(y2ooc2) and zx/z2e(wxoocx)\\(co2ooc2). Then, there exist 
(xi, x2) e H2 and (z\, z2) e H2, such that x^x2 = x\/x'2 and such that Zi/z2 = zVZ.2, 
where x\ e yx o OLX and x'2ey2o OL2, respectively, z\ 6WiO«i and z2 ew2o OL2. 
Hence x\/yx n z\/wx 4= 0 and x2/y2 n z'2/w2 4= 0. 

So, there exist aex'iOWiOj/jO z\ and be x'2ow2n y2o z'2. 
We have a/b e (x\ o wx) \\ (x2 o w2) n (z2 o yi) || (z2 o y2) = (x\/x'2 • wx/w2) n 

(z\/z'2 • yjy2) = (xx/x2 • wx/w2) n (z,/z2 • j;,/y2), so (H\\ H, •> is a join space, too. 
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3. We shall prove that for (fiH(ax\ pH(b{) = (PH(a2), pH(b2)) we have PH\\H(ax/b{) = 
/?H||HM>2). 

There exist {m, n) a N*, {cb c2,..., c,,, du d2,..., dm] a H such that {~[c, => {ab a2} 
w /—1 

and f]d, 3 {bb b2}. 

If n > m, one considers cm+1 el,.(dm)y em+2 elr(em+l),..., cw e/,.(£,._!) and one 
m wi 

has [b{, b2} c: [̂ [d, c= ]~]drew+1 • ... • e,„ that is b{ and b2 belong to a hyperproduct 
i = i i = i 

of n elements. 
Similarly, for n < m. Therefore, we can consider n = m, and we obtain 

{axibua2/b2} <= (ric,.)ii(nd,) = ri n{cjd). 

32. Proposition. Let H be a commutative hyper group. If H\\H is a join space, 
then H satisfies the condition V(a, b, c, d) e H4, such that a/b n c/d =# 0 => 
(a o d) || oH n (b o c) || cyH # 0. 

Proof. Let y e a/b n c/d, that is a e y o and c e y o d. Let's consider c' a partial 
inverse of c (that is c o c' n /., 4= 0, where Ip is the set of partial identities of H). 

There exists z e H, such that c' ezoa and let tezoc. One has 
a/c' e(yob)||(zoa) = (y/z) • (b/a) and c/t e(yod)\\(zoc) = (y/z) • (d/c). So, 
j//ze(fl-c') / (b/a)n(c/t) / (d/c). Because H||H is a join space, it result 

HUH HUH 

(a/c) • (d/c) n (b/a) • (c/t) 4= 0, that is (a o d) || (c o c) n (b o c) || (a o t) * 0. 
We have c ' oc c wH, and flotcflozoc^c'oc, so aozoc a a>H, 

whence (a o d) \\ oH n (b o c) \\ oH #= 0. 
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