Acta Universitatis Carolinae. Mathematica et Physica

Ladislav Beran
On convex constructions in lattices

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 45 (2004), No. 1, 17--27

Persistent URL: http://dml.cz/dmlcz/142731

Terms of use:

© Univerzita Karlova v Praze, 2004

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/142731
http://project.dml.cz

2004 ACTA UNIVERSITATIS CAROLINAE — MATHEMATICA ET PHYSICA VOL. 45, NO. 1
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V tomto ¢ldnku studujeme konvexni rozklady distributivnich, moduldrnich, Brouwero-
vych a pseudokomplementarnich svazd.

Dans cet article nous étudions les décompositions convexes de treillis distributifs,
modulaires, Brouweriens et pseudocomplementés.

In this paper we investigate oriented convex decompositions of distributive, modular,
Brouwerian and pseudo-complemented lattices.

1. Introduction

A couple (Ly, L,) is called a decomposition of a lattice (L, <) if
(1.1) L, and L, are proper sublattices of L;
(12) LinLy,+0andL,and L, U L, = L;
(1.3) foranyi,jwith1 <i=j <2 anyveL,\L;andany we L;\ L, such that
v < w there exists x, € L; N L, satisfying v < xo < w.

This definition is based upon a more general study of amalgams in the theory
of ordered sets [1].
If moreover

(1.4) the set L, n L, is a convex subset in (L, <),

we call (L;, L,) a convex decomposition of L (written L = cd(L,, L,)). This
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corresponds to the notion of an amalgam with a pasted convex subset in [1]. See
also [2, Chap. IV].

In the special case where L, and L, possess the unit elements 1,, 1, and the zero
elements 0,, 0,, the convex decomposition (L,, L,) of a lattice L coincides with
a well known construction of Hall and Dilworth [6]. We propose to speak about
a Hall-Dilworth decomposition (Ll, Lz) of L in this case. For some related ideas
see also [7] and [5].

The next result [3] explains the notation we use in what follows.

(SP) Let L be a lattice and let L = cd(L,, L,). Then

(15) L1 = (Ll N Lz] & Lz = [Ll N Lz)
under a suitable relabeling of indices 1 and 2.

Here (L, n L,]:= {xeL;3ye L, n L, x < y}and [L, N L,) is defined dually.

A convex decomposition (Ly, L,) of a lattice L is said to be an oriented convex
decomposition of L (written L = cd(L,, L,)) if also (1.5) is true. If (L, L,) is
a Hall-Dilworth decomposition of a lattice L satisfying (1.5), it will be called an
oriented Hall-Dilworth decomposition.

Before proceeding, it is convenient to introduce a useful convention: We will
write x € ® (or ® 3 x) to indicate that x € L; n L.

Let us start with the formulae for joins and meets taken from [3] in the case
where (L;, L,) is an oriented convex decomposition of a lattice (L, v, A) provided
(Ly, V1, /\1) and (L,, v,, /\2) are the corresponding sublattices with explicitly
described operations.

(1*) IfaeLyandbe Ly, thena A b = a A, (a* Ayb)anda v b = (a v, b,) v, b
where a* is any element such that a < a* € ® and where b, is any element
such that b < b, €.

(2%) If a and b belong to L; where i is either 1 or 2, then a A b = a A; b and
avb=avb.

(3*) IfaeL,,beL,and ce®, thenav ce®and b A ce®.

Throughout the paper, L always denotes a lattice and L,, L, its sublattices. For
the terminology and also for all necessary properties of lattices see the book [4].

2. Distributive and modular lattices

In this section we will apply our formulas (see [3]) to prove that L = Zi(Ll, Lz)
is distributive (or modular) provided L, and L, are distributive (or modular). We
emphasize that our elementary and computational approach is independent of any
general theory for these two classes of lattices.

Theorem 2.1 Let L = c?i(Lb L,). If L, and L, are distributive, then L is also
distributive.
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Proof. We will show that
(2.1) avbarcy=(avb)a(ave)
is true for any a, b, ¢ of L.
(2.2) Observe that (2.1) is evident whenever

aelL;, & beL, & cel;
where i € {1,2}.
Let us distinguish the following cases:
Case . ae L, be L, and c € L,. Applying (1*)—(3*) and (2.2) we have that

avbarc)=lavi(bac)]valbnse=

={[avi(bAc))vab} r{[avi(bAc)]vac}=
={lavbac))vbia{lavbarc]vei=(avb)alavec).

Casell: ae L,be L, and c € L,. Using (1*)—(3*) and (2.2) we get
av(bac)=avi[cn(c*rb)]=I(avic)r [avi(c* A, b)].
However, ae L,, c* € L, and b € L,. Thus by Case I,
avi(c*rmb)=av (c*rmb)=av(*ab)=(avc*)a(avh).
Therefore,
avibac=(@avealaver)alavb)=(avbalave).
Case III: ae L,, be L, and c € L,. Using (1*)—(3*) and (2.2) repeatedly we
obtain
avbac=[barcvia,]v,a=
[(bArc)va,Jvea=[(bVva)A(cva)]via=
[(bva,)vaalalcva,)vaal=(avb)alavo).

CaseIV: ae L,, be L, and c € L,. By (1*)—(3*) we first find that
wi=av(bac)=[bac)via,] v,a=
= {[bA(d* )] viay} vaa.

Since a, e LinL, < L,, b* nyceL,nL, c L, and be L,, we can use (2.2)
and so
w={(bva,)A[@* rnc)via,]} vra.

From (3*) we can see that b v a, € L, " L, < Ly and (b* Ayc) via,eLinL, <
c L,. Since ae L,,

w={(bv a,) n[(b* nc)via ]} vaa

and, by the distributivity of L,, we infer that
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w=[(bvVva,) via] m{[(b* rc) via,] vaa} =(b v a) A [(b* ) vaa].
However, b*, ciand a belong to L,. The distributivity of L, implies that
w=(bva)A (b* via) r(cvaa)=(bva)a(b*va)a(cva)=
=((bva)alcva).

Case V: ae L, be L, and c € L,. Interchanging the roles of b and ¢ we have
Case II.

Case VI: a€ L,, be L, and c € L,. Similarly, replacing b by ¢ and vice versa
we get Case IV. O

Theorem 2.2 Let L = c?i(Lb Lz). If L, and L, are modular, L is also modular.
Proof. We will establish that
(2:3) (@anc)vibalave]=[arcvb]alave)

is true for any a, b, ce L.

The modular identity (2.3) holds if a,b and ¢ belong to the same lattice
L (ie{1,2}).

In the remaining situations we distinguish six cases:

Casel: ae L, be L, and c € L,. By (1*)—(3%),

vi={anc)vibalave]=(arc)v[bmlave]=
={anc)vi[brlav ]} valbalav o).
Here [b Ay (a v )], € ®. From (2*) and (3*) it follows that
@rwvilbralavel, =@rcevibalavelielinL, c L,

and, moreover, (a A¢) v [ba(ave)], <ave Now beLy, and av ceL,.
Since L, is modular,

v=(arc)vi[brlav]i}vab) rlavc).
Note that ® 3[b Ay (a v ¢)], < b. This, together with (1*) and (2*) implies that
v=[arcvb]lan@ave=[larcvb]alavec.
Casell: ae L, be L, and c € L,. Again, by (1*)—(3*),
si=(anc)vibafave]=(ancv{lavic)allavic)* abl}

Since a A ¢ < a v,c and since, from (3%), (a Vi c)* nbeL,nL,c Ly, it
follows from the modularity of L, that

s={(anc)vi[(avic)* ab]} Aila vic).
Then in view of (a v, ¢)* AAbe L, n L, = Ly, a A ce L; and (1*) we have
t:=(anc)vi[lavief* nb] ={(an c)vi[(a vie)* abli}valla vicf* A b].
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Clearly, ® 3(a A ¢) v; [(a vi ¢)* A b], < (a v; ¢)* € L,. Consequently, it follows
by the modularity of L, that

t=(avic)* n({(an c) vi[(a vie)* A b)) vab) =
=fave*a{lancvilavic*abl,vbl=(avca{lanc)vb}
and, therefore,
s=(avea{langvbiaave={anrc)vbialave.

Caselll: ae L,, be L, and ¢ € L,. From (1*)—(3*) and from the modularity of
L, it follows that

pi=(ancvbafave]=(anc)vi{ba[b*rnlav)]}.

If b* is such that a A ¢ < b* € ®, then (a A ¢) v, b < b*. By the modularity of L,,

p=[a@arc)vib]n[b*rn(ave)]=[(arnc)vb]a[b*Ar(avc)]=
=[(@arc)vb]Aalave).
CaseIV:ae L, be L, and c € L,. By (1*)—(3%),

ri=(@nc)vbafava]=(anrc)v{ba[b*rlav)]}.

Here b A, [b* A (a v ¢)] € L, and (1*) shows that

r={ba[b*m(av ]} vilanc)y) valanc).

\%) A
Since we can suppose that b* > (a A ¢),, b* A (a v ¢) > (a A c),. Hence (taking
the modularity of L, into account),

r={lbvi(anc]n[b*nlav)l}vilanc)=
={[bv(anrc Jarb*arlave)}vifanc=
={[bvilencJa(ave)vianc).

Now b vi{(a Ac)y€LynLy, < Lyav ceL,and a A ce L, Therefore, by the
modularity of L,,

r={[bvi(anc)i] nml@avelwvianc=
={[bvilanc)]valancrn@ave)=[bvianc]nalavec).

Now, interchanging a and c, it is straightforward to check that Case V (a€ L,
beL,andce Lz) and Case VI (a elL,beL,andce Ll) can be treated as Case III
and Case I, respectively. O

3. Decompositions of Brouwerian lattices

A lattice L is called Brouwerian [4, p. 45] if, for any a,b e L, the set {xe L;
a A x < b}contains a greatest element denoted by b :, a (or simply by b : a) which
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is called the relative pseudo-complement of a in b. Note that any Brouwerian
lattice is distributive and it possesses the greatest element. By definition,

(3.1) an(b:a)=arb & b<b:a.
whenever a and b belong to a Brouwerian lattice L.

—_
Theorem 3.1 Let L = cd(L,, L,). If L, and L, are Brouwerian, then L is also
Brouwerian.

Proof. Let u denote the greatest element in L, let 1 denote the greatest element
in L, (so that 1 is the greatest element in L) and let 0 denote the least element in
L, (so that O is the zero element in L). Note that u € ®, by (1.2) and (3*).

We will distinguish between four cases.

Case I: acL, and beL, Let e:=b:; a, ie, ec L, and e is the greatest
element in L, such thate A a < b.

I-1:Thereisnode L,\L,suchthate <dandd Aa <b.Thene =b: a.

I - 2: There exists at least one element d' € L,\ L, such that e < d’ and
d A a < b. By (1.3), there exists e,€® such that e < ¢y < d’. Consequently,
egAa<d Aa<b Hence e = e;c®. It follows from (3*) that a v ec ®. Let
d:=e:,(ave. ThendAa(ave)<eandsodra<ena<b Letd >d
be such that d; A a < b. By Therorem 2.1, L is distributive. From (3.1) we see that

(aveyad =(and)viend)<bv(eand)<bve=e.

This together with the choice of d implies that d = d,. Therefore, d = b :; a.

Casell: ae L, and be L,\L,. Then a v b € L,. In view of (3*) we can see that
uAn(avbeo®andthatu Abee.

Let d:= (u A b):,[un(avb)]. Hence [un(avb)]ad<unband b<d
We want to show that d = b, a.

Evidently, d Aa <dAun(avb)<uab<bh

If di > d is such that d, A a < b, then d, A a < b and from b < d < d; we
infer that a A b < a A d; and so a A d; = a A b. Using the distributivity of
L together with a < u and b < d,, we get

[un(@avb)adi=unrand)vuabad)=
=(and)v(ab)=(arb)v(mab)=unb.

By the choice of d we therefore have d, < d, i.e.,d = d,.

Case IIl: ae L,\L, and be L, Put d:= b: ,a. Our aim is to prove that
d = b, a. Suppose there exists d; such that d < d, and d; A a < b. Since d is the
greatest element in L, with respect to the considered property, d, € L;\ L,. By
(1.5), there exist d,, d,, € ® such that di, < d < d, < d,. Using (1.4) we deduce
that d, € ®, a contradiction.

Case IV: ae L,\L, and be L\ L,. From (3%), it follows that u A ac ®. Put
d:=b:,(una)sothat (una)Ad<b By(@B.1),b<d
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We claim that d = b:; a. Taking (1*) and (2*) into account, we get
drna=dnauna)=@unrard<b.

Suppose there exists d; € L such that d < d, and d; A a < b.
IV -1:d,eL, Then

wra)adi=un(and)<unb=b,

contradicting the choice of d.
IV - 2: d, e L,\ L,. From (1.5) it follows that there exist by, c, € ® such that
by <d;Aa<b <cy By (1.4), bee, contradicting the hypothesis be L;\ L,. [

A complete lattice is said to be completely distributive on meets (cf. [4, p. 128]),
if a A \/x, = \/(a A x,) for any set {x,}.

Corollary 3.2 Let (Ll, Lz) be an oriented Hall-Dilworth decomposition of
a lattice L where L, and L, are complete lattices which are completely distributive
on meets. Then L is a complete lattice which is completely distributive on
meets.

Proof. The lattice L is complete by [3]. The remainder follows from [4, Thm
24, p. 128]. O

N
Corollary 3.3 Ler L = cd(L,, Lz). If L, is a Brouwerian lattice, then also
L, n L, is a Brouwerian lattice.

Proof. Choose a,be L, n L, and putd:= b:; a. By (3.1), b < d. From (1.5)
it follows that de L, and so de®. Thusd = by ., a. O

—
Theorem 3.4 Let L = cd(L,, L,) be a Brouwerian lattice and let L, possess the
greatest element. Then L, and L, are Brouwerian lattices.

Proof. Let u denote the greatest element in L,. Choose a,be L, and put
d:=b:a IfdeL, then d = b:  a. Now suppose d € L,\ L;. We claim that
und=>b:, a Indeed, if d € L, is such that a Ad’ < b and u A d < d, then
d <dandsound=und =4d.

Finally, let ¢c,de L, and let e:= c:, d. From ¢ < e and c € L, it follows that
e€ L, Hence e = ¢, d and we see that L, is also Brouwerian. O

Theorem 3.5 Let L = c_;l(Ll, L,). The following requirements are equivalent.
(i) The lattices L, and L, are Brouwerian. '
(ii) The lattice L is Brouwerian and L, possesses the greatest element.
(iti) The lattices L and L, n L, are Brouwerian.

Proof. (i) = (iii) Use Theorem 3.1 and Corollary 3.3.
(iii) = (ii) The greatest element of L, N L, is the greatest element of L.
(ii)) = (i) Apply Theorem 3.4. O
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4. Decompositions of pseudo-complemented lattices

A lattice L which has the least element O is called pseudo-complemented (4,
p. 46] if it has the following property: For any a € L, the set {ye L; y A a = 0}
has the greatest element a* called pseudo-complement of a in L. Note that 0* is
the greatest element 1 of L.

-
Theorem 4.1 Let L = cd(L,, L,) be a pseudo-complemented lattice. If there
exists the greatest element in L,, then L, is also pseudo-complemented.

Proof. Let ae L,. If a* € L, then it is immediate that the pseudo-complement
a*' of a in L, is equal to a*.

If a* e L, and if u denotes the greatest element in L, it is easy to see that
a*' = u A a*. O

Remark 4.2 Under the hypotheses of Theorem 4.1, the lattice L, may not be
pseudo-complemented, as shown in Figure 1. (The shaded small circles represent
the pasted elements.)

L, L, L

Figure 1

-
There exist lattices L of the form L = cd(L,, L,) which are not pseudo-
complemented but where L, and L, are pseudo-complemented (see Figure 2).

Theorem 4.3 Let (L, Lz) be an oriented Hall-Dilworth decomposition of
a lattice L, let L, be pseudo-complemented and let L, be a Boolean lattice. Then
L is pseudo-complemented.

Proof. Let o denote the least element in L, and let u be the greatest element in
L,. 1t is easily checked that o,u € ®.

We will consider two cases.

Case I: a€ L,.
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L, Ly L
Figure 2

I - 1: There exists he L,\ L, such that a A h = 0.

Let a*' denote the pseudo-complement of ain L,. Sincea Ah=0,aAn0=0
and so 0 < a*!. From ® 3 0 < a*' < u € ® we conclude that a*' € ®.

Let d denote the relative complement of u in the interval [a*!, 1].

We will now show that d = a*.

Firstitisclearthat a Ad <uAd =a*.Henceand < ana* =0.

Next, let be L be suchthat a Ab = 0. If be L, then b < a*' < d.

If be L,\ L, then by (1%),

(4.1) O0=anb=an(unb).

At the same time, if follows from (2*) and (3*) that u A b = u A, be®. Therefore, from
(4.1),weobtainu Ab<a* =uAdltisclearthatuv(dvb)=(uvd)vb=1
On the other hand, the distributivity of L, guarantees that

un{dvb)=@undvuab)=unrd=a*.

It then follows from the distributivity of L, that d v b = d. Hence b < d and we
can see that d = a*.

I-2: For any he L, a A h =0 implies he L,. Then it is immediate that
a* = a*'.

Case II: ae L,\ L,. Then, by (3*), u A a€®. Put c:= (u A a)*'. We claim that
c = a* Using (1*), we get c A a = ¢ A (u Aga) = 0.

Now let h € L be such that 0 = h A a. First we have h € L, \ L,. Indeed, suppose
heL,. Then 0 = a A he L, and (1.5) shows that L, = L, a contradiction. Thus
he L\ L,. From (1*) we deduce that 0 = h A a = h A (u Apa). Consequently,
h<(una* =c O
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Theorem 4.4 Let (L,, L,) be an oriented Hall-Dilworth decomposition of
a lattice L, let L, be a Boolean lattice and let L, be pseudo-complemented. Then
L is pseudo-complemented.

Proof. Let o and u be defined in the same way as in the proof of Theorem 4.3.
For any x € L,, let x’ denote its complement in L,.

Let us distinguish two cases:

CaseIl: ae L,.

I - 1: There exists h € L,\ L, such that h A a = 0. Then, by (1*¥),0 =a A h =
=an(un h). Using (3*), we get u A0h < a’. From (3*) we conclude that
a v oe®. Let t denote the pseudo-complement (a v 0)*? of a v 0 in L,. Then

(4.2) ant<(avo)at=(avo)a(avo* =o.
It follows from (2*) and (3*) that
®e>urAh=unh<d <uce,

Thus, by (1.4), a’ €®. Now, referring to (4.2), we see that t Aa<oAa<
<adnrna=0,ie,tra=0.

Finally, we show that t = a*. Since ae L,, 0 € L, and a’ € L,, the distributivity
of L, implies that (a v 0) A @’ = 0. Hence @’ < (a v o)** = t.

Now let he L, be such that a A h = 0. Then it is clear that h < a’ < t.

Next let he L,\ L, be such that a A h = 0. Then, by the distributivity of L,,
(1*) and by the fact that u A, h € ®, we have

(@avo)ah=(avo)a(unh) =[an(unrnh]vonnh]=
=[anurmh)]vo=(arhvo=0vo=o.
Consequently, h < (a v 0)** = t. In Case I - 1 we therefore have a* = t.
I-2:Forany he L, h A a = 0 implies that h € L. In this case a* = a'.

Case II: ae L,\L,. Then h A a = 0 implies he L\ L,. As above, u A ac®.
From (1%*) it is seen that

O=hara=hna(una < h<(@una .

Therefore, here a* = (u A, a). a
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