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Abstract

This paper considers modified second derivative BDF (MSD-BDF) for
the numerical solution of stiff initial value problems (IVPs) in ordinary dif-
ferential equations (ODEs). The methods are A(α)-stable for step length
k ≤ 7.
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1 Introduction

In [30], a class of A(α) stable linear multistep method

y(xn + (t+ 1)h) =
k−1∑
j=0

αk,j(t)yn+j + hβk,v(t)fn+v + h2γk,v(t)f
′
n+v,

t = k − 1, v = k − 1

2
, (1)

with hybrid predictor

y(xn+vh) =

k−1∑
j=0

α2,j(t)yn+j+hφk(t)fn+k+h2δk(t)f
′
n+k, v = t+1, t = k− 3

2
,

(2)
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was considered for the numerical solution of stiff initial value problems (IVPs)
in ordinary differential equations (ODEs)

y′ = f(x, y), x ∈ [x0, X],

y(x0) = y0.
(3)

f : R × R
m → R

m. The scheme in (1) with hybrid predictor (2) were found to
be A(α) stable for k ≤ 6 and unstable for k ≥ 7. In this paper, we consider
another scheme called the Modified Second Derivative Backward Differentiation
Formula (MSD-BDF). The new method produces approximate solution yn to
y(xn) at the end of a step [xn+t, xn+t+1] of length h = xn+1 − xn according to

y(xn + (t+ 1)h) =

k−1∑
j=0

αk,j(t)yn+j + hβk,v(t)fn+v + h2γk,v(t)f
′
n+v (4)

with the hybrid predictor given as

y(xn + vh) =

k∑
j=0

αj(t)yn+j + hφk(t)fn+k. (5)

The t and v in (4) and (5) are respectively fixed as

t = k − 1, v = k − 1

2
, (6)

and

v = t+ 1, t = k − 3

2
, (7)

for each n = 0, 1, 2, . . . and fn+j = f(xn+j , yn+j), x = xn+1 + th. Also,
{αk,j(t), j = 0(1)k − 1}, γk,v(t), {α2,j(t), j = 0(1)k}, βk,v(t), and φk(t) are
the continuous coefficients in t presumed to be real and satisfying the normal-
ization condition αk,k(t) = 1, and αv(t) = 1. Our interest in this paper is to
derive schemes whose step number k and order p are higher than the methods
obtained from (1) and (2) and still retain A(α)-stability property. To achieve
these aims we have modified the structure of the hybrid predictor in (2) by
deleting h2δk(t)f

′
n+k from it. The methods in (4) and (5) are for continuous

output of the solution of stiff IVPs (3). Stiff IVPs arise in large variety of
applications areas notably, pharmaco kinetic theory, heat and mass transfer,
biological sciences, especially in modeling of spread and control of diseases and
etc. It is important to say at this point that the schemes are formulated on
the basis that the IVPs satisfies the existence and uniqueness theorem, so that
polynomial interpolation can be applied in the method’s formulation. In recent
time, some stiffly stable methods had been proposed, examples of such are in
[4, 10, 5, 6], [13], [16], and [18, 19]. In [1], [16], [25], and [20], the ideas of Tay-
lor’s series method was used to derived LMM and it hybrid counterpart, other
techniques for deriving LMM and its hybrid formulas for the numerical solu-
tion of (3) include the numerical differentiation method discussed in [18, 19],
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numerical integration technique used by [13], trees approach in [1, 2, 9, 6, 8]
and collocation and interpolation method due to [11], [14], [26], [27], [28]-[30]
and [31] respectively. In this paper, collocation and interpolation technique is
used to derive the continuous version in (4) and (5) from which the proposed
discrete version is obtained. Sections 2 and 3 give details of the derivation of
the schemes. In section 4, we investigate the stability of the scheme in (4), and
give examples of methods that are A-stable and stiffly stable for a fixed step
number k. Finally in section 5 we discuss the implementation of these methods.

The local truncation errors for (4) and (5) are

L.T.E =
[
y(xn + (t+ 1)h)−

k−1∑
j=0

αk,j(t)y(xn + jh)

− hβk,v(t)y
′(xn + vh)− h2γk,v(t)y

′′(xn + vh)
]

(8)

and

L.T.E =
[
y(xn + vh)−

k∑
j=0

αj(t)y(xn + jh)− hφk(t)y
′(xn + kh)

]
(9)

The order of (4) and (5) are k+1 respectively. It is the purpose of this paper to
construct continuous methods which aim at large intervals of absolute stability,
zero-stability, high order and small error constant which by-passes the Dahlquist
order barrier theorem in [12] for conventional LMM.

2 Derivation of the MSD-BDF method

Let the solution of the IVPs in (3) is be approximated by the polynomial

y(x) =

k+1∑
j=0

ajx
j (10)

where {aj}k+1
j=0 are the real parameter constants to be determined. From (10)

we have

y′(x) = f(x, y) =

k+1∑
j=1

jajx
j−1,

y′′(x) = f ′(x, y) =
k+1∑
j=2

j(j − 1)ajx
j−2,

(11)
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Collocating (10) at x = xn+v and interpolating (11) at x = xn+j , j = 0(1)k− 1
and x = xn+v, we obtain the linear system of equations

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 xn x2
n x3

n . . . xk+1
n

1 xn+1 x2
n+1 x3

n+1 . . . xk+1
n+1

. . . . . . . .

. . . . . . . .

. . . . . . . .

1 xn+k−1 x2
n+k−1 x3

n+k−1 . . . xk+1
n+k−1

0 1 2xn+v 3x2
n+v . . . (k + 1)xk

n+v

0 0 2 6xn+v . . . (k + 1)(k)xk−1
n+v

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0
a1
.
.
.

ak−1

ak
ak+1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

yn
yn+1

.

.

.
yn+k−1

fn+v

f ′
n+v

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(12)

where {xn+j = xn + jh}k−1
j=1 , xn+v = xn + vh, and v = k − 1

2 . Setting xn = 0
in (12) and solving equation (12) for a′js using Gaussian elimination method
and substituting the resulting values into (10) with x = xn+1 + th, yield the
continuous method for k ≤ 7. Setting t = k−1 and v = k− 1

2 in (4) as defined in
(6) yield the discrete methods for k ≤ 7. Below are the continuous and discrete
coefficients for the scheme in (4) for k ≤ 7. The continuous coefficients for k = 1
of order 2 in (4) is nicely obtained as

α1,0(t) = 1, α1,1(t) = 1, β1, 12
(t) = 1 + t, γ1, 12 (t) =

t

2
+

t2

2
(13)

setting t = 0 in (13), we have the discrete coefficients of (4) for k = 1 as

α1,0(0) = 1, α1,1(0) = 1, β1, 12
(0) = 1, γ1, 12 (0) = 0. (14)

Again, fixing k = 2 and v = k − 1
2 in (4) yield a method of order 3 continuous

coefficients

α2,0(t) = − 3t

13
+

6t2

13
− 4t3

13
, α2,1(t) = 1 +

3t

13
− 6t2

13
+

4t3

13
, (15)

β2, 32
(t) =

10t

13
+

6t2

13
− 4t3

13
, γ2, 32 (t) = − 7t

26
+

t2

26
+

4t3

13
, (16)

substituting t = 1 into (15)–(16) give the discrete coefficients to be

α2,0(1) = − 1

13
, α2,1(1) =

14

13
β2, 32

(1) =
12

13
, γ2, 32 (1) =

1

13
. (17)

Similarly, setting k = 3 in (4), yield a scheme of order 4, with continuous
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coefficients:

α3,0(t) = − 81t

394
+

171t2

394
− 58t3

197
+

13t4

197
, (18)

α3,1(t = 1− 216t

197
− 135t2

197
+

216t3

197
− 62t4

197
, (19)

α3,2(t) =
513t

394
+

99t2

394
− 158t3

197
+

49t4

197
, (20)

β3, 52
(t) = −100t

197
+

36t2

197
+

100t3

197
− 36t4

197
, (21)

γ3, 52 (t) =
42t

197
− 23t2

197
− 42t3

197
+

23t4

197
, (22)

replacing t in (18)–(22) by 2, we obtain the discrete coefficients of the method
(4) as

α3,0(2) =
5

197 , α3,1(2) = − 39
197 , α3,2(2) =

231
197 , α3,3(2) = 1,

β3, 52
(2) = 168

197 , γ3, 52 (2) =
24
197 .

(23)

Letting k = 4 in (4) give the continuous coefficients of order 5 as

α4,0(t) = − 5900t

32919
+

13135t2

32919
− 6777t3

21946
+

6649t4

65838
− 394t5

32919
, (24)

α4,1(t) = 1− 26875t

21946
− 11075t2

21946
+

25415t3

21946
− 10871t4

21946
+

730t5

10973
, (25)

α4,2(t) =
26650t

10973
− 5860t2

10973
− 38819t3

21946
+

22693t4

21946
− 1754t5

10973
, (26)

α4,3(t) = −67475t

65838
+

42115t2

65838
+

20181t3

21946
− 42115t4

65838
+

3466t5

32919
, (27)

α4,4(t) = 1, (28)

β4, 72
(t) =

4848t

10973
− 3800t2

10973
− 4160t3

10973
+

3800t4

10973
− 688t5

10973
, (29)

γ4, 72 (t) = − 1970t

10973
+

1689t2

10973
+

1618t3

10973
− 1689t4

10973
+

352t5

10973
. (30)

Inserting t = 3 into (24)–(30) yields the following discrete coefficients:

α4,0(3) = − 137
1093 , α4,1(3) =

1040
10973 , α4,2(3) = − 4002

10973 ,

α4,3(3),=
14072
10973 , α4,4(3) = 1, β4, 72

(3) = 8640
10973 , γ4, 72 (3) =

1704
10973 .

(31)

In like manner, fixing k = 5 in (4) give the continuous coefficients of method of
order 6 to be
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α5,0(t) = −1215739t

7819884
+

17281817t2

46919304
− 7493533t3

23459652
+

2030017t4

15639768

− 147269t5

5864913
+

10973t6

5864913
, (32)

α5,1(t) = 1− 1783943t

1303314
− 136857t2

434438
+

1589315t3

1303314
− 877079t4

1303314

+
32438t5

217219
− 7832t6

651657
, (33)

α5,2(t) =
1212897t

434438
− 892661t2

868876
− 414719t3

217219
+

1298019t4

868876

− 83120t5

217219
+

7270t6

217219
, (34)

α5,3(t) = −8856211t

3909942
+

23002567t2

11729826
+

19955933t3

11729826
− 7456717t4

3909942

+
3306350t5

5864913
− 316208t6

5864913
, (35)

α5,4(t) =
2599891t

2606628
− 1715105t2

1737752
− 1804039t3

2606628
+

4985819t4

5213256

− 66321t5

217219
+

19937t6

651657
, (36)

α5,5(t) = 1, (37)

β5, 92
(t) = −266848t

651657
+

849520t2

1954971
+

515120t3

1954971
− 273040t4

651657

+
285424t5

1954971
− 30400t6

1954971
, (38)

γ5, 92 (t) =
34048t

217219
− 112144t2

651657
− 62600t3

651657
+

35880t4

217219

− 39544t5

651657
+

4504t6

651657
, (39)

substituting t = 4 into (32)–(39) gives,

α5,0(4) =
14491

1954971 , α5,1(4) = − 13055
217219 , α5,2(4) =

49390
217219 ,

α5,3(4),= − 1130590
1954971 , α5,4(4) =

304895
217219 , α5,5(4) = 1,

β5, 92
(4) = 472960

651657 , γ5, 92 (4) =
39680
217219 .

(40)

Setting k = 6, we have the continuous coefficients of the method (4) to be,

α6,0(t) = − 19290069t

141667595
+

193448871t2

566670380
− 368244713t3

1133340760
+

26122729t4

170001114

− 131446469t5

3400022280
+

8431667t6

1700011140
− 217219t7

850005570
, (41)
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α6,1(t) = 1− 170790345t

113334076
− 27438479t2

226668152
+

7696982581t3

6120040104
− 1722620983t4

2040013368

+
1514216965t5

6120040104
− 35223037t6

1020006684
+

2869771t7

1530010026
, (42)

α6,2(t) =
91167282t

28333519
− 92394891t2

56667038
− 229040863t3

113334076
+

344335331t4

170001114

− 234833717t5

340002228
+

17849899t6

170001114
− 512491t7

85000557
, (43)

α6,3(t) = −84921939t

28333519
+

341822079t2

113334076
+

212325401t3

113334076
− 962866223t4

340002228

+
378275309t5

340002228
− 31300007t6

170001114
+

952939t7

85000557
, (44)

α6,4(t) =
69077727t

28333519
− 323751749t2

113334076
− 7670551471t3

6120040104
+

674853809t4

255001671

− 7166970445t5

6120040104
+

214350505t6

1020006684
− 20816779t7

1530010026
, (45)

α6,5(t) = −575349399t

566670380
+

1417489173t2

1133340760
+

530504683t3

1133340760
− 781502957t4

680004456

+
1837449149t5

3400022280
− 172476367t6

1700011140
+

5783299t7

850005570
, (46)

α6,6(t) = 1, (47)

β6, 112
(t) =

10988800t

28333519
− 13976256t2

28333519
− 41612704t3

255001671
+

38224480t4

85000557

− 56509600t5

255001671
+

3704288t6

85000557
− 776896t7

255001671
, (48)

γ6, 112 (t) = − 3970368t

28333519
+

5134256t2

28333519
+

4737112t3

85000557
− 4656440t4

28333519

+
7069864t5

85000557
− 477816t6

28333519
+

104128t7

85000557
. (49)

putting t = 5, into (41)–(49) lead to the following discrete coefficients

α6,0(5) = − 139099
28333519 , α6,1(5) =

3692882
85000557 , α6,2(5) = − 4984665

28333519 , (50)

α6,3(5) =
12544580
28333519 , α6,4(5) = − 71374295

85000557 , α6,5(5) =
43473174
28333519 , (51)

α6,6(5) = 1, β6, 112
(5) = 18905600

28333519 , γ6, 112 (5) =
5842560
28333519 . (52)

Also, for method of order 8 of (4) for k = 7, we have
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α7,0(t) = − 922103611t

7640285694
+

145704823847t2

458417141640
− 299359941161t3

916834283280

+
9925284401t4

57302142705
− 9531364111t5

183366856656
+

8174610011t6

916834283280

− 186986651t7

229208570820
+

28333519t8

916834283280
, (53)

α7,1(t) = 1− 124803885833t

76402856940
+

10965552103t2

152805713880
+

3234973343t3

2546761898

− 51159414733t4

50935237960
+

9085978741t5

25467618980
− 3417969021t6

50935237960

+
24837466t7

3820142847
− 39114721t8

152805713880
, (54)

α7,2(t) =
84190027955t

22920857082
− 639918974387t2

275050284984
− 126122591083t3

61122285552

+
59643199577t4

22920857082
− 66421321777t5

61122285552
+

40978157657t6

183366856656

− 1051264183t7

45841714164
+

516970939t8

550100569968
, (55)

α7,3(t) = −15056659805t

3820142847
+

204757172807t2

45841714164
+

22368750080t3

11460428541

− 184758894275t4

45841714164
+

22260642617t5

11460428541
− 19905894863t6

45841714164

+
540586718t7

11460428541
− 92383669t8

45841714164
, (56)

α7,4(t) =
28075810895t

7640285694
− 145953554021t2

30561142776
− 27118376311t3

20374095184

+
10756657019t4

2546761898
− 46465345373t5

20374095184
+

11191778393t6

20374095184

− 963830527t7

15280571388
+

172004407t8

61122285552
, (57)

α7,5(t) = −123634560709t

45841714164
+

5126517504559t2

1375251424920
+

28405051519t3

38201428470

− 1484898234133t4

458417141640
+

28951278721t5

15280571388
− 222683878133t6

458417141640

+
3368328404t7

57302142705
− 3771167761t8

1375251424920
, (58)
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α7,6(t) =
39912091879t

38201428470
− 679177442119t2

458417141640
− 44857180987t3

183366856656

+
73057172414t4

57302142705
− 710106178301t5

916834283280
+

188313669923t6

916834283280

− 1174906093t7

45841714164
+

1126455691t8

916834283280
, (59)

α7,7(t) = 1, (60)

β7, 132
(t) = −1417502720t

3820142847
+

6138336512t2

11460428541
+

95839296t3

1273380949

− 1746438176t4

3820142847
+

363896960t5

1273380949
− 297782464t6

3820142847

+
38293952t7

3820142847
− 5674592t8

11460428541
, (61)

γ7, 132 (t) =
162208640t

1273380949
− 709049504t2

3820142847
− 30068192t3

1273380949

+
200751096t4

1273380949
− 127500800t5

1273380949
+

35363888t6

1273380949

− 4639648t7

1273380949
+

704552t8

3820142847
, (62)

Putting t = 6 into (53)–(62) give the discrete coefficients of (4) of order 8 as,

α7,0(6) =
4447381

1273380949 , α7,1(6) = − 43089403
1273380949 , α7,2(6) =

571700227
3820142847 , (63)

α7,3(6) = − 514044335
1273380949 , α7,4(6) =

968766575
1273380949 , α7,5(6) = − 4391629123

3820142847 , (64)

α7,6(6) =
2130610363
1273380949 , α7,7(6) = 1, β7, 132

(6) = 778408960
1273380949 , γ7, 132 (6) =

289121280
1273380949 .

(65)

3 The derivation of the continuous hybrid predictor

Similarly, the corresponding hybrid predictor

y(xn + vh) =
k∑

j=0

αj(t)yn+j + hφk(t)fn+k, v = t+ 1, t = k − 3/2 (66)

for f(xn+v) in (2) are obtained from the polynomial interpolant

y(xn+v) =
k+1∑
j=0

bjx
j . (67)

where {b}k+1
j=0 are the real parameter constants to be determined. Following the

same procedure in section 2, the unknown continuous coefficients of the hybrid
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predictors in (5) are obtained. After some simplifications, we obtained a class of
continuous hybrid predictors from (5). Below is the continuous and the discrete
coefficients of the predictor (5) for k ≤ 7. For example, if we set k = 1 and
t = k − 3

2 , in (5) we obtain

α0(t) = t2, α 1
2
(t) = 1, α1(t) = 1− t2, φ1(t) = t+ t2. (68)

Substituting t = − 1
2 into (68) give the discrete coefficient values

α0

(
−1

2

)
=

1

4
, α 1

2

(
−1

2

)
= 1, α1

(
−1

2

)
=

3

4
, φ1

(
−1

2

)
= −1

4
, (69)

of the hybrid predictor in (3). For k = 2 in (5) yield the following continuous
coefficients

α0(t) = − t

4
+

t2

2
− t3

4
, α1(t) = 1− t− t2 + t3, (70)

α 3
2
(t) = 1, α2(t) =

5t

4
+

t2

2
− 3t3

4
, φ2(t) = − t

2
+

t3

2
. (71)

Inserting t = 1
2 into (70) and (71) we obtained

α0

(
1
2

)
= − 1

32 , α1

(
1
2

)
= 12

32 , α 3
2

(
1
2

)
= 1, α2

(
1
2

)
= 21

32 , φ2

(
1
2

)
= − 6

32 . (72)

Again, fixing k = 3 in (5) yield,

α0(t) = −2t

9
+

4t2

9
− 5t3

18
+

t4

18
,

α1(t) = 1− t− 3t2

4 + t3 − t4

4 ,

α2(t) = 2t− 3t3

2
+

t4

2
, α 5

2
(t) = 1,

α3(t) = −7t

9
+

11t2

36
+

7t3

9
− 11t4

36
,

(73)

φ3(t) =
t

3
− t2

6
− t3

3
+

t4

6
, (74)

replacing t with 3
2 in (73) and (74), lead to

α0(
3
2 ) =

1
96 , α1(

3
2 ) = − 5

64 , α2(
3
2 ) =

15
32 , α 5

2
( 32 ) = 1,

α3(
3
2 ) =

115
192 , φ3(

3
2 ) = − 5

32 .
(75)
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The order of the algorithm in (5) for k = 3 is 4. Putting k = 4 in (5), we have
the hybrid solution scheme of order 5 continuous coefficients:

α0(t) = − 3t

16
+

13t2

32
− 29t3

96
+

3t4

32
− t5

96
, (76)

α1(t) = 1− 7t

6
− 5t2

9
+

10t3

9
− 4t4

9
+

t5

18
, (77)

α2(t) =
9t

4
− 3t2

8
− 13t3

8
+

7t4

8
− t5

8
, (78)

α3(t) = −3t

2
+ t2 +

4t3

3
− t4 +

t5

6
, α 7

2
(t) = 1, (79)

α4(t) =
29t

48
− 137t2

288
− 149t3

288
+

137t4

288
− 25t5

288
, (80)

φ4(t) = − t

4
+

5t2

24
+

5t3

24
− 5t4

24
+

t5

24
, (81)

setting t = 5
2 in (76)–(81) with a tedious simplification, we obtain

α0(
5
2 ) = − 5

1024 , α1(
5
2 ) =

7
192 , α2(

5
2 ) = − 35

256 , (82)

α3(
5
2 ) =

35
64 , α 7

2
( 52 ) = 1, α4(

5
2 ) =

1715
3072 , φ4(

5
2 ) = − 35

256 . (83)

For k = 5 in (5), we found that the scheme in (5) of order 6 has coefficients as

α0(t) = − 4t

25
+

28t2

75
− 19t3

60
+

t4

8
− 7t5

300
+

t6

600
, (84)

α1(t) = 1− 4t

3
− 17t2

48
+

115t3

96
− 61t4

96
+

13t5

96
− t6

96
, (85)

α2(t) =
8t

3
− 8t2

9
− 11t3

6
+

49t4

36
− t5

3
+

t6

36
, (86)

α3(t) = −2t+
5t2

3
+

37t3

24
− 13t4

8
+

11t5

24
− t6

24
, (87)

α4(t) =
4t

3
− 4t2

3
− 11t3

12
+

31t4

24
− 5t5

12
+

t6

24
, (88)

α5(t) = −38t

75
+

1931t2

3600
+

157t3

480
− 149t4

288
+

431t5

2400
− 137t6

7200
, (89)

α 9
2
(t) = 1, φ5(t) =

t

5
− 13t2

60
− t3

8
+

5t4

24
− 3t5

40
+

t6

120
, (90)

replacing t by 7
2 in (84)–(90) lead to

α0(
7
2 ) =

7
2560 , α1(

7
2 ) = − 45

2048 , α2(
7
2 ) =

21
256 , α3(

7
2 ) = − 105

512 , (91)

α4(
7
2 ) =

315
512 , α5(

7
2 ) =

5397
10240 , α 9

2
( 72 ) = 1, φ5(

7
2 ) = − 63

512 . (92)
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More so, fixing k = 6 in (5) yield the following continuous coefficients

α0(t) = − 5t

36
+

149t2

432
− 1399t3

4320
+

65t4

432
− t5

27
+

t6

216
− t7

4320
, (93)

α1(t) = 1− 89t

60
− 91t2

600
+

749t3

600
− 49t4

60
+

7t5

30
− 19t6

600
+

t7

600
, (94)

α2(t) =
25t

8
− 145t2

96
− 127t3

64
+

23t4

12
− 61t5

96
+

3t6

32
− t7

192
, (95)

α3(t) = −25t

9
+

295t2

108
+

193t3

108
− 139t4

54
+

53t5

54
− 17t6

108
+

t7

108
, (96)

α4(t) =
25t

12
− 115t2

48
− 107t3

96
+

107t4

48
− 23t5

24
+

t6

6
− t7

96
, (97)

α5(t) = −5t

4
+

37t2

24
+

23t3

40
− 17t4

12
+

2t5

3
− t6

8
+

t7

120
, (98)

α6(t) =
53t

120
− 4033t2

7200
− 2701t3

14400
+

23t4

45
− 361t5

1440
+

353t6

7200
− 49t7

14400
, (99)

α 11
2
(t) = 1, φ6(t) = − t

6
+

77t2

360
+

49t3

720
− 7t4

36
+

7t5

72
− 7t6

360
+

t7

720
(100)

of method of order 7. Substituting t = 9
2 into (93)–(100) yields

α0(
9
2 ) = − 7

4096 , α1(
9
2 ) =

77
5120 , α2(

9
2 ) = − 495

8192 , α3(
9
2 ) =

77
512 , (101)

α4(
9
2 ) = − 1155

4096 , α5(
9
2 ) =

693
1024 , α 11

2
( 92 ) = 1, φ6(

9
2 ) = − 231

2048 . (102)

Fixing k = 7 in (5) we obtain:

α0(t) = − 6t

49
+

157t2

490
− 137t3

420
+

431t4

2520
− 17t5

336
+

43t6

5040

− 3t7

3920
+

t8

35280
, (103)

α1(t) = 1− 97t

60
+

17t2

360
+

2737t3

2160
− 4249t4

4320
+

371t5

1080
− 137t6

2160

+
13t7

2160
− t8

4320
, (104)

α2(t) =
18t

5
− 111t2

50
− 41t3

20
+

1507t4

600
− 247t5

240
+

83t6

400
− t7

48
+

t8

1200
, (105)

α3(t) = −15t

4
+

67t2

16
+

23t3

12
− 2185t4

576
+

43t5

24
− 113t6

288
+

t7

24
− t8

576
, (106)



The numerical solution of stiff IVPs in ODEs. . . 63

α4(t) =
10t

3
− 77t2

18
− 137t3

108
+

821t4

216
− 869t5

432
+

205t6

432
− 23t7

432
+

t8

432
, (107)

α5(t) = −9t

4
+

123t2

40
+

53t3

80
− 1289t4

480
+

37t5

24
− 31t6

80
+

11t7

240
− t8

480
, (108)

α6(t) =
6t

5
− 17t2

10
− 17t3

60
+

527t4

360
− 71t5

80
+

169t6

720
− 7t7

240
+

t8

720
, (109)

α 13
2
(t) = 1, (110)

α7(t) = −1159t

2940
+

100133t2

176400
+

103t3

1260
− 48901t4

100800
+

761t5

2520
− 4133t6

50400

+
37t7

3528
− 121t8

235200
, (111)

φ7(t) =
t

7
− 29t2

140
− t3

36
+

127t4

720
− t5

9
+

11t6

360
− t7

252
+

t8

5040
(112)

inserting t = 11
2 into (103)–(112) result to

α0(
11
2 ) = 33

28672 , α1(
11
2 ) = − 91

8192 , α2(
11
2 ) = 1001

20480 , (113)

α3(
11
2 ) = − 2145

16384 , α4(
11
2 ) = 1001

4096 , α5(
11
2 ) = − 3003

8192 , (114)

α6(
11
2 ) = 3003

4096 , α7(
11
2 ) = 275847

573440 , α 13
2
( 112 ) = 1, φ7(

11
2 ) = − 429

4096 . (115)

Expanding and simplifying (8) and (9) by Taylor’s series respectively, we ob-
tained the error constants and order of the schemes in the tables below. Table 1
show the step number, the continuous and the discrete versions of the error
constants of the scheme (4). Table 2 show the step number, the continuous and
the discrete versions of the error constants of (5). Cp+1 and C∗

p+1 in Table 1
and Table 2 implies discrete error constants for the MSD-BDF (4) and hybrid
predictor (5) respectively.

4 The boundary locus of the discrete MSD-BDF

In this section the stability properties of the proposed method (4) is carried out
to show its suitability for stiff IVPs (3). This method can only be suitable as
integrators for (3) if it is zero stable and more importantly for stiff ODE it must
be A-stable or stiffly stable. On substituting the discrete version of the hybrid
predictor (5) in (4) for a corresponding k and applying the resultant scheme to
the scalar test problem y′ = λy, Re(λ) < 0, we obtain a quadratic polynomial
that takes the form

π(r, z) = rk −
k−1∑
j=0

rjαk,j − zβk,v

(
k∑

j=0

rjαj + rkzφk

)

− z2γk,v

(
k∑

j=0

rjαj + rkzφk

)
= 0, z = λh. (116)
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Let ρ(r) denotes the first characteristics polynomial of π(r, z)for k ≤ 7,
method (4) is said to be zero stable if the roots of ρ(r) = 0 are inside the unit
disk with simple roots on the unit disk. If the absolute value of the roots of
π(r, z) lies on the entire left half of the z complex plane, then method (4) is said
to be A-stable. Also, method (4) is said to be A(α) stable for some α ∈ [0, π

2 ] if
the wedge Sα={z : |Arg(−z)| < α, z �= 0} is contained in its region of absolute
stability. See Fig. 1(a). The largest α(αmax) is regarded as the angle of absolute
stability on the argument of stability. The definition of stiff stability in the spirit
of Gear in [18, 19] show that stiff stability implies A(α)-stability. Also see [16],
[21] and [32].

Im (z)

Re (z)

DL

R1

R2

DR

-D1

D1

0

Figure 1(b):  Region of stiff-stability of a LMM

α

α
)Re(z

0

LMMaofstabilityAofgionaFigure −)(Re:)(1 α

)Im(z

Figure 1: The diagrams of region of A(α) and stiff stabilities of a LMM.
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4.1 Methods with large intervals of absolute stability on
z complex plane

In this subsection we give pair of the discrete scheme ((4) and (5)) and their
respective stability functions whose continuous and discrete coefficients have
been derived in section 2 and 3 respectively for a fixed values of k and t. Consider
the first method of order p = 2 (i.e. k = 1) defined in ((4) and (5)),

yn+ 1
2
=

1

4
yn +

3

4
yn+1 − h

4
fn+1, (117)

yn+1 = yn + hfn+ 1
2
, (118)

has stability function

π1(r, z) = r − 1− z

4
− 3rz

4
+

rz2

4
.

The method in (117) and (118) is a typical example of an implicit one-leg LMM
type, such have been discussed in the works of [2], [16], and [21] respectively.
Setting z = 0 in the stability polynomial π1(r, z) we verify that the root(s),
(rj) of the first characteristics polynomial has |rj | ≤ 1, which obviously implies
zero stability. We have plotted in Fig. 1 the boundary of the stability region
of π1(r, z) and found that interval of absolute stability of the scheme ((4) and
(5)) is (−∞, 0) which implies that the angle (α) of absolute stability of the
algorithm ((4) and (5)) is 90◦. Consider next the method ((4) and (5)) of order
three respectively,

yn+ 3
2
= − 1

32
yn +

12

32
yn+1 +

21

32
yn+2 − 6

32
hfn+2 (119)

yn+2 = − 1

13
yn +

14

13
yn+1 +

12

13
hfn+ 3

2
+

h2

13
f ′
n+ 3

2
, (120)

whose stability polynomial is

π2(r, z) =
1

13
− 14r

13
+ r2+

3z

104
− 9rz

26
− 63r2z

104
+

z2

416
− 3rz2

104
+

51r2z2

416
+

3r2z3

208
.

With z = 0 in π2(r, z), thus the first characteristics polynomial π2(r, 0) = 0
yields roots: r1 = 1

13 and r2 = 1, with |r1,2| ≤ 1, implying zero stability of (119)
and (120). The stability plot in Fig. 2 in boundary locus sense revealed that the
scheme in (119) and (120) is stable in the entire left half of the z complex plane,
which shows that the method is A-stable, (α = 90◦). Therefore, the interval
of absolute stability of ((4) and (5)) is (−∞, 0) for k = 2. Again, we consider
another method

yn+ 5
2
=

1

96
yn − 5

64
yn+1 +

15

32
yn+2 +

115

192
yn+3 − 5

32
hfn+3 (121)

yn+3 =
5

197
yn − 39

197
y1+n +

231

197
y2+n +

168

197
hfn+ 5

2
+

24

197
h2f ′

n+ 5
2
(122)
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of order four. Interestingly, the stability polynomial π3(r, z) of (121) and (122)
which is a subset of ((2) and (3)) appearing in (116) takes the form

π3(r, z) = − 5

197
+

39r

197
− 231r2

197
+ r3 − 7z

788
+

105rz

1576
− 315r2z

788
− 805r3z

1576

− z2

788
+

15rz2

1576
− 45r2z2

788
+

95r3z2

1576
+

15r3z3

788
. (123)

The roots: r1 = 1, and r2,3 = 1
197

(
17± 2i

√
174
)
of the first characteristics

polynomial of π3(r, 0) are observed to have |r1,2,3| ≤ 1, satisfying the condition
of zero stability. The boundary of the stability region shows that the scheme
((4) and (5)) for k = 3 is stable at infinity, at the negative z complex plane.
The line labeled k = 3 in Fig. 2 is the locus of the roots of π3(r, z). Thus, the
interval of absolute stability is (−∞, 0). The measure of α show that α = 90◦.
Therefore a new A-stable method is found.

For method of order five,

yn+ 7
2
= − 5

1024
yn +

7

192
yn+1 − 35

256
yn+2 +

35

64
yn+3

+
1715

3072
yn+4 − 35

256
hfn+4, (124)

yn+4 = − 137

10973
yn +

1040

10973
yn+1 − 4002

10973
yn+2 +

14072

10973
yn+3

+
8640

10973
hfn+ 7

2
+

1704

10973
h2f ′

n+ 7
2
, (125)

we obtained the stability function from (116) as

π4(r, z) =
137

10973
− 1040r

10973
+

4002r2

10973
− 14072r3

10973
+ r4 +

675z

175568

− 315rz

10973
+

4725r2z

43892
− 4725r3z

10973
− 77175r4z

175568
+

1065z2

1404544

− 497rz2

87784
+

7455r2z2

351136
− 7455r3z2

87784
+

29435r4z2

1404544
+

7455r4z3

351136
(126)

The roots, r1,2,3,4 of the first characteristics polynomial π4(r, 0) are: 1,
0.19221556288702765, 0.0451025 + 0.250838i, 0.0451025 − 0.250838i, we ver-
ify that |r1,2,3,4| ≤ 1. The boundary of the stability region of (126) labeled
k = 4 is slight outside the positive imaginary of the z complex plane, hence the
method is not A-stable. Therefore, the method is stiffly stable with an angle
(α) of 870. Again, we investigate the stability property of method of order six
of (4) and (5) for k = 5,
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yn+ 9
2
=

7

2560
yn − 45

2048
yn+1 +

21

256
yn+2 − 105

512
yn+3

+
315

512
yn+4 +

5397

10240
yn+5 − 63

512
hfn+5, (127)

yn+5 =
14491

1954971
yn − 13055

217219
yn+1 +

49390

217219
yn+2 − 1130590

1954971
yn+3

+
304895

217219
yn+4 +

472960

651657
hfn+ 9

2
+

39680

217219
h2f ′

n+ 9
2
. (128)

Adopting the above procedure, the stability function of (129) is nicely obtained
from (116) as

π5(r, z) = − 14491

1954971
+

13055r

217219
− 49390r2

217219
+

1130590r3

1954971
− 304895r4

217219
+ r5

− 5173z

2606628
+

55425rz

3475504
− 25865r2z

434438
+

129325r3z

868876
− 387975r4z

868876

− 1329461r5z

3475504
− 217z2

434438
+

6975rz2

1737752
− 3255r2z2

217219
+

16275r3z2

434438

− 48825r4z2

434438
− 12117r5z2

1737752
+

9765r5z3

434438
. (129)

After a tedious computation, we found that the method in (4) for k = 5 is zero-
stable with roots r1,2,3,4,5 = 1, −0.0121366 + 0.3554i, −0.0121366 − 0.3554i,
0.213951− 0.113318i, 0.213951 + 0.113318i obtained from π5(r, 0) has

|r1,2,3,4,5| ≤ 1.

The angle of absolute stability of the algorithm (4) for k = 5 is α = 86◦. From
the above definition, the scheme defined in (125) is observed to be stiffly stable.
See the loci of the roots of π5(r, z) plotted in boundary locus sense which we
have labeled k = 5 in Fig. 2. Consider again, method of order seven for k = 6,

yn+ 11
2

= − 7

4096
yn +

77

5120
yn+1 − 495

8192
yn+2 +

77

512
yn+3 − 1155

4096
yn+4

+
693

1024
yn+5 +

20559

40960
yn+6 − 231

2048
hfn+6 (130)

yn+6 = − 139099

28333519
yn +

3692882

85000557
yn+1 − 4984665

28333519
yn+2

+
12544580

28333519
yn+3 − 71374295

85000557
yn+4 +

43473174

28333519
yn+5

+
18905600

28333519
hfn+ 11

2
+

5842560

28333519
h2f ′

n+ 11
2
, (131)

which is derived from (2) has its stability function from (116) as
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π6(r, z) =
139099

28333519
− 3692882w

85000557
+

4984665r2

28333519
− 12544580r3

28333519

+
71374295w4

85000557
− 43473174r5

28333519
+ r6 +

1582568575z

436789528904

− 3438271375rz

109197382226
+

27106088625r2z

218394764452
− 16323767075r3z

54598691113

+
228589197375r4z

436789528904
− 107872362675r5z

109197382226
+

1956299055z2

1747158115616

− 4250234175rz2

436789528904
+

33507309825r2z2

873579057808
− 20178695955r3z2

218394764452

+
282571534575r4z2

1747158115616
− 133346892195r5z2

436789528904
− 7847301000r6z2

54598691113

+
29954925r6z3

109197382226
+

6032671425r6z4

436789528904
, (132)

for zero stability, the method in (4) for k = 6 has roots r1,2,3,4,5,6=1, 0.26442,
−0.0765026+0.452362i, −0.0765026+0.452362i, 0.211461−0.208548i, 0.211461+
0.208548i, with |r1,2,3,4,5,6| ≤ 1. The angle of absolute stability of the scheme
(4) for k = 6 is 820. Therefore, the method is stiffly stable. Finally, we inves-
tigate the stability properties of the method of order eight derived in section 2
and 3 for k = 7,

yn+ 13
2

=
33

28672
yn − 91

8192
yn+1 +

1001

20480
yn+2 − 2145

16384
yn+3 +

1001

4096
yn+4

− 3003

8192
yn+5 +

3003

4096
yn+6 +

275847

573440
yn+7 − 429

4096
hfn+7, (133)

yn+7 =
4447381

1273380949
yn − 43089403

1273380949
yn+1 +

571700227

3820142847
yn+2

− 514044335

1273380949
yn+3 +

968766575

1273380949
yn+4 − 4391629123

3820142847
yn+5

+
2130610363

1273380949
yn+6 +

778408960

1273380949
hfn+ 13

2
+

289121280

1273380949
h2f ′

n+ 13
2
,

(134)

from (116), the stability polynomial of method of order eight takes the form

π7(r, z) = − 4447381

1273380949
+

43089403r

1273380949
− 571700227r2

3820142847

+
514044335r3

1273380949
− 968766575r4

1273380949
+

4391629123r5

3820142847

− 2130610363r6

1273380949
+ r7 − 3583635z

5093523796
+

69175015rz

10187047592
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− 152185033r2z

5093523796
+

1630553925r3z

20374095184
− 760925165r4z

5093523796

+
2282775495r5z

10187047592
− 2282775495r6z

5093523796
− 5991120993r7z

20374095184

− 1331055z2

5093523796
+

25693395rz2

10187047592
− 56525469r2z2

5093523796

+
605630025r3z2

20374095184
− 282627345r4z2

5093523796
+

847882035r5z2

10187047592

− 847882035r6z2

5093523796
− 920814609r7z2

20374095184
+

121126005r7z3

5093523796
. (135)

The first characteristics polynomial π(r, 0) of the stability function in (135) of
k = 7 is zero stable with |r1,2,3,4,5,6,7| ≤ 1, where r1,2,3,4,5,6,7 = 1, −0.14473 −
0.544342i, −0.14473 + 0.544342i, 0.198838 − 0.292646i, 0.198838 + 0.292646i,
0.282487 − 0.090251i, 0.282487 + 0.090251i are roots of π(r, 0). The angle of
absolute stability of the scheme of order eight is measured as 67◦. Hence, the
method is stiffly stable.
The graph in Fig. 2 show the loci of (4) and (5) for k ≤ 7. Interestingly, the

methods are found to zero-stable for k ≤ 7, for k = 1, 2, 3 the algorithm in (4)
is observed to be A-stable and stiffly stable when k = 4, 5, 6, 7 respectively. The
case of k ≥ 8 are stiffly unstable. Our further research is to find good hybrid
predictor that will improved the stability property of (1) than those we have
reported in [30] and in this paper.
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Figure 2: The boundary locus of the stability domain of the method (2) for
k ≤ 7. At k = 8, the loci of the method (2) was disconnected.
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5 Numerical experiments

In this section we apply the discrete version of our proposed MSD-BDF of
order 2

yn+ 1
2
=

1

4
yn +

3

4
yn+1 − h

4
fn+1, (136)

yn+1 = yn + hfn+ 1
2
, (137)

and Ode15s code of Matlab to the IVPs:
Prob. 1: A stiff system of Van der Pol equations discussed in [21]

y′1 = y2, y′2 = 1000(1− y21)y2 − y1, y(x) =

(
2
0

)
, x ∈ [0, 10],

Prob. 2: Nonlinear chemical problem in [13], [21] and [22]

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

y′1 = −0.04y1 + 104y2y3, y1(0) = 1,

y′2 = 0.04y1 − 104y2y3 − 3× 107y22 , y2(0) = 0,

y′3 = 3× 107y22 , y3(0) = 0,

x ∈ [0, 5], h = 0.0001,

The arising implicit set of nonlinear equations from the method on prob. 1 and 2
respectively is solved using the Newton Raphson iterative scheme,

y
[s+1]
n+k = y

[s]
n+k − F ′(y[s]n+k)

−1F (y
[s]
n+k), s = 0, 1, 2, . . . (138)

where,

y
[s]

n+ 1
2

=
1

4
yn +

3

4
y
[s]
n+1 −

h

4
f(xn+1, y

[s]
n+1), (139)

F (y
[s]
n+1) = y

[s]
n+1 − yn − hf(xn+ 1

2
, y

[s]

n+ 1
2

), (140)

and F ′(y[s]n+1)
−1 is the Jacobian matrix of the vector systems of the method.

The starting value (i.e. y[0]n+1) for (138) is obtained from the trapezoidal rule

y
[0]
n+1 = yn +

h

2
(fn−1 + fn), s = 0, 1, 2, . . . (141)

The numerical solution for method (4) and Ode15s code of Matlab of the first
(y1(x)) and second (y2(x)) components for prob. 1 and prob. 2 respectively are
given in the figures below:
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Figure 3: The plot of numerical solutions of y1(x) component of van der Pol’s
stiff IVPs in Prob. 1.
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Figure 4: The plot of numerical solutions of y2(x) component of van der Pol’s
stiff IVPs in Prob. 1.
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Figure 5: The plot of numerical solutions of y1(x) component of the nonlinear
chemical stiff IVPs in Prob. 2.
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Figure 6: The plot of numerical solutions of y2(x) component of the nonlinear
chemical stiff IVPs in Prob. 2.
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Figure 7: The plot of numerical solutions of y3(x) component of the nonlinear
chemical stiff IVPs in Prob. 2.

6 Concluding remarks

In this paper, we have described an approach to the construction of MSD-BDF
(2) of high order and we derived many examples of such formula for step number
k ≤ 7 which is of order p = k + 1. The obtained methods are all implicit, they
were also found to be A-stable for k ≤ 3 and stiffly stable for k = 4(1)7. The
boundary locus in Fig. 1 revealed that the instability of the methods in (2) set
in when k ≥ 8. The numerical solutions in Tables 3 and 4, of the methods in
(2) and (3) show that the methods in (2) is compared with the state-of the-art
of MATLAB ode15s code in [22], on prob. 1 and prob. 2 respectively.
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