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Abstract. In this paper the authors study the convergence properties for arrays of rowwise
pairwise negatively quadrant dependent random variables. The results extend and improve
the corresponding theorems of T. C. Hu, R. L. Taylor: On the strong law for arrays and for
the bootstrap mean and variance, Int. J. Math. Math. Sci 20 (1997), 375-382.
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1. INTRODUCTION AND MAIN RESULTS

We first provide a series of definitions of dependence structures.

Definition 1.1. A finite family of random variables {Xj, 1 < k < n} is said
to be negatively associated (abbreviated to NA) if for any disjoint subsets A and B
of {1,2,...,n} and any real coordinatewise nondecreasing functions f on R4 and g
on RB,

Cov(f(Xi i€ A),9(X;,j € B)) <0,

whenever the covariance exists. An infinite family of random variables is NA if every
finite subfamily is NA. This concept was introduced by Joag-Dev and Proschan [8].

* This work was partially supported by Humanities and Social Sciences Foundation for
The Youth Scholars of Ministry of Education of China (No. 12YJCZH217) and the Anhui
Province College Excellent Young Talents Fund Project of China (No. S 2011SQRL143).
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Definition 1.2. The random variables X1, ..., X} are said to be negatively upper
orthant dependent (NUOD) if for all real x4, ..., x,

k
P(X; >, i—1,... k) < [[P(Xi > ),

Random variables Xi,..., X are said to be negatively orthant dependent (NOD)
if they are both NUOD and NLOD. This concept was introduced by Ebrahimi and
Ghosh [4].

Definition 1.3. Two random variables X and Y are said to be negatively quad-
rant dependent (NQD) if

PX<2,Y<y) < PIX<z)PY <y) forall xz and y.

A sequence of random variables {X,,, n > 1} is said to be pairwise NQD if every
pair of random variables in the sequence are NQD. This concept was introduced by
Lehmann [9].

For a triangular array of rowwise independent random variables { X, 1 < k < n,
n > 1}, let {a,, n > 1} be a sequence of positive real numbers with a,, T oo and
{T(t)} a positive, even function such that

w (1) w(lt)
e 1A e

(1.1) as [t[ T,

for some nonnegative integer p. We introduce conditions

(1.2) EX,. =0, 1<k<n, n2x=1,
2~ BV (X 1)
1. _—
09 3> Fed <o
n=1k=1
0o n 2k
Xk \2
(1.4) Z(ZE( G )) < oo,
n=1 “k=1 n

where k is a positive integer.
Hu and Taylor [7] proved the following theorems:
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Theorem A. Let {X,;, 1 <k <n, n>1} be an array of rowwise independent
random variables and let {¥(t)} satisfy (1.1) for some integer p > 2. Then (1.2),
(1.3), and (1.4) imply

1 n
(1.5) - ZXnk —0 as

" k=1

Theorem B. Let {X,x, 1 < k <n, n> 1} be an array of rowwise independent
random variables and let {U(t)} satisfy (1.1) for p = 1. Then conditions (1.2), (1.3)

imply (1.5).

A sequence of random variables {U,,, n > 1} is said to converge completely to a
constant a if for any € > 0,

oo

ZP(|U” —al >¢) < 0.
n=1
In this case we write U,, — a completely. This notion was used for the first time by
Hsu and Robbins [6].
Let {Z,, n > 1} be a sequence of random variables and a,, > 0, b, >0, ¢ > 0. If

o0
(1.6) Z anE{b,'|Z,| —e}? < 0o for some or all € > 0,

n=1

then (1.6) was called the complete moment convergence by Chow [3].

Gan and Chen [5] extended and improved Theorem A and Theorem B to the case
of NA random variables. They studied the complete convergence and convergence in
probability under some general and weaker conditions. Wu and Zhu [12] extended
and improved Theorem A and Theorem B to the case of NOD random variables.
They studied the complete convergence, the complete moment convergence, and the
L' convergence under the same conditions as Gan and Chen [5]. However, according
to our knowledge, no one has discussed the subject for arrays of rowwise pairwise
NQ@D random variables. The goal of this paper is to study the complete convergence,
the complete moment convergence, and the LY convergence for rowwise pairwise
NQD random arrays.

Let {Xnk, 1 < kK < n, n > 1} be an array of rowwise pairwise NQD random
variables and let {a,, n > 1} be a sequence of positive real numbers with a,, T cc.
Let {U,(t), n > 1} be a sequence of nonnegative even functions satisfying

W (|2]) Y ([2])
[t £

(1.7) ) L oas|t T
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for some 1 < g < p < 2. We introduce conditions

(1.8) izn: ’“E

2 T (a)
(1.9) Z log? Z E gk
n=1 k= n

Now we will present the main results of the paper. The proofs will be detailed in
the next section.

Theorem 1.1. Let {X,x, 1 < k < n, n > 1} be an array of rowwise pairwise
NQD random variables, and let {a,, n > 1} be a sequence of positive real numbers
with a, 1 co. Let {U,(t), n > 1} be a sequence of nonnegative even functions
satistying (1.7) for ¢ = 1. Then conditions (1.2) and (1.8) imply

(1.10) — Z Xnk — 0 completely.
" k=1

Theorem 1.2. Let {X,x, 1 < k < n, n > 1} be an array of rowwise pairwise
NQD random variables, and let {a,, n > 1} be a sequence of positive real numbers
with a, 1 co. Let {U,(t), n > 1} be a sequence of nonnegative even functions
satistying (1.7) for ¢ = 1. Then conditions (1.2) and (1.9) imply

1
(1.11) — max

0 completel
ayp 1<j<n - p Y-

ZXnk

Theorem 1.3. Let {X,x, 1 < k < mn, n > 1} be an array of rowwise pairwise
NQD random variables, and let {a,, n > 1} be a sequence of positive real numbers
with a, 1 oo. Let {U,(t), n > 1} be a sequence of nonnegative even functions
satisfying (1.7) for 1 < ¢ < p < 2. Then conditions (1.2) and (1.8) imply

nk

(1.12) i a;qE{

q
—Ean} <oo Ve>0.
Jr
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Theorem 1.4. Let {X,x, 1 < k < n, n > 1} be an array of rowwise pairwise
NQD random variables, and let {a,, n > 1} be a sequence of positive real numbers
with a, T oco. Let {¥,(t), n > 1} is a sequence of nonnegative even functions
satistying (1.7) for 1 < ¢ < p < 2. Then Conditions (1.2) and (1.9) imply

q
an} <oo Ve>0.
Jr

ZXnk

[e.¢]
—q
(1.13) Z:lan E{lrél]agn

Theorem 1.5. Let {X,x, 1 < k < n, n > 1} be an array of rowwise pairwise
NQD random variables with (1.2), and let {a,, n > 1} be a sequence of positive
real numbers with a,, 1 co. Let {¥,,(t), n > 1} be a sequence of nonnegative even
functions satisfying (1.7) for 1 < ¢ <p < 2.

(1) If
"\ EV(Xn
(1.14) — KA 0 asn — oo,
b1 \I/k(an)
then
1 < L4
(1.15) — > X = 0.
n 12
(2) If
BV (Xnk)
1.16 log®n AN L AN as n — 0o,
(1.16) g kZ:l (o)
then
(1.17) a 1rgja<xn ZX”’“

Remark 1.1. Since an independent random variable sequence is a special pair-
wise NQD sequence, Theorem 1.1 and Theorem 1.2 hold for arrays of rowwise inde-
pendent random variables. So Theorems 1.1 and 1.2 are extensions and improvements
of Theorem B. It is worth pointing out that our conclusions are much stronger and
conditions are more general and much weaker.
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Remark 1.2. Wang and Zhao [10] investigated the complete moment conver-
gence for NA random variable sequences. Compared with the paper of Wang and
Zhao [10], we consider pairwise NQD random variables instead of NA random vari-
ables. Since both NA and NOD imply pairwise NQD, Theorems 1.1-1.5 remain true
for NA or NOD random variables.

Remark 1.3. The proofs in this paper are based on the following famous in-
equality:

n 2 n
(1.18) E(ZXk> <C> EX},
k=1 k=1

which was established by Wu [11]. According to our knowledge, the following se-
quences of mean zero random variables satisfy (1.18) with the indicated value of C,
such as Martingale difference (C = 1, Adler, Rosalsky, and Volodin [1]), ¢-mixing

random variables with 3" ¢'/2(n) < 0o (C =144 Y. ¢'/?(n), Yang [13]), o-mixing
n=1 n=1

&) &)
random variables with Y o(n) < oo (C =1+4 > o(n), Yang [13]), ¢o*-mixing
n=1 n=1

random variables with ¢* < 1 for some integer s > 1 (C = 64s(1 — 0*(s))~2, Bryc
and Smolenski [2]).

Therefore, following the methods of this paper, we can easily get similar results
for the above sequences.

In this paper, the symbol C' always stands for a generic positive constant which
may differ from one place to another.

2. PROOFS
We need the following lemmas (cf. Lehmann [9], Wu [11]).
Lemma 2.1. Let {X,,, n > 1} be a sequence of pairwise NQD random variables.
Let {fn, n > 1} be a sequence of increasing functions. Then {f,(X,), n > 1} is a

sequence of pairwise NQD random variables.

Lemma 2.2. Let {X,, n > 1} be a pairwise NQD random variable sequence

itk
with mean zero and EX? < oo, and let T;(k) = Y. X;, j > 0. Then
i=j+1
Jtk Jtn
(EN? < 2 (k)2 < 2 2,
B(Tj(k)* < C Z;Exz, E max (T;(k))* < Clog*n AZ;EXZ
i=j i=j
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Proof of Theorem1.1. Forany 1 <k <n, n=>1,let

Yor = — anI(Xnk < _an) + XnkI(|Xnk| < an) + anI(Xnk > an)7
an - Xnk - Ynk - (Xnk + an)I(Xnk < _an) + (Xnk - an)I(Xnk > an)~

To prove (1.10), it suffices to show

(2.1) a Z Zni — 0 completely,
k=1
1 n
(2.2) o Z mk — EYni) — 0 completely,
k=1
2.3 — EY, 0
(2.3) o ; r— 0 asn— oo.

First, we prove (2.1). If X,,, > apn, 0 < Zpp = Xop — an < Xog- If X < —ap,
Xk < Znk = Xnk +an <0. So | Znk| < | Xnk|I(| Xnk| > an). Consequently, by (1.7)
n

and (1.8), we have
> 7| > ang)

>
CZZE|an| CZZE|Xnk|I |Xnk| >an)

n=1
n=1k=1 n=1k=1

Z ))<oo.

Secondly, we prove (2.2). By Lemma 2.1 we know that {Y,,x — EY,k, 1 <k < n,
> 1} is an array of rowwise pairwise NQD mean zero random variables. Note that
|Ynk| < | Xnk| and 1 < p < 2. By the Markov inequality, Lemma 2.2, (1.7), and (1.8),

we have

EYor — EY, )2 <CY Y —

n=1k=1 n

E|Y /P o~ BV (|Yok])
<C —_—
an ;; V(an)

o0

>Sr(>

n=1

n

> Yok — EYoni)| >

k=1

<C

Mg
Fj:

3
Il
—
ES
I
-

/(/;
NE
NE

n=1 k=1 n
= BV (X )

<C < 0.
nz::l k=1 Vi (an)
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Finally, we prove (2.3). For 1 <k <n,n > 1, EX,; =0, we have EY,,, = —EZ,.
By an argument similar to that in the proof of (2.1), we have

I I
) SRS S
A QA
k=1 k=1
n n
E|\Z x| EV(Xnk)
SZ an SZW—)O as n — oQ.
k=1 k=1
The proof is complete. O

Proof of Theorem 1.2. Following the notation and by an argument similar to
that in the proof of Theorem 1.1, we can easily prove Theorem 1.2. Therefore, we
omit the details. (]

Proof of Theorem 1.3. We have

_Ean}q _ia;q/wp{
bt 0

_ ianq</a { > X

k=1

—ean > tl/q}dt

> san—l—tl/q}d

n=1 k=1
00 n
+ P{ > Xk >5an+t1/q}dt)
as k=1
<P { | > ean} Zaq/ {ZXk>t1/q}d
n=1 ap,
=1+ Is.

By Theorem 1.1, we have I; < co. To prove (1.12), it suffices to prove Iy < oo. Let

Yo = — tY9(Xpp < —tY0) 4+ X I (| Xore| < tY9) + Y9I X0 > £1/9),
Znke = Xt — Yo = (X + YOI X < —tY9) + (Xpp — tY ) [(X g > 1/9).

Since Xy = Yop if [ Xx| < 179, we get
n n
p{ > wq} < p{ S X
k=1

= k=1
n

+ P{
k=1

n
>t (V{1 Xk < tl/q}}
<Y P X > tl/q}+P{
k=1 k=1

n
>t | J{|Xn| > tl/q}}

k=1

k=1
> tl/q}.
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Hence,

o n Jo%e)
I < ZZa;q/q P{|Xpi| >t} dt

n=1k=1 n
tl/(I}

Clearly, for ¢ > al we have

Z q/ PYUX el I X | > an) > £1/9) dt

> a, Q/ P{X k| I(| X | > an) > tY/9} dt
0

a=

E| X (| X k| > an)

Now we prove I, < co. By (1.2), (1.7), and (1.8), we have

t UqZEYnk
k=1

= UqZEan < maxt” 1/QZE|Xnk|I(|Xnk|>t1/q)
k=1 Zan k=1

max
t>al

= max
t>an

< z": B Xk | T(| X k| > an) z": E\Ilk

— 0.
QA
k=1
Therefore, while n is sufficiently large, for ¢ > aZ
> EY,| <t'1)2.
k=1
Then
(2.4) P{ > tl/q} < P{ > Yok = EYy)|> tl/q/z}.
k=1 k=1
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Let d,, = [an] + 1, by (2.4), Lemma 2.2, and C,-inequality, we have

o0 00
+CY Za;q/a t=2/1EX2, 1(d, < | Xk <tY9)dt

q
n

By an argument similar to that in the proof of Is < oo, we can prove Iy3 < oo.
For I41, by ¢ < 2, (an, +1)/a, — 1 as n — oo, and (1.8), we have

q
n=1k=1 an

o n %)
Ly =CY Y a,"EX2 (| Xnk| < dn)/ t=2/9q¢

o~ N~ BX0 (1 Xk| < dn)
<SCY Y T

n=1k=1 n
n

an + 1)2 EX2,I(| X k| < dn)
dz

/(/;
WE
v

Qn

| Xk [P (| Xore| < )
dh

VAN
Q
hE
M:

oy

For 145, since

3

q

a;‘I/ C2IEX2 I(dy < | Xok| < EY7)dt = 0,
n=1k=1 an
we have

o n fo%e)
Lp=CY_ > a;Q/ t=2UEX2, I(d, < |Xnk| < tY9)dt.
n—=1 k=1 dz.
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Let t =u9. By ¢ > 1, (1.7), and (1.8), we have

Iy = CZZa q/ wIPEX2 I(d, < |Xnk| < u)du

n=1k=1 dn
o0 m—+1

= czza;q > / wIPEX2, I(d, < |Xnk| < u)du
n=1k=1 m=d, "™
oo n oo

<CY D a? > mTPEX I(dn < | Xk <m+1)
n=1 k=1 m=dn,

CZZa 1 Z mi? ZEX (s <|Xnkl <s+1)

n=1 k=1 m=dn,
oo oo

<C ZZa qZE ol (s < Xk <s+1) > ma?
n=1k=1 s=dn m=s
oo n oo

SCY D a, "> SITPEXZI(s < | Xk <5 +1)
n=1 k=1 s=dn,

/(/;
M8 I
MS

an YE|\ Xk |1 (| X k| > dn)

n=1k=1
N o n
E| Xk | (| X k| > an) EV (X
<oy Lulz o) o3y <
n=1 k=1 an i Ui(an)
The proof is complete. 0

Proof of Theorem 1.4. Following the notation and by an argument similar to
that in the proof of Theorem 1.3, we can easily prove Theorem 1.4. Therefore, we
omit the details. O

Proof of Theorem 1.5. We follow the notation in the proof in Theorem 1.3. To
start with, we prove (1.15). For all € > 0,

q 0 n
E(a;1 ) :a;q/ P(
k=1 0 k=1

> Xk
- o0
ée—i—a;q/ P(

n

> tl/q> dt

ZXnk

k=1

co N
<e+a;q/ > P{I Xk >ty dt

e k=1
n
§ Ynk

+a,? / P{
ane k=1

e+ 15+ Is.

> tl/q> dt

>t1/q}dt
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Without loss of generality we may assume 0 < € < 1. By the Markov inequality,
(1.7), and (1.14), we have

n 00
o= Za;q/ P{ Xkl I(ane"/? < | Xpp| < an) > 9} dt
k=1 a'(rILE

n [e’e]
+ a;q/ P{ Xkl I(| X pie| > an) > t'/9} dt
k=1 ane
n oo
<Dy B Xk PI(| X k| < an)/ t7P/1dt

k=1 ane

n

+Za;q/ PUX okl T Xok| > an) > £1/9) dt
k=1 0

—p/a = Bl Xnl? ~
=Cel iy %mxm <an)+ Y, Bl Xk T(| Xnk| > an)
k=1 " k=1

<(cetPlpy

k=1

BV (Xak) 0 s n o oo
\Ilk(an)

Then we prove Ig < co. By an argument similar to that in the proof of (2.4), we
have

t—1/4 Z EY,
k=1

t—1/4 Z EZx
k=1

max
t>aje

<ay eV B Xk (| Xnk| > ane'/?)
k=1

= max
t>ale

n
E|X
<e Ve Z MIUXMJ > ap)

a
k=1 n

n
E|\X,.1.IP
+ &Pl Z %I(anal/q < | Xnk| < an)
k=1 "

n

_ _ EV(Xnk)
(e Vg /)N B g as n— .
; \Ilk(an)

Therefore, while n is sufficiently large, for ¢t > ale, we have

>t1/q} gP{

n

> Yok — EYop)

k=1

(2.5) P{

Z Ynk
k=1

>t1/‘1/2}.



Let d,, = [an] + 1. By (2.5), Lemma 2.2, and the C,-inequality, we have

CZa q/ t=2 9B Yoy, — EYyi)?dt

€

Za q/ t=2/9EY? dt

€

—C’Za_q/ t721 9 EX2, I(| X k| < dy)dt

a,Ls

—l—C’Za_q/ FPUEX2, I(dy < | Xok] < £/9)dt

a" €

+CZa q/ P(|Xpx| > tY/9)dt

, E

—E+I7+Is+19-

By an argument similar to that in the proof of Is — 0, we can prove Iy — 0. By an
argument similar to that in the proof of I4; < oo, we can prove

n
_ BV (Xng)
I, < Cet 2/q ZER\AnR) 0 .
7 € ,;:1 Ui (an) — asn — oo
For Iy, since

LI

CZa q/ t721IEX2, I(d,, < | Xpi| < ) dt =0,

(L-,LE

we have

n o0
= Cza;Q/dq t=211EX2, 1(d, < | Xk < tY9)dt.

Therefore, by an argument similar to that in the proof of I45 < 0o, we can prove

EV. (X
18<CZ#—>0 as n — oo.
k=1

The proof of (1.17) is similar to that of (1.15), so we omit it. The proof is complete.
O

Acknowledgment. The author would like to thank the referee for a detailed list
of valuable suggestions and comments which greatly improved the presentation of
the work.
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