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Invertibility riterion of ompositionof two multiary quasigroupsFedir M. Sokhatsky, Iryna V. FryzAbstrat. We study invertibility of operations that are omposition of two opera-tions of arbitrary arities. We �nd the riterion for quasigroups and spei�ationsfor T -quasigroups. For this purpose we introdue notions of perpendiularity ofoperations and hyperubes. They di�er from the previously introdued notionsof orthogonality of operations and hyperubes [Belyavskaya G., Mullen G.L.,Orthogonal hyperubes and n-ary operations, Quasigroups Related Systems 13(2005), no. 1, 73{86℄. We establish some relationships between these notions andgive illustrative examples.Keywords: quasigroup, omposition of operations, orthogonal operations, per-pendiular operations, hyperube, perpendiular hyperubes, orthogonality ofhyperubes, slie, linear quasigroup, T -quasigroupClassi�ation: 20N05, 05B15IntrodutionIt is well known that every n-ary quasigroup operation (i.e., invertible funtion)is a omposition of permutations and some �xed binary quasigroup operation [1℄.Every operation is invertible if it is repetition-free omposition of invertible ope-rations [2℄. But if, in the omposition, at least one individual variable repeats,then operation is not always invertible.For repetition omposition the following results were obtained: invertibilityriterion for binary operations whih follows from [3℄, [4℄; invertibility riterionfor polyagroups, i.e., for multiary quasigroups whih are (i; j)-assoiative for somepairs (i; j) [5℄.In this artile, we study invertibility of operations that are omposition of twooperations of arbitrary arities. For this purpose we generalize the notion of or-thogonality of two binary operations (De�nition 3) and all it perpendiularity .This generalization does not oinide with the previously introdued generaliza-tion of orthogonality ([6℄, here De�nition 1). We �nd an invertibility riterionof omposition of two operations (Theorem 5). We onsider some spei�ationsfor quasigroup operations (Corollary 6) and for T -quasigroups (Theorem 9, The-orem 11).



430 F.M. Sokhatsky, I.V. FryzCombinatorial analogue of perpendiularity of operations is perpendiularity ofhyperubes (De�nition 5). We illustrate the notion (Examples 1 and 2) and estab-lish some relationships between the notions of orthogonality and perpendiularityof hyperubes (Proposition 12 and Example 3).1. PreliminariesLet xji denote the sequene xi; : : : ; xj if i � j and the empty symbol if i > j.In this artile, all operations have a ommon arrier set. We denote this set by Q.Reall that an operation f , de�ned on a set Q, is alled i-invertible if forarbitrary a0; : : : ; ai�1; b; ai�1; : : : ; an of Q there exists a unique element x 2 Qsuh that(1) f(a0; : : : ; ai�1; x; ai+1; : : : ; an) = b:If f is i-invertible for all i 2 0; n := f0; : : : ; ng, then it is alled invertible orquasigroup. The i-th division f (i) of an i-invertible operation f is de�ned byf (i)(x0; : : : ; xi�1; xi; xi+1; : : : ; xn) = y :, f(x0; : : : ; xi�1; y; xi+1; : : : ; xn) = xifor all x0; : : : ; xn; y 2 Q.Two binary operations g and h de�ned on Q are alled orthogonal (g ? h)if every system fg(x; y) = a; h(x; y) = bg has a unique solution for all a; b 2Q. To every binary operation there orresponds some square (i.e., unboundedCayley table) and to an invertible operation there orresponds a Latin square.Orthogonality of operations means orthogonality of the orresponding squares,i.e., their superimposition gives the square ontaining pairwise di�erent pairs ofelements.To formulate a binary operations invertibility riterion whih follows from [3℄,[4℄ we reall some notions.Left and right multipliations are de�ned by equalities:(g �̀ h)(x; y) := g(h(x; y); y); (g �r h)(x; y) := g(x;h(x; y)):Left and right divisions of operation h are de�ned by relationships:h`(z; y) = x, h(x; y) = z; hr(x; z) = y , h(x; y) = z:The following theorem is a slight generalization of the orresponding resultsfrom [3℄ and [4℄.Theorem 1. Let g, h be arbitrary binary operations and h be right invertible.Then g �r h is left invertible , g?hr:The next statements are evident.



Invertibility riterion of omposition of two multiary quasigroups 431Proposition 2. The following relationships are true:(2) g?h, gs?hs; 1(3) (g �̀ h)s = gs �r hs:Similar results hold for multiary operations.Proposition 3. If multiary operations g and h are orthogonal, then g� and h�are orthogonal as well, where f� denotes some prinipal parastroph of f .Theorem 4. Let g, h be arbitrary binary operations and the operation h be leftinvertible. Then g �̀ h is right invertible , g?h`:Proof: g �̀ h is right invertible () (g �̀ h)s is left invertible (3)() gs �r hs is leftinvertible Th: 1() gs?hsr (2)() (gs)s?(hsr)s () g?h`. �Reall the de�nition of orthogonality of multiary operations in [6℄.De�nition 1. Two n-ary operations (n � 2) g and h, given on a set Q of orderm, are alled orthogonal (g ? h) if the system fg(xn0 ) = a; h(xn0 ) = bg has exatlymn�1 solutions for any a; b 2 Q.2. Perpendiularity of operationsThe study of funtional equations, multiplae funtions, multiary quasigroupsneeds solving some problems. One of them is: under what onditions an a om-position of operations be invertible? In partiular, in what ases an a ompositionof invertible operations be invertible?Here we give an answer onerning omposition of two operations. Theorems 1and 4 give an answer to the question for the binary ase and imply thatg �r hs is invertible , g?h`s; g �̀ hs is invertible , g?hrs:2Let an (n + 1)-ary operation f be an arbitrary omposition of operations gand h. Then there exist partial injetive transformations � and � of 0; n :=f0; 1; : : : ; ng suh that(4) f(x0; : : : ; xn)= g(x�0; : : : ; x�(��1(m)�1); h(x�0; : : : ; x�n); x�(��1(m)+1); : : : ; x�n);1fs(x; y) := f(y; x)2`s = r`, rs = `r.



432 F.M. Sokhatsky, I.V. Fryzwhere m 2 Im � .3 We denoteJ� (i) := jf�(0); : : : ; �(��1(i)� 1)gj; i = 0; : : : ; n:De�nition 2. Let � and � be arbitrary partial injetive transformations of theset 0; n and 0; n = Im � [ Im �. Then a pair of binary operations will be alled(�; �)-respetive fm; pg-retrats of g and h if they are de�ned by terms that areobtained from g(x�0; : : : ; x�n); h(x�0; : : : ; x�n)in the following way: all the variables of the terms are replaed with some elementsfrom Q, exept xm and xp, where p 6= m; in addition, if a variable appears inboth terms, then it is replaed with the same element.De�nition 3. Let � and � be arbitrary partial injetive transformations of theset 0; n and 0; n = Im � [ Im � and m 2 (Im � \ Im �). Operations g and h willbe alled perpendiular of the type (�; �;m) if for all p 2 (Im � \ Im �)nfmg everypair of (�; �)-respetive fm; pg-retrats is orthogonal.Let (4) be valid. If i =2 Im � [ Im �, then x�i and x�i are empty symbols,therefore, the operation f an not be i-invertible. So, for �nding a riterion ofi-invertibility of f it is suÆient to onsider three disjoint possibilities:i 2 Im �n Im �; i 2 Im �n Im �; i 2 (Im � \ Im �)nfmg:Theorem 5. Let � and � be arbitrary partial injetive transformations of 0; nand let (4) hold. The following assertions are true:1) if h is J�(m)-invertible and i 2 Im �n Im �, then i-invertibility of f isequivalent to J� (i)-invertibility of g;2) if g is J� (m)-invertible and i 2 Im �n Im � , then i-invertibility of f isequivalent to J�(i)-invertibility of h;3) if h is J�(m)-invertible and i 2 (Im �\Im �)nfmg, then i-invertibility of fis equivalent to orthogonality of (�; �)-respetive fm; ig-retrats of g andh(J�(m)), where h(J�(m)) denotes J�(m)-th division of h.Proof: Let assumption of p. 1) be true. Beause of (4), the equation (1) isequivalent to(5) g(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ; a�(��1(m)�1);h(a�0; : : : ; a�n); a�(��1(m)+1); : : : ; a�n) = b:This equation has a unique solution. The operation h is surjetive, sine h isJ�(m)-invertible. That is why g is J� (i)-invertible.Vie versa, let g be J� (i)-invertible for some i 2 Im �n Im �. Let us prove that(1) has a unique solution for all a0; : : : ; ai�1; ai+1; : : : ; an; b 2 Q. Suppose thati < m (the proof is the same if i > m). If we ombine i 2 Im � , i =2 Im �, (4), (1),3au is denoted to be empty symbol if u is empty.



Invertibility riterion of omposition of two multiary quasigroups 433we get (5). It has a unique solution for all a0,. . . , a�(��1(i)�1), a(��1(i)+1),. . . , an,b 2 Q, beause g is J� (i)-invertible. This means that (1) has a unique solutionfor all a0; : : : ; ai�1; ai+1; : : : ; an; b 2 Q, therefore, f is i-invertible.Let assumption of p. 2) be true. Taking into aount (4), the equation (1) isequivalent to(6) g(a�0; : : : ; a�(��1(m)�1); h(a�0; : : : ; a�(��1(i)�1); x;a�(��1(i)+1); : : : ; a�n); a�(��1(m)+1); : : : ; a�n) = b:We denote�i(x) := f(a0; : : : ; ai�1; x; ai+1; : : : ; an); i = 0; : : : ; n;m(x) := g(a�0; : : : ; a�(��1(m)�1); x; a�(��1(m)+1); : : : ; a�n); m = 0; : : : ; n;Æi(x) := h(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ; a�n); i = 0; : : : ; n:Then (6) an be written as �i = mÆi. The transformations �i and Æi are per-mutations simultaneously, sine m is a permutation. So, i-invertibility of f isequivalent to J�(i)-invertibility of h.Let assumption of p. 3) be true. Then(7) g(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ; a�(��1(m)�1); h(a�0; : : : ;a�(��1(i)�1); x; a�(��1(i)+1); : : : ; a�n); a�(��1(m)+1); : : : ; a�n) = b:We denote h(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ; a�n) =: y:(8)Without loss of generality, we suppose that i < m. The J�(m)-th division h(J�(m))exists, beause h is J�(m)-invertible, therefore, (8) is equivalent toh(J�(m))(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ;a�(��1(m)�1); y; a�(��1(m)+1); : : : ; a�n) = am:Therefore, uniqueness of solution of (7) is equivalent to uniqueness of solution ofthe system8>>>>><>>>>>: h(J�(m))(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ;a�(��1(m)�1); y; a�(��1(m)+1); : : : ; a�n) = am;g(a�0; : : : ; a�(��1(i)�1); x; a�(��1(i)+1); : : : ;a�(��1(m)�1); y; a�(��1(m)+1); : : : ; a�n) = bwhih, in turn, means orthogonality of (�; �)-respetive fm; ig-retrats of g andh(J�(m)). �



434 F.M. Sokhatsky, I.V. FryzCorollary 6. Let � , � be an arbitrary partial injetive transformations of 0; n;g, h be invertible operations; (4) be ful�lled. Then the invertibility of operationf is equivalent to the perpendiularity of the type (�; �;m) of g and h(J�(m)).Proof: By p. 1) and p. 2) of Theorem 5, the operation f is i-invertible for alli 2 (Im �n Im �) [ (Im �n Im �), sine g and h are invertible operations. Thus, in-vertibility of operation f is equivalent to the perpendiularity of the type (�; �;m)of g and h(J�(m)). �The notions of orthogonality and perpendiularity of the types ("; "; 0) and("; "; 1) oinide in binary ase. So, Theorem 5 implies Theorem 1, Theorem 4,Theorem 2 [3℄, and Corollary 1 [4℄.3. Perpendiularity of T -quasigroupsLinear transformation of a group is de�ned as a omposition of its translationsand automorphisms. A multiary quasigroup (Q; f) is alled an isotope of a binarygroup (Q; +) if (Q; f) is isotopi to (Q; d), where d(x0; : : : ; xn) := x0 + � � �+ xn.If, in addition, all omponents of the isotopism are linear over (Q; +), then (Q; f)is alled linear on (Q; +).Let � be an arbitrary partial injetive transformation of the set 0; n. If ajf�0; : : : ; �ngj-ary quasigroup f is linear on a group (Q; +), then it has deompo-sition:(9) g(x�0; : : : ; x�n) = ��0x�0 + � � �+ ��nx�n + a;where a 2 Q and ��0; : : : ; ��n are automorphisms of (Q; +) but if �i does notexist, then ��ix�i is assumed to be the empty symbol. The deomposition (9) isalled �-anonial and ��0; : : : ; ��n are alled deomposition automorphisms [7℄.A linear isotope of an abelian group is alled a T -quasigroup.Theorem 7. Let (Q; +) be a group and �; �; ; Æ be its automorphisms. Thenthe system(10) ( �x+ �y = a;x+ Æy = bhas a unique solution for all a; b 2 Q if and only if ��1Æ+��1� (or ��1��Æ�1)is a permutation of Q.Proof: The system (10) is equivalent to( x+ ��1�y = ��1a;x+ �1Æy = �1b:



Invertibility riterion of omposition of two multiary quasigroups 435Apply I4 to the seond equation:( x+ ��1�y = ��1a;I�1Æy + Ix = I�1b:Add the �rst equation to the seond one from the right side:( x+ ��1�y = ��1a;I�1Æy + Ix+ x+ ��1�y = I�1b+ ��1a:Thus, (10) is equivalent to( x+ ��1�y = ��1a;(I�1Æ + ��1�)y = I�1b+ ��1a:It is easy to see that the system has a unique solution for all a; b 2 Q if and onlyif ��1Æ + ��1� is a permutation of Q.The theorem is true for ��1� � Æ�1, sine �Æ�1(��1Æ + ��1�)��1� =��1�� Æ�1. �Theorem 7 immediately implies the following theorem.Theorem 8 ([8, Theorem 16℄). Let (Q; +) be an abelian group and �; �; ; Æ beits automorphisms. Then the system (10) has a unique solution if and only if��1� � �1Æ is an automorphism of (Q; +).It is natural that the following question arises: under what onditions an aomposition of linear quasigroups be a quasigroup?An answer is given in the following theorem for T -quasigroups.Theorem 9. Let f , g, h be linear quasigroups over an abelian group (Q; +)de�ned by (4), (9) and(11) h(x�0; : : : ; x�n) := ��0x�0 + � � �+ ��nx�n + :The operation f is invertible if and only if for every p 2 (Im � \ Im �)nfmg thetransformation �p + �m�p is an automorphism of (Q; +).Proof: By Corollary 6, invertibility of f is equivalent to perpendiularity of thetype (�; �;m) of g and h(J�(m)), sine g and h are linear quasigroups. This perpen-diularity is equivalent to orthogonality of their (�; �)-respetive fm; pg-retratsfor every p 2 (Im � \ Im �)nfmg and for all a0; : : : ; an; b 2 Q. By De�nition 3,orthogonality of (�; �)-respetive fm; pg-retrats means uniqueness of solution of4Ix := �x.



436 F.M. Sokhatsky, I.V. Fryzthe orresponding system:(12) 8>>>>><>>>>>: g(a�0; : : : ; a�(��1(p)�1); x; a�(��1(p)+1); : : : ;a�(��1(m)�1); y; a�(��1(m)+1); : : : ; a�n) = b;h(J�(m))(a�0; : : : ; a�(��1(p)�1); x; a�(��1(p)+1); : : : ;a�(��1(m)�1); y; a�(��1(m)+1); : : : ; a�n) = am:By (11), J�(m)-th division of operation h has the following expression:h(J�(m))(x�0; : : : ; x�(��1(m)�1); y; x�(��1(m)+1); : : : ; x�n)= ���1m ��0x�0 � � � � � ��1m ��(��1(m)�1)x�(��1(m)�1) + ��1m y���1m ��(��1(m)+1)x�(��1(m)+1) � � � � � ��1m ��nx�n � ��1m :So, (12) an be written as follows8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:
��0a�0 + � � �+ ��(��1(p)�1)a�(��1(p)�1)| {z }q1 +�px+ ��(��1(p)+1)a�(��1(p)+1) + � � �+ ��(��1(m)�1)a�(��1(m)�1)| {z }q2+ �my + ��(��1(m)+1)a�(��1(m)+1) + � � �+ ��na�n + a| {z }q3 = b;��0a�0 + � � �+ ��(��1(p)�1)a�(��1(p)�1)| {z }d1 +�px+ ��(��1(p)+1)a�(��1(p)+1) + � � �+ ��(��1(m)�1)a�(��1(m)�1)| {z }d2� y + ��(��1(m)+1)a�(��1(m)+1) + � � �+ ��na�n + | {z }d3 = ��mam;i.e., we have ( �px+ �my = b� q1 � q2 � q3;�px� y = ��mam � d1 � d2 � d3:Aording to Theorem 8, existene and uniqueness of the system solution is equiv-alent to invertibility of the transformation ��1p + ��1p �m. This transformation isinvertible if and only if �p + �m�p is invertible, sine�p + �m�p = �p(��1p + ��1p �m)�p: �



Invertibility riterion of omposition of two multiary quasigroups 437Corollary 10. Let, in the ondition of Theorem 9, (Q; +) be an additive groupof residues modulo s. Then the operation f is invertible if and only if the number�p + �m�p is relatively prime to s for all p 2 (Im � \ Im �)nfmg.The question arises: under what onditions an the linear quasigroup be per-pendiular to a omponent of its deomposition?Theorem 11. Let (Q; +) be an abelian group, an operation f and linear quasi-groups g and h be de�ned by (4), (9), and (11) respetively. The operation f isperpendiular of the type (�; �;m) to g if and only if the following two onditionsare true:1) the mappings �p+�m("��m)�1�p and �p+�m�p are automorphisms of(Q; +) for all p 2 (Im � \ Im �)nfmg;2) the mapping "� �m is an automorphism of (Q; +) for all p 2 Im �n Im �.Proof: The operation f is linear over (Q; +):f(x0; : : : ; xn) (4);(9);(11)= ��0x�0 + � � �+ ��(��1(m)�1)x�(��1(m)�1)+�m(��0x�0 + � � �+ ��nx�n + )+��(��1(m)+1)x�(��1(m)+1) + � � �+ ��nx�n + a:By Theorem 9, the transformation �p + �m�p is an automorphism of (Q; +) forall p 2 (Im � \ Im �)nfmg.The perpendiularity ondition of operations f and g means uniqueness ofsolution of the system ( �m�my + (�m�p + �p)x = 0;�my + �px = d0for some elements 0 and d0 in Q. Aording to Theorem 8, the system has aunique solution if and only if the transformation ���1m �p+(�m�m)�1(�m�p+�p)is an automorphism of (Q; +). The transformation �p + �m(" � �m)�1�p is anautomorphism of (Q; +) for all p 2 (Im � \ Im �)nfmg, sine���1m �p + (�m�m)�1(�m�p + �p) = ���1m �p + ��1m ��1m �m�p + ��1m ��1m �p= ���1m �p + ��1m �p + ��1m ��1m �p = (��1m � ")��1m �p + ��1m �p= ��1m �m�(��1m � ")��1m �p + ��1m �p� = ��1m �("� �m)��1m �p + �p�and ("� �m)��1m �p + �p = ("� �m)��1m ��p + �m("� �m)�1�p�:Thus, the operation f is perpendiular of the type (�; �;m) to g if and only ifthe transformations �p + �m("� �m)�1�p and �p + �m�p are automorphisms ofthe group (Q; +) simultaneously for all p 2 (Im � \ Im �)nfmg.



438 F.M. Sokhatsky, I.V. FryzIf p 2 Im �n Im �, then perpendiularity of f and g of the type (�; �;m) isequivalent to uniqueness of the system solution( �m�my + �px = 0;�my + �px = d0:The system has a unique solution if and only if the transformation ���1m �p +(�m�m)�1�p is an automorphism of (Q; +), i.e. " � �m is an automorphism of(Q; +). Really,���1m �p + (�m�m)�1�p = ���1m �p + ��1m ��1m �p = ��1m ("� �m)��1m �p:If p 2 Im �n Im � , then fm; pg-retrat of g does not exist. �4. Perpendiularity of hyperubesIt is well known [6℄ that to every invertible n-ary operation there orrespondsan n-dimensional Latin hyperube and to k-tuple of orthogonal n-ary quasigroupoperations there orresponds a k-tuple of Latin hyperubes of dimension n.Let � be an arbitrary partial injetive transformation of 0; n. If �i is emptysymbol, then in the orresponding hyperube in the diretion �i all slies areempty.Naturally, the following question appears: what relationship is there betweenthe hyperubes orresponding to the perpendiular operations of the type (�;�;m)?To give an answer, we introdue the following notions.De�nition 4. If all oordinates in a hyperube are �xed, exept m and p, thenthe obtained square will be alled fm; pg-slie.The ombinatorial equivalent of De�nition 3 isDe�nition 5. Two hyperubes H1 and H2 are alled perpendiular of the type(�; �;m) if for all p 2 Im � \ Im � the pair of fm; pg-slies of H1 and of H2 areorthogonal.It is easy to see that every pair of perpendiular operations orresponds to thepair of respetive perpendiular hyperubes of the same type.Example 1. The following operations f and f1, whih are de�ned on Q := Z5by f(x0; x1; x2) := x0 + x1 + x2 and f1(x0; x1; x2) := 2x0 + 3x1 + x2;are perpendiular of the type ("; "; 0).Indeed, aording to Corollary 10, the numbers 1 + 3 = 4, 1 + 1 � 1 = 2 arerelatively prime to 5. So, the operations are perpendiular of the type ("; "; 0).



Invertibility riterion of omposition of two multiary quasigroups 439To illustrate perpendiularity of the orresponding ubes, we present theirf0; 1g-slies and f0; 2g-slies, sine the type of the perpendiularity is equal to("; "; 0). The ube H is presented by f0; 1g-slies:0 1 2 3 41 2 3 4 02 3 4 0 13 4 0 1 24 0 1 2 3 1 2 3 4 02 3 4 0 13 4 0 1 24 0 1 2 30 1 2 3 4 2 3 4 0 13 4 0 1 24 0 1 2 30 1 2 3 41 2 3 4 03 4 0 1 24 0 1 2 30 1 2 3 41 2 3 4 02 3 4 0 1 4 0 1 2 30 1 2 3 41 2 3 4 02 3 4 0 13 4 0 1 2The ube H1 is presented by f0; 1g-slies:0 3 1 4 22 0 3 1 44 2 0 3 11 4 2 0 33 1 4 2 0 1 4 2 0 33 1 4 2 00 3 1 4 22 0 3 1 44 2 0 3 1 2 0 3 1 44 2 0 3 11 4 2 0 33 1 4 2 00 3 1 4 23 1 4 2 00 3 1 4 22 0 3 1 44 2 0 3 11 4 2 0 3 4 2 0 3 11 4 2 0 33 1 4 2 00 3 1 4 22 0 3 1 4Superimposition of the orresponding f0; 1g-slies of the ubes H and H1:00 13 21 34 4212 20 33 41 0424 32 40 03 1131 44 02 10 2343 01 14 22 30 11 24 32 40 0323 31 44 02 1030 43 01 14 2242 00 13 21 3404 12 20 33 41 22 30 43 01 1434 42 00 13 2141 04 12 20 3303 11 24 32 4010 23 31 44 02



440 F.M. Sokhatsky, I.V. Fryz33 41 04 12 2040 03 11 24 3202 10 23 31 4414 22 30 43 0121 34 42 00 13 44 02 10 23 3101 14 22 30 4313 21 34 42 0020 33 41 04 1232 40 03 11 24So, the orresponding f0; 1g-slies of H and H1 are orthogonal.The ube H is presented by f0; 2g-slies:0 1 2 3 41 2 3 4 02 3 4 0 13 4 0 1 24 0 1 2 3 1 2 3 4 02 3 4 0 13 4 0 1 24 0 1 2 30 1 2 3 4 2 3 4 0 13 4 0 1 24 0 1 2 30 1 2 3 41 2 3 4 03 4 0 1 24 0 1 2 30 1 2 3 41 2 3 4 02 3 4 0 1 4 0 1 2 30 1 2 3 41 2 3 4 02 3 4 0 13 4 0 1 2The ube H1 is presented by f0; 2g-slies:0 1 2 3 42 3 4 0 14 0 1 2 31 2 3 4 03 4 0 1 2 3 4 0 1 20 1 2 3 42 3 4 0 14 0 1 2 31 2 3 4 0 1 2 3 4 03 4 0 1 20 1 2 3 42 3 4 0 14 0 1 2 34 0 1 2 31 2 3 4 03 4 0 1 20 1 2 3 42 3 4 0 1 2 3 4 0 14 0 1 2 31 2 3 4 03 4 0 1 20 1 2 3 4



Invertibility riterion of omposition of two multiary quasigroups 441Superimposition of the orresponding f0; 2g-slies of the ubes H and H1:00 11 22 33 4412 23 34 40 0124 30 41 02 1331 42 03 14 2043 04 10 21 32 13 24 30 41 0220 31 42 03 1432 43 04 10 2140 00 11 22 3301 12 23 34 40 21 32 43 04 1033 44 00 11 2240 01 12 23 3402 13 24 30 4114 20 31 42 0334 40 01 12 2341 02 13 24 3003 14 20 31 4210 21 32 43 0422 33 44 00 11 42 03 14 20 3104 10 21 32 4311 22 33 44 0023 34 40 01 1230 41 02 13 24So, the orresponding f0; 2g-slies of H and H1 are orthogonal.Thus, the ubes H and H1 are perpendiular of the type ("; "; 0).Example 2. Operations f and f2, whih are de�ned on Q := Z5 byf(x0; x1; x2) := x0 + x1 + x2; f2(x0; x2) := 2x0 + x2;are perpendiular of the type ("; �; 0), where �1 is empty, �0 = 0, �2 = 2.Really, aording to Corollary 10, the number 1 + 1 � 1 = 2 is relatively primeto 5. So, the operations are perpendiular of the type ("; �; 0).To illustrate perpendiularity of the respetive hyperubes, we present themby their f0; 2g-slies, sine the type of the perpendiularity is equal to ("; �; 0).The square H2 0 1 2 3 42 3 4 0 14 0 1 2 31 2 3 4 03 4 0 1 2orresponds to the operation f2 and the following ube H orresponds to theoperation f and is represented by f0; 2g-slies:0 1 2 3 41 2 3 4 02 3 4 0 13 4 0 1 24 0 1 2 3 1 2 3 4 02 3 4 0 13 4 0 1 24 0 1 2 30 1 2 3 4 2 3 4 0 13 4 0 1 24 0 1 2 30 1 2 3 41 2 3 4 0



442 F.M. Sokhatsky, I.V. Fryz3 4 0 1 24 0 1 2 30 1 2 3 41 2 3 4 02 3 4 0 1 4 0 1 2 30 1 2 3 41 2 3 4 02 3 4 0 13 4 0 1 2Superimposition of the square H2 on every of the f0; 2g-slies of H :00 11 22 33 4412 23 34 40 0124 30 41 02 1331 42 03 14 2043 04 10 21 32 10 21 32 43 0422 33 44 00 1134 40 01 12 2341 02 13 24 3003 14 20 31 42 20 31 42 03 1432 43 04 10 2144 00 11 22 3301 12 23 34 4013 24 30 41 0230 41 02 13 2442 03 14 20 3104 10 21 32 4311 22 33 44 0023 34 40 01 12 40 01 12 23 3402 13 24 30 4114 20 31 42 0321 32 43 04 1033 44 00 11 22Thus, the orresponding f0; 2g-slies of H and H2 are orthogonal, therefore, fand f2 are perpendiular of the type ("; �; 0).5. A relationship between the notions of orthogonality and perpendi-ularityLet us show relationship between the notions of orthogonality and perpendi-ularity. For this purpose, suppose that � and � are permutations of 0; n. If gis perpendiular to h of some type, then g is perpendiular to h�, where h� is aprinipal parastroph of h. So, it is suÆient to onsider the ase � = � = ".Let (n + 1)-ary operations f and g be de�ned on a �nite set Q, k := jQj andlet f and g be perpendiular of the type ("; ";m), i.e., the system( f(a0; : : : ; am�1; x; am+1; : : : ; ap�1; y; ap+1; : : : ; an) = a;g(a0; : : : ; am�1; x; am+1; : : : ; ap�1; y; ap+1; : : : ; an) = b



Invertibility riterion of omposition of two multiary quasigroups 443has a unique solution for every pair (a; b) 2 Q2 and for every sequene (a0; : : : ;am�1; am+1; : : : ; ap�1; ap+1; : : : ; an) 2 Qn�1. The system( f(x0; : : : ; xn) = a;g(x0; : : : ; xn) = bhas kn�1 solutions, sine for every pair (a; b) there exist exatly jQn�1j = kn�1sequenes. This means that operations f and g are orthogonal aording to Def-inition 1.Proposition 12. If �nite operations are perpendiular of the type ("; ";m), thenthey are orthogonal.A onverse proposition is not true. The following example on�rms this.Example 3. The operations f and g, whih are de�ned byf(x0; x1; x2) = 3x0 + x1 + 2x2; g(x0; x1; x2) = x0 + x1 + x2on the set Q = Z6, are orthogonal and are not perpendiular of the type ("; "; 0).Proof: The operation g is invertible but f is not invertible, sine 2 (and 3) isnot relatively prime to 6. Consider the orresponding hyperubes Hf and Hg .The ube Hf is presented by f0; 1g-slies:0 1 2 3 4 53 4 5 0 1 20 1 2 3 4 53 4 5 0 1 20 1 2 3 4 53 4 5 0 1 2
2 3 4 5 0 15 0 1 2 3 42 3 4 5 0 15 0 1 2 3 42 3 4 5 0 15 0 1 2 3 4

4 5 0 1 2 31 2 3 4 5 04 5 0 1 2 31 2 3 4 5 04 5 0 1 2 31 2 3 4 5 00 1 2 3 4 53 4 5 0 1 20 1 2 3 4 53 4 5 0 1 20 1 2 3 4 53 4 5 0 1 2
2 3 4 5 0 15 0 1 2 3 42 3 4 5 0 15 0 1 2 3 42 3 4 5 0 15 0 1 2 3 4

4 5 0 1 2 31 2 3 4 5 04 5 0 1 2 31 2 3 4 5 04 5 0 1 2 31 2 3 4 5 0



444 F.M. Sokhatsky, I.V. FryzThe ube Hg is presented by f0; 1g-slies:0 1 2 3 4 51 2 3 4 5 02 3 4 5 0 13 4 5 0 1 24 5 0 1 2 35 0 1 2 3 4
1 2 3 4 5 02 3 4 5 0 13 4 5 0 1 24 5 0 1 2 35 0 1 2 3 40 1 2 3 4 5

2 3 4 5 0 13 4 5 0 1 24 5 0 1 2 35 0 1 2 3 40 1 2 3 4 51 2 3 4 5 03 4 5 0 1 24 5 0 1 2 35 0 1 2 3 40 1 2 3 4 51 2 3 4 5 02 3 4 5 0 1
4 5 0 1 2 35 0 1 2 3 40 1 2 3 4 51 2 3 4 5 02 3 4 5 0 13 4 5 0 1 2

5 0 1 2 3 40 1 2 3 4 51 2 3 4 5 02 3 4 5 0 13 4 5 0 1 24 5 0 1 2 3Superimposition of the orresponding f0; 1g-slies Hf and Hg:00 11 22 33 44 5531 42 53 04 15 2002 13 24 35 40 5133 44 55 00 11 2204 15 20 31 42 5335 40 51 02 13 24
21 32 43 54 05 1052 03 14 25 30 4123 34 45 50 01 1254 05 10 21 32 4325 30 41 52 03 1450 01 12 23 34 45

42 53 04 15 20 3113 24 35 40 51 0244 55 00 11 22 3315 20 31 42 53 0440 51 02 13 24 3511 22 33 44 55 0003 14 25 30 41 5234 45 50 01 12 2305 10 21 32 43 5430 41 52 03 14 2501 12 23 34 45 5032 43 54 05 10 21
24 35 40 51 02 1355 00 11 22 33 4420 31 42 53 04 1551 02 13 24 35 4022 33 44 55 00 1153 04 15 20 31 42

45 50 01 12 23 3410 21 32 43 54 0541 52 03 14 25 3012 23 34 45 50 0143 54 05 10 21 3214 25 30 41 52 03The operations f and g are not perpendiular of the type ("; "; 0), beause thesquares have repeated pairs. However, hyperubes Hf and Hg are orthogonalaording to De�nition 1, sine every pair has six appearanes. �
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