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Abstract. We give a version of the Moser-Trudinger inequality without boundary condi-
tion for Orlicz-Sobolev spaces embedded into exponential and multiple exponential spaces.
We also derive the Concentration-Compactness Alternative for this inequality. As an appli-
cation of our Concentration-Compactness Alternative we prove that a functional with the
sub-critical growth attains its maximum.
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1. INTRODUCTION

Throughout the paper Q C R™, n > 2, is an open bounded connected domain
from the class C1¢ for some 0 € (0, 1], w,_; denotes the surface of the unit sphere
and L,, is the n-dimensional Lebesgue measure.

If @ C R™ is an open bounded set and WO1 P(2) denotes the usual completion of
Cs°(Q) in WHP(Q), then it is well known that

Wy P(Q) c L™?/("=P)(Q) if 1 <p<n,
WyP(Q) € L®(Q) ifn < p.
In the borderline case p = n we have

Wy ™(Q) C LI(Q) for every g € [1,00),
Wy (@) ¢ ().

The author was supported by the research project MSM 0021620839 of the Czech Min-
istry MSMT.
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This case is studied more precisely by Trudinger [22] who showed that
Wy () € L*(9),

where L®(Q) is the Orlicz space corresponding to the Young function ®(t) =
exp(t"/("=1)) — 1. Moreover, for the functions from WO1 " (£2) there is also the famous
Moser-Trudinger inequality [19]
(1.1)
sup / exp(K |u|™ "= 1)) dz {
Q

[[VullLn o)<

<C(n,K,L,(Q)) when K < nw,ll/f(;kl),

1/(n—1)
1

=00 when K > nw,”

An important extension of inequality (1.1) is its version for the space W"(Q)
where ) C R” is a bounded connected domain from the class C*?, § € (0, 1], given
in [8] (see also [6]). In such a version the borderline parameter mu,l/_(?_l) in (1.1)
turns to n(2(w,—1))/ "D,

The aim of this paper is to obtain an analogue of the above result for Orlicz-
Sobolev spaces embedded into exponential and multiple exponential spaces.

IfleNand a <n—1, we set
n e’ n
>0, BZl_n—lz(n—l)fy
Bl/anZ/f; forl=1

Bl/sz/_nl for | > 2.

(1.2) v = >0

n—1—-a«a
and Kjpo= {

The following is known, if Q is an open bounded set. The space WyL™ log® L(2)
of the Sobolev type, modeled on the Zygmund space L™log® L(f2), is continuously
embedded into the Orlicz space with the Young function that behaves like exp(¢?) for
large ¢ (see [16] and [10]). Moreover, it is shown in [10] (see also [7] and [11]) that in
the limiting case a = n — 1 we have the embedding into a double exponential space,
i.e. the space WoL" log" ' Llog® log L(), a < n—1, is continuously embedded into
the Orlicz space with the Young function that behaves like exp(exp(t?)) for large ¢.
Further, in the limiting case & = n—1 we have the embedding into a triple exponential
space and so on. The borderline case is always a = n — 1 and for « > n — 1 we have
the embedding into L (). It is well known that the Zygmund space L™ log® L(2)
coincides with the Orlicz space L*(£), where

o(t)

V4
00 1 log® (t)

)

the space L™ log" " L1log® log L(Q) coincides with L®(£2) where

. o(t)
t—oo tn 1Ogn71 (f,) 1oga (IOg(t))

?
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and so on (see for example [20, Lemma 8.1]). For other results concerning these
spaces we refer the reader to [11], [12], [13], [14], [15] and [20].

The following notation enables us to deal with the multiple exponential spaces
comfortably. For j € N, let us write

logy; (t) = log(log;_y)(t)), where logp(t) = log(?)

and
expp;)(t) = exp(expy;_1y(t)), where expy(t) = exp(?).

Let I € N and a < n — 1. Then we have the above mentioned embedding results for
any Young function ® satisfying

o(t)

= n—1 a -
tn (jl;[l log ) (t)) logpy (1)

(1.3) lim

t—o0

for I =1 we read (1.3) as lim ®(¢)/(t" logf};(t)) = 1). As Q is bounded, all Young
t—o0 1]

functions satisfying (1.3) give the same Orlicz-Sobolev space.

Moser-type results. The following theorem summarizes the known versions
of (1.1) for embedding into single and multiple exponential spaces in the case of
functions vanishing on the boundary (and without any assumption concerning the
regularity of the boundary).

Theorem 1.1. Let K > 0,1 €N, n > 2 and a < n — 1. Suppose that ) C R" is
an open bounded set. Let ® be a Young function satisfying (1.3).

(i) Ifu € WoL®(Q), then

/ expyy (K Ju(z)|") dz < oo.
Q
(ii) If K < Kin,o and u € WoL*(Q) with ||®(Vu)| 11(0) < 1, then
/Q expy(Klu(@)") dz < C(ln, 0, ®, £,(2), K).
(iii) If K > K .o, then
sup / expy (K |u(x)[") dz = oo.
u€EWo L® (Q),|2(Vu)ll 1 (q)<1 /O
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(iv) Suppose that K = K o and there are a € (0,min{1,1/v}) and to > expy(1)
such that ® satisfies

-1
(1.4) O(t) = t" (H logg]l(t)> logfy (£)(1 +log*(t)) for t € [to, 00)
j=1
and u € WoL®(2) with ||®(Vu)||p1q) < 1. Then

/Q expyy(KJu(@)") do < C(L,n, @, B, £,(2)).

(v) Suppose that K = K, and there are tg > expy;(1), a € (0,min{l, B}) and
C > 0 such that

ct™ for t € [0, o],

1.5 o(t) < T log™! o '
(1.5) 1)< t”(l.gllogf}]_ (1)) gy (6)(1 — log* (1)) for 1 € [t0,0).

Then
sup / expy (K|u(z)[") dz = oo.
u€Wo L* (Q),[|2(Vu)ll 1 (q)<1 /0

The first assertion follows from [10, Remarks 3.11 (iv)]. In the case [ > 2, all four
remaining assertions of Theorem 1.1 can be found in [5, Theorem 1.1, Theorem 1.2,
Theorem 4.2 and Theorem 4.1]. In the case [ = 1, assertions (ii), (iii), (iv) follow
from [17, Theorem 1.1, Theorem 1.2 and Theorem 4.2] while assertion (v) is given
in [1, Example 5.1].

Notice that even though all Young functions satisfying (1.3) with fixed [ € N and
a < n —1 give the same Orlicz-Sobolev space, they give different Moser-type results
in the critical case K = K p -

Next we state the main result of this paper. First, we define the median of a given
measurable function u: 2 — R by

med(u) = sup{t eR: L,({x €Q: u(z) >t}) > EnQ(Q) }

Theorem 1.2. Let K > 0,1 € N, n > 2 and o < n — 1. Suppose that Q C R"
is a bounded connected domain from the class C1Y for some 6 € (0,1]. Let ® be
a Young function satisfying (1.3).

(i) Ifu € WL%?(Q), then

/Qexpm (K|u(z)[") dz < oc.
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(i) If K < Kipo(3)/", M > 0, u € WL*(Q) with ||®(Vu)|r1a < 1 and
|med(u)| < M, then

AmmmwmnM<amﬂ@¢mmmMm

(ili) If K > Ky 5,a(3)"/™ and M > 0, then there is a smooth domain Q C R™ such
that

~ sup [ expyy (K |u(x)[") dz = oo.
WEW L (@), |8(V0)l| 1 5y <L Imed(w)| <M /2

(iv) Suppose that K = Kj,.a(3)"/™, M > 0, ® satisfies (1.4), u € WL®(Q) with
|®(Vu)||z1o) < 1 and [med(u)| < M. Then

memwmnM<amﬂ@¢mmM»

(v) Suppose that K = Kj,.(3)7/", M > 0 and @ satisfies (1.5). Then there is
a smooth domain Q C R" such that

i sup [ expyy (K |u(x)[") dz = oo.
ueWL‘I’(Q),H(D(Vu)HLl(Q><1,|med(u)|§M Q

The basic strategy of the proof of Theorem 1.2 is similar to the one concerning
the proof of Theorem 1.1 given in [17] and [5]. However, due to the fact that we
are dealing with the space W L®(Q) instead of WoL® (), similarly to [8], we have to
employ the signed non-increasing rearrangement instead of the radially symmetric
rearrangement. Therefore, we use some results concerning the isoperimetric function
from [8]. Moreover, we also need to derive some new estimates concerning the norm
of the isoperimetric function with respect to the associated Young function to ®.

Concentration-Compactness Principle. Our next result is a version of
the Concentration-Compactness Alternative by Lions [18, Theorem I6 and Re-
mark I.18] (see also [3]), which states that for non-concentrating sequences we can
take K slightly exceeding the number Klm,a(%)w" in Theorem 1.2 (iii).

Theorem 1.3. Let | € N, n > 2 and a < n — 1. Suppose that Q C R™ is
a bounded connected domain of the class C1? for some 6 € (0,1]. Let ® be a Young
function satisfying (1.3). Let {uj}32, C WL®(Q) satisty || ®(|Vug|)||1: ) <1 and

(1.6)  up —win WLP(Q), wux —wuae inQ and ®(|Vur|) > pin M(Q)
for some u € WL®(Q) and pp € M(LQ).
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(i) If u is a constant function (i.e. u = ug, where uy € R) and p = 0., for some
xo € Q, and

1

(1.7) /Q expy (Kl,n,a(%)w "|u,c|7) dz "= ¢+ expy (Kl,n,a(g)wﬁuon)ﬁn(m

for some ¢ € [0,00), then

1\7/n 1\v/n . _

expyy (Klnoz(§> |uk|7) X oz, + €XpYy (Kl,ma (5) |u0|7>£n|g in M(Q).

(if) Ifw is a constant function and p is not a Dirac mass concentrated at one point,
then there is p > 1 such that

expy (Kl,ma(%)v/npmkﬁ) is bounded in L'(Q).

(iii) If w is not a constant function, then

1\v/n
expyy (Kl,n,a<§) p|uk|,‘/) is bounded in L'(Q)

for every

pe P { (1 [y @Vl de) """ i [, ®(Vul)de <1,
e i, ®(|Vul)dr = 1.

Moreover, in both cases (ii) and (iii) we have

n n
(1.8)  expy (Kl,n,oz(%>7/ plukl”) = expyy (Kz,n,a(%y/ plul”> in L*().

The case (i) in the above theorem is called the Concentration. In this case, the
assumption (1.7) is not satisfied automatically, because it may happen for a concen-
trating sequence that the integrals on the left-hand side of (1.7) tend to infinity. In
fact, the proof of Theorem 1.2 (v) is based on the construction of such a concentrating
sequence. The second case is when we have (ii) or (iii) and hence (1.8) is satisfied.
This case is called the Compactness.

Let us note that a version of Theorem 1.3 for the space WyL®(Q2) can be found
in [4], [1] and [2]. Our proof of Theorem 1.3 is inspired by [4] and [3].

As an application of our Concentration-Compactness Alternative we prove that
a functional with the sub-critical growth attains its maximum.
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Theorem 1.4. Let ] € N, n > 2, « < n—1 and A > 0. Suppose that  C
R™ is a bounded connected domain of the class C*? for some 6 € (0,1], and let
® be a Young function satisfying (1.3). Suppose that the function F: R — R is
continuous. Further suppose that either

F(t)

1
lim ——————
|t|—oc expy (K[t[7)

v/n
=0 for some K < Kz,n,a<—)

(1.9) :

or ® satisfies the additional condition (1.4) and

=0.

(1.10) lim Ft)

|t\4>oo exp[l] (Kl,n,a( )’y/n|t|’y)

1
2

Then the functional

attains its maximum on the set
fue WLP(Q): [®(|Vul)llz o) + M@(lul) 1) < 1}.

Our proof of Theorem 1.4 demonstrates a standard application of the Concentra-
tion-Compactness Alternative in the situations when the Concentration phenomenon
is harmless. It is based on showing that the maximizing sequence {u;} has a sub-
sequence weakly convergent to a function u such that Ap(u) is maximal. We use
the fact that the sequence {uy} is bounded in WL®(), hence passing to a subse-
quence we can guarantee that (1.6) is satisfied. If we have cases (ii) or (iii) from
Theorem 1.3, then we use a version of (1.8) to show that Ap(u) = klirgo Ap(ug). If
(i) occurs, the result is obtained using (1.9) and (1.10), respectively.

The paper is organized as follows. After Preliminaries we prove some technical
estimates which enable us to use generalized Holder’s inequality in the proof of
Theorem 1.2 (i), (ii) and (iv). In the fourth section we recall some properties of the
concentrating sequences from the proof of Theorem 1.1 (iii) and (v). These sequences
are later used in the proof of Theorem 1.2 (iii) and (v). In the fifth section we
prove the generalized Moser-Trudinger inequality (Theorem 1.2). The sixth section
is devoted to the Concentration-Compactness Alternative (Theorem 1.3). The sixth
section also contains the proof of the result concerning the functional with the sub-
critical growth (Theorem 1.4). We also discuss the sharpness of the condition p < P
in Theorem 1.3 (iii).
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2. PRELIMINARIES

Notation. For the measure p on R™ let u|q be its restriction to Q, i.e. ula(A) =
u(ANQ) for every measurable set A C R™.

By M(A) we denote the set of all Radon measures on a ompact set A. We write
that p; — g in M(A) if [, ¢ du; — [, du for every 1 € C(A). It is well known
that each sequence bounded in L'(A) contains a subsequence converging weakly*
in M(A).

When we integrate with respect to the n-dimensional Lebesgue measure, we often
write [, f instead of [, f(x)dz.

By B(zo,R) we denote an open Euclidean ball in R™ centered at zp with the
radius R > 0. If 9 = 0 we simply write B(R).

By C we denote a generic positive constant which may depend on I, n, o, £,(Q),
®, K and med(u). This constant may vary from expression to expression as usual.
Sometimes we say that for every € > 0 something is true. Then the constants C' in
such a case may depend also on a fixed € > 0.

Young functions and Orlicz spaces. A function ®: [0,00) — [0, 00) is a Young
function if ® is increasing, convex, ®(0) = 0 and flim O(t)/t = oc.
[ — 0O
Denote by L®(A,du) the Orlicz space corresponding to a Young function ® on
a set A with a measure p. If u = £, we simply write L?(A). Similarly to [17] we
use the norm on L®(A, du) given by

(2.1) £l Ay = inf{A >0: /Aq)(|f(;c)|) du(z) < @(1)}.

By ¥ we denote the associated Young function to ®. The dual space to L®(A,dpu)
is the Orlicz space LY (A, du).

If we have ®(1)+ ¥ (1) = 1 (and if the norm is defined by (2.1)), then the following
generalization of Holder’s inequality is valid (see [21, page 58] for the proof):

(2.2) /A £ )9 )] dul) < 11 zacaamllelLo -

The reason why we use the norm (2.1) instead of the Luxemburg norm (version
of (2.1) with the bound ®(1) replaced by 1) is that a version of inequality (2.2) for
the Luxemburg norm differs by a multiplicative constant 2 on the right-hand side
and this constant is not sharp.

For an introduction to Orlicz spaces see e.g. [21].
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As-condition. We say that the Young function ® satisfies the As-condition, if
there are taA > 0 and Ca > 1 such that

O(2t) < Ca®(t) whenever ¢ > ta.

It is easy to see that if ® satisfies the As-condition for one fixed tAo > 0 then it
satisfies this condition with arbitrary {a > 0 with a different constant C’A > 1. It
is not difficult to check the Ag-condition for our Young functions satisfying (1.3).
Therefore one easily proves that for any 1 > 0 there is € > 0 such that

(2.3) O(1+e)t) < (1+n)®(t) fort>ta,

(2.4) 1 loaan = 1 < / &(f]) dux) = B(1),
A

(2.5) il o (=2 0 = /A B(| i) du(z) = 0.

Orlicz-Sobolev spaces. Let A be a nonempty open bounded set in R™ and let
® be a Young function. In this subsection we consider Orlicz spaces only with the
Lebesgue measure. We define the Orlicz-Sobolev space W L®(A) as the set

WL*(A) = {u: u,|Vu| € L*(A)}
equipped with the norm
lullwreay: = ullpecay + [[VullLeca)

where Vu is the gradient of u and we use its Euclidean norm in R™. The
space WL?(A) is a reflexive Banach space. We write that f — f in WL?(A),

if
0 0
/fkg—>/fg and / f’fg—> f,g
A A Aaxz Aaxl

for every g € LY(A) and i € {1,...,n}.

We put WoL?®(A) for the closure of C§°(A) in WL®(A).
Tools from Measure Theory. We need a version of [1, Lemma 2.3].

Lemma 2.1. Letl € N, K >0,y > 0 and let {u;}?2 , be a sequence of measurable
functions such that uy — wu a.e. in ). Suppose that there are § > 0 and Cy > 0 such
that

(2.6) / expp (K (1 + 6)|ug|") < C1 for all k € N.
Q
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Let F' be a continuous function such that

[F'()]

sup —————
ltl€(to,00) €xPp) (KE[7)

/QF(uk) klof’/QF(u).

/Q expy (K [u[7) "= /Q expy (K Jul").

In the original version of the previous lemma given in [1, Lemma 2.3], the func-

< oo for some ty > 0.

Then

In particular,

tion F' is supposed to be an even function. However, the original proof is valid
without such an assumption.

Isoperimetric function and generalized Pdlya-Szegé principle. In this
subsection we recall some partial results and estimates used in [8].

Let Q C R™, n > 2, be a bounded connected domain. We define the isoperimetric
function hq: (0,L£,(22)) — [0,400) by

ha(y) =inf{P(E;Q): EC QL. (E) =y}, y€0,L,()),

where P(FE;QQ) is the perimeter of E C R™ in €2 defined by

PE:) =swf [ divods: o € GO Iollm <1}
The function hq satisfies
(2.7) ha(y) = ha(Ln(2) —y), y € (0,L.(Q)).
By [8, Theorem 1.3 and Corollary 2.4] we have the following estimate.

Proposition 2.2. Let n > 2 and let Q) be a bounded connected domain in R™ of
class Y for some 0 € (0,1]. Then there are Cy > 0, 3 > 0 and y; € (0,1L£,(Q)]
such that for the function

_1\l/n
n(n D/ (DL )y nmD/n(1 — Coy?) for y € (0, ],

(28) h(y) = { hlon) fory € [, 2],
ML) ~ ) orye [ 2,@),
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we have that h(y) and y/h(y) are non-negative and non-decreasing on (0, 3L, ()]
and

(2.9) ha(y) = h(y), v € (0,L.()).

Finally, let us define by u°: (0, £,(£2)) — R the signed non-increasing rearrange-
ment of u, given by

u(y) =sup{t € R: L,{z € Q: ulx) >t}) >y} for ye€ (0,L,(Q)),

and recall the generalized Pélya-Szego principle for the space W L®(Q) which follows
from [9, Lemma 4.1 (ii)] by replacing the function hq by h (recall h < hg).

Lemma 2.3. Let 2 C R", n > 2, be a bounded connected open set and let
u € WL?(Q). Then u° is locally absolutely continuous and

/()Ln(ﬂ)q)(h(y)(_(z;o (y)))dyé/Q(I)UVUDdxa

[ (- ‘Z; )|

Let us note that in the original statement of Lemma 2.3 in [9], only the norm-

< ||Vu .
sao.ca@y S1YUEr@

estimate is given. However, since such an estimate holds for any norm on the Orlicz
space L?(Q), one easily proves the modular-estimate by passing to the Luxemburg
norm with respect to a suitable multiple (1 over the right-hand side of the desired
modular-estimate) of ® and then using the norm-estimate for the corresponding
norm. The same method works when showing that the modulars are weakly lower

semicontinuous using the weak lower semicontinuity of a norm.

3. ESTIMATES CONCERNING THE ASSOCIATED YOUNG FUNCTION

In the sequel, we follow the ideas from [17] and [5] used in the proof of Theo-
rem 1.1 (ii) and (iv). If our Young function ® satisfies (1.3) and (1.4), in a standard
way we can prove that there is a Young function ®;: [0, 00) — [0, c0) such that
(3.1) @} is continuous and increasing on (0, 00),

1
Oy(t) =—t" forte0,1],
n
and there is G > tg such that for every ¢t > G we have

1 -1
D(t) = - t" (H log[z.]_l(t)) logpy (£)(1 + logﬁ]a(t)) < - D(1).
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If @ satisfies only (1.3), we find ®;: [0, 00) — [0, 00) such that

(3.2) @} is continuous and increasing on (0, 00),
lim 1(t) =1
t—00 -1 ’
n-ltn ( _1‘[1 logp ! (t)) logfj ()
j=
lim 1 (0) =1
t—o0 ’

=1
tn—1 (j];[l 1og[7;}_1 (t)> logpy (1)

1
D(t) = Ht” for ¢ € [0, 1],
and there is G > expy; (1) such that for every ¢t > G we have

1
Dy (t) < - D(t).

Denote by ¥, the Young function associated with the function ®;. In both the
above cases, clearly Wy (t) = n='(n —1)t"/ (=1 for t € [0,1]. Hence ®;(1)+ ¥, (1) =
1. Therefore (®1, 1) is a normalized complementary Young pair and we can use the
generalized Holder’s inequality (2.2).

We need to be able to estimate the norm with respect to ®; by a modular with
respect to P.

Lemma 3.1. Let 6 > 0, 0 < C; < Cy and let A C (0,00) be a measurable set.
Suppose that the Young function ® satisfies (1.3) and let ®; be given by (3.2). Then
there is G = G(Cl, C5,0) > G with the following property:

If v € L*(A) is such that

Cr < vllpea) < Co
and |v| > G on A, then
o010y < (1+8)° [ (o] da
The proof is an easy exercise using (1.3), (3.2) and (2.4) (moreover, it is very
similar to the proof of [2, Lemma 3.2]). Therefore we omit it.

By [17, Lemma 3.1], [5, Lemma 3.1], [17, Lemma 4.3] and [5, Lemma 4.3] we have
the following estimates concerning ¥,.
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Lemma 3.2.

(i) Let ® satisfy (1.3) and let ®; be constructed so that (3.2) is satisfied. Then
there is E > 0 such that if t € (0,00), then

(3.3) Uy (t) < Ui(t) := Bt/ =D (1 + |log(t)|F).

Moreover, for every 6 > 0 there is G2 > G such that if t € [G3,0), then

(n — 1)1+(@/(n=1))

(1+9) tn/(n=1) Jog =/ (=) (¢)
) ifl=1,
(3.4)  Wy(t) < Uy(t) := (n—1)2 =1 —a/(n—1)
(1 + 98 oy (}l log;} (1)) log, (t)
ifl>2.

(ii) Let ® satisfy (1.3) and (1.4), and let ®; be constructed so that (3.1) is satisfied.
Then there is E > 0 such that if t € (0,00), then

(3.5) Uy (t) < Ui(t) := Bt/ =D (1 + |log(t)|F).

Moreover, there are G > G and b € (a,min{1,1/~}) such that for every t €
[G2,0) we have

(n— 1)1+(a/(n71))

/(=1 165~/ (=1 (4)(1 — log (1))
n
(3.6) Wy(t) < Uy(t) e
. 1 t < 1t = 2 —
(n_ 1) _ -1 _ —a/(n— —
=D v (}31 log;} (1)) Togyy™ " (1)1 ~ logg (1))
ifl>2.

The main result of this section is an estimate of ||[1/h(y)l|Lvi (1., () for £ >0
sufficiently small.

Lemma 3.3. Let us define

—1/n
(wn;) B~(n=D/np=1/7  for =1,
(3.7) D=

(wn2_1)*1/nB—(n—1)/n forl > 2.
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(i) Let ® satisfy (1.3) and let &1 be constructed so that (3.2) is satisfied. Let e > 0.
Then there is tw, € (0,3L,(Q)) such that for every t € (0,ty,) we have

1
Dlog/"(=).
LY1((t,3£,()) < (L+¢)Dlogy) (t)

(ii) Let ® satisfy (1.3) and (1.
Then there are ty, € (0,
t € (0,ty,) we have

LY1((,1 £(9Q))) S Dlog[ll]ﬁ(%) (1 B logmc<%)).

4), and let ®1 be constructed so that (3.1) is satisfied.
1£,(Q)) and ¢ € (b,min{1,1/~}) such that for every

bl

Before we prove Lemma 3.3, let us note that the function logj; has asymptotic
behavior similar to the function log. We recall [5, Lemma 2.2].

Lemma 3.4. Lett1,p,q,0, E,L > 0 and [ € N and let functions f,h: R — (0, 00)
and g: R — R satisfy

g(t) + Ef(t) > expy(0) and ER(t)fP(t) > expy(0) on (t1,00),
gt) ang 08h®) 7 p on (1. 00
Jim f(t) = oo, oy €[E+0L] and e e| q+<s,L} (t1,00).

Then there is tg > t1 such that if t >ty then

B C log; (9(t) + Ef(t)) C o i
B8 1 g @) = gy, Gy - oy A€l
and

o gy (ER@OP) ¢
GO @) = gy - ey ISRt

Proof of Lemma 3.3. (i) For fixed ¢ € (0, expml(l)) we set

1
(3.10) A= (1 +5)Dlog[1”/7(g)

and our aim is to prove that

TLn () 1 n—1
(3.11) / \1/1( ) dy < — (1)
t
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provided ¢ > 0 is sufficiently small. Let 6 > 0 be so small that

(1+4)+2 1
For ¢ € (0, expml(l)) put
min{1, E+2)(n—1)) (1
(313 M = M(©) = exp(— loglg 0D/ (E 1200 (1)

Since 1/t > 1/(M™™=D) > X and 1/h(M) ~ 1/(M®=1/7) (see (2.8)) for t > 0
small, there is t; € (O,expml(l)) such that for 0 < ¢t < ¢; we have

L, () 1
(3.14) <M< T SHD

> Gy and  logy(1/M) > 0,

where G5 (depending on §) comes from Lemma 3.2 (i). Therefore from Lemma 3.2 (i)
we have

(3.15) /t%(m qfl(%(y)) dy

M 1L.(Q)
</ @4Mbﬂdyﬁﬂ» ¥ () =1+ R

By (2.8) we have 1/h(y) < Cy~(»=1/" and thus (3.3) gives

La(Q) 1 N
Y
16)  n<cr [ i (1 foe( O ) ) 2
1
¢ el E 24y
S \n/(n—1) /M (1 + [log(A)[™ + [log(y)| )? =J1 + Ja,

where (see (3.10) and (3.13))

C /%Ln(ﬂ) B dy
3.17 J=— 1+ |log(A —-
a1 = [ s

< C
logﬁ]/((nfl)w(l/t)
CIOgﬁJJrl](l/t) logain{171/7}/((E+2)(n—1))(1/t)

logﬁ]/((nfl)“/) (1/t)

(1 + log” (1ogm (%))) (C +1log(1/M))

t—04
—
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and

1
- /n 7,2 o rdy
3.18 Jo = log(y)|” —
( ) 2 \n/(n—1) | ( )l Y

C

= logﬁ]/((n—l)’v)(l/t) (C + logEJrl (%))

min{1,1/7}/(n—1)
< Clog[z] (1/t) =04

logﬁ]/((n_l)ﬂ (1/%)

Hence there is t € (0,¢1) such that if 0 < t < t2 then we have
n—1le
7
Next, we need to estimate I;. We distinguish two cases.
Case | > 2. Since, by (2.8), (3.10) and (3.13), we have log(1/h(M)) > log(\) > 1
and 1/h(y) = 1/y™=Y/™ for small t and y € [t, M], we can find t3 € (0, t3) such that
for all 0 < t < t3 and y € [t, M| we have

(3.19) I <

(3.20) 1og’1(%(y)) < (1+0) 10g1<ﬁ) = (148)— 1og’1($)-

n—1

Similarly, we can find ¢4 € (0,t3) such that for every 0 < ¢t < t4 and every y € [t, M|
we obtain

—1f_ 1 —1(1 ’
(3.21) log (W) < (1496) log; (;) forje{2,...,01 -1}

(indeed, log(y~(~Y/") = ((n —1)/n)log(1/y) while logy;) (y=(»=1/7) is very close
to logy; (1/y) for j > 2),

—a/(n-1)( 1 —a/(n-1) (1
and
1 n/(n—1)
. —— < , M.
(3.23) (1_C0y5) 1406 forye[t,M]

Therefore (2.8), (3.4), (3.10), (3.20), (3.21), (3.22) and (3.23) imply that for 0 < ¢t <
t4 we have

11<(1+5)/M@(%)n/<n1>

A
-1
X (H logg]1 (ﬁ)) log[_lfy/(n_l) (ﬁ(y)) dy

J=1
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1 fwn_
<oyl - (w—"2 '

M -1
X/t logl(é)glbgml(i)) g/ 1>(y)<;y

ED, e T L L UL
(1 + &)n/(n=1) pn/(n—1) 1og3]/<<"—1>7>(1/t) l—a/tn—1) |,

—1/(n—1) 1
) A/ (n—1)

Thus, as log[ll]_a/(n_l)(l/M) > 0 (by (3.14)), using (3.12), 1 —a/(n —1) = B =

n/y(n —1) (see (1.2)) and (3.7) we obtain

(1—tw)r=t(iy, )"V 5 _1 1

2 n_ \2 — — N
(3.24) I < L == (1 25).

From (3.15), (3.19) and (3.24) we obtain that for 0 < ¢ < t4 we have

/t ()\hl( >)dy\11+12

This is (3.11) and the proof of (i) is complete in the case | > 2

Case | = 1. Since, by (2.8), (3.10) and (3.13), we have log(1/h(M)) > log(\) > 1
and 1/h(y) ~ 1/y(»=1/? for small ¢ and y € [t, M], we can find t3 € (0,2) such that
for all 0 < t < t3 and y € [t, M| we have

%(y)) < (1+8)log™/ “f”(ﬁ)

_a +5)<n; 1)—a/<n—1> 1Og_a/(n—1)<§).

L ()

[N

1,1 1 1
L (1——5)—|—n %:" = Uy (1)

2 n

(3.25) 1og*a/<”*1>(

Moreover, we can suppose that ¢3 is so small that (3.23) is satisfied. Therefore (2.8),
(3.4), (3.10), (3.23) and (3.25) imply that for 0 < t < t3 we have

M 1 -1 _
(n—ntre/mD 1 WD ey (L
n<( 1 L
1< +5)/t " (Ah(y)) 08 (Ah( ))dy

M
5 n—1 (wnfl)‘”(”‘” 1 malnn (1 )dy
SO+ oy (72 e f, 108 y

_ (1 +5) (n— 1)(% )—1/("—1) {_logl a/(n— 1) (1/y) ]
(1 + g)n/(n=1p2-a/(n-1) pn/(n—1) log"/((n—l)v)(l/t) 1—a/(n—1)

Thus, as log[1] a/(n= 1)(1/M) > 0 (by (3.14)), using (3.12), 1 —a/(n —1) = B =
n/(y(n —1)) (see (1.2)) and (3.7) we obtain

I

N
|

(1-2e)n—1)(Ew,q) VD 1 1
n2—a/(n=1)pn/(n—-1) B T oon ( )
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This, (3.15) and (3.19) imply (3.11) for 0 < ¢ < t3 and the proof of (i) is complete
also in the case | = 1.

(ii) The proof is similar to the proof of part (i), but we need more careful estimates.
This time we set

(326) A= Diogif?(5) (1 1osi (7))

and we want to obtain (3.11) for this A. The point M = M (¢) is defined by (3.13)
again, (3.14) still holds, and we split the integral as in (3.15). According to the fact
that estimates (3.3) and (3.5) coincide we obtain from (3.16), (3.17) and (3.18) for
0<t<tsy

C

n/((n—1)y)—min{1,1/7}/(n—1) (1/t) '

(3.27) I <
1og[l]

It remains to estimate I;. We distinguish two cases.

Case | > 2. Since b € (0,1) and thus log'~°(1/M) > log(\) > 1 for small
t > 0 (by (3.13) and (3.26)), we can choose t3 € (0,t2) such that if 0 < ¢t < t3 and
y € [t, M], then we have by (2.8)

1 1 !

2 log™' (7 ) = log™"

(3.28)  log (Ah(y)) °8 <y<n1>/n)1 log(A"'y" =1/ /h(y))
log(1/y(m=1/n)

< (5)(+ )
<~ log™" G) (1 + 1051017?1(?1)\4) 1ogb(11/y))

N

(1 i loglle]/(ix/y)) n i 1 log™ G)

Further, estimate (3.9) from Lemma 3.4 together with (2.8) gives us t4 € (0, ¢3) such
that if 0 < ¢ < ¢4 and y € [t, M], hence we have

(3.29) logp;! (/\hl(y)) < (1+1Ogm%)1 ;]1(1) for j€{2,...,1—1},

(3.30) 1ogﬁ]a/(n71)(%()) <(1+ m) oo/ 1>(y)7
(3.31) ~ logy ()\h( )) <1 logm (1)

and

b () <o)
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Finally, we observe that for y € [t, M]

(3.33) (ﬁ)n/(nl) <1+Cy? <14 Clogy) (é)

Hence (2.8), (3.6), (3.26), (3.28), (3.29), (3.30), (3.31), (3.32) and (3.33) give us that

;o =17 /M( 1 )n/<n—1>
o )

-1
(1 vt ) s ) 4~ )

_ ((n— 1)/n)(%wn,1)71/("71) (1+ Clog[_l]c(l/t))
Dn/(n—1) 1Og6]/((n*1)7)(1/t)

o (Hlogﬂ( sz (1)
x ( 1og[z] (1))(1 my( Liogg? (1))%

Further, as 0 < b < ¢ < 1, there is t5 € (0,t4) such that for 0 < t < t5 and y € [¢t, M]

we obtain
(s om0+ g S 0+ () - s (1)
()0 gt (3))
< (vv e (D) (1 s (1) <1 v (1)

Therefore (3.7) and —a/(n —1) = B — 1 # —1 (see (1.2)) imply

1

‘
—c —b
< (1+Clogy, 1- < logy,
( c 1— —b
0

((n —1)/n)(Awa_1)" /(=D 1 — g log"(1/1)
Dn/(n—1) log[VlL]/((" 1)’)’)(1/)

M sl—-1
—1(1 0g 2/ =1 11
< [ (Iosit (5) ) o ()
i
n— 1, 1= s logy (1) [ loggy *" TV (1/y) )M
n 1 n/((n—=1)7) 1/t l—a/(n— ].)
og[y ( /) t

I <

Since 1 —a/(n—1) = B=mn/((n—1)7) (see (1.2)) and logy(1/M) > 0 (see (3.14)),
we have

(3.34) I < n;1< - —log[l] (1))
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From (3.15), (3.27), (3.34) and

0<b < min{l,1/7} <n/((n—1)y) - (min{1,1/3}/(n — 1))

we obtain that there is tg € (0,t5) such that for 0 < t < tg we have

Ly (2)/2
/ %(L)dyéh + I
t Ah(y)

1

n—1 1. 1
: + 1— —logy’( -
logly DD RRTAC D (1 T ( 16 oW (t))

<C

n—1
< — U, (1).
- 1(1)

Case | = 1. First, by (2.8), (3.13) and (3.26), there are t3 € (0,t) and C' > 0 such
that for 0 < ¢t < t3 and y € [t, M] we have

(3.35) 1 1og7b(%(y)) <1- élog*b(%)

and

1
(1 —log™¢(1/y))™/(n=1)

Further, let us prove that there is t4 € (0,t3) such that for 0 < ¢t < t4 and y € [¢t, M|
we have the estimate

(3.37) 1og_a/("_1)<)\h1(y>) < () 1og_a/("_1)<§) (1+ glog_b(i)).

n—1

(3.36) <1+ Clog_c(é).

For a > 0 estimate (3.37) is obtained in the same way as (3.28). Now, let a < 0.
This time for y > 0 and ¢ > 0 small enough we have Ah(y) > 3y ~/" (see (2.8) and
(3.26)). Thus

1 1 n—1 1
_~ < _ -
IOg()\h(y)) = IOg(y(”—l)/”) n IOg(y)
and (3.37) follows.
Hence (2.8), (3.6), (3.26), (3.35), (3.36), (3.37) and (3.33) give us that

(n —1)t+e/tn=D) /M L \YO=D ey L b 1
I = 1 — (1-1log™* ——)d
! n ; (Ah(y)) o8 Ah(y)( ©8 /\h(y)) y

_ (1= D (Ew ) VD1 4 Clog™(1/1))
n2—a/(n—1) pn/(n—1) 1og”/(("*1)7)(1/t)

/tMlog“’/(”‘” (i) (14 Clog™ i) (1+ glog_b é) (1-Clog i) %.
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Further, as 0 < b < ¢ < 1, there is t5 € (0,t4) such that for 0 < t < t5 and y € [¢t, M]

we have

(1+c15(2)) (1 +~mog—1(§))(1+ glog—b@))(l ~co (1)
<1 (l).

Therefore (3.7) and —a/(n —1) = B — 1 # —1 (see (1.2)) imply

n—1 Clog™"(1/t) (M iy
< (0% n—
his= Bl e 1)7)(1/t)/t log (y)ydy
M
-1 LCogy, b(l/t)l log!—(e/(=1) (1/@]
o n/((n—1)7) — — ’
n " log (1/t) l-a/(n=1) |,
Since 1 —a/(n—1) = B =n/((n—1)y) (by (1.2)) and log(1/M) > 0 (by (3.14)),
we have _
n—1 C. _pr1
< - = z
h< n (1 4 log (t))
and we complete the proof in the same way as in the previous case. O

4. CONCENTRATING SEQUENCES

Let R > 0. We make use of the following sequences of Wy L®(B(R))-functions
from [1], [5] and [17] that played an important role in the proof of Theorem 1.1 (iii)
and (v), respectively. For [ = 1 we set

(4.1) wi(z) = gr(l2]),
where
0 for y € [R, ),
2 /v B 1/7—B log(k) \'/~
(-2 v+2) K an0g" (k7P (14 2£2) ;
for y € [E,R},

Ko (B o1 O gy [, 1)

1
K‘l”kl/V(l + logk(k)) ! for y € [0, Re=#/m].
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In case | > 2 we fix T' > expy(1) and define
(4.2) wi(z) = gr(|z]),

where

0

lin,«a

gr(y) = 5

l,n,«

l,n,«

_2 ~1/7 1B 1/7—B
( Ry+2)K logl (T + 2)k (1+

_ _ log k\1/7 —1/n
K 1Mlogm(T—i—R/y)kl/V B(l—i—T) for y € [Rexp[l]l/ (k), =

for y € [R, ),
1ogk)1/v

k
for y € [%,R},

R}v

_ log k\1/7
K0 logf (T + explf ™ () 1175 (1 + %)

for y € [0, Rexp[_lll/"(k)].

For a given K > K, o we fix A € (K} 1., K) and define for [ =1

(4.3) Wy () = gr(|z])

where

0

2
(—}—% Y+ 2) A=Y B log? (2)k1/1—B

A=Y/ B logP (g) ki/r—B

A~V
In case I > 2 we fix T > expy;(1) and we define
(4.4) wr(x) = gr(|z])

where
0

2
(—ﬁ Y+ 2)A—1/v logf} (T + 2)k(/1) =5

A~ logf (T + g)k(l/V)—B

A= logﬁ] (T + eXp[ll]/n (k)k/M=B
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for y € [R, 0),

R g

for y € {2

for y € {Re’k/", g},

for y € [0, Re™*/™].

for y € [R, ),
R
for y € {5, R},
—1/n R
for y € {R exp[l]l/ (k), E},

for y € [0, Rexpfnl/n(k)].



The proofs of [1, Example 5.1], [17, Theorem 1.2] and [5, Theorem 1.2 and Theo-
rem 4.1] give us the following results.
We have

(4.5) / expy (K1 n,0lwil|”) foop o
B(R)
and if K, o < A < K then
(4.6) / expyy (K |@p|") =% .
B(R)
If & satisfies (1.3) then there is ko € N such that
(47) ||(I>(VTI}]€)|‘L1(B(R)) < 1 for k > k?(),
and if @ satisfies (1.3) and (1.5) then there is kg € N such that
(48) ||<I>(Vwk)|\L1(B(R)) < 1 for k > k‘o.

Further, one easily modifies the proofs so that for 6 > 0 fixed there is kg € N such
that

(4.9) / O(0|Vwg|) < 6™ for every acek > ko
B(R)
provided ® satisfies (1.3), and if ® satisfies (1.3) and (1.5), then
(4.10) / O(0|Vwg|) < 0™ for every k > ko.
B(R)

Let us note that [17, Theorem 1.2] (which concerns the sequence {wy }ken in the case
[ = 1) contains an assumption concerning the behavior of ® near the origin, but this
assumption can be removed using the convexity of ® (cf. [5, Proof of Theorem 1.2]).
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5. PROOF OF THEOREM 1.2

Proof of Theorem 1.2 (iii) and (v). Let Q C R” be a smooth domain such that
there is R > 0 satisfying

(5.1) QN B(R) = {z € B(R): z, > 0}.
As K > Kl,n,a(%)“’/", we can find A € (K p,q, 2“’/"K). We define
wup = 20, k> ko,
where Wy, are given by (4.3) and (4.4) (with the parameter A chosen above), respec-

tively, and ko € N comes from (4.9) for § = 21/™. Tt is not difficult to see from (4.3)
and (4.4), respectively, that

0 < med(ug) R .

Next, by A > K .o, (5.1) and (4.9) we have

1 1 ~
[ovu =5 [ svuh=; [ oE"va) <,
a B(R) B(R)

Finally, we use (5.1), (4.6) and 27/"K > A to obtain
¥ 1 v/npe (7] koee
expy(Klue) = 5 [ expy (K2 i) "= oo
Q B(R)

This completes the proof of Theorem 1.2 (iii).

Theorem 1.2 (v) is proved in the same way. We define
UL :21/”wk, k‘} k‘o,

where wy, are given by (4.1) and (4.2), respectively. The properties of the se-
quence {uy} are verified using (4.10) and (4.5). O

Remark 5.1. One can easily see from the above proof that in Theorem 1.2 (iii),
it is enough to suppose that  is from the class C%?, 0 (0,1]. Indeed, for any
zo € O we can find the radius R > 0 so small that Ln(B(xo, R) N Q) is as close to
%En(B(xo, R)) as we need.
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Now we proceed to the proof of Theorem 1.2 (i), (ii) and (iv). We start with some
estimates common for all three proofs. First, we define

v = u — med(u).

This implies that med(v) = 0, Vv = Vu on © and

/Q expy (K (Jul)") < /Q expy (K ([v] + [med(u)))").

In the rest of the proof we estimate the right-hand side of the above inequality.
Changing the sign of u if necessary, we can suppose that

/ expy) (K (o] + |med(u)[)7) = / expy) (K (|| + |med(u)[)7).
QN{v>=0} QN{v<0}

We make use of the following estimate of v°(s1) — v°(s2) for 0 < s1 < s2 < 3£, ().
From (2.8) and the generalized Holder’s inequality (2.2) we have

(5.2) v°(s1) — v°(s2)
52 do° 52 do° 1
:/5 —w (y)dy=/8 1 (y)h(y)@ dy

dv° 1 @ g
——(y)h(y)—d +/ —_d
m () (y)h(y) vt | ey

</’

(s1,82)N{(—=dv°/dy)(y)h(y)>G}
dv°

<|l- h(y)|

|5, wnw)

i

LP1((s1,52)N{—(dv°/dy)(y)h(y)2G})

?

LY (51,1 £,(9)))

where G comes from (3.1) and (3.2), respectively. Moreover, if we assume that
Jo ®(|Vul) < 1, then Lemma 2.3 together with (3.1) and (3.2), respectively, implies

dv° 1 [ dv°
Q1 ———(y)h(y) ) dy < —/ ®(———(y)h(y)) dy
/<sl,sz>m{<de/dy><y>h<y>>G} ( dy ) n Jo ( dy )

1 1
< E/Q(I)(|Vv|)da: < =ai()

and thus

-5

(5.3) 3, W)

<
LP1((s1,82)N{(=dve/dy)(y)h(y)2G})
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Proof of Theorem 1.2 (i). From u € WL®(Q), (3.2), and Lemma 2.3 we can see
that foﬁ"(m @1 (—(dv°/dy)(y)h(y)) is finite and thus we can find s3 € (0, $L£,(Q2)) so
small that

|- wn)|

<4 f € (0, s2),
1 (o s or every $1 € (0, s2)

where 6 > 0 is a small fixed number specified below. Thus, decreasing ss if necessary,
we obtain from (5.2) and Lemma 3.3 (i) (where we set ¢ = 1)

1
°(s51) < 0° Colog{"(—) +C.
v2(s1) < v°(s2) + og() (81> +
Hence, if § is small enough, we can find yo € (0, s3) so small that

. 1 1 1
K(v°(y) + Jmed(u))” < 3 logy (;) < logyy (ﬁ) for every y € (0,yo).

Therefore, as 0 = med(v) = v°(3£,()),
/ expy (K ([0(z)]| + [med(w)])") da
QN{v>=0}
LA ()
- / expyy (K (|0°(y)] + [med(u)[)") dy

Yo 1/9 %[,,,(Q)
< / Y1 dy + / expy (K ([0° (30)] + [med(u)])") dy < o0
0 Yo

and we are done. O

Proof of Theorem 1.2 (ii). Since K < Kl,n’a(%)w”, there is € > 0 so small that

Kinols

)v/n
7 .

(5.4) (1+e)* <

By (5.2) with sy = $£,(€) (recall 0 = med(v) = v°(3£,(1))), (5.3), Lemma 3.3 (i)
with our € and |med(u)| < M we have

1
v°(s1) + lmed(u)| < (1 +¢€)D 1og[1[]/7(g) +C+ M
provided s > 0 is sufficiently small. Hence there is yo € (0, 3£,(€)) such that
1
v°(y) + |med(u)| < (1 + 6)2Dlog[1[]/7<§) for every y € (0,yo).
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Finally, using (5.4) and D7 = K{T},QW/” (see (1.2) and (3.7)) we conclude

[ e (o) + ned(w))) do
QN{v>=0}

3Ln ()
= [T exmyg (R (o2 )] + fmeda))) dy

s /Oy expyy (K (1+2)* D" logy G)) dy

1L,(Q)
+ / expyy (K ([0 (o) | + [med(u)])") dy
Y

0

Yo K(1+4¢)* 1
< C’+/ ex ——— o -] )dy < C.
o p[l](Kl’n’a(%)y/n g“](y>) y

O

Proof of Theorem 1.2 (iv). By (5.2) with s; = $£,(), (5.3), Lemma 3.3 (ii),
and |med(u)| < M we have

v°(s1) + |med(u)| < Dlog[ll]/v(i) (1 - 1og[_lf(é)) +C+M

provided s; > 0 is sufficiently small. Hence, as ¢ < 1/7, there is yo € (0, $£,(€2))
such that

° 1 1. /1
(6.5)  v°(y) + |med(u)| < Dlog[ll]/”’(z) (1 -3 log (5)) for every y € (0,%0)-

Next, there is C7 > 0 such that

(5.6) (1 — %logﬁ]c(én7 <1-C logmc(§> for every y € (0, yo).

Finally, using (5.5), (5.6) and D7 = Kl_1’a27/” = 1/K (see (1.2) and (3.7)) we

,n

conclude
[ e (o) + ned(w)])) do
QN{v>=0}

< /Oyo expy (10g[l} (i) (1 -G 1og[_lf(§))) dy

E‘C?L(Q)
4 / expyy (K ([0°(y0)] + [med(u)])") dy < C.

Yo
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Indeed, the latter integral is plainly finite and for the former in the case [ = 1 we
have from 0 < ¢ < 1 for y > 0 very small

n(n(2) o= (1) < s (1) (1)

=y <L (0:3))

For ! > 2 and y small enough we can use estimate (3.9) from Lemma 3.4 and 0 < ¢ < 1
to obtain

logy (é) —4 log[llfc(%) < logw (é) ~ O slosw (@1/ W)

and thus

e (o () (=8 () < iy < 2 (09))

Remark 5.2. By the previous proof we can see that for any fixed C' > 0, we
have versions of Theorem 1.2 (ii) and (iv) with

/Qexp[l] (K(C + [u(@)))") < C(C,1n, 0, &, £ (), K, M),

6. CONCENTRATION-COMPACTNESS PRINCIPLE
The main ingredient in the proof of Theorem 1.3 is the following result.
Proposition 6.1. Let [ € N, n > 2 and a« < n — 1. Suppose that 2 C R"™ is
a bounded connected domain of the class C1Y for some 6 € (0,1]. Let ® be a Young
function satisfying (1.3). Let {ux};>, C WL®(Q) satisfy || ®(|Vux|)||1 ) < 1 and
med(ug) =0, up —u in WL®(Q), and wup — u a.e. in Q

for some u € WL®(Q). Then for every

e P (1= [ @(IVu) /™ if [, ®(|Vu|) <1,
R if [, ®(|Vul) =1,
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we have

1\7/n
/ expy (Klna(§> p|uk|7> < C where C is independent of k € N.
Q

Proof. We distinguish three cases.

Case [, ®(|Vu|) = 0. We have P = 1 and our statement is just a weaker version
of Theorem 1.2 (ii).

Case 0 < [, ®(|Vu|) < 1. We proceed by contradiction. Suppose that there exists
a sequence {uy} satisfying the assumptions of the proposition and

1\7/n o0
/Qexp[l] (Kl"“(ﬁ) p1|uk|7) — oo for some p; < P.

Passing to a subsequence and changing the sign of the entire sequence if necessary
we can suppose that

1\"/n oo
eXPy) (Kl,n,a(§> P1|Uk|7> — oo.
Qﬂ{uk20}

That is, for a signed non-increasing rearrangement which is equimeasurable we have

(6.1) /0

Next, we fix ps, ps € (p1, P) such that p2 < p3. Let us fix G>aG (G comes from (3.2))
so that Lemma 3.1 holds with this G for C; = (1/p3)?, C = 1 and some § > 0 so
small that

Ln()

(NI

v/n -
expy (Kl n a<2) p1|u2|7) " o

(6.2) %(1 + )3/ <1,
Finally, fix € > 0 such that

p3)1/“’.

(6.3) lte< (p2

The rest of the proof is divided into several steps.

Step 1 (Upper estimates of uy,). As the assumptions of our proposition are more
restrictive than the assumptions of Theorem 1.2 (ii), we can use all partial results
from its proof. In particular, for all k¥ € N we have the estimate (see (5.2))

+C,

duk ‘
L¥1((s1,82))

1
W

6.4 ul(sy) —usn(s ‘
(6.4) R(s1) —up(s2) Lo (oA
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where 0 < s1 < 52 < 2£,(Q), C = C(G, L, (22)) and

L, (Q du?
A, = {yé(O, 2( )) ——k
We also have (see (5.3))

o
_ duy

(6.5) H O (y)h(y)‘

Lél((Sl,Sz)ﬁAk)
for 0 < 51 < 53 < ££,(Q) and k € N. In particular, if s, = 1£,, (), estimates (6.4),

(6.5), up(3Ln(€2)) = med(ux) = 0 and Lemma 3.3 (i) with e = 1 give for every
y € (0,5£n())

o 1
(6.6) uj(y) < C + Clogy]” (5)

Step 2 (Lower estimates of uy). We claim that for every kg € N and every
to € (0,2L£,(2)) there exist k € N, k > ko, and t € (0, o) such that

0> () )

We prove this claim by contradiction. Suppose that there exist kg € N and tg €
(0, 3£,,(2)) such that

. 1 Y|
_ — = ko.
up(t) < (pQKl,n,a(%)’Y/n> log ) (t) for every t € (0,10) and k > ko

Then by the this estimate, p; < p2 and inequality (6.6), one has that, if k& > ko, then

%EH(Q) 1\Y/n
/ eXp[z](Kz,n,a(a) plluil”) dz
0
3Ln ()

< /Oto eXp[z](i—; log[l](é))dy—l—/to expy (C"'Clogm(%))dng,

an estimate which contradicts (6.1). Therefore, our claim is proved. Thus, possibly
after passing to a subsequence, there exist ¢ € (0, %En (Q)), k € N, such that

o 1 Uy a1 1
(6.7) up(ty) = (W) log[l] (a) and {t < Z for every k € N.
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Step 8 (Decomposition of functions u and uy). Given L > 0, we define functions u”

and " in Q as
u(z) = min{|u(z)|, L} sign(v) and @ (z) = u(z) — ul(x) for z € Q.

The functions uf and @F are defined analogously for k € N. It is not difficult to
verify that

(6.8) | ovuh = [ o(vuih+ [ a(vi)

uf — vl ae. in Q and af — o

a.e. in €.
Moreover, {uf} is a bounded sequence in W L?®(2), and hence there exists a weakly
convergent subsequence. Since it converges almost everywhere to u”, one also has
that

uf = vl in WL®(Q) and af — @ in WL?(Q).

Finally, we choose L so large that

By (6.7), passing to a subsequence if necessary, we may suppose that uj (tx) > L for
every k € N. Consequently, there exist s, € (ty, 3£, (€)) such that uj(sz) = L for
every k € N.

Step 4 (Final computation leading to a contradiction). By (6.7), (6.4), and
Lemma 3.3 (i) we have

(o) st (5) - 2

1
1 D1 1/7(_)).
L“’l((tk,sk)nAk)<( +e) O8] t

Hence, from ps > po, (6.3) and D = K_lf)jZl/" (see (1.2) and (3.7)), for all k large
enough we obtain

(6.10) (p%)w < H—(L—I;’Z(y)h(y)’

L1 ((th,51)NAR)

From (6.10), Lemma 3.1 (the assumptions are satisfied by the choices preceding
Step 1, (6.5) and (6.10)), Lemma 2.3 (applied to each function 4y, k € N) and (6.8)
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we see that for k£ € N large enough

1
D3 = 5
P = (@ /Ay 9RO o (1 oy
S 1
(L4837 ([ a, P~ (dug /dy))h(y)) "
(o)~ (48

T (o ®UVaED)" T (1 fy ®(Vuk))"

This last inequality, the weak lower semicontinuity of the modular and (6.9) yield

pe > (1+0)~3/n
3 =
/
(1 —hmlnfo |Vu |))7
(1+6)"3/n P3 1

> —
(= () P [y

which gives us the desired contradiction.

Case [, ®(|Vu|) = 1. The proof is similar to the previous one, therefore we only
sketch it pointing out the differences.

First, we do not have any upper bound of p; and we just fix any ps, p3 such that
p1 < p2 < p3. The level L > 0 is chosen such that

1 7/ n .
- > 1 ) 3v/n
and thus the final computation takes the form

(14 8)=3/n ) A
/n = /n
(1 - hmmf Jo ®(IVug |))7 (1 Jo@(Vul])’

WV

b3

We also need a version of [4, Lemma 3.1] for the space W L% ().

Lemma 6.2. Let l € N, n > 2, a <n—1 and up € R. Let 2 be a bounded
connected domain in R™ of class C1Y for some 6 € (0,1] and Iet ® be a Young function
satisfying (1.3). Let {uj}3>, C WL®(Q) satisfy | ®(Vug)| 11 (o) < 1. Suppose that

up —wug in WL*(Q) and ®(|Vug|) = p in M(Q).
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Let F, N C Q be compact sets such that F NN = () and u(N) > 0. Then there is
0 > 0 such that

(6.11) Hexp[l] (Kl n.a (2)v/n(1 + 5)|uk|7) HLI(F) is bounded.

Proof. Let us briefly outline the idea of the proof. Since u(N) > 0 we obtain
that [, ®(|Vux|) cannot be small for k big enough and thus we can find § > 0 such
that ||®((14-26)|Vug|)|| 1 (7) < 1. Then, using Theorem 1.2 (ii) for some modification
of the function (1 + 2J)us we obtain (6.11).

First, let us give the proof in the case ug = 0. We use ®(|Vuy|) = pin M(Q) for
the test function ¢ = 1 to obtain

(6.12) / B(|Vug|) = /w Vug]) ¥ /wdu (2

Set o = %M(N) and recall that Ca, ta are the constants from the As-condition
(i.e. D(2t) < Ca®(t) for t > ta). By Preliminaries, we can suppose that ta is so
small that

(6.13) 2(218) < 377y

For 7 > 0 denote G, = {z € R™: dist(x, F) > 7}. Clearly, we can find 0 < a < b <
dist(F, N) such that

g

(6.14) 1(Ga \ Gb) < (i)

g
ﬁ and ;Cn (Ga \ Gb) <

Set My = Q\ G, and My = Q\ G},. We observe that FF C M; C My and MaNN = ().
If ¢ € C(Q) is such that 0 <9 < 1,9 =0o0on N and 1 = 1 on M, then

/Mz B(1Vul) < [ vV = [ pdn <1 p(N) =150

Hence there is k1 € N such that

(6.15) / O(|Vugl) <1 —40 for k > k.
Mo
Using (6.14) in the same way as above we can find ks > kq such that

(6.16) / B(|Vurl) < 2 for k> ko,
Mo\ My CA
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We claim that there is § € (0, 3) such that

(6.17) / O((1+20)|Vug|) <1 —30 for k > k.
Mo

Indeed, by (6.13) we have ®(2ta) < 0/(2L,(M2)) and we set

n=(1-(3+ %)a)/(l ~ 40).

Then there is € € (0,1) such that (2.3) holds on [ta,00) (see Preliminaries). Thus
setting § = 3¢ we can use (6.15) to obtain

/ D((1420)|Vugl)
Mo

<I>((1+6)|VUk|)+/ O((1+¢e)ta)

Mon{|Vug|<ta}

/Mgﬂ{|Vuk|>tA}

1 1
gl—(3+§)a+§o:1—3a

and (6.17) is proved.

Now we can define v,. Take 1 € C1(Q) such that 0 < < 1,9 =1 on M; and
¥ =0on Q\ Int(Ms). Set vy = (14 26)vpus. Our aim is to apply Theorem 1.2 (ii)
to vk, thus we need to prove that there is k3 > ko such that

(6.18) I:= / O(|Vug]) <1 for k > ks.
Q
We have I = I + Is + I3, where

I = / B(|Vuy|) :/ B((1+20)|Vup|) <130 for k > ki by (6.17),
M1 Ml

12:/ ‘I>(|Vvk|)=/ (0) = 0,
Q\MQ Q\]\42

and

I = / (| Vor)).
M2\M1

Set P = max |Vi(z)|. From d € (0, %) we have on M, \ M;
e

(619) B(IVorl) < DL + 260 Vg + (1 + 20) url [V¥]) < B(2IVeug| + 2Py,
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It is convenient for us to decompose My \ M into three sets

AL ={rx € My\ My: ta > |Vug(2)], ta > Plug(z)]},
A? ={x € My \ My: |Vug(z)| > ta, |Vug(z)| >
A} ={x € Mo\ My: Plug(z)| > ta, Plug(z)| = |[Vug(z)|}.

As My \ My = A}, U A2 U A3, we have

I3=/ <I>(|Vvk|)</ +/ +/.
Mo\ M, Al A2 A3

First, by (6.14) and (6.19) we have

(6.20) /A (| Vor|) < /A B(dta) < CLB(ta) Lo (G \ Cy)
< CAq)(tA)m =0.

Second, (6.16) and (6.19) imply

e2) [ o(vuh< [ euvuh<ci [ e(vu) < g o
A2 A2 MM, CA

Third, by the compact embedding of WL®(Q2) into L?(2) we see that the weak

convergence u; — 0 in WL?(Q) implies ux, — 0 in L®(Q). Then, using (2.5), we

find k3 > kg such that for k£ > k3 we have

(6.22) /A B(|Vorl) < /A B(AP|ur]) < o

Estimates (6.20), (6.21) and (6.22) imply I3 < 30 and (6.18) follows.

Therefore v, € WL®(Q) and || ®(|Vug|)||1 o) < 1 for k > k3. Moreover, as uy
weakly converge in W L® (), they are bounded. Plainly vj, are also bounded and so
are their medians. Indeed, for every k € N we have

[ (o > @(|{med o)} £0()
Q

Thus using Theorem 1.2 (i) with K = ((1+6)/(1 4 20))"K;5.a(3)/™ and the
fact that vy, = (1 + 26)uy, on F we obtain for k& > ks

1

Jesp (£ ()" 0 4 87 el

5 = llexp(K (1 + 26)[u|") || 21 (r)

(.
< [lexp(Kfve|") |21 < Ck-
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Moreover, for every fixed k < k3 there is Cj such that [lexp(Kj . (3)7/"(1 +
8)"|ur|")||z1(Fy < Ck by Theorem 1.2 (i). Hence we obtain (6.11) for b=+ -1
with the bound max(Cy, ..., Ck,, Ck). Thus, we are done in the case ug = 0.

In the general case, we write ur = (ur — ug) + up. In view of Remark 5.2, the
constant ug does not influence the boundedness of the integrals while for the functions
up — ug we can use the procedure from the previous part of the proof. O

Remark 6.3. It can be easily seen that if we have u(2) < 1, then there is
a simplified version of the above proof giving us § > 0 such that

1\v/n .
Hexpm (Kz,n,a (5) 1+ 5)|uk|7) HLI(Q) is bounded.

Proof of Theorem 1.3.

(i) Case u=wug and p = d,,. First, we claim that

(6.23) n>0=>

/gvxxom(exm”(Kl”“(%)th“”7>'—expm(Klnﬂ(%)VhﬂudV>)@23’0

Indeed, from Lemma 6.2 for N = B(x,7/2) we obtain that

/Q\BW,) Py (K%nva(%)wnu + 5)|uk|7)

is bounded for some ¢ > 0 and thus we can use Lemma 2.1 to obtain (6.23).

Further we observe that (6.23) and assumption (1.7) imply

(6.24) 1>0—

/Bm  (exp (e (3)"" o) = expuy (Kivwo(5)”"lual)) = .

Fix an arbitrary test function ¢y € C(2) and let € > 0. Then there is 7 > 0 such that

(6.25) () — W(wo)| < s——

Tmax(c.1) whenever |z — zo| < 7.
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We have

/de(65;co) - /Qw(exp[l] (Kl,n,a(%)V/nlukp) — expy (Kz,n,a(%)wnWOW))‘
evtan) = [ (e (Ko (5) ") — exo (Ko () 0P \
o (a3 ) -y () ")

+ /B ¥ — (zo)| (eXP[z] (Kl,n,a (%)Wlu;cl”) — €xpy (Kl,n,a (%)W/nlwl”))

(z0,m)

I:=

+ [Y(z0)| - e — /B(mn) (GXP[l] (Kz,n,a (%)7/n|uk|7>
— expy (Kl,n,a(%y/nmop))‘ =1 + 1+ Is.

By (6.23) and sup |[¢)| < oo we see that there is k; € N such that I < e for k > k;.
Q
Further, using (6.24) and (6.25) we obtain

I = /B |w—w@co)i(eXpm(KW(%)W”'W'")—expm(Klv"aa(%)v/n'“()'”))

(z0,m)

o] o (0 (i (5) )

1\7/n k—oo € c
— SXP (Kl"“(ﬁ) |u0|v)) 2 max(c, 1)’

Therefore we can find ko > k; such that Iy < ¢ for k > ko. Finally, from (6.24) and
|th(z0)| < oo we obtain k3 > ko such that Is < e for k > k3. Hence we have I < 3¢
for k large and the assertion is proved.

(ii) Case u = ug and p is not a Dirac mass at one point. As () < 1 (see (6.12)),
we distinguish two cases. If () < 1, then the assertion follows from Remark 6.3.
Now, let u(£2) = 1. As u is not a Dirac mass at one point, there is Ny C {2 compact
such that p(N7) € (0,1). We denote G = R™\ Ny and G, = {z € R™: dist(z, Ny) >

7} for 7 > 0. Considering ;1 as a Radon measure on R” supported in  we obtain

lim p(Gr) = pu(G) =1 —p(N1) € (0,1).

T—04
Therefore there is 7 > 0 such that

0 < u(Ger) < u(Gr) < 1.
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Set [ = Q\G,, F» = QNG and Ny = QNGo,. Clearly Fy, Fy, N1, No are compact
sets, F; U Fy = Q. Moreover ju(N2) > p(Gar) >0, No N Fy = 0 and Ny N Fy = (.
Applying Lemma 6.2 to F' = F} and N = Ny we obtain that there is §; > 0 such

that

1

[exoy (Kuma(5)"" 1+ 800uel") .

If F = F; and N = N; then Lemma 6.2 gives us 2 > 0 such that

is bounded.

1\

oo (i (1) "0 )

H is bounded.
L1(F3)

From F1UF, = Q we conclude that [lexpy, (K1 (307™(146)|uk|") || 11 (q) is bounded
for § = min(dq, d2).

(iii) Case with u not being a constant function. Since the sequence {uy} is weakly
convergent in WL®(Q), it is bounded in W L®((2), and thus the sequence {med (uy)}
is also bounded. Thus there are Cy € R, k € N, such that |C}| < C and med (uz —

Ck) = 0. For the sake of contradiction assume that the statement is not true. That
is, there is p; < P such that passing to a subsequence if necessary

1\7/n —oo
(6.26) /exm] (Kl,n,a(a) plluzcl”) o0
Q

Next fix ps € (p1, P). The sequence {uy — Ci} is bounded in WL®(Q) and {Cy} is
bounded, thus we can pass to a subsequence such that uy — C} weakly converge
in WL®(Q), C, — Cp for some Cyy € [—C’, C’] and uy — C}, converge to u—Cj a.e. in .
Hence our sequence {uy — Cx} now satisfies the assumptions of Proposition 6.1 and,
as V(u — Cp) = Vu in €2, we obtain

1

(6.27) /Qexpm (Kl’"’a(gy/npﬂ“k _ Ck|7> <C.

On the set where ((pa/p1)"/7 — 1)Jux — Cx| = C we have

pilur]” < p1(jur — Cr| + C)”
pa\L/Y 2l
<P (|Uk = Cil + <<p_) - 1)|Uk - Ck|) < pofur — Ckl”,
1
while on the set where ((p2/p1)*/" —1)|ug — Cx| < C we estimate |uy| by the constant

pé/v/(p;/7 - p}/v) C. Therefore estimate (6.27) contradicts (6.26).
Finally, we apply Lemma 2.1 to prove (1.8). O
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Proof of Theorem 1.4. Put
§ 1= sup{Ar(u): u e WLH(Q), [(Ful) |0 + MO (u)ll 1) < 1}.

If S = L,(Q)F(T), where T' € R is such that A[|®(|T)|[z1() < 1, then the proof
is trivial, because for v = T we have Ap(u) = L,(Q)F(T). Otherwise there is
a maximizing sequence {ux} C WL®(Q2) such that

k—o00

12(IVur)lzr ) + Al@(ue))llLr@) <1 and  Ap(up) — S.
We can further suppose that
up —u in WLP(Q), wup —wuae inQ and ®(|Vug|) = pin M(Q),

otherwise we pass to a subsequence (notice that WL®(Q) is reflexive). Next, we
claim that we have the estimate

(6.28) [@(VuDllLr @) + AlS(ul)lLr @) < 1.

Let us prove this claim. If Vu = 0 a.e. in 2, then the proof of (6.28) plainly follows
from the compact embedding of W L®(Q) into L®(£2). Otherwise we set

o(t)

00 = TSVl

Next, denoting by | - || 7+, ) the Luxemburg norm with respect to ®; and using the
weak lower semicontinuity of the norm ||V - [|zs, ) + Al| - [+, () together with the
compact embedding of WL®(Q) into L®(Q2) we see that

HVU||DI>1(Q) + /\”U”ifbl(ﬂ) < hkrggf(HvukHi%(Q) + /\Huk”ifbl(g))

= lminf [ Vug| zo, ) + Allull ey -

Therefore, by [, ®1(|Vu|) = 1 (see the definition of ®;) and a version of (2.4) for
the Luxemburg norm (the constant ®;(1) is replaced by 1 on the right-hand side
of (2.4)), we obtain

1= [Vl o gy < liminf [ Vup| o, o)

The above mentioned version of (2.4) now yields

liminf/ Dy (|Vugl|) > 1
Q

k—o0
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and thus by the definition of ®;

liminf/<I>(|Vuk|)>/¢)(|Vu|).
k—oo  Jo QO

Hence (6.28) follows and thus all we need to show is Ap(u) = S.

If (1.9) is satisfied, then we find § > 0 such that (1+6)K < K, (3)?/". Now, we
can use Lemma 2.1 (the medians are bounded and thus we can use Theorem 1.2 (ii)
to verify the assumptions of Lemma 2.1) to complete the proof.

The rest of the proof is devoted to the case when (1.10) is satisfied. By Theorem 1.3
we have either

/n
expy; (I(’Ln,o((%)7 (1+ §)|uk|”) is bounded in L*(Q)

or
u=ug and O(|Vug|) =8, in M(Q).

In the former case we easily complete the proof using Lemma 2.1 because we obtain

Now, it is enough to prove that in the latter case we have

(6.29) lm Ap(ug) = Lo(Q)F (uo).

k—o00

Fix e > 0. As [|®(|Vug|)|z1 () < 1, the medians are bounded and (1.4) is satisfied,
we can use Theorem 1.2 (iv) to obtain Cy > 0 such that

(6.30) /Qexpm (Kl . a<2)7/ |w€|v) < Cy.

Next, by (1.10), there is ¢y > |ug| such that

3 1\v/n
. F —-ex K = K >
(6.31) |F(t)] < s expy; ( l’”’a(Z) || ) for |t| = to

Now, we have
[Ar(ur) = Ln(2)F(uo)|

/|F ui) = Fu)

< /QlF(Uk)X{wgto}—F(u0)|+/Q|F(Uk)|><{\uk|>to}211 + 1.

Since F is continuous and uy — ug a.e. in €, by the Lebesgue Dominated Conver-
gence Theorem we obtain I; — 0. By (6.30) and (6.31) we see that I < . We have
proved (6.29) and we are done. O

782



In the rest of the paper we show that we cannot improve the estimate concerning p
neither in Proposition 6.1 nor in Theorem 1.3 (iii).

Example 6.4. Letl €N, n>2 a<n—1, R>0 and suppose that the Young
function ® satisfies (1.3). Let © C R™ be a smooth domain such that

QN B@3R) = {z € B3R): z, > 0}.

For every o € [0,1) and p > P := (1/(1 — 0))?/™ there is a sequence {uz} C WL®(Q)
and a function u € WL®(Q) such that

[2(Vue)lzi) <1, wp —uwin WLP(Q), up — uae. inQ,

/Q<I>(|Vu|) =p and /Qexp[l] (Kl,n,a (%)Wﬂpmkp) koo

Proof. We define the function u € Wy L*(B(3R)) by u(z) = h(|z|), where

0 for y € [3R, 0),
C)
h(y) =< 30 — RY for y € 2R, 3R],

() for y € [0,2R],

where © > 0 is chosen such that

1
Jeowu=5 [ eqvih=e

Next, let wy, k € N, be the functions given by (4.3) and (4.4), respectively, with the
parameter A € (K; o, (p/P)Kin,q). We set

up = u+ 2" (1 — )"y, ke N.

By the definition of uj and by (4.9) we have for k € N large enough

1
Jovuh =3 [ a(vu)
Q B(3R)
1 1 n n ~
-5/ B(Vul)+5 [ @@(1- 0"Vt
B(3R)\B(2R) B(R)

So+(l-o) =1
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Next, from (4.6), P = (1 — 0)~"/™ and A < (p/P)Kj .. We have

fyewn(sina () o) =3 [ en(ima() i)

1
Z K 1 — )™l
2/3(R) eXP[l]( Ln,aP(1 = 0)7" Wy )

1 D~ k—o0
- K, P v)
5 /B(R) eXp[l]( l7n,ap|wk| 00

WV

The remaining properties of the sequence {uy} are easily verified. ([

Notice that if in addition the function ® satisfies condition (1.5), then, by (4.5)
and (4.10), we can use sequences from (4.1) and (4.2) in the definition of {uy} in

the

proof of Example 6.4. Such a version of the example gives that we cannot have

p = P in Proposition 6.1.

By the same argument as in Remark 5.1, it was not necessary to suppose that

00
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3]
[4]
[5]
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[13]
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is flat in Example 6.4 (when showing that we cannot have p > P).
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