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Abstract. In this paper we investigate the existence of solutions to impulsive problems
with a p(t)-Laplacian and Dirichlet boundary value conditions. We introduce two types of
solutions, namely a weak and a classical one which coincide because of the fundamental
lemma of the calculus of variations. Firstly we investigate the existence of solution to the
linear problem, i.e. a problem with a fixed rigth hand side. Then we use a direct variational
method and next a mountain pass approach in order to get the existence of at least one
weak solution to the nonlinear problem.
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1. INTRODUCTION

The study of impulsive boundary value problems is important due to its various
applications in which abrupt changes at certain times in the evolution process appear.
The dynamics of evolving processes is often subjected to abrupt changes such as
shocks, harvesting, and natural disasters. Often these short-term perturbations are
treated as having acted instantaneously or in the form of “impulses”. Such problems
arise in physics, population dynamics, biotechnology, pharmacokinetics, industrial
robotics, see [1].

Another vital area of research within boundary value problems is the investigation
of the so called p(z)-Laplacian problems which began in [3] and was later developed
by many authors, see [7] for an up to date study of such boundary value problems.
Such problems model various phenomena arising in the study of elastic mechanics
(see [16]), electrorheological fluids (see [11]) or image restoration (see [2]).
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Therefore we believe it is important to investigate a Dirichlet problem with a p(t)-
Laplacian, i.e. a one—dimensional counterpart of the p(z)-Laplacian, subject to some
impulsive changes. In our research we mainly follow the approach applied in [10] with
one significant difference. The existence results for problems with a fixed right hand
side in [10] were proved via the Lax-Milgram Lemma and in our paper we apply
a direct method of the calculus of variations together with the Fundamental Lemma
of the calculus of variations which we prove in the case of functions from relevant
Orlicz-Sobolev spaces. It is the variational approach for boundary value problems
with a p(z)-Laplacian that prevails in the literature, see again [7], while for impulsive
problems, the variational approach has only recently begun and most results have
been obtained by other methods, see [5], [8].

The variational investigation of impulsive problems inspired by [10] has received
a lot of attention recently. In [6] another variational framework for the Sturm-
Liuville boundary value problem is developed in the case of second order impulsive
ordinary differential equation of p-Laplacian type. Boundary value problems with
dependence on a first order derivative are developed in [12], while [15] considers
problems similar to those of [10] but for a slightly more general problem. Periodic
solutions with impulses are considered via critical point theory in [14] within the
framework sketched in [10].

The paper is organized as follows. Firstly, we consider the Fundamental Lemma of
calculus of variations for the Orlicz-Sobolev spaces. Next, we investigate the problem
with a fixed right hand side. Later we investigate nonlinear problems by the direct
method of calculus of variations and by Mountain Pass Geometry.

2. MATHEMATICAL PRELIMINARIES

Let p,q € C([0,7],R™), 1/p(t) + 1/q(t) = 1 for t € [0, ). In this paper we assume

p~ = inf p(t) > 1, pt = sup p(t) < 2. By LP)(0, 1) we mean the space
t€[0,n] t€[0,x]

LPO([0, 7)) = {u; u: [0,7] — R is measurable, / lu(t)|P® dt < —l—oo}
0
equipped with the norm

T p(t)
[ull ooy = inf{A > 0; / dt < 1}
0

and this is a Banach space called the generalized Lebesgue space, see [4].

u(t)
)

C§5°(0, ) denotes the space of infinitely many times differentiable functions with
compact support on [0,n]. W'PH (0, 1) is the generalized Orlicz-Sobolev space,
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namely

p(t

B )
wr® (0, n) = {u; ue LPD(0, ), / ‘%u(i)‘ dt < +oo},
0

where the derivative d/dt¢ stands for the weak one, i.e. (d/dt)u is an element of
LP® (0, 1) which satisfies

(1) /0 %u(t)v(t) dt — —/Onu(t)%v(t) at

for all v € C§°(0, ). Tt is apparent that any function belonging to W'?(®) (0, 1) is in
fact absolutely continuous and so the weak derivative can be considered as an a.e.
derivative which is what we understand for the remainder of this paper. Consider
WP (0, 1) with the following norm

©) o = |

Now Wol’p(t) (0, ) is the closure of C§°(0, ) in WP(Y)(0, 1), see [4]. The norm in
Wol’p(t)(O, ) is

Lp(t) + HU’HLP(t).

e = || S
Uwgr© = 1l oo

which is equivalent to (2). Moreover, from [4] we see that there exist constants
Cy,C3 > 0 such that (the Poincaré inequality)

for all u € Wy P (0, )

d
lull Loy < ClH&u‘ L

and
for all u € Wy P (0, 7).

max fu(?)] < CQH%U‘

te[0,n Lp(t)

The functional v — [ |(d/dt)u(t)|P™") dt is called the modular for W(}”’(”(o,n).
We have the following relation between the modular and the norm

) d » d »t T d p(t)
mm{H—u , ‘—u } < / —u(t dt
dt llpe»’ Ildt e o 1dt
< d d e’
= maX{HEu‘ Lr®’ ‘&u Lm)}'

1

Let us consider an operator L: W, ’p(t)(O, n) — (Wol”’(t’(o, n))* given by

d p(t)-2 d d

(3) (L(u),v) = / S Sun Sy ar
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for u,v € W1 p(t)( 0,m). Then L is a homeomorphism ([3], Theorem 3.1) and the
Gateaux derivative of u — [ |(d/dt)u(t)[P™ dt is given by (3).

3. REMARKS ON THE FUNDAMENTAL LEMMA OF THE CALCULUS OF VARIATIONS

Now we provide a classical lemma of the calculus of variations which we formulate
for generalized Orlicz-Sobolev spaces in order to get some regularity results for p(t)-
Laplacian problems different from known results in the literature. Note that the
proofs of subsequent lemmas are modifications of well known proofs in the area of the
calculus of variations (see [13]). We note that in this paper we have assumed p* < 2
and p~ > 1so L1®(0,7) ¢ LP®(0,n). Thus we see that Wol’q(t) (0,m) C Wol”’(t)(o, ).

Lemma 1. If h € LM (0,n) and

" d
() | oy
0
for allv € Wol’p(t) (0,m), then there exists a constant ¢ € R such that h(t) = ¢ a.e. on
[0, 7).
Proof. Putc=n""' [ h(t)dt. For this ¢ the function v(t fo —c)dr

is in WM (0,7) N W™ (0,7) = W1 (0,7). Indeed, (d/dt) (t) = h( ) —cae.
n [0, 7], v(0) = v(n) = 0 and the derivative is understood here as a classical a.e.
derivative. From (4) we obtain that

o</On(h(t)—c)2dt—/0n(h(t)—c)dt

b d T d
:/0 h(t)&v(t)dt—f—c/o av(t)dtzo.

Hence it follows that for almost all ¢ € [0, ] we have h(t) — c= 0. O

v(t) dt

Lemma 2. If g € L'(0,n), h € LY®(0, 1) and
/K (g(t)v(t) + h(t)iv(t)) dt=0
0 dt

for allv € Wl’p(t) (0,7), then (d/dt) =g a.e. on [0, 7] and (d/dt)h € L*(0, ).

Proof. We define G(¢ fo 7)d7r. Then G is absolutely continuous and
(d/dt)G(t) = g(t) for ae. t € [0, 7). Integratlng by parts we obtain that

| (st + e o) e = [ o) - o) oo ae + G0

g d
:/O (h(t) = G() Ty dt =0,
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Thus by Lemma 1 we obtain that h(t) — G(¢) = ¢ and the assertion of the proposition
follows. O

4. EXISTENCE WITH FIXED RIGHT HAND SIDE

Let the numbers 0 < t; < t3 < ... < t,;, < 7 be fixed throughout the paper. Let
us consider the following problem in WO1 P (t)(O, )

d/d p(t)-2d
——(|=a(t “a(t)) = f(t
®) dt(‘dtx( ) T )) 1®
2(0)=z(x) =0
with impulsive conditions
d_,p0-2d . d _p-2d ,
(6) ‘E:E(tj)‘ Zaltf) - ‘E:E(tj)‘ Salty) = d; for j=1.2,...,m

and where f € L'(0,7). In the condition (6) it is assumed that both limits
lim |(d/dt)z(t)|PO=2(d/dt)x(t), lim |(d/dt)x(t)[PP=2(d/dt)z(t) exist and the re-
t—t; t—t,

quired equality holds.

We introduce two types of solution for the problem (5)—(6).

Weak solution: We call a function z € Wol’p(t) (0,7) a weak solution to (5)—(6)
if it satisfies

(7) AK

for allv € Wol’p(t) (0, ).

Classical solution: A function x € WO1 P (t)(O, ) is called a classical solution to
(5)-(6) if it is a weak solution such that the function |(d/dt)z(-)[P)=2(d/dt)x(-) is
absolutely continuous on [0, 1t], the limits in (6) are defined and the relation (6) holds

d

; p(t)—2 d
at”’ dt

dt

(1) %v(t) e+ djolty) dt - /0 Fto(t) dt = 0

together with the boundary condition z(0) = z(n) = 0 and

(S S 0) = 50

v
is satisfied for a.e. t € [0, 7] and (d/dt)(|(d/dt)z(t)[PB=2(d/dt)=(t)) € L' (0, n).
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Lemma 3. Ifu is a weak solution to (5)—(6), then it is also a classical one.

Proof. Let the function @ satisfy (7), i.e.

® |

for allv € Wol’p(t) (0, ).

Now, we shall show that % is a classical solution. Let us take any interval (¢;,%,11)
and a function v € W()l’p(t)(tj,tj+1). Extend function v to Wol’p(t) (0,7) by taking 0
outside (t;,t;41). Then we have from (8)

/t.7‘+1
t

J

Sam["" San S o Y dtt) = [ 0ucae =0

d _

ppo=2d d
a

) Solt) it - / " H () dt =0,

tj

An application of Lemma 2 shows that the function |(d/dt)a(-)|P¢)=2(d/dt)a(-) is
absolutely continuous, its derivative exists for a.e. t € (¢;,¢;11) and

d /i d p()—-2 d
224 Zal LYt tivq).
(|50 o) oy € EHEs )
Therefore both limits
d p()-2 d d p(H)-2 d
lim |—a(t —a(t), li ‘—’t —a(t
tfﬁ} 340 340 t;gl 40 340

exist. Taking intervals (¢j,¢;41) for j = 0,1,2,...,m we see that (5) is satisfied
a.e. on [0, 7] and that (d/dt)(|(d/dt)a(-)|P)=2(d/dt)a(-)) € L*(0,r). Hence, we may
multiply (5) with z = @ by any v € Wol’p(t) (0,7) and obtain

L
/0_& au(t)

By integrating by parts it follows for a fixed interval [t;, ;1] that

p(t)d%a(t)v(t) dt — /0 F(t)o(t) dt = 0.

b dod , p®-2d
®) /t _&(‘&““) W@))v(t) dt
tita d p(t)—2 d d
= U —u(t)—uv(t
/tj dt dt ()dt (*)
d _ p(t)—2 d _ d o p(t)—2 - -
+|GutH| A e - | gt Satae.).
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Note that

_io St S )
=

e[ S 0 = 3ot

j=1
Summing (9) for j =0,1,2,...,m we get recalling that v is continuous
(10) /0 %ﬂ(t)‘p(t) Q(i 1)t dt —/ £(t)
+ i (‘%a(tf)‘p(t)%%a(tf) - ‘&ﬂ(tj;l)‘ (t)_Q%a(t;l))v(tj) =0.
j=1

Since @ is a weak solutions we get equating (8) and (10) that
p(t)—2 d _p-2(q m

an Y (S Saeh) - | S0 St )o) = St

j=1 j=1

Since (11) holds for arbitrary v it follows that

G

for j =1,2,...,m and therefore the impulsive conditions (6) are also satisfied. O

p(t)=2d _

n B p(t)-2 d _
au tj ) — ‘&u( 41

The action functional J: Wol’p(t)(o, 1) — R corresponding to (5)—(6) is as follows

J(u):/onl%}%u(t)p( dt+2du /f

Lemma 4. J is a Gateaux differentiable, weakly l.s.c. and coercive functional

and its critical points correspond to the classical solutions of (5)—(6).

Proof. Notethat J is differentiable. Now we take an arbitrary u € W, ’p(t)( 0, )

and fix an arbitrary v € W}, P (t)( 7). Then the Gateaux derivative is
"1d p(t)— d
s v) —
J(u,v)—/o T T dt—i—E djv(t /f

Therefore each critical point of J is a weak solution of (5)—(6).

957



Let us take any weakly convergent sequence {u}7°, C WO1 P (t)(O, 7). This means
that {(d/dt)uy}32, is weakly convergent in LP()(0, 7). Then {uy}$2, has a subse-
quence {ug, 52, which is strongly convergent in LP()(0, 1) and convergent in C[0, 7.
Denote by @ € Wol’p(t) (0, ) the weak limit of {uy}72 ;. Hence,

p(t)

lim inf J(ug,) > lim inf / — dukn(t) dt

n—o00 n—oo [o p(t)}a

+ lim (i::djukn (t))dt — /O " P Oun, (1) dt) > J(a).

Hence J is weakly ls.c. on W, ’p(t)( 0,m). Moreover, we see that for any u €
Wy (0,7)

1d p(t) i T

> rmin {5 o)
p+ min dtu u Lo

—Cy Zdj||U||W01vp<t>C1HUHWOLM 11l Lacor-

Jj=1

d

e’

Since p~ > 1 we see that J is coercive.
Thus J is Gateaux differentiable, weakly L.s.c. and coercive on WO1 P(t) (0, 7). There-

fore there exists u € Wol’p(t)(O,n) such that J(a) = 1in(€) J(u) and thus @
ueWy P (0,1)
satisfies (8). An application of Lemma 3 finishes the proof. O

5. EXISTENCE OF SOLUTIONS FOR A NONLINEAR PROBLEM BY
A DIRECT VARIATIONAL METHOD

In this section we will apply a direct variational argument to a so called nonlinear
problem.

Let I;: R — R be continuous functions, j = 1,2,...,m, and let f: [0,7] X R be
a Caratheodory function. Let F(t,v) fo ft,r)dr. Assume that
(H1) there exist constants M; for j =1,2,...,m such that

|I;(v)] < M; forallveR;

(H2) there exist a constant o > 0 and functions | € L*(0,7), s € C[0, 7], with 1 <
s~ < st < p~, such that for all v € R and a.e. t € [0, 7]

Ft,v) > —alo]*® + 1(t);
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(H3) for each r > 0 there exist functions g, € L'(0,n) and h, € L'(0,x) such that
forallv e Wol’p(t)(O,n) satisfying |[v||;, 100 <7 and a.e. t€ [0, 7
9]
[E(t,0())] < g:(t) and |f(t, (1)) < hr (D).

l,p(t)(

Now we consider in W, 0,n) the following problem

(t)—2
d (\ d (t)‘p d

(12) - (5= —a(®)) + f(ta() =0
z(0) =z(n) =0
with impulsive conditions
p(t)—2 d + _p)-2d _
(13) ‘ ‘ @) ‘dt t )‘ a )

=1I;(z(t;)) forj=1,2,...,m.
As before in the condition (13) it is assumed that both limits

d p(t)=2 d
—x(t ‘ —z(t), lim

p(t)—2
at i —t ‘dtm ‘

lim —ux(t
t—tf dt

exist and the given equality holds.
We call a function = € W, ’p(t)( 0,7t) a weak solution to (12)—(13) if it satisfies

(14) I

d ®-24d
—x(t)‘p x(t); dt+ZI ) dt

dt at’
+/ flt,z@)v(t)dt =0
0
for all v € Wl’p(t)( ).

A function z € W1 p(t)( 0, ) is called a classical solution to (12)—(13) if it is a weak
solution such that the function |(d/dt)z(-)|P()=2(d/dt)z(-) is absolutely continuous
on [0, nt), the limits in (13) are defined and the relation (13) holds together with the
boundary condition z(0) = z(n) = 0 and

o)) + [t a(t) =0

d/d
“wl@ol 5
is satisfied for a.e. t € [0, 7] and (d/dt)(|(d/dt)=(¢)|PD=2(d/dt)z(t)) € L' (0, ).
The action functional .J: Wol”’(t)(o, 1) — R corresponding to (12)—(13) is

(15) J(u):/ ‘dtu p(t) Z/u(t) dt+/ F(t,u(t))dt.

p(t)—2 d
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Lemma 5. If u is a weak solution to (12)—(13), then it is also a classical one.

Proof. Let a function @ satisfy (14). As in the proof of Lemma 3 we take any
interval (¢;,¢;+1) and a function v € Wol’p(t) (tj,tj41) extended to Wol’p(t)(o,n) by
taking 0 outside (¢;,¢;41). Then we have in (14)

/t.7‘+1
t.

J

" ") St di + /t A dt = 0.

J

LR
d

It follows from (H3) that f(-,a(-))|w,, ) € L'(tj;tj41). Then, by Lemma 2
|(d/dt)a(-)[P)=2(d/dt)u(-) is absolutely continuous on [t;,t;41], its derivative ex-
ists for a.e. t € (t;,t;41) and belongs to L*(¢;,¢;+1). Next we obtain

(t)2d
dt+/ f,at)

p(t)-2 d _ o
&u j) - ‘Eu(tjﬂ)

p(t)=2 d

AT

jH)) (t) = 0.

Since @ is a weak solutions we get equating the above relation and (14) that

m
d _ t)2d _ o po-24d _ _
; (‘&u(tﬂ’ at” ‘dt ter) Eu(tﬂ'ﬂ))v(tj)
m
=Y L(ao(t;)
j=1
Hence for all j = 1,2,...,m we have
p(t)—2 d p(t)—2 d
—a(t ) — =t —a(t7) = I,(u
’dtu(tf ) at" (t) ‘dtu Z at 5(@)

O

Lemma 6. J is a Gateaux differentiable, weakly l.s.c. and coercive functional
and its critical points correspond to the classical solutions of (12)—(13).

Proof. By the assumption (H3) we see that J is well defined on W, ’p(t)( 0, m).
Again by (H3) we see that J is Gateaux differentiable. Indeed, it suffices to show
that u — [ F(t,u(t))dt is differentiable in the sense of Gateaux. Let us fix u €
Wol’p(t)(O 7). Now we fix an arbitrary v € Wl’p(t) (0,7) and take any € € (—1,1).
Then there exists a constant r > 0 and functions g, € L'(0,x) and h, € L'(0,7)
such that ||u + 511||W01,p<1,) < r and for a.e. t € [0, 7

[E(t,0(1))] < gr(t) and |f(L,0())] < her(2).
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Then we can differentiate the auxiliary function g(e) = [ F(t,u(t) + ev(t)) dt at 0.
This proves the Gateaux differentiability.

Let us take an arbitrary u € Wol’p(t) (0,7) and fix v € Wol’p(t) (0,). Then the
Gateaux derivative is

J (u;v) = /On

Therefore each critical point of J is a weak solution of (12)—(13).

%u t ‘p(t)_Q%u(t)%v(t) dt + ;Ij(u)v(tj) + /OK ft,u(t)v(t) dt.

Let us take any weakly convergent sequence {ug}32, € Wy"* (0, 7). This means
that {(d/dt)uy}2, is weakly convergent in LP(Y)(0, 7). Then {uz}$, has a subse-
quence {uy, 5 ; which is strongly convergent in LP(Y)(0, 1) and convergent in C|0, n].
Denote by u € Wol”’(t)(o, ) the weak limit of {uy}3,. Then by continuity we have

that
m Uk, (5) m
> / Ltydt— Y /
j=1"9 j=1"0

Since {ug, }22, is weakly convergent in WO1 P (t)(O,n) there exist a constant r > 0
such that

<r
L

I3
at
for all n € N. Now from (H3) there exists a function g, € L'(0,n) such that

|F'(t, ug, (t))| < g-(t) for a.e. t € [0,n]. Then by the Lebesgue Dominated Conver-
gence Theorem we get

/m Pt s, (1)) dt — / Pt a(t)) dt.
0 0

Therefore, J is weakly l.s.c. on Wol’p(t)(O, ).
Moreover, we see that for any u € Wol’p(t)(O, )

p~ p+ e .

, }—a/ ()5 dt
Lp(t) Lr(t) 0
+/nl(t)dt—C Em M-Hiu‘

0 ’ j=1 Ml dt

Since st < p~ it follows from (16) that .J is coercive.

(16) J(u) > p%mm{H%u‘ ‘%u

L’

Thus J is Gateaux differentiable, weakly l.s.c. and coercive on WO1 P (0, 7). There-

fore there exists u € Wol’p(t)(O,n) such that J(a) = 1in(f) J(u) and thus @
ueWy ™M (0,7)
satisfies (14). An application of Lemma 3 finishes the proof. O
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6. EXISTENCE OF MOUNTAIN PASS SOLUTIONS

In this section we consider the problem

d /i d p(t)=2 d
(17) ~=(|Ze0[T Sew) = rea@)
2(0)=z(x) =0
with impulsive conditions for j =1,2,...,m
p(t)—2 d d _p)-2d _
a8) | San) [ Sater) — | S| St + L) =0,

with assumptions which do not yield the coercivity of the action functional J:

W (0,7) — R
T p(t m o pult) n
(19) J(u):/o }%‘%u(t} ()dt—Z/O Ij(t)dt—/o Pt u(t)) dt

Now (H1) reads: Let I;: R — R be continuous functions, j = 1,2,...,m, and let

f: [0, 1] xR be a Caratheodory function. We assume that (H1) holds and additionally

(H4) there exists a constant 6 > p* such that for v € R, v # 0 and a.e. t € [0, 7] and
all j=1,2,....m

0 < 0F(t,v) < vf(t,v),

0<9/ vl (v);

(H5) there exist constants (i, 32,31, 05, ,a; > 0 with a > p*, aj > p* for j =
1,2,...,m and such that for all v € R and a.e. t € [0, 7]

< Bi|v|* ™ + B,
< Bl + B

£ (t,v)]
|7 ()|

(H6) lim |f(t,v)|/|v[P"~' = 0 uniformly for ¢ € [0, 7] and lim |L;(v)|/|v[P" = = 0 for
i=1,2,....,m

Note that with (H1), (H5) the functional J is well defined. The assumption which
we employ were already used in [3] in the context of boundary value problems for
partial differential equations connected with the so called p(z)-Laplacian. Let us
recall some preliminaries. Let E be a Banach space. For any sequence {u,} C E, if
{J(un)} is bounded and J'(u,) — 0 as n — oo possesses a convergent subsequence,
then we say J satisfies the Palais-Smale condition—(PS) condition for short.
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Lemma 7 (Mountain Pass Lemma [9]). Let J € C'(E,R) satisfy the (PS) con-
dition. Suppose that

1. J(0)=0

2. there exist 9o > 0 and « > 0 such that J(u) > « for all u € E with ||u]| = o;

3. there exist uy in E with ||u1| = o such that J(u1) < a.

Then J has a critical value ¢ > a. Moreover, ¢ can be characterized as

inf max J(u),
g€l ueg([1,0])

where I = {g € C([1,0], E): g(0) =0, g(1) = u1}.

Lemma 8. Suppose (H1), (H4), (H5) hold. Then the functional J given by (19)
satisfies the (PS) condition.

Proof. Let us take a sequence {uy}p2, C W, ’p(t)( 0,n) such that {J(ux)}32,
is bounded and HJ’(uk)HWLq(t)(O o —0as k — oo. We shall show that {u;}?°, has
0 (o
a convergent subsequence.
Since ||J’ (uy 1a(t) — 0, we see that for some ¢ > 0 there exists kg with
W, (0,m)
0 3
Hc],(uk)”Wl,q(t)(O ySe for k > ko. Note that for k > ko
0 T

(J (ug), ug) < EH%uk‘

Lp(t)

Then, we see that

_/(: F(t,ug(t)) dt — i/ou(tj)fj(t) dt
%(/ftuk ))ug (t dt+ZI (ure () u ( ))

1, e o
= aj(ulwuk)_a/o

1
N R

d
auk(t)

P

d pt }
-—U .
k Lp(t)

&
> 2=
~ eHdtuk‘ JZI0K
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Since {J(ur)}72, is bounded, there exists a constant C' such that C' > J(uy). Using
the above estimates we obtain

" o 5]
—U
e’ lde "

pt el d
ot ~ gl @]

Hence, it follows that {(d/dt)u)}$°, is bounded in LP(M (0, ). Hence {uy}°, has
a weakly convergent subsequence in VVO1 () (0,m). This means that {(d/dt)us}?>,

7208

0 st (25 3 moe {3

is weakly convergent in LP()(0,n). Then {uj}3°, has a subsequence {uy, }5°,
which is strongly convergent in LP®)(0,n) and convergent in C[0,7]. Denote by
e Wol’p(t) (0, m) the weak limit of {ux};2,. We see that as k — oo

(20) (J'(ug) = J'(@), up — @) — 0

and further it follows by a direct calculation that as kK — oo

(21) /0 %uk(t) " /0 %a(t) " e
Indeed, as k — oo we obtain
gfy (ur(ts))un(t;) — On F (b, wg(8))ug(t) dt
- il ety - [ faopo
j}é@ (un(ty))ty) — Pt un(8))a(t) dt
- g:lfy (u(t;))ult;) — Or F(t,a(t))a(t) dt,
éfa (u(t;))ue(t;) — Or Ft at))ug(t) dt
E fjf (alt,))a(t;) OT F(ta(e)yat) dr
Hence (20) implies (21) and thus {ug, }32, is strongly convergent. 0
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Lemma 9. Suppose that (H1), (H4) (H6) hold. Then there exist numbers 1,
&€ > 0 such that J(u) > £ for allu € W0 P t)( ) such that HuHW1 »ty = 1. Moreover,

there exists an element v € W, e (t) (0,m) with |lull,;,1.0y > 1 and such that J(v) < 0.
0

Proof. From [4] there exist constants Cs,Cy, C},...,CJ* > 0 with

lull e < Callullygree  and fufze < Cafluflyrrm,

lullLes < CZ”UHW(},p(t)

for all u € Wol’p(t)(O, n). Let us take a small ¢ > 0. By (H5), (H6) we see for some
A(e), Ai(e), ..., An(e) > 0 that

F(t,v) < 5|v|er + A(e)jv]*  for ae. t € [0,1], vER

and for j =1,2,...,m
/ Ii(s)ds < <€|v|er + Aj(e)|v|  for (t,v) € [0,7] x R.
0

Note

u(t)
/ (t, ) dt+Z/
0

2€Ca|\U|\p 1o T AE)Callull e +ZA CJHUH“HW)

j=1
and as a result we see that

1 o
Tw) 2 (o5 = 2Cs )l = AE)Callulsce ZA A Il -

Taking ¢ small enough, we see for some 7,& > 0, n < 1 that J(u) > £ for all
u € Wol’p(t) (0,m) such that |lull ;100 = 7.
0

Notice for v € R that
m v
- Z/ Ii(s)ds <0
j=1"0

From (H4) if w € R it is easy to see that there exists a constant C5 > 0 such that
F(t,u) > Cslul’.
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Fix v € Wol’p(t) (0, ) with v # 0. For s € R4 note that

m

J(sv):/onz%‘s%v(t)‘p(t) dt—Z/Osv(tj)lj(t)dt—/OKF(t,sv(t))dt

1
< —s?"
P

d

Jj=1
a o [ 0
T me—Cg,s /0 [v(t)]” dt.

Since § > p™ we see that

lim J(sv) = —o0

5§—00

and the condition 3. of Lemma 7 is satisfied. O

Theorem 10. Suppose that (H1), (H4)—(H6) hold. Then the problem (17)—(18)
admits at least one nontrivial classical solution.

Proof. By Lemmas 8 and 9 we see that we can apply Lemma 7 to obtain the
existence of at least one nontrivial weak solution. Applying Lemma 5 we see that
the solution is in fact a classical one. O

Remark 1. From the proof above it is easy to see that one could replace

|f(t,0)] < Bilv]*™F + Ba

in (H5) with
|f(ta U)l g Bllvla(t)_l + 62)

for some function o € C[0, ] with o™ > p™T.
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