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Abstract
In this paper we prove some fixed point theorems of the Banach and
Krasnosel’skii type for mappings on the m-tuple Cartesian product of a
Banach algebra X over R. Using these theorems existence results for a
system of integral equations of the Gripenberg’s type are proved. A suffi-
cient condition for the nonexistence of blowing-up solutions of this system
of integral equations is also proved.
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28 Eva Brestovanskd, Milan Medved

where k > 0 is a constant, p(t), f(t), A(t), a(t) are continuous functions. This
equation arises in the study of the spread of an infectious disease that does
not induce permanent immunity. In the paper [5] the following generalized
Gripenberg’s equation

)= (00 + [ Arte—s1033s) . (00 + [ Ate—s1ets) @

is studied. An existence result for this equation is proved there. Its proof is
based on an application of the Banach fixed point theorem, where a method
of calculation of the constant of contractivity of the corresponding operator
defined by the right hand side of (2) is presented. I. M. Olaru [9, 10] proved
some existence theorems for the scalar integral equation

m

o(t) = [TAi@)(@), t€lab], 3)

i=1
where

Aa)(O) = i)+ [ Kilts,a(s) ds, el (4)

proved via a weakly Picard operator technique and a technique suggested by E.
Brestovanska [5].

In Section 3 we prove an existence theorem for a system of integral equations
of the form

vi(t) = Mi(@) + u [[ Au(@)®), i=1,2,...,m, (5)
j=1
where n1,n9,...,n,, m are integers, A, u € R are parameters and the nonlinear

operators A;;(x), fi(z) will be specified later. This existence result is proved by
an application of a fixed point theorem for mappings on Banach algebras which
will be formulated and proved in the next section. We also prove a theorem on
the nonexistence of blowing-up solutions of the system (5) in a finite ¢t = 7.

1 Fixed point theorem of the Banach type for operators
on the m-tuple Cartesian product of a Banach algebra

We shall prove the following fixed point theorem for mappings on the m-tuple
Cartesian product of a Banach algebra X over R which enables us to prove
an existence result for a system of integral equations defined in Section 3. We
recall that the Banach algebra X is a Banach space over R, where an additional
multiplication ab is defined such that ab € X for all a,b € X and moreover for
all a,b,¢c € X, a € R the following holds: (ab)c = a(bc), a(b+ ¢) = ab + ac,
(b+ ¢)a = ba + be, a(ab) = (aa)b = a(ad), ||ab|| < |lal|||b]]. In addition, we
postulate that there exists an element e € X such that ae = ea for all a € X
and |le|| =1 (see e.g. [11]).
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Theorem 1 Let X be a Banach algebra with the multiplication ab,a,b € X
and the norm |a|x. Let X™ be the m-tuple Cartesian product of X with
the multiplication u x v = (uv1, UgVa, ..., UmVm) for u = (Ui, Ug, ..., Un),
v = (v1,V2,...,Un) € X™ and the norm |u| = max{|u1|x,|uzlx,. ., |tm|x}-
Let F: X™ — X" x — (Fi(x),Fa(x),...,Fpz), f: X" - X" 2 —
(.fl(m)7 fQ(I)v ) fm(x)) where

n;
Fz(x) = HFZJ(‘T)v i€ {1127'~'1m}7
j=1
n; is an integer, Fi;: X™ — X are mappings with the following properties:
(1) There is a constant K > 0 such that
[Fij(z)|lx < K

for each (i,j) € k :={(l,k): k=1,2,...,n;,l =1,2,....m}, x € X™;
(2) For each (i,j) € k there exist constants L;; > 0 such that

|Fij(z) — Fij(y)|x < Lijllz =y

forallz,y € X™;
(3) There exists a constant w > 0 such that

(@) = F@)l < wllz -yl

forall z,y € X™;
(4) |Mw + |plk < 1, where

k= max{K""_l(Lﬂ +L12 + L”h) 7= 172,...7m}.

Then the mapping H := \f+uF has a unique fized point u* = (uf,ul,...,uk,) €
X™ i.e. the system

i = M)+ [ Fyat),us = Male) + u [ Foy(w), .. i
j=1 j=1

= M) T P )

has a unique solution u*. Moreover, for any uy € X™ the sequence {ur}>,
with ug+1 = (Af + pF)(ug) converges to u*.

Proof Letie {1,2,...,m},x,y € X™. Then
|Fi(x) = Fi(y)|x < [Fa(2)Fia(x) ... Fin, (2) = Fa(y) Fia(y) - - - Fin, () x
+ |Fin (@) Fiz (@) . . . Fin, () — Fir(y) Fiz(2) Fi3(2) . . . Fin, ()| x
+|Fia(y) Fiz(2) Fis(x) . .. Fin, (%) — Fir(y) Fiz(y) Fis(2) . .. Fin, (2)] x
| FE () Fie(9) Fis(Y) - - Fing—1(Y) Fin, (2) = Fi (y) Fio (y) Fis (y) - - - Fin, () [ x
< LK"Y a—y||+... Lin, K" Yz—y| = K™~ Y(Liy+ Lo+ -+ Lin,)

2=yl
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This yields
[F(x) = F(y)ll = max{|Fi(z) — Fi(y)|x:i=1,2,...,m} < k[z —y|.

If H := \f + uF then ||H(z) — H(y)| < (\w + pk)||z — y| for all x,y € X™.
By the assumption (4) |Aw + |p|k < 1 and thus the assertion of the theorem
follows from the Banach fixed point theorem. O

Remark 1 This fixed point theorem can be applied e.g. in the case if X is the
set of real numbers with norm given by absolute value, or the set of all real
or complex n X n-matrices with a sub-multiplicative norm, or R™, or C™ both
with the norm ||z||,, = max{|z1|,|z2],...,|zs|}, z = (x1,22,...,2,) and the
multiplication defined as

(371,.1327 s 7$n)(y17y27 s 7yn) = (1‘13}2, Z2Yy2, .- - 7$nyn)

We shall apply Theorem 1 to the case of a system of equations on m-tuple
X™ of the Banach algebra X = C|[a,b] of all continuous real-valued functions
on a compact interval I = [a,b] with the norm |f|c = maxcs|f(¢)]. Then
the norm on the Banach algebra X™ is ||g||c.m := max{|g1|c,|92]c) - -, lgmlc}s

9= (.917927"'79771) e X

2 Fixed point theorem of the Krasnosel’skii type for op-
erators on the m-tuple Cartesian product of a Banach
algebra

In this short section we formulate a fixed point theorem of Krasnosel’skii type
using the property of the mapping F' from Theorem 1.
First let us recall the Krasnosel’skii fixed point theorem (see e.g. [8]).

Theorem 2 Let M be a nonempty closed convex subset of a Banach space X
and A, B be two mappings from M to X such that

(a) A is compact and continuous;
(b) B is a contraction;
(¢c) A(x)+ B(y) € M for all x,y € M.

Then the mapping A + B has at least one fized point in M.

Theorem 3 Let X be a Banach algebra with the multiplication ab,a,b € X
and the norm |a|x. Let X™ be the m-tuple Cartesian product of X with the
multiplication u x v = (u1v1, UV2, ..., Uk Um) for u = (ug,Ug, ..., Uy), © =
(v1,v2,...,0m) € X™ and the norm |lu|]| = max{|u1|x, |uz|x,...,|um|x} and
K C X™ is a nonempty closed convex subset of the Banach space X™. Let

F: X™m = X"z (Fi(x), Fa(x),..., Fhx)

be a mapping satisfying the conditions (1),(2) from Theorem 1 with k < 1,
where the number k is defined in the condition (4) of this theorem. Let

G: X" = X"z (Gi(x),Ga(x),...,Gn(x))
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be a mapping satisfying the conditions
(a) G is compact and continuous;
(b) F(z)+G(y) € K for all z,y € K.
Then the mapping F + G has a fized point in K.

Since the number k < 1 is the constant of the contractivity of the mapping
F, the conditions (a), (b) implies that the assumptions of the Krasnosel’skii
theorem with A = GG, B = F are satisfied.

In the next section we prove some existence results for systems of of integral
equations which are nonlinear perturbation of systems of integral equations of
the Gripenberg’s type.

3 Existence results for a system of integral equations
which is a perturbation of a system of the Gripenberg’s

type

First we apply Theorem 1 to the following system of equations

A<c7 /H (t, 5, a( d5)+u1_[1<gm +/:Rij(t,s,x(s))ds>, )

tel=1lab,i=1,2,....m, = (21,22,...,Tm), M\p ER, n;; i =1,2,...,m
are integers, g;;(t) are continuous functions defined on a compact interval I =
[a,b] C R, n;(t, z) are continuous functions on I xR™ and H;, R;j: I X I xR™ —
R are continuous functions.

The system (7) is a generalization of the Gripenberg equation (1), the equa-
tion (2) studied by the author in [5] and also the equation (3) studied by I. M.
Olaru in [9, 10].

A special system of the form (7) can be obtained from the following integro-
differential system

x;(t) = Ay (t) + 1 (gi(t) + / Ri(t,s,z(s)) ds) Yia(t) . yim (t)

yil(t) = fil(tv'r(t))v ) y7m(t) = fim(tvx(t))
yir(a) = yihs Yi2(a) = Ui, -y Yim(@) = Yoy,

i=1,2,...,m,z = (x1,Z2,...,&y), t € I =[a,b]. This system can be written

in the integral form
t
xi(t) = A <y?1 +/ f,;l(s,x(s))ds>

( / Ri(t, s, a( >U(y?j+/atfij(s,a:(s))ds>, i=1,2,...,m.
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We can write the system (7) as the following equation on the Banach algebra
X™ with X = Cla, b]:

x=AG(z) + puF(z), ze€X™, (8)
where G: X™ — X™ G = (G1,Ga,...,Gn),

Gi(x)(t):=¢; + | Hi(t,s,xz(s))ds, tel,

F:X™ = X™ F=(F,F,... Fp),

n;

Fi(x)(t) = ][ (gij(t) + Rij(t7s7x(s))ds) , tel=|ab], i=1,2,...,m.

=1 a

By a solution of the system (7) on the interval I we mean a continuous map-
ping © = (x1,%2,...,Tm): I — R such that z(t) = (z1(t)..., 2, (t)) satisfies
the equation (7) for each t € {1,2,...,m}.

Theorem 4 Let m and n;,i = 1,2,...,m be integers,
k={,k):k=1,2,...,n;,1=1,2,...,m},

9ij(t), (i,7) € k be continuous functions defined on a compact interval I = [a, b]
and ¢; € R, Hj,R;;, fi: I x I x R™ — R, (i,j) € k be continuous functions
satisfying the following conditions:

(1) There are positive continuous functions K;;(t,s) on I x I such that
|[Rij(t, s, u)| < Kij(t, s) (9)

for all (i,j) € k, (t,s) € I x I, u € R™.
(2) There are positive continuous functions l;;(t,s), (i,7) € k on I X I such
that

|Rij(t,s,u) — Rij(t, s,0)| < 1i(t, ) [|[u—vllm (10)
for all (i,j) € K, (t,s) € I x I, u,v € R™.
(3) There exist continuous nonnegative functions h;: IxI - R, i=1,2,...,m

such that
|H;(t,s,u) — H;(t, s,v)| < hi(t,s)]|u —v|m,
(t,s) el x I, u,v e R™ i=1,2,...,m. (11)

Then there exist numbers d; > 0, da > 0 such that for all \, u € R with |\| < dy,
|| < da the equation (8) has a unique solution in the Banach algebra X™.

Proof We will apply Theorem 1. Let X = Cfa,b] with the norm |z|c, X™
with the norm [|g[lcm = max{|gilc, [gzlc, - - lgmlc},

9= <gl’gz""7gm) EXma F= (F17F27...7Fm)1 X —)Xma
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where o
Fi(x) =[] Fs@), i=12,...,m,
j=1
t

Fij(z)(t) = g45(t) +/ R;;i(t,s,z(s))ds, ze€X™, (i,j) €k, tel.

a

The existence of a solution of the system (7) is equivalent to the existence of a
fixed point of the mapping H = A\G + pF', where

G(z)(t) = (G1(2)(t), G2(2)(1), - . ., Gm(2)(1)),
Gi(z)(t) =c; + /t H;(t,s,x(s))ds, tel, xe XM
From the property (1) we havg
|Eij(2)le = max |Fy; (2)(t)] < K := A+ Ko, (12)

where K = A + K,

Ky := max{/tKij(t,s)ds: tel, (i,j) € Ii},

A= max{lg (D): 5,J) € 5, t€ T},
Lij = max{/tlij(hs)ds: tel, (i,7) € n}.
If 2,y € X™ then the property (2) yields

|Eij(2) — Fij(y)le = max | Fyj(2)(1) — Fij (y) (1))

t
= max [ [y (t,5,2(5)) ~ Ros(t,5.9())|ds

t
< mase [0 (t5) () = (5) s < Lo =l
Therefore ||F(x) — F(y)|cm < k|l — y|lcm for all z,y € X™, where
kE=max{K™ ' (Ljy + Lig + -4 Lin,) : i = 1,2,...,m}, (13)
If x,y € X™ then

Gule) ~ Galwle: = max|Gi(a) (1) — Gi (1) (0)
_ max/’ Hi(t, 5, 2(5)) — Hit, 5,y(s))|ds

tel

t
< max [ hi(t,)los) = () ds < o~ gl



34 Eva Brestovanskd, Milan Medved

where

t
wimax{/ hi(t,s)ds,il,Q,...m}.

1G(2) = GW)llom < wllz—yllem,

This yields

where w = max{w; : 1 =1,2,...,m}.
If we take d; > 0,dy > 0 such that dyw + dok < 1, and H := \G + uF,
then |AH(z) — H(y)|lcm < (diw + dok)||x — y||cm for all z,y € X™. The

assertion of Theorem 4 follows from the Banach fixed point theorem. The proof
is completed. O

The following theorem is a direct consequence of Theorem 1 and Theorem 2.

Theorem 5 Let the assumptions of Theorem 1 be satisfied, M C X™ be a
nonempty closed conver subset and G: M — X™, X = Cla,b] and let the
following conditions are satisfied:

(a) G: M — X™ is a compact and continuous mapping;

(b) F: M — X™ be the mapping from Theorem 1 with k < 1;
(c) F(x)+G(y) € M for allx,y € M.

Then the mapping F + G has at least one fixed point in M.

We will apply this theorem to the following system of integral equations.
zi(t) = AGi(z)(t) + pFi(z)(t), i=1,2,...,m, z=(1,22,...,%m), (14)
where A, i € R are parameters,

F=(F,Fs,....,Fp): X™ = X™,

Fi(z) = l—IFij(gt:)7 1=1,2,...,m,
j=1

Fij(z)(t) = g45(t) +/ R;;i(t,s,z(s))ds, ze€X™, (i,j) €k, tel.

a

and the mapping G = (G1,Ga,...,Gyp): X™ — X™ is defined by

Gla)(t) = /’H(t,s,x(s))ds, t € fa,b],

where H = (H1,Ha,...,Hy): I x I x R™ — R™, I = [a,b]. We can write this
system as the following equation on the Banach algebra X™, where X = C|0, b].

2(t) = AG(2)(t) + uF (z)(t). (15)
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Theorem 6 Assume the following hypotheses:
(1) The mapping F: X™ — X™,

HF” i=1,2,...,m,

Fij(x)(t) = g45(t /Rmtsx ))ds, ze€X™ (i,j)€r, tel

and let the conditions (1), (2) of Theorem 4 be satisfied;
(2) The mapping H = (Hy,Ha,...,Hy,): I x I x R™ — R™ is continuous;
(3) Let the positive numbers cy,ca, 7 be given such that cok < 1, where k is
defined in the condition (4) of Theorem 1 (see (13)), and cyM(b—a)+coK < r,
where the number K is defined in the proof of Theorem 4 (see (12)) and

M := max{|[H(t,s,u)||m: (t s u) € Q.},
Qr ={(t,s,u) e I x I xR™: ||lul|;, <7}

Then for any A, € R with |A| < ¢y, |u| < ca the mapping AG(x) + pF(x)
has at least one fized point in Bem (0,7) := {v € X™: |lv|lgm < 7}, d.e. the
system (14) has at least one solution.

Proof Denote B = Bcm(0,7) the closed ball in X™ with the center at the
origin and the radius r. Define the operator

Py,:B— X™, P ,(x) =\G(z) + pF(z), € B.
Let v € B,t €1, Py, = (P, Py,...,Py),i€{1,2,....,m}. Then

[Pi(z) ()] < [A|Gi@) ()] + |l Fi(x)(2)]
< AM(b—a) + [u|K <etM(b—a) + oK <7

for all A, pp with |A| < ¢2, || < c2 and allt € I. This means that Py ,(B) C B for
all A, oo with [A| < ¢a, || < ¢a. Therefore the operator Py ,(x) = AG(x) + pF(x)
satisfies the condition (3) of the Krasnosel’skii theorem for all such values of the
parameters A, u. From [11] (see pages 40, 41) it follows that the integral operator
AG is compact and continuous. Since k is the Lipschitz constant of the mapping
F' the assumption cok < 1 implies that the operator pF' is contractive for all p
with || < co. Thus we have proved that also the conditions (1) and (2) of the
Krasnosl’skii theorem are fulfilled and therefore the mapping AF + uG has at
least one fixed point in B. O

4 On the nonexistence of blowing-up solutions

We have proved the existence theorem for the system (7) on a compact interval
[a,b]. Now let us study the system (7) on the interval [a,c0). We shall prove
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a result on the nonexistence of blowing-up solutions for this system, where by
a blowing-up solution of (7) we mean a solution z(t) for which there is a point
T > a such that it exists on the interval [a,7) and lim;_,, - ||2(t)|/;, = co. The
following lemma can be found in [4].

Theorem 7 Letm and n;, 1 = 1,2,...,m be integers,
k={(,k):k=1,2,...,n,1=1,2,...,m},

9i5 (%), (1,7) € K, be continuous functions defined on the interval I, = [a,0),
H;(t,s,u),i=1,2,...,m are continuous functions on the set I, x I, xR™ — R™
and Rij: I, x I, x R™ = R, (4,j) € k be continuous functions satisfying the
following conditions:

(1) For each (i,j) € k there exists a continuous, positive and nondecreasing
function v;;(u), u > 0 and a continuous positive function r;;(t,s) on I, x I,
that

|Rij(t, s, u)| < i (£, 8)7i ([|ullm)
for all (t,s) € I, x I, u € R™.

(2) There exist continuous positive functions h;: I, xI, >R, i=14,2,...,m
and a continuous nondecreasing positive function w: [0,00) — R such that

|H;(t,s,u)| < hi(t,s)w(||ullm), (& s,u)€ Iy x I, xR.
(3) Let
v(u) = max{y;;(u): (¢,j) € k}, u>0,
H(u) = max{y(u)™,vy(uw)"?,...,y(w)""}, ¥(w)=w(w)+ Hw), w>0

and assume

/OO do >0
— Y =X U, .
w W(o)+H@)

0

Then the system (7) does not have a blowing-up solution.
Proof Let z(t) = (z1(t),z2(t),...,2m(t)) be a solution of the system (7),

continuous on the interval [a,T),a < 7 < co with lim, ,,— ||z(¢)||. = co. Using
the property (1)—(3) we can estimate |z;(¢)| as follows:

i (O] < [M]eil + \AI/ hi(t, s)w(llu(s)[lm) ds

T (ls @1+ [ rte srstloto)as)

Jj=1

<M+MfﬂWﬂMW+M@HL¢EMWWM%ﬂ
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where M, = |A\|max{|c1],|cza], .., |eml},

N, = |M\(7 — a) max{h;(t,s): t € [a,7],7=1,2,...,m},

K, = max{|g;;(t)|: (i,7) € k, t € [a, 7]},
L, = max{|r;;(t, s)|: (¢,7) € K, (t,3) € [a, 7] X [a,T]}.
If n; > 1 then as a consequence of the Holder inequality we obtain the inequality
t ni t

([ 2telnas) <= [ 5 tate)l) s

If n; = 1 then obviously this inequality is valid. Using this inequality and the

elementary inequality (o + §)™ < 2%~ !(a™ + ™), where a, 3 > 0, we obtain
the estimate

j24(t)] < M, + N, / (a7 o)) d

t
ol (2 2 [ el s

<M, +N, / w(lu(r) )7

t
2 ]+ 2L [ (s) ) d,

i.e.
t

(0] < Pt @ulr—a [ o

z(s)[lm) ds,
where

Pp=M; + 2" KM |, @ =2" LM

From this inequality we obtain

le(@)llm = max z:(t)] < P+ B/ [wlllu(s)llm) + H([Jx(s)]m)] ds,

a

where

H(u) = max{y(u)™,v(uw)",....y(u)""},
Y(u) = max{yi;(u): (i,j) € K}, u=>0,
P =max{P,P,,..., Py}, B=max{N,,0Q}, Q=max{Q1,Q2,...,Qm},
b = max{(7 — a)"lfl, (r— a)m*l7 vy (T — a)"m*l}.
Now using the Bihari inequality (see [4]) we obtain

O]
Ulat)l) = [ ST <AUP) + Bl =) w = Ja(a)l ¢ >

(16)
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From the condition (3) we have

lz(8)] do
lim © = i wlo)+H(o)
Jim Q=) = lim / (o) +H(o)

However this is the contradiction because the limit of the right-hand side of the
inequality (16) as t — 7 is finite. O

Example 1 Let the assumption (1) of Theorem 7 is satisfied, where n; = ng =
oo = 2 and ;5 (uw) = v(u) = In(2 4+ u), u > a = ug > 0. Then the function
H(u) from the condition (2) has the form H(u) = [In(2 + u)]? and we have

© _do = do < do
o W:/a mz/a Grometey > 1D

Thus the assumptions of Theorem 7 are satisfied. Therefore the system (7) has
no solution blowing-up solution.

5 Concluding remarks

Let us mention papers in which some fixed point theorems in Banach algebras
are applied to integral equations. These fixed point theorems differ from our
Theorem 1. In the paper [2] a functional-integral equation of the form

x(t)=f (t,/otv(t,s,x(s)) ds,x(a(t))) g (t%)au(t,s,:z:(s) ds,x(ﬁ(t))) , t€]0,dl

(18)
is solved in the Banach algebra C]0,a] by applying a fixed point theorem for
the product S = P.T of operators in Banach algebra E proved in the paper [3].
It is assumed there that the operators P,T satisfy the Darbo condition, i. e.
w(SX) < ku(X) for each X € Mg - a family of all nonempty and bounded
subsets of E, where p: Mg — Ry is a regular measure of noncompactness
and k is a positive constant with respect to p. It is also assumed there that
P and T transforms continuously a nonempty, bounded, convex and closed set
Q C Cla, b] into Cla, b] in such a way that P(Q2) and T'(2) are bounded and that
there are positive constants k1, ko such that | P(Q)||k2 + ||T(€)]|k1 < 1. Under
these conditions the operator S has at least one fixed point in 2. Our theorem
Theorem 1 can be applied almost directly to systems of equations of the form

zi(t) = f (t7/atv(t7s,x(s) ds) g (t[u(t,s,x@))ds) Ci=12,..n, (19)

where © = (21, %2,...,Zy),

fi (t, /atv(t, s,x(s)) ds> =g (t) + /at Ri1(t,s,z(s)) ds, (20)
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b b
gi t,/ u(t, s,xz(s))ds | := g,;g(t)+/ Ria(t,s,z(s))ds, a <t <b. (21)

This type of equations differs from those in the system (7) by the upper bound
of the integral in the second terms which is constant. However an analogous
result to Theorem 4 can be formulated and its proof is almost the same as the
proof of our theorem.

We remark that another type of fixed point theorem in Banach algebras
(Furi-Pera type fixed point theorems) are proved in [6] and they are applied in
the proof of an existence theorem for some scalar functional-integral equations
which are in an multiplicative form as the equation (19).
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