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ON COMMUTATIVE RINGS WHOSE PRIME IDEALS
ARE DIRECT SUMS OF CYCLICS

M. BEHBOODI AND A. MORADZADEH-DEHKORDI

ABSTRACT. In this paper we study commutative rings R whose prime ideals
are direct sums of cyclic modules. In the case R is a finite direct product of
commutative local rings, the structure of such rings is completely described.
In particular, it is shown that for a local ring (R, M), the following statements
are equivalent: (1) Every prime ideal of R is a direct sum of cyclic R-modules;
2) M= @AGA Rw) where A is an index set and R/Ann(w,) is a principal
ideal ring for each A € A; (3) Every prime ideal of R is a direct sum of at most
|A| cyclic R-modules where A is an index set and M = GBAeA Rwy; and (4)
Every prime ideal of R is a summand of a direct sum of cyclic R-modules.
Also, we establish a theorem which state that, to check whether every prime
ideal in a Noetherian local ring (R, M) is a direct sum of (at most n) principal
ideals, it suffices to test only the maximal ideal M.

1. INTRODUCTION

It was shown by Kothe [8] that an Artinian commutative ring R has the property
that every module is a direct sum of cyclic modules if and only if R is a principal
ideal ring. Later Cohen-Kaplansky [6] obtained the following result: “a commutative
ring R has the property that every module is a direct sum of cyclic modules if and
only if R is an Artinian principal ideal ring.” (Recently, a generalization of the
Kothe-Cohen-Kaplansky theorem have been given by Behboodi et al., [3] for the
noncommutative setting.) Therefore, an interesting natural question of this sort is
“Whether the same is true if one only assumes that every ideal of R is a direct sum
of cyclic modules?” More recently, this question was answered by Behboodi et al.
[2] and [4] for the case R is a finite direct product of commutative local rings.

We note that two theorems from commutative algebra due to I. M. Isaacs and
I. S. Cohen state that, to check whether every ideal in a ring is cyclic (resp. finitely
generated), it suffices to test only the prime ideals (see [7), p. 8, Exercise 10] and [5]
Theorem 2]). So this raises the natural question: “If every prime ideal of R is a
direct sum of cyclics, can we conclude that all ideals are direct sums of cyclics?”
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This is not true in general. In |2, Example 3.1], for each integer n > 3, we provide
an example of an Artinian local ring R such that the only prime (maximal) ideal
of R is a direct sum of n cyclic R-modules, but there exists a two generated ideal
of R which is not a direct sum of cyclic R-modules. Therefore, another interesting
natural question of this sort is “What is the class of commutative rings R for which
every prime ideal is a direct sum of cyclic modules?” The goal of this paper is to
answer this question in the case R is a finite direct product of commutative local
rings. The structure of such rings is completely described.

Throughout this paper, all rings are commutative with identity and all modules
are unital. For a ring R we denote by Spec(R) and Max(R) for the set of prime
ideals and maximal ideals of R, respectively. We denote the classical Krull dimension
of R by dim(R). Let X be either an element or a subset of R. The annihilator of X
is the ideal Ann(X) = {a € R | aX = 0}. A ring R is local (resp. semilocal) in case
R has a unique maximal ideal (resp. a finite number of maximal ideals). In this
paper (R, M) will be a local ring with maximal ideal M. A non-zero R-module N
is called simple if it has no submodules except (0) and N.

For a ring R, it is shown that if every prime ideal of R is a direct sum of cyclic
R-modules, then dim(R) < 1 (Proposition 2.1). Let R be a semilocal ring such that
every prime ideal of R is a direct sum of cyclic R-modules. Then: (i) R is a principal
ideal ring if and only if every maximal ideal of R is principal (Theorem [2.4); (ii) R
is a Noetherian ring if and only if every maximal ideal of R is finitely generated
(Theorem [2.5)). Also, in Proposition it is shown that if for each M € Max(R),
M = @, Rwy where A is an index set and R/Ann(wy) is a principal ideal ring
for each A € A, then every prime ideal of R is a direct sum of cyclic modules.
However Example shows that the converse is not true in general, but it is true
when R is a local ring (see Theorem . In particular, in Theorem 2.10, we show
that for a local ring (R, M) the following statements are equivalent:

(1) Every prime ideal of R is a direct sum of cyclic R-modules.

(2) M =@, Rwy where A is an index set and R/Ann(wy) is a principal ideal
ring for each A\ € A.

(3) Every prime ideal of R is a direct sum of at most |A| cyclic R-modules where A
is an index set.

(4) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.

Also, if (R, M) is Noetherian, we show that the above conditions are also
equivalent to: (5) M is a direct sum of cyclic R-modules (see Theorem ; which
state that, to check whether every prime ideal in a Noetherian local ring (R, M) is
a direct sum of (at most n) principal ideals, it suffices to test only the maximal

ideal M.

Finally, as a consequence, we obtain: if R = R; X --- X Ry, where each R;
(1 <i < k) is alocal ring, then every prime ideal of R is a direct sum of cyclic
R-modules if and only if each R; satisfies the above equivalent conditions (see
Corollary . We note that the corresponding result in the case R =[], Ra
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where A is an infinite index set and each R) is a local ring, is not true in general

(see Example [2.15)).

2. MAIN RESULTS
We begin with the following evident useful proposition (see [4 Proposition 2.5]).

Proposition 2.1. Let R be a ring. If every prime ideal of R is a direct sum of
cyclic R-modules, then for each prime ideal P of R, the ring R/P is a principal
ideal domain. Consequently, dim(R) < 1.

Proof. Assume that every prime ideal of R is a direct sum of cyclic R-modules
and P C @ are prime ideals of R. Since @ is a direct sum of cyclics, we conclude
that /P is a principal ideal of R/P. Thus R/P is a principal ideal domain. On
the other hand dim(R) = dim(R/Pp) for some minimal prime ideal Py of R. Thus
dim(R) < 1. O

The following two famous theorems from commutative algebra are crucial in our
investigation.

Lemma 2.2 (Cohen [5, Theorem 2]). Let R be a commutative ring. Then R is
a Noetherian ring if and only if every prime ideal of R is finitely generated.

Lemma 2.3 (Kaplansky [7, Theorem 12.3]). A commutative Noetherian ring R is
a principal ideal Ting if and only if every maximal ideal of R is principal.

The following theorem is an analogue of Kaplansky’s theorem.

Theorem 2.4. Let R be a semilocal Ting such that every prime ideal of R is
a direct sum of cyclic R-modules. Then R is a principal ideal ring if and only if
every mazimal ideal of R is principal.

Proof. (=) is clear.

(<) We can write R = R; X --- X R,, where each R; is an indecomposable ring
(i.e., R; has no any nontrivial idempotent elements). Clearly every prime ideal of
R is a direct sum of cyclic R-modules if and only if every prime ideal of R; is a
direct sum of cyclic R-modules for each 1 < ¢ < n. Also, every maximal ideal of R
is principal if and only if every maximal ideal of R; is principal for each 1 <1 < n.
Thus without loss of generality, we can assume that R is an indecomposable ring.
Also, by Proposition dim(R) < 1.

Suppose, contrary to our claim, that R is not a principal ideal ring. Thus by
Lemma [2.33] R is not a Noetherian ring. Thus by Lemma there exists a prime
ideal P of R such that P = @,., Rwx where A is an infinite index set and
0 # wy € R for each A € A. Thus P is not a maximal ideal of R and so it is a
minimal prime ideal of R.

For each A € A, there exists a maximal submodule K of Rw) and so
Ann(Rwy/Ky) = M for some maximal ideal M of R. Since Max(R) is finite and
|A| = 00, we can assume that {1,2} C A and there exists M € Max(R) such that

Ann(Rwy /K1) = M = Ann(Rws /K>) .
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Now set P = Rw; ® Rwo® L where L is an ideal of R and R := R/(K,® Ko @ L).
Since M(Rw;/K;) = (0) for i = 1,2 and

P=P/(K &Ky ®L)=(Rw ® Rus)/(K,® Ks) =~ R/M® R/ M

we conclude that MP = (0). It follows that P is the only non-maximal prime ideal
of R. Thus by Lemma R is a Noetherian ring (since P is finitely generated and
every maximal ideal of R is cyclic) and so by Lemma 2.3, R is a principal ideal ring.
But P is a direct sum of two isomorphic simple R-modules (so P is a 2-dimensional
R/ M-vector space) and hence it is not a cyclic R-module, a contradiction. O

Also, the following result is an analogue of Cohen’s theorem.

Theorem 2.5. Let R be a semilocal ring such that every prime ideal of R is a
direct sum of cyclic R-modules. Then R is a Noetherian ring if and only if every
mazimal ideal of R is finitely generated.

Proof. (=) is clear.

(<) We can write R = Ry x - -+ X R,, where each R; is an indecomposable ring (i.e.,
R; has no any nontrivial idempotent elements). Thus without loss of generality, we
can assume that R is an indecomposable ring with maximal ideals M1, Mo, ..., M.
Then by Proposition dim(R) < 1. Suppose, contrary to our claim, thus by
Lemma there exists a prime ideal P of R such that P = P, ., Rwx where A
is an infinite index set and 0 # wy € R for each A € A. Thus P is not a maximal
ideal of R and so it is a minimal prime ideal of R. Also, by hypothesis for each
1 <7 <k, there exist z;1,...,%in, € R such that

M; =Rxij; ® Rrio @ ® Rin, -

Since P is a non-maximal prime ideal, without loss of generality, we can assume that
Z11,%21, ...,k & P. It follows that Rz @ -+ ® Rxyy,, C P foreachi=1,... k.
Set

L=(Rx12® - ®Rx1p,) + (Rros @+ D Rap,) + -+ (Rxpa @+ ® Ragp, ) -

Then L C P and so L C @)\E/\, Rw)y where A’ is a finite subset of A.

Clearly, for each A € A, there exists a maximal submodule K of Rw) and hence
Ann(Rwy/Ky) = M for some maximal ideal M of R. Since Max(R) is finite and
|A] = 0o, we can assume that {1,2} C A and there exists M € Max(R) such that

Ann(Rwy /K1) = M = Ann(Rwy /K>) .
Now we can assume that P = Rw; & Rws @ Ly such that ®A6A/ Rwy C L;. Set
R=R/(Ki® K, ® Ly).
Since M(Rw;/K;) = (0) for i = 1,2 and
P=P/(Ki®Ky® L) = (Rw; © Rwy) /(K1 ® Ko) 2 R/IM & R/M,

we conclude that MP = (0). It follows that P is the only non-maximal prime ideal
of R. On the other hand, for each 1 < i < k, Rx;0 - - “® R, €@y Rwx C Ly
Thus we conclude that every maximal ideal of R is cyclic. Thus by Theorem R
is a principal ideal ring. But P is a direct sum of two isomorphic simple R-modules
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(so P is a 2-dimensional R/M-vector space), and hence it is not a cyclic R-module,
a contradiction. (]

Proposition 2.6. Let R be a ring. If for each M € Max(R), M = @, Rwa
where A is an index set and R/ Aun(w)) is a principal ideal ring for each A € A,
then every prime ideal of R is a direct sum of cyclic modules.

Proof. Assume that P is a non-maximal prime ideal of R. There exists a maximal
ideal M € Max(R) such that P & M = @, ., Rwx. Thus there exists a \g € A
where A is an index set such that wx, ¢ P. Thus, @,ca\ (.} Bwr € P and so by
modular property, we have

P=PNM=(PNRwy,)®( € Rw).
AeA\{ o}
Now since P N Rwy, C Rwy, = R/Ann(Rw),) and R/Ann(Rw,,) is a principal
ideal ring, we conclude that P N Rw,, is cyclic. Therefore, P is a direct sum of
cyclic modules. (I

However the following example shows that the converse of Proposition 2.6} is not
true in general, but we will show in Theorem [2.10] it is true when R is a local ring.

Example 2.7. Let R be the subring of all sequences from the ring [ [, Z2 that are
eventually constant. Then R is a zero-dimensional Boolean ring with minimal prime
ideals P, = {{a,} € R| a; =0} and Py, = {{an} € R | a, = 0 for large n} (See
[1]). Clearly, each P; is cyclic (in fact P; = Rv; where v; = (1,1,...,1,0,1,1,...))
and Py, = @,y Z2 = B,y Rw; where w; = (0,0,...,0,1,0,0,...). Thus every
prime ideal of R is a direct sum of cyclic modules. But the factor ring R/Ann(vy) =
R/Ann(0,1,1,1,...) is not a principal ideal ring (since prime ideal Py, /Ann(v;) is
not a principal ideal of R/Ann(v;)). Also, if P, = @y, Rzx where A is an index
set with |A| > 1 and z) € Py), then there exists Ay € A such that z), = {an}
where a,, = 1 for large n (since (0,1,1,1,---) € P;). One can easily see that
Ann(zy,) € P and the prime ideal Py, /Ann(zy,) of the factor ring R/Ann(zy,)
is not principal (so R/Ann(zy,) is not a principal ideal ring). Thus the converse of
Proposition [2.6] is not true in general.

By using Nakayama’s lemma, we obtain the following lemma.

Lemma 2.8. Let R be a ring and M be an R-module such that M is a direct sum
of a family of finitely generated R-modules. Then Nakayama’s lemma holds for M
(i.e., for each I C J(R), if IM = M, then M = (0)).

Lemma 2.9 (See Warfield [9, Proposition 3]). Let R be a local ring and N an
R-module. If N = @®ycaR/I\ where each Iy is an ideal of R, then every summand
of N is also a direct sum of cyclic R-modules, each isomorphic to one of the R/I.

The following main theorem is an answer to the question “What is the class of
local rings R for which every prime ideal is a direct sum of cyclic modules?”

Theorem 2.10. Let (R, M) be a local ring. Then the following statements are
equivalent:
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(1) Every prime ideal of R is a direct sum of cyclic R-modules.

(2) M =Dycp Rws where A is an index set and R/Ann(wy) is a principal ideal
ring for each A € A.

(3) Every prime ideal of R is a direct sum of at most |A| cyclic R-modules where A
is an index set.

(4) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.

Proof. (1) = (2) First, we assume that M is cyclic and so M = Rz for some
z € M. If Spec(R) = {M}, then by Lemma[2.2] R is a Noetherian ring and by
Lemma R is a principal ideal ring. Therefore, R/Ann(x) is a principal ideal ring.
If Spec(R) # {M}, then for each non-maximal prime ideal P of R, x ¢ P & M.
Thus Pz = P and so by Lemma [2.8, P = 0. Thus R is a principal ideal domain
and so R/Ann(z) is a principal ideal ring.

Now assume that M is not cyclic. Then by hypothesis M = @, Rwy such
that A is an index set with [A| > 2 and 0 # wyx € M for each A € A. If
Spec(R) = {M}, then the only maximal ideal of R/Ann(w,) is principal for each
A € A. Thus by Lemma[2.2] R/Ann(w,) is a Noetherian ring and so by Lemma [2.3]
R/Ann(wy) is a principal ideal ring for each A € A. If Spec(R) # { M}, then for
each non-maximal prime ideal P of R, there exists A\g € A such that wy, ¢ P. It
follows that P, A\{ro} Bwx € P. Now by modular property we have

P=PNM=(PnRwy)&( P Rw).
AeA\{ o}

It follows that Pwy, = (P N Rwy,)wy,. Also since wy, ¢ P, PN Rwy, = Pwy,

and hence Pwy, = (Pwy,)Rw),. Now by Lemma Pw,, =0, since Pw,, is a
direct sum of cyclic R-modules. Therefore, P = @, A\{2o} Ruwy. Thus we conclude
that Spec(R) = {M}U {@AEA\{A].} Rwy | wy; ¢ Nil(R)}. This shows that for each
A € A, all prime ideals of R/Ann(w,) are principal. Thus by Lemmas and
R/Ann(wy) is a principal ideal ring for each A € A.
(2) = (3) Assume that M is cyclic and so M = Rz for some z € M. If Spec(R) =
{M} then the proof is complete. If Spec(R) # {M}, then for each non-maximal
prime ideal P of R, z ¢ P & M. Thus Pz = P and so Pz = Px(Rx). By hypothesis
R/Ann(x) is a principal ideal ring and so Pz is principal. Thus by Lemma
Px =0 and so P =0.

Now assume that M is not cyclic and so M = @, Rwy such that [A| > 2 and
R/Ann(Ruw,) is a principal ideal ring for each A\ € A. If Spec(R) = { M}, then the
proof is complete. If Spec(R) # {M}, then for each non-maximal prime ideal P of
R, there exists A\g € A such that wy, ¢ P. This implies that EBAEA\{AO} Rwy C P.
Thus by modular property, P = PN M = (PN Rwx,) & (Dyep\ ) Bwr) and
so Pwy, = (P N Rwy,)wy,. Also P N Rwy, = Pwy,, since wy, ¢ P and Pw), =
Pwy,(Rwy,). But Pwy, = P N Rw,, is principal, since R/Ann(w,,) is a principal
ideal ring. Thus by Lemma Pwy, =0 and so P = @ ycp\ (2, FBwx. Thus we
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conclude that

Spec(R) = {M}U{ @ Ruwx|wy, ¢Nil(R)},

XEA{N, }

and hence every prime ideal of R is a direct sum of at most |A| cyclic R-modules.

(3) = (4) is clear.

(4) = (1) is by Lemma [2.9] O
Also, the following result is an answer to the question “What is the class of local

rings (R, M) for which M is finitely generated and every prime ideal is a direct

sum of cyclic modules?”

Corollary 2.11. Let (R, M) be a local ring. Then the following statements are
equivalent:

(1) R is a Noetherian ring and every prime ideal of R is a direct sum of cyclic
R-modules.

(2) M =@}, Rw; and R/ Ann(w;) is a principal ideal ring for each 1 < i < n.

(3) Every prime ideal of R is a direct sum of at most n cyclic R-modules.

(4) R is a Noetherian ring and every prime ideal of R is a summand of a direct
sum of cyclic R-modules.

Proof. The proof is straightforward by Theorem [2.5] and Theorem [2.10] O

Next, we greatly improve the main theorem above (Theorem [2.10) in the case
R is a Noetherian local ring. In fact, we establish the following result which state
that, to check whether every prime ideal in a Noetherian local ring (R, M) is a
direct sum of (at most n) principal ideals, it suffices to test only the maximal ideal
M. We note that this is also a generalization of the Kaplansky Theorem in the
case R is a Noetherian local ring.
Theorem 2.12. Let (R, M) be a Noetherian local ring. Then the following state-
ments are equivalent:
1) FEvery prime ideal of R is a direct sum of cyclic R-modules.
M =@, Rw; and R/ Ann(w;) is a principal ideal ring for each 1 <i < n.

(1)
(2)
(3) The mazimal ideal M is a direct sum of n cyclic R-modules.
(4)
(5)

DN

4
5

P
(2

FEvery prime ideal of R is a direct sum of at most n cyclic R-modules.

FEvery prime ideal of R is a summand of a direct sum of cyclic R-modules.

roof. (1) = (2) and (4) = (5) = (1) are by Theorem 2.10]

) = (3) is clear.

(3) = (4) If M = Rz is a cyclic R-module, then by Lemma R is a principal
ideal ring. Assume that M = @_, Rw; where n > 2. If Spec(R) = {M}, then
the proof is complete. Thus we can assume that Spec(R) # {M} and suppose
that P ; M is a prime ideal of R. Without loss of generality, we can assume that,
wy ¢ P. This implies that @ _, Rw; C P. Now by modular property we have
P=PnNM=(PNRuw)d (P, ,Rw), and hence Pw; = (P N Rw;)w;. Also,
PN Rw; = Pw; since wy ¢ P. Thus Pw; = (Pw;)Rw, and so by Lemma
Pw; = 0. Therefore, P = @;_, Rw;. O
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Remark 2.13. Let R = R; X --- X R where k € N and each R; is a nonzero ring.
One can easily see that, each prime ideal P of R is of the form P = R; x --- X
R;_1 X P; X Riy1 X --- X Ry, where P; is a prime ideal of R;. Also, if P; is a direct
sum of A principal ideals of R;, then it is easy to see that P is also a direct sum of
A principal ideals of R. Thus the ring R has the property that whose prime ideals
are direct sum of cyclic R-modules if and only if for each ¢ the ring R; has this
property.

We are thus led to the following strengthening of Theorem [2.10

Corollary 2.14. Let R = Ry X --- X R where k € N and each R; is a local ring
with mazimal ideal M; (1 < i < k). Then the following statements are equivalent:

(1) Ewvery prime ideal of R is a direct sum of cyclic R-modules.

(2) For eachi, M; =, ¢, Rwx, where each A; is an index set and R/ Ann(wy,)
is a principal ideal ring for each \; € A;.

(3) Ewvery prime ideal of R is a direct sum of at most |A| cyclic R-modules, where
Al = max{|A;] [i =1,...,k} and M; = @D, cp, Bwn, for each A;.

(4) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.

Proof. The proof is straightforward by Theorem and Remark ([l

We conclude this paper with the following interesting example. In fact, the
following example shows that the corresponding of the above result in the case
R =[] ca Bx where A is an infinite index set and each R, is a local ring (even if
for each A € A, Ry = Zs), is not true in general.

Example 2.15. Let R =[], Fx be a direct product of fields { Fj} ea where A
is an infinite index set. Clearly, I = @, F) is a non-maximal ideal of R. Thus
there exists a maximal ideal P of R such that I ; P. It was shown by Cohen and
Kaplansky [6, Lemma 1] that P is not a direct sum of principal ideals.
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