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KYBERNETIKA — VOLUME 48 (2012), NUMBER 6, PAGES 1211-1228

NOVEL METHOD FOR GENERALIZED STABILITY
ANALYSIS OF NONLINEAR IMPULSIVE EVOLUTION
EQUATIONS

JINRoNG WANG, YONG ZHOU AND WEI WEI

In this paper, we discuss some generalized stability of solutions to a class of nonlinear
impulsive evolution equations in the certain piecewise essentially bounded functions space.
Firstly, stabilization of solutions to nonlinear impulsive evolution equations are studied by
means of fixed point methods at an appropriate decay rate. Secondly, stable manifolds for the
associated singular perturbation problems with impulses are compared with each other. Finally,
an example on initial boundary value problem for impulsive parabolic equations is illustrated
to our theory results.

Keywords: impulsive evolution equations, stabilization, stable manifolds, singularly per-
turbed problems

Classification: 34G20, 35B40, 35K20

1. INTRODUCTION

In order to describe dynamics of populations subject to abrupt changes as well as other
phenomena such as harvesting, diseases, and so forth, some authors have used impulsive
differential systems to describe the model since the last century. The theory of impulsive
differential equations is emerging as an important area of investigation since it is much
richer than the corresponding theory of differential equations. For the basic theory
on impulsive differential equations in infinite dimensional spaces or finite dimensional
spaces, the reader can see the monographs of Benchohra et al. [4] and Lakshmikantham
et al. [II]. In the past decades, existence of (periodic) solutions, controllability and
optimal controls for impulsive evolution equations are studied by many researchers such
as Abada et al. [I], Ahmed et al. [3,[2], Chang and Nieto [6], Fan and Li [8], Herndndez
[9], Liang et al. [12], Liu [13], Wang et al. [20] [I8], Wei et al. [19, 21], Xiang et al. [22],
Yu et al. [26] and so on.

As we known, all kinds of stability including strict stability, exponential stability and
asymptotic stability of impulsive differential equations are attracted by many researchers
such as Xu et al. [23] Yang and Xu, [25], Zhang and Sun [27] and Dvirnyi and Slyn’ko
[7]. In the present paper, we reconsider this interesting problem and discuss generalized
stability of solutions to nonlinear impulsive evolution equations by utilizing the operator
semigroup theory and fixed point methods in a piecewise essentially bounded functions
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space with specific behavior as time tends to infinity. More precisely, we will combine
theses earlier works [5l [10, 18] and extend the study of exponential stability to the
generalized stability of solutions to Cauchy problems for nonlinear impulsive evolution
equations

w'(t)+ (A+ Bu(t) =0, t >0, t # 7,

u(0) = uy, (1)

Au(t) = Ix(u(t)), t = 7%,

where A : D(A) € X — X is a linear unbounded operator in a Banach space X,
B : X — X is a nonlinear operator and ug is a given element of X. Impulsive time
sequence {75}, satisfies 0 =79 <71 < Tp < -+ < T .., Mg 0o TR = 00, Au(Ty) =
u(ry) —u(r,), I+ X — X, u(r) = limy, o+ u(ry, +h) and u(ry, ) = limy, o- u(ty +h)
represent respectively the right and left limits of u(t) at ¢t = 7.
Meanwhile, we study the stable manifolds for parameter dependent problem with

impulse

ul(t) + (eA+ B)uc(t) =0, t >0, t # 7%,

u:(0) =z, € € [0,g0], €0 > 0, = € X, (2)

Dug(t) = I (ue(t)), t =Tk,

and study the stabilization of solutions of the parameter dependent problem with impulse

cul(t) + (A+ Buc(t) =0, t >0, t # Tp,
u:(0) =z, € € [0,0], €0 >0, = € X, (3)
Aue(t) = Tp(ue(t)), t = 7%.

To achieve our purpose, we split the present nonlinear impulsive problem into a
linearized impulsive part and nonlinear impulsive perturbation assuming the existence
of a stable equilibrium by normalization placed at zero. Then, we invert the linear
impulsive part and search for a stabilizing solution as a fixed point of the corresponding
integral operator with impulsive terms.

This paper is organized as follows. We start in Section 2 by using the Banach contrac-
tion principle in the function space PL>°(0, co; X ), the generalized solution u : [0,00) —
X of the system (1)) which tending to zero at an appropriate decay rate w(t) ! as t — oo.
The same technique is applied in Section 3 to a singular perturbed problem with impulse
making possible to establish at least locally the inclusion Qy C €. between stable
manifolds for e = 0 and € > 0 small enough. In Section 4, some stability results of
the system are proved with the help of growth restriction at infinity for nonlinear
perturbation and impulsive terms by using the Schauder fixed point theorem in the
space PL*(0,00; X). In Section 5, we give the briefly of stabilization of solution to the
problem . At last, an example is given to demonstrate the applicability of our results.

2. STABILITY RESULTS VIA BANACH CONTRACTION PRINCIPLE

Throughout this paper, we adopt the usual notation LP(J;X) for the LP-spaces of
functions form a set J C R™ into X, C*(J; X) for the spaces of functions with continuous
derivative up to the order k, L(X,Y) for the space of the continuous linear operators
from X into Y with L(X,X) = L(X), and so on. By B,(0; X) we denote the ball
centered at zero with the radius r in X.
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In order to establish the stability of the stationary point we shall make use of the
Banach contraction principle in the space of functions u : [0, 00) — X which decrease in
an appropriate rate as t — oo.

Denote PL*(0,00; X) = {u : [0,00) — u € L®(71k, Tp+1; X) and there exist
u(ry,) and u(r”) with u(r,) = u(r), k = 0,1,2,. .}, PL*(0,00; X) is a Banach
space with norm ||ul[. = esssup, [[u(t)| < co. For w € Lf5.(0,00), we introduce the
following work space

PLY(0,00; X) = {u € PL*™(0,00; X) : ||u]|w := esssupw(t)|lu(t)] < oo} : (4)
>0
It is easy to see that the space PL3(0, 00; X) is a Banach space under the norm || - ||4,.

We make the following assumptions:

(Hy) —A is a generator of a Co—semigroup {T'(¢),t > 0} of bounded linear operators in
X.

(Hy) Let B =D — F where D € L(X), F: X — X with F(0) =0 and I, : X — X
with I;(0) =0, k = 0,1,2,. ...

(Hs) The semigroup {T'(t),t > 0} generated by —(A+ D) satisfies the estimate ||T'(t)] <
w(t), t >0, with some w € L7? (0, 00).

(H4) There exists ro > 0 and continuous function X : [0,79) — R with A(0) = 0 such
that

[1F(u) = F(u)l| < A(r)[lu— ol and |[I(uw) = Tk (v)[| < A(r)[lu — o]
for any r € (0,79) and u,v € B,.(0; X).
(H5) Let .
wu(r) = ig}gw(t)[/o W(t—s)Mw(s) tr)w(s) "' ds
+ Z (t—Ti)A (Tk)_lr)w(rk)_l} < 00
O<m <t

for r € (0,7¢], with limsup, o+ p(r) < 1 for some functions w € L2 (0, 00) such
that w(t) > 1 a.e. in (0,00) and lim;_, o, w(t) = oc.

We say that system (1)) has a generalized solution if there is a function u € PL>(0, co; X)
such that

u(t)zf(t)uo—i—/otf(t—s) Nds+ Y T(t— ) Ii(u(m)), t> 0.

o<t <t

In the following lemma we prove that the operator

Gu)(t) = / T(t — s)F(u(s))ds

+ Y T(t =) (u(m), u € Br(0; PL (0, 00; X)) (5)

O<t<t
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is well defined and maps B, (0; PLS?(0,00; X)) into itself if 7 > 0 is sufficiently small.

Lemma 2.1. Let assumptions (H;)—(Hs) be satisfied. Then there exists r1 € (0, 70]
such that for any r € (0,71] the operator G defined by maps B, (0; PL (0, 00; X))
into itself and

1G(u) = G(V)[lw < p(r)llu— vl
for u,v € B,.(0; PL(0, 00; X)), where pu(r) < 1.

Proof. We first check that G : B,(0; PL(0,00; X)) — B,.(0; PL(0,00; X)). In
fact, for u,v € B,.(0; PLS (0, 00; X)), by (), (H3) and (Hys) we have

w(t)[|G(uw) ()]
< / IT(t = ) IF(uls)llds +w(t) > T =) || Tk (ulm)]
0<T<t
w — A w(s) ') w(s) Hu s
< <t>/0 it — $)A(w() " () full d
Hw(t) D ot — )M w(re) T r)w () "
0<T<t
< w(t) l/ w(t — )M w(s) tr)w(s) "t ds + Z (t — ) Mw(me) " tr)w () 7t r
0 o<, <t
< p(r)r.

Analogously we get

w®)[Gu)(t) =GO < pur)u—v]w.

The proof is completed. O

Define an operator H by
H(u)(t) = f(t)uo + G(u)(t), u € B.(0; PLyY(0,00; X)), t >0, r € (0,79). (6)

If
lim sup w(t)w(t) < oo (7)

t—o0
then H maps B, (0; PL(0,00; X)) into PL (0, 00; X).
We have the following result.

Theorem 2.2. Let assumptions (H;)—(Hs) be satisfied and let hold. For ug € X,
|luol| is sufficiently small, then the operator H defined by (@ has a unique fixed point in
the ball B, (0; PLSY(0,00; X)) for r > 0 small enough. This fixed point is a generalized
solution of , and it satisfies

lu(®)] < rw(t)*l fort>0.

In another word, we have lim; o, u(t) = 0 in X.
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Proof. It comes from that there exists ¢ > 0 such that w(t)w(t) < ¢, for ¢t > 0.
We choose 7 > 0 in Lemma so that A(r) < 1 and p(r) < 1. Then for u,v €
B,.(0; PL$(0,00; X)) and éljug|] < 37 we have

w|Hw) B < wt)|T(uoll + w(t)]|G(u) ()]
< w)w(®)|uoll + Alr)r
< E||u0||—|—%7“
11
= 2y

and

w(t)[| H (u)(t) — H(v)(®)]] w(t)]|G(u)(t) = G(v)(@)]]
()l = vl
Thus H maps B,-(0; PL3 (0, 00; X)) into itself and is contractive therein. Thus, we can
apply the Banach contraction principle in B,.(0; PLS(0,00; X)) to obtain the result.
O

IN

3. STABLE MANIFOLDS FOR A SINGULAR PERTURBED PROBLEM WITH
IMPULSE

In this section we will consider the stable manifolds associated with the problem ,
i.e., the set
Qe={reX:u(t) > 0in X as t — oo},

where u. is the generalized solution of the problem which dependents on x.

The aim of this section is to derive conditions under which there exists €¢* > 0 such
that for any € € (0,e*) we have Qy C . at least locally. To achieve this we shall
establish convergence u.(t) — wug(t) in X as ¢ — 0T pointwise on compact intervals,
and universal stability of « = 0 for € € (0,£*), which means that there exists r > 0 such
that u.(t) — 0 in X as t — oo whenever ||z|| < r and e € (0,e*).

In what follows we shall make some assumptions.

(H,) Let assumptions (Hi), (Hz2) and (Hs) of Section 2 be satisfied. Further, denote
by . a L32.(0,00) function such that the semigroup {7:(t),t > 0} generated by
—(eA+ D) satisfies the estimate | T.(t)|| < @.(t), t >0, € € (0,&0], and introduce
a family of weight functions w. € L{5.(0,00) such that w.(¢) > 1 a.e. in (0,00)
and limy_, o, we(t) = oo, € € (0,¢e0].

(Hp) There exist r1 € (0,7¢] and & € (0,1) such that we have

we) = s o) [ - 9wl i)

teRt
+ Z ﬁ)E(t—Tk)A(wg(Tk)_lr)wg(Tk)_l < kK
0<tp<t

for r € (0,7’1]7 €€ (0,60].
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Lemma 3.1. Let assumptions (H;) and (Hz) of Section 2 be satisfied. In addition,
let us assume that F', I} are locally Lipschitz, and there exists a family of generalized
solutions u.(t) of the problem which is uniformly bounded in PL*>(0,t¢), to > 0
with respect to e € (0,e], and that there is a constant ¢ > 0 such that w.(t) < ¢é for
te [O,to],& S (0,60]. Then

ue(t) — up(t) in X as e — 0% for all ¢ € [0,2o].
Proof. Firstly, using the same method in Lemma 3.1 of [10], for any z € X and any
t > 0 we have lim._q+ || T-(t)x — To(t)z|| = 0. Similarly, for any Iy (uo(7%)) € X and any

t > 0, we have lim, g+ || T2 (t — 7)) I (w0 (1x)) — To(t — 73) I (uo(1%))|| = 0. Secondly, the
generalized solution wu.(t) of the problem satisfies the relation

ug(t):j}(t)x—i—/o Ta(t—s)F(uE(s))ds—&— Z Ta(t—Tk)Ik(ug(Tk)).

0<m <t
By subtraction we obtain
uc(t) —ug(t) = Te(t)z —To(t)x + /O [Te(t — $)F(uc(s)) — To(t — s)F(uo(s))] ds
+ Y [Tt = 7L (us (i) — To(t — 70) L (uo (70))-

o< <t

This, the uniform boundedness of u. and the fact that F' and Ij are locally Lipschitz
yield

[uc(t) = uo(®)] < HT}(lﬁ)ﬂﬂ—To(t)ffll+/0 ITe(t — $)F (uo(s)) — To(t — s)F(uo(s))]| ds

+/0 IT2(t = $)|I1F (ue(s)) = F(uo(s))] ds

+ D ITe(t =) I (uo (i) — To(t — 7 I (uo (i) |

0<Tp <t
+ Y Tt = ) T (e (i) = T (o (7)) |
0< <t
< acl)+ O [ fuls) = un(s)lds+ €2 3 fue(n) ~ wa(r)|
0 0<Tp<t
where
ac(t) == || T(t)z — To(t)z| + Z I T2 (t — 7o) Ik (w0 (x)) — To(t — i) I (wo (72))
0<T<t

with lim,_ g+ a:(t) = 0, and C7, Cy are constants. Applying the well known impulsive

Gronwall inequality (see Lemma 1.7.1, Yang [24]), we have lim, o+ |Juc(t) — uo(2)]| = 0.
0

Next, we will discuss the universal stability of the stationary solution u = 0.
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Theorem 3.2. Let assumptions (H,) and (Hp) be satisfied and let
w, (1), (t) < C < oo for all t € [0,00) and € € (0, o), (8)

with a constant C independent of ¢t and €. Then there exists R > 0 such that for any
x € X with ||z|| < R the generalized solution u.(t) of the problem (2)) converges to 0 as
t — oo for all € € (0, ¢].

Proof. As in Section 2, we intend to apply the Banach contraction principle to the
operator H. given by

H.(u)(t) = T-(t)z + /0 T(t—s)F(us(s))ds+ > Te(t — i) In(ue (7). (9)

0<T <t

It suffices to show that there is R > 0 such that if z € X, ||z|| < R and ¢ € (0, ], then
there exists r > 0 such that H. maps the ball B,.(0; PL (0, 00; X)) into itself and is a
contraction in that ball.

So, let R > 0, ||z|| < R, r € (0,71] and w,v € B,.(0; PL{(0,00; X)). Then, for
R< (mr “) , we have

we ()| He (u) ()|

< we(H)we(t)R + w(t) L/O We(t — s)Mwe(8) " r)we(s) ! ds} 24| 0.
+we (1) [ > @e(t—Tk)A(ws(Tk)_lT)wa(Tk)_ll [[wlw.
O<m<t
< CR+ p(r)r
< CR + kr
S r?

and consequently || He(u)l]y, < 7.
Similarly we have

we(t)[|He(u)(t) = H:(0)@)]| < kllu = vlw.

and the assertion easily follows. O

The following main theorem of this section gives a local comparison result.

Theorem 3.3. Let assumptions (H,), (Hp) and (8]) be satisfied. In addition, let F' and
I, be locally Lipschitz and for any z € X and any ty > 0 let there exist a family of
generalized solutions u. (t) of the problem ([2)) which is uniformly bounded in PL>(0, t()
with respect to € € (0,g9]. Then for any x € Qq there exists an * € (0,e9] such
that lim, g+ us(t) = 0, € € (0,&*), ¢t € [0,%p] for corresponding solutions u.(t) of the

problem .
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Proof. If x € Qg then lim;_ o up(t) = 0 in X, where ug(t) is a generalized solution
of the problem with € = 0. Take R > 0 whose existence is guaranteed by Theorem
and find ¢y > 0 such that |jug(t)|| < 3R for all t > to. Let u.(t), ¢ € (0,&] be
the family of generalized solutions of . In view of our assumptions Lemma may
be applied on the interval (0,%] to obtain that, in particular, there exists e* € (0, &)
such that [Ju.(to) — uo(to)|| < 3R for € € (0,e*). Thus we get [luc(to)|| < JJuo(to)]| +
us(to) — uo(to)|| < 3R+ 3R = R. But taking 2 = u.(to) by Theorem we can
construct a solution u.(tp) of the problem , which converges to 0 as ¢ — oo for all

€ (0,e*). Since F and Ij are locally Lipschitz continuous, one can the uniqueness
of the generalized solution. Further, by uniqueness, we get v.(t) = u.(to + t) so that
lim; 00 e (t) = 0 in X for € € (0,*) as well. O

4. STABILITY RESULTS VIA SCHAUDER FIXED POINT THEOREM

We recall that system (1)) has a generalized solution if there is a function v € PL>(0, oco; X)
such that

u(t):T(t)uo—/O T(t—s)Bu(s)ds+ 3 T(t—m)lu(u(n)), t>0.  (10)

0<1 <t

To show that under appropriate assumptions u(t) — 0 as t — oo in X we shall make
use of the Schauder fixed point theorem to find the solution of in an appropriate
Banach space of functions u : Rt — X for which u(t) — 0 in X as t — oo.

In the sequel we shall need the compactness criterion in PL>(0, c0; X), which we
prove for reader’s convenience.

Lemma 4.1. A set £ C PL*>(0,00; X) is relatively compact in PL?(0,00; X) if the
following conditions hold:

(i) there is a set M C (73, Tk+1) of measure zero such that for any ¢ € (7, 7%+1) \ M the
orbit X; = {f(¢) : f € K} is relatively compact in X; X = {f(r +0) : f € K} and
XTk_ ={f(rx — 0) : f € K} are relatively compact in X;

(ii) for any € > 0 there is a finite partition of (7x, 7x+1) into measurable sets Ay, ..., A,
such that esssup,,c 4, [w(s)f(s) —w(t)f(t)|| <eforalljel,....,nandall feK.

Proof. Without loss of generality, we only need to show that ||f — fx|lw < € where
{fr(t)} is a subsequence of K for t € (73, 7,+1) and f € K. For € > 0, there is a
measurable partition A; ... A, of (74, Tk+1) and a set B C (7, Tk+1) of measure zero
such that ||w(s)f(s) —w(t)f(t)|| < € whenever t,s € A; \ B for some j and f € K. We
may assume that A;\(MUB) is nonempty for all j. Choose points t; € A;\(MUB) for j €
1,...,nand define amap P : K — X™ by P(f) = (w(t1) f(t1), ..., w(tn) f(t,) for all f €
K. The set P(K) is relatively compact in X being a subset of a relatively compact set
w(t) Xy, X - X w(ty)Xe,. Let P(f1),...,P(fp) be a e-net for P(K) with respect
to the norm ||(z1,...,2,)|| = max(||z1]|,. .., |zn|]). We show that fi,...,f, is an e-
net for K. Let f € K. There is k € 1,...,p such that [|P(f) — P(fx)|] < €. Given

€ (0,00)\ (MUB), thereis j €1,...,n such that t € A; \ (M UB). For t € (7x, Tht1),
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we have

lw(®) f(t) —w®) fe@l < [lw@)fE) —wt;) f @)+ lwt;)f () —wt;) fu(t;)]]
Fllw(t;) fi(t;) — w(t) fe(@)]]
< e+ |IP(f) - P(full +¢
< e,

which shows that ||f — fx|lw < 3e. The proof is completed. O

Assume that

(E1) B= D — F where D € L(X), F and I} are locally Lipschitz with F'(0) = 0 and
I(0) = 0.

Lemma 4.2. Let (E7) holds and let the weight function w be such that

/Ot'[D(ts) “lds + Z (t — T)w k)1] < o0. (11)

O<Tp<t

lim sup w(t)

t—oo

Then the operator G defined by maps PLS°(0,00; X) into itself and is locally Lips-
chitz.

Proof. By we have

w(t) l/otﬁ(t—s) “lds+ Z o(t — m)w )_1] < const < oo

O<m <t

for ¢ > 0. Since u € PLY(0,00; X
[ (u(s))| < Kllu(s)]| and || Tk (u(T

) we have |u(s)|| < const < co. By (E7) we have
NIl < K||lu(r)|| with some K > 0. Hence

IT(t = $)F (u(s))
)

| I < Kluow(t - sjw(s)™,
HT(t*Tk)Ik(U(Tk ‘

| < Elullwd(t - m)w(ne) "

Consequently,

IN

lw(®)G(w) (@)l Ku(t) VO @t —syw(s) s+ Y @t —m)w(m) | lull

O<t<t

IN

const ||u|w,

which yields the first result.

Now, having u,v € PLS(0,00; X), ||ttlw, ||Jt]lw < R(R > 0), we have u,v bounded,
and by (Ep) there is K = K(R) > 0 such that ||Fu(s) — Fo(s)|| < K|lu(s) — v(s)|| and
([ (w(7k)) = T (v(7i)) | < Kl[u(7i) — v(7)]]. Thus we obtain

w(B)[|G(u)(t) — Gu)(@)]
< Kw(t)[/o Wt —syw(s)ds+ Y d(t — m)w(m) " u— v,

O<t<t
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which yields the Lipschitz continuity of G in the ball Bg(0; PLS(0,00; X)). O

In the following lemma we give a sufficient condition for G to maps a ball in
PL(0,00; X) into itself.

Lemma 4.3. Let there exist a nondecreasing function ¢ such that

[1E@)] < e((lul]) and [[Tx(w)]| < @(|u]]) for all u € X, (12)

k= sup(oc~ (o)) supw(t) [/0 W(t — s)w(s) " tds + Z (t —m)w(m) '] < 1,(13)

o>0 t>0 0<rp<t

S = ig}gw(s)@(s)<oo. (14)

Then for any R > 0 we have |G(u) |l < kR for allu € Br(0; PL3 (0, 00; X)); for any = €
X there exists R > 0 such that the mapping H defined by @ maps Bgr(0; PL (0, 00; X))
into itself where R can be chosen independently of z € B,.(0, X) for any fixed r > 0.

Proof. Take R so large that Sr+ kR < R for any fixed r > 0.
Let w € Br(0; PLSY(0,00; X)). Then we have

w(t)|G(w)@)]|

< w(t)/o w(t — s)p([[uls)]) d8+0<§;<t w(t — 1) ([[ul(me))
< w(t)/o w(t = syw(s) " w(s)R™ p(w(s) " w(s)|lu(s)|) dsR
+w(t) Y @t —m)w(m) " w(m) R e(w(m) () |u(m) )R
0<m <t
< 31;1())(0—1<p(0))w(t) l/o w(t — s)w( d8+0<§;<t w(t —m)w(te) L R
< kR.

Hence, if r > 0 and z € B,.(0, X) then
w(®)| H(w)@#)| < sup(w(s)@(s))|z]| + &R < Sr + kR < R.
s>0
This completes the proof. |

Lemma 4.4. Let £ C PL$(0,00; X) be bounded and let ¥ << X be a Banach space
such that either
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() Te L}, .(0,00; L(X,Y)), F: X — X and I : X — X are locally bounded or

(i) T € LL(0,00; L(Y)), F: X — Y and I : X — Y are locally bounded.

loc

Then for any ¢ > 0 the set {G(u)(t) : u € K} is relatively compact in X.

Proof. Suppose (i) hold. For any v € K we have

t t
H/ T(t— s)F(u(s))ds < const/ I1T(s)|l(x,v) ds,

0 Y 0
> Tt — ) In(u(ry)) < comst Y |T(t—7)llzixy)-
0<p <t Y o< <t

Since ||u(s)|| < constw(s)™! < const for almost all s € (0,¢) and all u € K. So, for all
t > 0,{G(u)(t) : v € K} is bounded in Y and, by the compactness of the imbedding,
relatively compact in X.

If (ii) holds, then similarly we have

t t
‘ / T(t —s)F(u(s))ds < const/ 1T (s)| vy ds,
0 Y 0
Y T(t—m)(u(r))|| < const Y [T(t—7) L.
0<T,<t Y 0<TL<t
So we obtain the same conclusion. g

The next lemma provides a sufficient condition for (ii) of Lemma

Lemma 4.5. Let Y — X be a Banach space with the norm || - ||y, w € C([0,0)) and
let there exist g > 0,89 > 0 and functions n > 0,4 € L}, ([0,00); RT) such that the
following relations are satisfied:

|F ()] < constljul 0 for u € By, (0, X);

([T (uw) || < const|ul[*T® for u € By, (0, X);

IT(m)y —yll < n(7)llylly fory €Y and T >0; (15)
IT(7)x|ly < ¥(7)||uol| for up € X and 7 > 0;

limsup,_,q+ n(7) = 0;

and

lim sup w(t) /Ot{D(tT) ()10 dr + Z O(t — p)w(m,) 1% = 0. (16)

t—00 0<1 <t

If M C PLSL(0,00; X) is bounded, then the set K = G(M) C PLS(0,00; X) satisfies
condition (ii) of Lemma [4.1]



1222 J. WANG, Y. ZHOU AND W. WEI

Proof. First, let t* > 0 be arbitrary and assume that t* < 7, < s <t < 741 < 00. If
u € M and v = G(u), we can write

w(t)v(t) — w(s)v(s)

= /0 w(t)f(t —7)F(u(r))dr — w(s)T (s — 7)F(u(r))dr

0<T<t 0<T<s

/0 S(w(t)f(t —5) —w(s))T(s — 7)F(u(r)) ds

+ / w(t)T(t — 7)F(u(r)) dr
+ Z tfs) (S)I)T(S*Tk)jk(u(Tk))'

0<1<s

Since ||u(7)|| < constw(7)~! and F and I, are locally Lipschitz continuous, then || Fu(7)||
< const|lu(7)||**% and || Ipu(7)|| < const||u(ry)||* %, and consequently

< const (w(s) [ s = ryuln) - ar sl [ it~ ru(r) ar )l

/Os(w(t)f(t —s)—w(s))T(s —7)F(u(r))dr (17)

and
3 (w(tmt—s)—w(s)fﬁ(s—m)fk(u(m))H (18)
0<1<s
< <w<s> S (s — mw(m) " ) 3 w(t—m)wm)-l—%) .
0<T<s O0<Tp<t

Similarly we get

H/ (t — ) F(u(r)) dr

So by , for any € > 0, t* can be chosen so that

t
< const w(t) / Bt — Tyw(r) "% drful L. (19)

t*

[lw()v(t) —w(s)v(s)| < ; for 41 >t > s> T > tF.

Let k' € N and put ¢t; = %,j =0,1,...,k'—1. Choose a particular j € {1,...,k'—1}
and estimate ||w(t)v(t) — w(s)v(s)|| for 7 < tj_1 < s <t <t; < Ty,
Denote

*

Sy = sup{|w(91) —w(f)] : |61 — 02| < 71

91,92 S [O,t*]}.
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Then using we can estimate and as follows:

/Os(w(t)f(t —s)—w(s))T(s — 7)F(u(r))dr

< const [w(t)n(t —3) /05 (s — T)w(r) "% dr + 6 /OS W(s — 7)w(r) 1% dT] )

> (wt)T(t —s) —w(s))T(s — Tk)fk(u(Tk))H

0<71<s

< Const[ > wtn(t—s)e(s —mw(m) 0+ Y w(sm)w(m)l%] ,

0<1<s 0<Tr<s

By and the uniform continuity of w on [0, ¢*] the last expression is less than e for
a sufficiently large k' € N.
Finally, is estimated in the following way:

£

®—1
< const sup ’U}(’T)/ w(o) do,
T€[0,t*] 0

w(t)H /Ot T(t — 7)F(u(r)) dr

the last expression may be made less than € when k' is chosen appropriately large. So

the system of intervals [t;_1,¢;] C (7w, Tht1), j =1,..., K — 1, [tir—1,00) is the desired
measurable partition of RT corresponding to the given € > 0 as required in condition
(ii) of Lemma [4.1] The proof is complete. O

Now we are ready to present the main result in this section.
Theorem 4.6. Let the following assumptions be satisfied:
(i) —A is a generator of a Cp-semigroup {7'(¢),t > 0} in X;
(i) B=D—F, D e L(X) and {T(t),t > 0} satisfies |T'(t)| < @(t) for t > 0, where
W € L, ([0, 00));

(iii) F: X — X and I : X — X are locally Lipschitz continuous with F(0) = 0,
I:(0) = 0 and there exist constants &g > 0,79 > 0, kg > 0 such that

IF()l| < Kollull"** and || I (u)]| < kollu][***
for u € B,,(0; X), and a nondecreasing function ¢ such that and hold;
(iv) there exists a Banach space Y << X such that either

(a) T e LL _(0,00; L(X,Y)), F: X — X and I} : X — X are locally bounded or

loc
(b) T e L (0,00; L(Y)), F: X — Y and I : X — Y are locally bounded;

loc

in both cases we assume that

IT(r)y — T(0)yl| n(lylly, yeY, 7 >0,
1T(7)¢lly Y()lIEll, € X, >0,
where n > 0, limsup, _ o+ (1) = 0,9 € L}, _([0,00); R);

loc

<
<
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(v) there is a positive function w € C([0,00)) with lim;_, . w(t) = co and such that
lim sup,_, ., w(t)w(t) = 0, and hold.

Then for any ug € X, the problem (1)) has at least a generalized solution u € PLS (0, co; X).

Proof. We shall make use of the Schauder fixed point theorem in Br(0; PL (0, 00; X))
with R > 0 sufficiently large. To this end, consider the operator H defined by @ in
Section 2. By Lemma the operator H maps PLS°(0, 00; X) continuously into itself.
By assumption (v) and Lemma for any w in the ball Br(0; PLS?(0,00; X)) with
R > 0 sufficiently large we find

1 (w)l| < |1 T()uollw + 1G(W)l < Slluoll + <R < R.

Finally, by Lemmas and the mapping H is compact in PL? (0, 00; X). Thus,
H satisfies the assumptions of the Schauder fixed point theorem in Br(0; PLS(0, 00; X))
for a sufficiently large R > 0 and hence it has a fixed point © € PL3 (0, 00; X), that is
u = H(u). Thus u is a solution of (10). O

5. STABILIZATION FOR A SINGULARLY PERTURBED PROBLEM
WITH IMPULSE

In this section, we turn to consider the problem . It is easy to see that the generalized
solution of the problem is up(t) = 0 for ¢ = 0 and a function u. € PL*>(0,00; X)
such that

ugw::i15x+lzlfﬁ“)pm4gyh+l S T R (ua(m), ¢ > 0, (20)

€ ¢ ¢ € 0<r<t ¢
if € € (0,e¢]. Introducing new variables
0=—, v(0) =u(eh), (21)

we transform the problem into the problem

v'(0) + (A+B)v@) =0, 06>0, 0 # =
v(0) =z, € € [0,e0], so>0 z € X, (22)
Av(B) = Ii(v (9))7 0=

Now we can apply the results of Section 2 and Section 4 to the problem . If we
succeed in finding a weight function w(t) such that the hypotheses of Theorems or
respectively, are satisfied, then we get

lo(r)l < Cw(r)™, 7 >0 (23)

with a constant C' depending only on the radius r of the ball B,.(0; X) the initial datum
x € X is taken from. The relation can be translated to

t._
H%umgcwt)ﬂtzaeemﬁd
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This yields not only the stabilization of the solutions for z € B(0; X) to the zero sta-
tionary solution as ¢ — oo but also the pointwise convergence of u.(t) to 0 as ¢ — 0T
for t > 0, and the rate of convergence in terms of é

Of course, one can easily formulate the corresponding theorems for the problem
by just modifying Theorems [2.2] or [4.6] respectively.

6. EXAMPLE

As an illustration of application of the results of Section 4 let us consider a semilinear
impulsive parabolic equation and formulate an explicit condition that guarantees the
assumptions of Theorem [£.6

Let Q C R™ be a bounded domain with uniformly C?-boundary. Consider the the
following initial boundary value problem with impulse

Ut = Z?] 1(al]u$])l’z +g( )a S Rn? t> 07 t# Tk
u(x t)_Oxeaﬂ t >0,
u(z,0) = u¥(x),x € R, (24)
Au(z,t) = lyu(x,t), € R, t =7, I >0, k=1,2,...,
where -
Q5 S 02(9)7 Qi = Qij, Z,_] = ]., e, (25)
sz:1 a;j(2)&& > col€|? for € € R, £ # 0 with ¢o > 0,
and
g€ CYR), g=du+ f(u),u € R, g(0) =0. (26)

Let s € (0,1), p > %, and let X := W;(Q), where W (0 <7 < 00,1 < g < 00) stands
for the usual Sobolev space, W;(Q) being the closure in W7 () of C§°(£2). Also, denote
by [ - |l the norm in L4(€2) and by || - ||, in W . Let us note that if r € (0,1) then for
v e W7 () we use the norm

. [v(x) — v(y)|? Y
[ollr.q .—{/|U \qu+/ e Sy

Let be satisfied. A is defined by

D(A) :== W2(Q) N T, (), @)
(Av)(z) == =327 1((1 ((2)v; (2))2, for v € D(A).

By Proposition 6.1 of [10], the operator —A is a generator of an analytic exponentially
decreasing semigroup {T'(t),t > 0} of continuous linear operators in LP(2) which is
an exponentially decreasing Cy—semigroup of contractions in X. That is, there exists

c= 400"27(21’_1) >0, co > 0 such that |T(t)|| < e :=w(t), t > 0.
urther, let d < c an uef,,setNt: Ve~ s x = A7"u", Dv = dv,
Further, let d d 21 T Ave (A} A4’ Dv = d
Fv=A""fv), I(v) = lx(v) for v € X. We have ||T(t)||L(X) < c(v)t7ve " = w(t) for
t>0,v= C;d.
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Let f € C'(R), f(0) = 0, with f” locally Lipschitz continuous. By Lemma 6.2 of
[10], f maps W;(Q) into itself and is locally Lipschitz continuous. It is obvious that

l, maps W;(Q) into itself and is locally Lipschitz continuous. Suppose that there exist
do, K, 1 such that [|f(v)|| < K|ol|'*, [[lu(v)]| < K[o[**%, |[f'(v)]| < Kv* for
o]l < 1, 8 = sup, s 112 < 5 K (v,p) ™, K(vp) = C(v)(ep)* PT(pw — 5) and
C(v) == supysoft"te A" T(t)||}. Let Y := D(A) = W2(Q) OW;(Q). Then by the
Sobolev imbedding theorem Y is compactly imbedded in X. Define n(7) = 7%, 6 € (0, )

and (1) = 7971, Suppose that there exist the suitable positive numbers ¢, v and
such that

lim sup w(t) [/0 Wt — )w(r) 1% dr + Z (t — me)w(mp) ~17% | = 0.

t—0o0 0<Tp<t

Then all the assumptions in Theorem our results can be used to solve the problem

(24)-

7. FINAL REMARKS

Recently, generating complex multiscroll chaotic attractors via simple electronic circuits
has drawn the attention of many researchers (see for example, Lii and Chen [I4], Lii et al.
[15]). The current novel method for generalized stability analysis of nonlinear impulsive
evolution equations also contain some potential applications in the complex multiscroll
chaotic systems. In real-world, we try to seek some suitable function w(t) to guarantee
the solution of some certain complex multiscroll chaotic systems tending to zero at an
appropriate decay rate w(t)~! as t — co. Of course, how to find a simple or the best
function w is a very interesting problem. It is worthwhile mentioning that Wang et al.
[16] [17] apply the idea here to discuss the stability of some fractional integral equations
whose solutions are tending to zero at an appropriate rate t~”(v > 0) as t — oo.
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