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Abstract. In this paper, for the second initial boundary value problem for Schrédinger
systems, we obtain a performance of generalized solutions in a neighborhood of conical
points on the boundary of the base of infinite cylinders. The main result are asymptotic
formulas for generalized solutions in case the associated spectrum problem has more than
one eigenvalue in the strip considered.

Keywords: second initial boundary value problem, Schriodinger systems, generalized so-
lution, regularity, asymptotic behavior

MSC 2010: 35B40, 35B65, 35G99

1. INTRODUCTION

The boundary value problems for Schrédinger equations whose coefficients are
independent of the time variable have been previously proposed and analyzed by
J.-L. Lions and E. Magenes, [15], [16]. In the finite cylinder Qpr = Q x (0,7),
the first initial boundary value problem for this kind of equation with coefficients
depending on both the time and spatial variables has been considered in [2]. In this
paper, we study the second initial boundary value problem for general Schrédinger
systems (coefficients depending on both the time and spatial variables) in the infinite
cylinder Qo = Q x (0,00) with conical points on the boundary of the base .
Existence, uniqueness of the generalized solution of this problem were considered
in [5], the regularity of the generalized solution (with respect to both the time and
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spatial variables) were given in [6] and [7]. Our main purpose here is to study the
asymptotic behavior of generalized solutions in a neighborhood of conical points.

In the previous papers [1], [2], [3], [4], to consider asymptotic behavior of solutions
of boundary value problems for non-stationary systems, the authors just studied the
case when the associated spectrum problem has simple eigenvalues. And now, by
weakening restrictions on eigenvalues of the spectrum problem (extending them to
semisimple eigenvalues having invariant multiplicity), we obtain generally asymptotic
formulas of solutions as linear combinations of special singular vector functions and
regular vector functions. Moreover, these vector functions and coefficients of the
linear combinations are regular with respect to the time variable. Our results are
extended to the case in which the considered strip has more than one eigenvalue.
That causes more technical difficulties. The main method used in this paper can
be shown as follows. At first, we study the asymptotic behavior of solutions of
the second boundary value problem for elliptic systems depending on a parameter.
After that, we take the term containing the derivative in time of the unknown vector
function to the right-hand side of the system so that the problem can be viewed as an
elliptic one (depending on the parameter ¢). Dividing m into 3 cases by comparing it
with %n, where n is the dimension of €2, we can manage to apply results for elliptic
systems depending on a parameter to get the asymptotic behavior of solutions of our
problem.

The paper is organized as follows. In Section 2, we introduce some notation and
formulation of the problem. The main result is given in Section 3, where asymptotic
formulas of solutions of the second initial boundary value problem for Schrédinger
systems are shown. In Section 4, by giving some auxiliary lemmas, we prove our
main result. Some examples are stated in Section 5. Finally, some conclusions will
be given in the last section.

2. NOTATION AND FORMULATION OF THE PROBLEM

Suppose that Q is a bounded domain in R™ with the boundary 02. Moreover,
we assume that I' = 9Q \ {0} is a smooth manifold and Q coincides with the cone
K = g{z: x/|z| € G} in a neighborhood of the origin 0, where G is a smooth domain
on the unit sphere S?~! in R™.

Let A be a subset of R”. Denote Ap = A x (0,7 for some T € (0,00), Asc =
A x (0,00) and Ao, = A x [0,00]. Let u be a complex valued vector function with
components ui,...,us and let @ = (a1,...,a,) (g € N, i = 1,...,n) be a multi-
index, |a| = a3 + ... + a,. We use the notation D = 9l /928 ... dzon |Du|? =

S

S |D%;|? and uy = (09uy /O, ..., 07 us/0t7). Denote by w = (wi,...,wn—1) a

i=1

64



local coordinate system on S™~!, r = |z| and (];) = Ekl/Il(k—-0! (0 <1 < k).
Moreover, if 3 is a real number, we use the symbol [3] for the maximum integer that
is smaller than or equal to 3.

Assume that [, h, k are nonnegative integer numbers, § is a real number and

v is a positive real number. In this paper we will use the usual function spaces:
C>=(Q), Ly(Q), H\(Q), H'=V/2(I"), H*(Q7) when T < oo (see [2], [5] for the precise
definitions). We define

. Hé(Q)—the space of all measurable complex functions v(x) that satisfy

1/2
(2.1) 10l 23 ) = <Z / 25+l - ”ID%|2dx) < 00;

la[=0
. H;;l/Q(I‘)—the space of traces of functions from H[lg(Q) on I' with the norm
(2.2) HU”H;;”?(F) = inf{HwHHk(Q): w e Hé(Q), wlr = v};

. Wé(Q)—the space of all measurable complex functions v(z) that have general-
ized derivatives up to order [ with the norm

/2
Z/ 25|Do‘v|2dﬂc) < 00;

lee|=0

lolwy e —(

o H'k(e=7 Q. )—the space of all measurable complex functions v(z, ) that have
generalized derivatives up to order [ with respect to z and up to order k with
respect to ¢ with the norm

1/2
||UHH’k (e=7t Qoo (/ {Z |Dav|2+2|v } 27tdxdt> < 00;
Qoo

lee|=0

° Hé’k(e’w, Qo )—the space of all measurable complex functions v(x,t) with the
norm

(23) 1ol gt ey

1/2
(/ (Z F2(B+lal— ”|D%|Q+Z|vt |2) 27t dxdt) < o0;
Qoo

ler|=0
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. Vﬁl(e*Vt, Qs )—the space of all measurable complex functions v(z,t) that have
generalized derivatives up to order | with respect to  and ¢, with the norm

HUHV[g(e—wt,nw)

! 1/2
= (/ ( Z r2(5+|0(\+j—l)|Dozlvtj|2 + |v|2)e—2fyt dl‘dt) < 0.
Qoo

lor|+5=1

The weighted spaces H[lg(K), H,l{lm (0K), H,g’k(e_”yt7 K) are defined similarly
to (2.1), (2.2), and (2.3) with ©Q, T" replaced by K and 0K, respectively.

Let X be a Banach space and h a nonnegative integer. By L>°(0, co; X') we denote
the space of all X-valued functions defined on (0, c0) with the norm

[0]]co.x = esssup [[o(t)]|x < oo.
t>0

Denote by W"(0, 0o; X) the Sobolev space of all X-valued functions defined on (0, 00)
with the norm

h o0 1/2
1w (0,00,%) = (Z/O | for (8)] 502 dt) < 0.
k=0

For short, we denote L% (e, (0,00)) = W"(0, 00; C),

Recall that an X-valued function f(¢) defined on [0, c0) is said to be continuous
or analytic at co if the function g(t) := f(1/t) is continuous or analytic, respectively,
at t = 0 with a suitable value of g(0) € X. In these cases we can regard f(t) as a
function defined on [0, co] with f(o0) := g(0).

Denote by C%([0, cc], X) the set of all X-valued functions defined and analytic on
[0,00]. It is clear that if f € C*(]0,00], X) then f together with all its derivatives
are bounded on [0, co].
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Let A be a subset of R™ and let f(z,t) be a complex-valued function defined
on A,. We will say that f belongs to the class C°%(Ay) if f € C%([0, 0], C'(A))
for all nonnegative integers [.

For convenience, in the rest of this paper we say that the complex valued vector
functions u(x,t), f(z,t), g(x,t),... belong to some spaces if all of its components
belong to them.

We now introduce a 2mth-order differential operator

L = L(z,t,D) ZD”apqxtD)
Ipl;lq|=0

where a,, are s x s matrices of functions belonging to C°%(Qs) and a,, =
(—1)"’“‘"1'@:‘”, (ay, denotes the transposed conjugate matrix of a,,). Suppose that

apq are continuous in = € Q uniformly with respect to ¢ € [0, 00] if |p| = |q| = m
Set
Blu,ul(t) = > (=1)7! / apq (2, 1) D%u(z, t) DPu(x, t) da.
bl lal=0 ¢

We assume that B[, ](t) is H™(Q)-coercive uniformly with respect to ¢t € (0, c0),
ie.,

B(ta U, U’) > MOH’U’”%—I’"(Q)

for all w € H™(Q), t € (0,00), where pg is a positive constant independent of u and
t (see [5] for reference).
Assume that

Bj=Bj(x,t,D):= Y bja(z,)D*, j=0,1,...,m—1

la|<2m—1—j

is a system of boundary operators on I'y, where coeflicients b;, are s x s matrices of
functions belonging to C°*(9Q x [0, cc]). Suppose that b;, are continuous in z € 9
uniformly with respect to t € [0,00] if [o| =2m —1—j forall j =0,1,...,m — 1.

Moreover, we assume that the system {Bj, j = 0,...,m — 1} satisfies the Green
formula
. 1)le 3 Uq
Luvdz = p apq t)D9uDPv dx + Z B L
Q
|pl, Iql 0

for all u,v € C*°(Q) and almost all ¢ € (0,00), where v is the unit exterior normal
to I'.
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In this paper, we consider asymptotic behavior near the conical point of solutions
of the second initial boundary value problem for the Schridinger system

(2.4) (=)™ 'Lu—us = f in Qq,
(2.5) Bju=0 only, j=0,1,...,m—1,
(2.6) ult=0 =0 on Q,

where u, f are vector functions.

The vector function u(x,t) is then called a generalized solution in the space
H™9%(e ™7 Q) of the problem (2.4)—(2.6) if u € H™(e™ ", Q) and for each
T € (0,00), the integral equality

(2.7) i—nmt Y (—nl / apq(x,t)D%u(z,t) DPy(z,t) do dt
Ipl;lq|=0 T
—|—/ u(x, ) (z, t) dedt = flx, t)m(x, t) dedt
QT QT

holds for all test vector functions n(z,t) € H™(Qr), n(z,T) =0 for all z € Q.
The solvability of this problem was considered in [5] (Theorems 3.1, 3.2). It can
be formulated as follows.

Assume that

i) [(Oape/0t)(x,t)] < p where g = const. > 0; VO < |p|,|q| < m; V(z,t) € Qx
and
11) f7 ft € LOO(OaOOaLQ(Q))7 f(J?,O) =0.

Then there exists a positive number - such that for every v > 7y the second initial
boundary value problem (2.4)—(2.6) has a unique generalized solution u(x,?) in the
space H™%(e™7 Q).

Moreover, the regularity of the generalized solution (with respect to both the time
and spatial variables) was given in [6] and [7]. The main point in this paper is to
study the asymptotic behavior of generalized solutions in a neighborhood of conical
points. The results are given in the next section.
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3. MAIN RESULT

Denote
L(t,D):= > DP(ap(0,t) DY),
[pl=|gl=m
Bi(t,D):= > bja(0,)D% j=0,1,....m—1
|a|=2m—1—j

to be the principal parts of operators L(z,t, D), B;(x,t, D) at the origin 0.
Let w = (w1,...,wn_1) be a local coordinate system on S"~ ! r = |z|. We

|a]
can check easily that D® = r~1ol 3" P, ;. (w, Dw)(rD,)*, where P, x(w,Dw) is a
k=0

linear operator with coefficients belonging to C*%(G), D, = i0/0r and D, =
0/0w1 ...0wp_1. So the operators L(t, D), B;(t, D) can be rewritten in the form

L(t,D) =r"?"L(w,t,7D,,D,),
B;(t,D) = r*(Qm*I*j)Bj(w,t,rDr,Dw), ji=0,1,....m—1,

where L(w,t,rD,,D,), Bj(w,t,rD,,D,), j = 0,1,...,m — 1, are linear operators

with coefficients belonging to C°*(G ).
We introduce the operator

U t) = (L(w,t, A\, Dy,), Bj(w,t, A\, D)), A€C, tel0,00)
of the parameter-depending elliptic boundary-value problem

(3.1) L(w,t,\,D,)v =0 in G,
(3.2) Bj(w,t,\,Dy)v =0 ondG, j=0,1,...,m—1.

(Here the parameters are A and t.) For every fixed number A € C, t € [0,00) this
operator continuously maps

X = H'(G) into Y = H'™*™(G) x [[H"™72(0G) (1 = 2m).

=1

We mention now some well-known definitions ([13]). Let ¢y € [0,00) be a fixed
number. If \g € C, ¢y € X are such that @g # 0, U(Xg,to)po = 0, then )y is called
an eigenvalue of U(\,tp) and @ € X is called an eigenvector corresponding to Ag.
A = dimkerU (Ao, to) is called the geometric multiplicity of the eigenvalue Ag.
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If the elements 1, ..., @s of X satisfy the equations

iliu@ to)la=rgPo—q =0 foro=1,...,s
qzoq!qu ’ ThereTd T
then the ordered collection g, ¢1, .. ., @s is said to be a Jordan chain corresponding
to the eigenvalue Ao of the length s+ 1. The rank of the eigenvector ¢g (rank ¢g) is
the maximal length of the Jordan chains corresponding to the eigenvector .

A canonical system of eigenvectors of U (g, tg) corresponding to the eigenvalue \g
is a system of eigenvectors ¢1,0,...,%a,0 such that rank¢; o is maximal among
the ranks of all eigenvectors corresponding to Ao and rank ;o is maximal among
the ranks of all eigenvectors in any direct complement in ker/ (Ao, o) to the lin-
ear span of vectors ¢i10,...,9j-10 (j = 2,...,A). The numbers k; = rankep;g
(j =1,...,A) are called the partial multiplicities and the sum k = k1 + ... + Kp is
called the algebraic multiplicity of the eigenvalue \g.

The eigenvalue \q is called simple if both its geometric multiplicity and the rank
of the corresponding eigenvector equal one. The eigenvalue )\ is called semisimple if
its algebraic multiplicity and its geometric multiplicity are equal. So all semisimple
eigenvalue’s partial multiplicities are equal to one (see [8, p. 70]).

It is well known [13] that for every ¢ € [0, 00), the spectrum of the problem (3.1)-
(3.2) is an enumerable set of eigenvalues. In addition, it follows from [8, p. 70,
p. 99] that if A\(¢) is a semisimple eigenvalue having invariant multiplicity for all
t € [0,00] of the problem (3.1)—(3.2), then A(¢) is analytic on [0,c0]. Moreover,
there exists a canonical system of eigenvectors {¢x(w,t), k =1,..., A} of the prob-
lem (3.1)—(3.2) corresponding to the eigenvalue A(t) such that ¢y (w,t) are analytic
functions on G for all k = 1,...,A; A is the algebraic multiple of the eigen-
value A(t).

For v > 0, denote 7, := (2k + 1)7y. The following theorem gives the asymptotic
behavior of solutions of the second initial boundary value problem for Schrédinger
system (2.4)—(2.6) in a neighborhood of a conical point.

Theorem 3.1. Let [, h be nonnegative integers, let 3, 3’ be real numbers that
satisfy > max{m,2m — in} and 0 < ' < (3. Assume that the vector func-
tion u(x,t) is a generalized solution in H™°(e™7* Q..) of the problem (2.4)—(2.6);
fer € L™(0,00,L2(02)), k < h+ 204+ 2; fu(x,0) = 0, k < h+ 2l. Moreover, assume
that the straight lines Im A = —3 + 2m — %n, ImA = -G +2m+1 — %n do not
contain any point of the spectrum of the problem (3.1)—(3.2) for every t € [0, ],
and in the strip

1 1
—ﬁ+2m—§n<1m)\<—6/+2m+l—§n
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there are semisimple eigenvalues A1 (t),...,An,(t) of the problem (3.1)—(3.2) that
have invariant multiplicity for all t € [0, co] and satisfy for all T € (0, c0)

i) ImA\i(t) <...<ImAn(2), t€10,77,

ii) —ﬁ+2m——n<1mx\1()< —B+2m+pj — 1n<Im/\2(t)<...<—ﬁ+2m+
fig—1 — 37 <Im Ay, (t) < =" +2m+1— In, t € (T, 0],

i) ImA;(¢) #ImA\g(t) + 2,2 € Z, j #k € {1,..., No}, t € [0,00],

where u3, j = 1,..., No, are nonnegative numbers. Then the following representation
holds:

Ny l+k;—1
(3.3) u(zw,t) = rm O D (Inr) + w(x,t),

j=0 k=0

where w(-,-) € Vg,";;llo( bt O), Prj(+) are vectors of polynomials of order less
than 3l + k;, whose coefficients are functions in the space Coohtl (et G ); Kj is
the minimum integer greater than —@3' + 2m — in — Im X;(t) for all t € [0,00),
] = 1, ey N().

Remark 3.1. The formula (3.3) is separated into two parts. The latter part
w(-, ) € VQ,“;;ZIO(G it ) has good regularity near the conical points, and the
former part is built on the eigenvalues A\; (j = 1,...,Np) and the distance r to
the conical point. With the restriction on x;, all vector functions that have good
regularity are combined to w(-,-), the remaining vector functions are in the sum of
r~A(O+k with coefficients being vectors of polynomials Py ;(-). First, the vectors
of polynomials Py ;(-) are constructed on some quite simple sums (see Lemma 4.1,
Lemma 4.2), based on canonical systems of eigenvectors of the problem (3.1)—-(3.2)
corresponding to its eigenvalues. However, when we combine formulas to build the
asymptotic behavior of solutions of the parameter-depending elliptic boundary-value
problem (3.1)—(3.2) and the problem (2.4)—(2.6) (Proposition 4.1 and the following
results), because of the dependence of the coefficients on the time variable, all sums
of coefficients must be changed into the form of vectors of polynomials Py ;(-) whose
coefficients are functions with respect to (w,t). By choosing %; to be the minimum

1

integer greater than —3" + 2m — 5n — Im \;(t) for all ¢ € [0, 00), the formula has

clear representation.
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4. PROOF OF THE MAIN RESULT

First, in the cone K we consider the second boundary value problem for elliptic
system depending on a parameter ¢ in the form

(4.1) (=1)"L(t,D)u = f in K,
(4.2) Bj(t,D)u=g; on0dK., j=0,...,m—1.

The following lemma can be proved similarly to Lemma 4.1 in [1].

Lemma 4.1. Let the vector function u € Véi:g(e_w,Km) be a solution of the
problem (4.1)—(4.2), where f € Vé;;ﬁm’o(e*W, Ky), g5 € Véz;2m+j+%’0(e’“’t, 0K );
li,lo = 2m, Bs — o < 1 — 1. In addition, assume that the straight lines Im A =
—0Bi+1;— %n, i = 1,2, do not contain any point of the spectrum of the problem (3.1)—
(3.2) for all t € [0, 00] and the eigenvalues of the problem (3.1)—(3.2) A1 (t) ..., An (%)
in the strip

1 1
—ﬂ1+l1—§n<1m)\<—5g+lg—§n

are semisimple and have invariant multiplicity for all t € [0, 00]. Then the following
representation holds:

N Ay
u(a,t) = 7 ON e (0w, ) + w(x, t),
=1 k=1

where w € Vé;’g(e_ﬁ,KO@), cuk € LE(e™,(0,00)) and {@uk, k = 1,...,A,} is
a canonical system of eigenvectors of the problem (3.1)—(3.2) corresponding to the
eigenvalue A\, (t), in which A, is a multiple of A\,(t), p=1,...,N.

When the right-hand sides f, g; of the problem (4.1)—(4.2) have special forms, by
using an analogous method to that used in [17] we can prove the following lemma.

Lemma 4.2. We consider the problem (4.1)—(4.2), where

M
f=rm2O72 S by fiu(w, 1),
k=0
M
g; = piro(t)=2mj+1 Zlnk rig(w,t), 7=0,...,m—1,
k=0

in which fi, € C®"(e™7" G) and gjr € C"(e ", 0G) for all k = 0,..., M.
Moreover, assume that if \o(t) is an eigenvalue of the problem (3.1)—(3.2) for some
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t € [0,00] then Ao(t) is a semisimple eigenvalue having invariant multiplicity of the
problem (3.1)—(3.2) for all t € [0,00]. Then there exists a solution of the prob-
lem (4.1)—(4.2) in the form

_ M+p
u(z,t) = o Z In” rig(w, t),
k=0

where iy, € C"(e™7 Gy), k=0,...,M+pu; p =1 or u = 0 according to whether
Xo(t) is either an eigenvalue of the problem (3.1)—(3.2) or not.

Now we consider the second boundary value problem for the elliptic system de-
pending on a parameter ¢ in the form

(4.3) (-1D)"L(z,t,D)u=f in K,
Bj(z,t,D)u=g; ondK., j=0,...,m—1.

The following proposition describes the asymptotic behavior of solutions of the
problem (4.3)—(4.4) in a neighborhood of a conical point.

Proposition 4.1. Let the vector function u € Véi:g(e_w, K ) be a solution of the
problem (4.3)—(4.4) and f € Vlj;LQm’O(e_Vt,Koo), gj € V?;ﬁmﬂﬂ/lo(e_w,8KOO),
j=0,...,m—1, wherely, I3, h are nonnegative integers, lo > l; > 2m, 31, B2 are real
numbers that satisfy l1 — 51 < lo — 3. Moreover, we assume that the straight lines
ImA = —f3;+l;—1n, j = 1,2 do not contain any eigenvalue of the problem (3.1)—(3.2)
for all t € [0,00], and in the strip

1 1
—61+11—§n<1mx\<—ﬁ2+12—§n

there exists only one semisimple eigenvalue \o(t) having invariant multiplicity for all
t € [0, 00| of the problem (3.1)—(3.2). Then the solution u has the form

Kk—1
(4.5) u= Z ROk P (Inr) 4+ w,
k=0

where w € Vﬁl;’g(e_ﬁ, K), Px(-) are vectors of polynomials of order less than k,
whose coefficients are functions in the space C*"(e™7* G.,), k is the minimum
integer greater than —f3s + Iy — %n —Im Ag(t) for all t € [0, c0].
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Proof. Divide the interval [32, 51 +12 —11] into M subintervals by &g, 01, ...,0nm
such that 6g = 061 + 1o — 11, dps = P2, 0< dg-1 — 04 < 1,d=1,...,M. Denote A to
be the multiple of Ao(t).

From Lemma 6.3.1 in [13] we have

(4.6) ue V(e Kao).

Rewrite the problem (4.3)-(4.4) in the form

(4.7) (=1)™L(t, D)u = f(x, 1),
Bj(t,D)’U,:gj(l‘,t), j:O,...,m—l,

where

f(xat) = f({E,t) + (_1)m(£(taD) - L(x,t,D))u,
Qj(x,t) = gj(x,t) + (Bj(ﬁ,D) - Bj(x,t,D))u, 7=0,....m—1.
We have
L(t,D) — L(z,t, D)
= Z DP(apq(0,t) — apq(z,1)) D Z DPapq(z,t)Du.
lp|=lq|=m Ip|+lgl<2m

[pl,lq|<m

Since |apq(0,t) — apg(x,t)] < Cr for |p| = |g| = m and u € V(;l;’,?(e_w, K), we have

> DP(apg(0,t) — apg(w,t)) DMu € V2T (e Kop).

[p|=|g|=m

In another way, we have

lo—2m+1,0, —~t lo—2m,0, —~t
> DPapy(z,t)D'u e Vi, (€77 Koo) CViZZiy (€77, Koo).
[p[+|g|<2m
Ipl,lgl<m

From 6y — 1 < &1 it can be seen that V(;l;:if’o(e_w,Koo) C V;iﬁzm’o(e_w,Koo).

This implies
(4.9) fevymOe ™ Ky).
Using similar arguments, we obtain
(4.10) gy € Va2 2RO 0 9K L), j=0,...,m— 1.
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We will prove that if —dg + I — %n <ImM(t) < =g +12— %n, 1<d< M for all
t € [0, 00] then

I{dfl

(4.11) u(z,t) =Y rOTED (Inr) + ua(z, ),

k=0
where ug € V:Slj:g(e’“’t, K), Kq is the minimum integer greater than —d,+ Il — %n —
Im A (¢) for all ¢ € [0, 00] and Py 4(-) are vectors of polynomials of order less than rg
whose coefficients are functions in C°"(e=7*, G,).

Let d = 1. The straight lines Im A = —§p + I — %n, ImA=—-6; +1s — %n do not
contain any point of the spectrum of the problem (3.1)~(3.2) and =8y + Iz — 3n <
ImA\o(t) < =01 + 1o — 3n for all ¢ € [0,00]. It follows from (4.6), (4.9), (4.10), and
Lemma 4.1 that

A

U(LL', t) = Tﬁi)\O(t) Z Ck(t)SOk (Wv t) + ul(xv t)a
k=1

where u; € ‘/(;lf”,?(e_w, Koo), ck(?) € Lh(e™7,(0,00)), pk(w,t) are infinitely differen-
tiable vector functions of (w,t) for all k=1,...,A. So (4.11) holds for d = 1.
Assume that (4.11) holds for d < M —1. We have to prove that it is true for d+ 1.
We distinguish the following cases.
Case 1: —04+ I — 3n < ImAo(t) < —8441 + l2 — 3n for all ¢ € [0, 00]. It follows
that the strip

1 1
—§0+l2—§n<1m)\<—51+l2—§n

does not contain any eigenvalue of the problem (3.1)—(3.2) for all ¢ € [0, 00}, hence
from (4.6), (4.9), (4.10), and Lemma 4.1 we have u € V:Slf,’}?(e_”yt,Koo). Using
similar arguments in the proof of (4.9), (4.10) we have f € V(;lizzm’o(e*“’t,l(oo),
gj € V:;;;Qmﬂﬂ/lo(e’“’t, 0K ) forall j =0,...,m—1. By virtue of Lemma 4.1 we
get u € ‘/;;”S(e_W,KOO). Repeating it d times we obtain u € ‘/(;l;”,?(e_w,Koo) and
then f € V220t K., g; € V22206t oK), j=0,...,m— 1.

5d+1,h 6d+17h
Applying Lemma 4.1 again we get

>

u(x, t) = Tﬁi)\O(t) Z Ck(t)SOk (wv t) + ul(xv t)a
k=1

where u; € V(;l;fhh(e_w,Koo), ck(-) € LBE(e™,(0,00)) and @i (w,t) are infinitely

differentiable vector functions of (w,t). That shows (4.11) holds for d + 1.
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Case 2: —6g + 1o — %n <ImA(t) < —0g+ 12 — %n for all t € [0,00]. From the
induction assumption we infer (4.11) with ug € Wj’ﬁ(e_w, K). Putting

Kkqg—1
Sa(x,t) == Z RO+ (nr),
k=0
we conclude
(4.12) LS; = Ag+ Ry, BdeZEj7d+Fj7d, 7=0,...,m—1,

where

Kkqg—1
. !’
Ay = § § r*l}\o(t)72m+k+k Pk,k/,d(lnr)
k=0 k+k'<rg41—1
Kqg+1—1
= E T_l/\o(t)_2m+kpk7d(1n’r),
k=0
Kkqg—1
. ’
Ry = § : § : T—1/\o(t)—2m+k+k Pk,k’,d(lnr)a
k=0 k+k'Z>rqt1
Kkqg—1
§ § —iXo(t)—2 j4+14+k+k"
Ej,d = r! o(t)=2mtj+1+k+ Q%k’k/’d(h’lr)
k=0 k+k'<rg41—1

Kqg+1—1
—ido(t)—2m+j+14k A
= Z prdo (=2t bk (In ),
k=0
I{dfl
—iXo(t)—2 j+14+k+k
Fjq= Z piro(t)—2mj+1+k+ Qjkpra(lnr).

k=0 k‘-’rk/ >l€d+1

It is easy to see that Ry € V(;lj;f?’o(e_'yt,Koo), Fjq € Vl272m+j+1/2’0(e_7t,8Koo)

dqt1,h

for all j =0,...,m — 1. Moreover, there exists
Kqg+1—1
(4.13) Vg = Z RO+ p L (Inr)
k=0

such that
4 14) ,C(t, D)Ud = — Ad,
4.15) Bj(t,D)vg= —Ejq, j=0,...,m—1,



by virtue of Lemma 4.2, where p]{;’dJ’,l (+) are vectors of polynomials of order less than
Ka11, whose coefficients are functions in C°" (e G.).
It follows from (4.11), (4.12), (4.14), and (4.15) that

(=1)™L(t, D)[ua — va) = f + (=1)" Laug — (1) Ra € V32 077", Koo),
Bj(t,D)[ud — Ud] = g; + leud _ Fj,d c Vlz 2m+]+1/2 0( —t 8K )

dqt1,h
for all j = 0,...,m — 1, where £, := L(t,D) — L(z,t,D) and B} := B;(t, D) —
Bj(x,t,D). By applying Lemma 4.1 and noting that uq — vg € V(;l;”}?(e_w, Ko), we
get

A
(4.16) ug —va =170 ") (w, ) + uay,
j=1

where ug41 € V:Sdﬂ W€K L), () € L (e, (0,00)). From (4.11), (4.13), and
(4.16) we have

I{d_*_l*l

(4.17) u(z,t) = rm 2O P g (Inr) + uay,

i
o

A
where Py g+1 = Poa + Po d+1 + Z cj(t)pj(w,t), Prat1 = Pra + p]g7d+1 for all
i=1
k=1,...,60 — 1 and Pygqy1 = Pk’dJ’,l for k = kgy1 — 1. Clearly Py 441 are
vectors of polynomials of order less than k41, whose coefficients are functions in
Cooh(e= 1t Go).

Case 3: There exists to such that Im Ag(tg) = —dq + l2 — ln We may assume
without loss of generality that —6q — e + I5 — 1n <ImM(t) < =bg41 — e+ 1o — —n
for e € (0,04 — d4+1). Since in the strip —dg + I3 — —n ImA< =65 —e+1y — 2n,
there is no point of the spectrum of the problem (3.1) (3.2), by repeating arguments
of the proof of Case 1, we obtain

A
’LL(J,‘, t) = ’r—iAO(t) Z Ck(t)gﬁk (wa t) + ’ad(l‘, t)7
k=1

where 14 € ‘/:Sd+1+5 n(e77 Ko). After that by using method similar to that used in

the proof of Case 2 we obtain (4.17).
When d = M, we obtain (4.5) from (4.11). The proposition is proven completely.
O
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Now we go back to consider the second initial boundary value problem for the
Schrodinger system (2.4)—(2.6). Denote by Uy a neighborhood of 0 in which € coin-
cides with the cone K. We have the following lemma.

Lemma 4.3. Let the vector function u(x,t) be a generalized solution in
H™0(e=" Q) of the problem (2.4)—(2.6) such that v = 0 outside Uy, fux €
L>(0,00,L2(Q)), k < h+ 2; fu(x,0) = 0, k < h. Moreover, assume that the
straight lines ImA = —(3 + 2m — %n, ImA = -3 +2m — %n do not contain any
eigenvalue of the problem (3.1)—(3.2) for all t € [0, o], and in the strip

1 1
—B+2m—§n<1m)\<—ﬁl+2m—§n

there is only one semisimple eigenvalue Ao(t) having invariant multiplicity for all
t € [0,00] of the problem (3.1)—(3.2), where 3, §' are real numbers satisfying 3 >
max{m,2m — $n}, 0 < #’ < 8. Then the solution u has the representation

r—1

(4.18) u(z,t) = Z oD (Ing) + w(z, t),
k=0

where w € Vg,m O(e=mt Q..), Pi(:) are vectors of polynomials of order less than k,
whose coefficients are functions in C°*" (e~ G .); k is the minimum integer greater
than —' + 2m — in —Im Xo(t) for all t € [0, o0].

Proof. Rewrite (2.4), (2.5) in the form

(4.19) (-1)"L(x,t,D)u = F, where F =i(us+ f),
(4.20) Bj(z,t,D)u = 0.

We consider the following cases.

i) Case m < in. From Theorem 4.1 in [5] we have u;; € H™%(e™ %" K) for all
j < h+1. Then uy € H2™O(e it K) for all j < h+ 1 by virtue of Lemma 3.2
n [6]. It is easy to see that u € Vé:g(e’ ! Ko) if and only if uy € H[lgo(e 7 Koo)
for all j < h. Therefore, u € Viﬁ’o(e*%ﬂf(m) C V;’;O(e*“/ht,Koo). In another
way we have F = i(u; + f) € ‘/E)O:}?(e_’Yht7Koo) c Vﬁ/, (e, K). So by applying
Proposition 4.1 to the problem (4.19)—(4.20) we obtain the representation (4.18).

ii) Case m = 3n. Since on the straight line InA = —f3 + 2m — 2n there is
no eigenvalue of the problem (3.1)-(3.2) and eigenvalues of this problem are either
continuous in [0, 00] or have modulus tending to some point of [0, oo], there exists
€ > 0 such that in the strip —3 — ¢ + 2m — 571 ImA < -0 +2m— —n there is no

eigenvalue of the problem (3.1)—(3.2) for all ¢ € [0, o¢].
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In another way, using similar arguments as those used in the proof of Lemma 3.2
in [6] we have u; € HZ _(K) for all k < h + 1. Therefore F € Vﬁ’%(e‘V’Lt,Koo).
Applying Proposition 4.1 we get u € V:ﬁ’o(e_wt, Ko ). Then using analogous ar-
guments as in the case m < %n we can obtain the representation (4.18).

iii) Case m > in. From Lemma 3.3 in [6] we find that

(4.21) u(z,t) = > calt)z® +uo(z, 1),

la<n>
where c,(-) € Li(e 7t (0,00)) for all |a| < n* and ugy € V:l%’o(e_V’Lt,Koo), with
n* = [m— in] if nis odd and n* = [m — in — 1] if n is even.
Set 0(z,t) := > cqolt)z®. We have

0(-,t) € Wi (K), ol ) € Hy"(K) € Wi (K)

for almost all ¢ € (0,00). Therefore, u(-,t) € W2™(K) for almost all ¢ € (0, 00).
Since § > max{m,2m — in}, then following Lemma 7.1.5 in [13] we get

u(-t) € Wi (K) ¢ W™ (K) ¢ WETL(K) = HF.(K)

for all € > 0 and for almost all ¢ € (0, 00). Using analogous arguments for usx, k < h
we obtain u € V;ﬁoh(e Mt Koo).
On the other hand we have F' € VO,’}Oh(e*W’/t7 K ). By using arguments similar to

those in the case m = %n, we also get (4.18). The lemma is proven. O

Lemma 4.4. Let | be a nonnegative integer; let 3, 3’ be real numbers satisfying
B = max{m,2m — in} and 0 < 3’ < 3. Assume that the vector function u(x,t) is
a generalized solution in H™°(e=7!, Q) of the problem (2.4)—(2.6) such that u =0
outside Uy, fu € LOO(O,OO,HZB/(Q)), E<h+2l+2; fu(2,0) =0, k < h+2l. In
addition, assume that the straight linesIm A = —ﬁ+2m—%n, Im\ = —ﬁ’+2m—|—l—§1n
do not contain any eigenvalue of the problem (3.1)—(3.2) for all t € [0, 00| and in the
strip

1 1
—6+2m—5n<1m)\<—[3/+2m+l—5n

there is only one semisimple eigenvalue Ao(t) having invariant multiplicity for all
t € [0, 00| of the problem (3.1)—(3.2). Then we have
I+rk—1

(4.22) u(z,t) Z ROk P (Inr) + w(x, t),
k=0

where w € VQ/W,LL':IZO( “mtit Q) and Py () are vectors of polynomials of order less

than 31+~ whose coefficients are functions in C°" ! (e~ "+t G ); k is the minimum

integer greater than —3' 4+ 2m — in — Im \o(t) for all t € [0, cc].

79



Proof. We use the induction by [. For [ = 0 the assertion follows from
Lemma 4.3. Assume that it is true for / — 1 (I > 1). We have to prove that this
lemma holds for [. Consider the following cases.

Case 1: —B+2m —in <ImX(t) < =8 +2m+1—1— in for all t € [0,00].
From induction hypothesis we have

I+Kk—2
(4.23) u(x, t) = Z PR OFR P (In ) 4wy (2, 1),
k=0

where Py (-) are vectors of polynomials of order less than 3]+ xk — 3, whose coefficients
are functions in C°"H=1(e=m+i-1t G ); uy € Vz,%ﬁ_llill’o(e*7h+l—1t, Ko).
Rewrite (2.4)—(2.5) in the form

(—1)m£(lf, D)U,l =F + (—1)m_1L($,t, D)S — 15,
Bj(t,D)ul:glyj—Bj(x,t,D)S, j:O,...,m—l,

where )
Fy =i((w)e + f) + (=1)" Liw,
91 = Bjua,
I+Krk—2 .
S = Z p RO+ P (Ing).
k=0
Since for almost all t € (0,00), fir € HY (K), k < 21+ h+2 and fix(x,0) = 0,
k< 20+h,so fp € Hy'(K), k < 20— 1)+ (h+2)+2 and fu(z,0) = 0,
k < 2(1—1)+ (h+2). This implies (u;)y € Hp" 7' (et Koo) for k < h+1+1.
Therefore I} € Vé}?h+l(e_7’L+lt,Koo), g1,j € Vétgill/z’o(e_%“tvaKoo) for all j =
0,...,m—1.
In another way, by using arguments similar to those in the case 2 of Proposition 4.1

we get
I+rk—1
(=)™ 'L(x,t,D)S —iS; = Fy + Y v~ O=2mHR P (Iny),
k=0
I+rk—1
—Bj(x,t, D)S = 92,5 + Z T_iAO(t)_2m+j+k+1Qk(ln7“), ] = 0, e, — 1,
k=0

where Py, are vectors of polynomials of order less than 3] + x — 1 whose coefficients
are functions in C°h*(e=1+t G ), Q. are vectors of polynomials of order less
than 3] + x — 1 whose coefficients are functions in C°*"*!(e=+1t 9G ) and F, €

Vi (et Ko, gaj € VT30 (emment 9K ) for all j = 0,...,m — 1.
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According to Lemma 4.2, there exists

l+rk—1
(4.24) v= Z rRo®Fk Py (In )
k=0
such that
I+k—1 )
(=1)™L(t,D)v = pRo®=2mk b (1 ),
k=0
I+k—1
Bi(t. Dyp = Y r M@O-2mtt G () =0, m -1,
k=0

where Py, are vectors of polynomials of order less than 3] 4+ x whose coefficients are
functions in C° M+ (e~ M+t G ). So we get

(4.25) (=1)™L(t, D) (w1 —v) = F3,
(4.26) B;(t, D)(u1 —v) = gs,;
where
Fy=F+F eV’ (e Ky,
gs; =91,j+ 9o € Vl,Jr,jLle Qe m4rt DKL), j=0,...,m—1.

Applying Lemma 4.1 to the problem (4.25)—(4.26) and noting that w3 — v €

Vg,riﬁ;ll_’()l,h+l(e’“’h'+"t, K ) we infer that

A
(4.27) uy (z,t) — v(z,t) Zr P e (), (w, t) + ua(z, t),
7=0

where ¢;(-) € LiT (e~ (0,00)), us € V%";:_llo(e it K o). It follows from
(4.23), (4.24), and (4.27)
I+k—1

u(x, t) = 2Ok P (Inr) 4+ ug(, t),

=
[}

where uy € VQ,W}L;IZO( “r+it K ) and Py are vectors of polynomials of order less

than 3 + x whose coefficients are functions in O+ (e~ 7+t G ).

Case 2: —3' +2m+1—1—1n <ImAo(t) < =3 +2m + 1 — in. By using the
induction on j we prove that if for all ¢ € (0,00), fur € H% (K), k < 2j +h + 2 and
foe(2,0) =0, k <2j+ h, then u € VQ/W,L:FJQ? (e 2 it Koo) forall j <1 —1.

81



Indeed, from Lemma 4.3 for € > 0 arbitrary we have u € Vgﬁ’%ﬁl(e’”’h“"t, Ky)
and F € Vg/’%ﬂl(e_”b*zlt,Km). By applying Proposition 4.1 one obtains u €
V;f?};im (e7mm+2t K ). That shows the assertion is true for j = 0.

Assume that the assertion holds up to j — 1. Since fx € Hg,_l’o(e_wt,Koo),
E<2—-1)+("h+2) +2and fir(2,00) = 0, k < 2(j — 1) + h + 2, hence
upe € HE" 700 (em et Kog), b <h+20— j+3. So upen € HY" 710 (et Koy),
k < h+20—j+2. On the other hand F € V3 5 ;(e”"+2=s" K..). There-
fore by applying Proposition 4.1 we haye u € V;ﬁij,;rlélof j(e_”“b*z’ﬂ't, K). From
Lemma 6.3.1 in [13] one gets u € V2,";LJ§_]2’?_J- (e~ n+2i-it K ). That shows the asser-
tion holds for all j <1 — 1.

It follows that for j = 1 — 1 we have u € V%ﬁ';;ll;ll’o(e*%H“t,Koo). Since F' €

Vé}?h+l(e_7’b+lt, K ), by applying Proposition 4.1 we obtain

A
u(z,t) = ch(t)r*i)‘o(t)gok(w,t) + ui(z, t),
k=1

where u; € VQ,“}Lill’O(e*%“t,Koo), @ are infinitely differentiable with restpect

to (w,t) and cx(-) € LEt e+t (0,00)) for all k = 1,...,A, A is the multiple
of \o(t).

Case 3: There exists tg such that Im A\o(tg) = -3 +2m +1—1 — %n Using
analogous arguments as in the proof of case 3 of Proposition 4.1 we obtain the
representation (4.22). This completes the proof. O

Now we can prove Theorem 3.1.

Proof. 1. First we prove it for the case u = 0 outside U.

For any to € [0, 00] there exists & > 0 such that —3+2m+ ;1 — 3n < Im\;(t) <
—B4+2m+ pj — %n, t € [to —€,to + €], where pj, j = 1,..., Ny are nonnegative
constants. Since [0,7] is compact, we can divide [0,7] into subintervals by 0 =
T0,T1,--.,T:m = 1 such that —ﬁ+2m+uj_17k—%n <Im\;(t) < —ﬁ+2m+,uj7k—%n,
t € [Tk—1,Tk|, Where ., and p;_1 ) are nonnegative constants, j = 1,...,Ng, k =
1,..., M. Therefore without loss of generality we can assume that

1 1
—B+2m — §n<Im)\1(t) <—=0+2m+u — §n<Im)\2(t) <...
1 1
< —B42m+ pny,—1 — Fn < ImAy,(t) < =B +2m+1— 3™ t€[0,T].

We use the induction on Ny. For Ny = 1 the assertion of the theorem follows from
Lemma 4.4. Assume that the theorem holds for Ng — 1.
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Set fip := max{pn,—1, x, 1} = 0, lo = [fio — B+ 0] < fip— B+ 5. Without loss
of generality we can assume that 0 < lg <. Then —3+jip = - +1p+4, € [0,1).
Set /1 =03 -0 <f.

Since in the strip —3 + 2m — %n <ImA<—01+2m+1y — %n there are Ny — 1
eigenvalues we have

NofllOJFfij*l
(4.28) u(z,t) = Z Z O (Inr) 4 u (0, 1),
j=1 k=0

where Py, ; are vectors of polynomials of order less than 3ly 4 x; with coeflicients in
the space C°Ho(e=n+io K ), ug € V;ﬁﬁﬁ?{;o(e_wlﬂo yKoo)-

Using arguments similar to case 1 in the proof of Lemma 4.4, one gets if —(; +
2m—|—l1—%n <ImApy,(t) < —ﬁ1+2m+ll+1—%n for all t € [0, 00] with lp <13 <,
hence we obtain the representation (3.3), where Py ; are vectors of polynomials of
order less than 31y + r; + 3 with coefficients in the space C°*h it (e=m+n+1 K )
we V0 (e mnan Ko).

Because in the strip —0; +2m + 1, + 1 — %n <Imd < -G +2m+1-— %n
there is no eigenvalue of the problem (3.1)—(3.2) we receive (3.3) with w €
Ve K

If there is to € [0,00] such that Im Ay, (to) = —f1 + 2m + Iy — $n, then using
arguments similar to case 3 of the proof of Lemma 4.4 we also obtain (3.3).

2. We now prove the general case. Denote v’ = pgu, where @y € éOO(UQ) and
o = 1 in a neighborhood of 0. The vector function u° satisfies (—1)™iLu® — (u°), =
wof + Liu, where Liu is a linear differential operator having order less than 2m.
Coeflicients of this operator depend on the choice of the vector function ¢y and
equal 0 outside Uy. Denote u' := pju = (1 — @g)u. It is easy to see that u' is
equal to 0 in a neighborhood of a conical point. Therefore, we can apply results
of the smoothness of a solution of the elliptic problem in a smooth domain to this
vector function to conclude that (u') € HZ/mH(Q) for all k < h + [, for almost all
t € (0,00). That shows u! € V;,T";’Lill’o(e*“/hrﬂt, Qo).

In another way, the vector functions «° and f = o f + Liu satisfy the hypotheses
of part 1, so u° has the representation (3.3). It follows that u = u® + u! has the

representation (3.3) too. The theorem is proven completely. (]

Remark 4.1. From the proof of Theorem 3.1 it follows that the hypotheses
of the semisimple property and the invariant multiplicity property of eigenvalues
of the problem (3.1)—(3.2) are sufficient conditions to ensure that these eigenvalues
and hence the eigenvectors are smooth enough with respect to t. If we can choose
eigenvalues, eigenvectors and generalized eigenvectors of the problem (3.1)—(3.2) such
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that they are smooth with respect to ¢ up to some order (for example h + 1), then
the results of Theorem 3.1 are also true.

5. EXAMPLES

In this example we consider the Cauchy-Neumann problem for the Schrédinger

equation in quantum mechanics

(5.1) iAu—uy = f in Qu,
(5.2) ult=o =0 on £,
(5.3) Ou = ou cos(zg,v) =0 on I,

% P 8xk

where A is the Laplace operator and v is a unit exterior normal to I'y.
We can rewrite Laplace operator in local coordinates (r,w) in the form

1 0/,.,0 1
Au(r,w) = Ty (r” 1E>u(r,w) + r—zAwu(r, w),

where A, is the Laplace-Beltrami operator in the unit sphere S?~!. So the prob-
lem (3.1)—(3.2) is the Neumann problem for the equation

(5.4) Apv+ [N +i2—=n)Av =0, weG.

Denote by kj, 7 = 0,1,..., the nonnegative eigenvalues of the Neumann problem
for the equation

(5.5) Ayv+kv=0, wegaqG.

Note that the values k;, j = 0,1,... are countably many nonegative real numbers
(see [14, p. 46, p. 397]). Then \; = 1(1 —lnt /- 12+ kj), j=0,1,..., are
eigenvalues of the Neumann problem for equation (5.4). We consider the following
cases.

Case n > 4. The following corollary deals with the regularity of solutions of the
problem (5.1)—(5.3).

Corollary 5.1. Let u(x,t) be a generalized solution in H'*(e™7* Q) of the
problem (5.1)—(5.3) and let f, fi, fit, frer € L°(0,00, L2(R2)), f(x,0) = fi(x,0) =0
for x € Q. Then we have

i) ifn >4 then u € H3(e ", Qu),

ii) if n =4 then u € H?(e™7", Qu).
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Proof. i) It is clear that if n > 4, the strip

1 1
l1—--n<ImA<<2—- <
57 < Im 5"

contains no eigenvalue of the Neumann problem for (5.4). Therefore we have u €
HZ(e™7, Q) by virtue of Lemma 4.3.

ii) In case n = 4, since in the strip —1 < Im A < 0 there is no eigenvalue of the
Neumann problem for (5.4) and A = 0 is an eigenvalue of the Neumann problem
for (5.4) on the straight line ImA = 0, so from formula (1.26) in [10] we have
Du e H'Y(e7 7 Q). Hence

(5.6) > / |D%u|?e™ 2" dz dt < oco.
Qac

lof=2

In another way, from Theorem 4.1 in [5] we have us,uy € H'O(e™7 Q). That

shows
(5.7) / {|ut|2 +lual + ) |D“ut|2]e_27t dz dt < oco.
Qoo la|=1
From (5.6), (5.7), and u € H'%(e™7* Q) one gets u € H*(e™ 7", Qu). O

Case n = 3. From Theorem 2 in [12] it follows that the strip —% <ImA <O
contains only one simple eigenvalue A\g = 0 of the Neumann problem for (5.4). In
another way,

/1 /1 . . 1 1 .
)\j_l(—§+ Z"‘kj)a Aj_l(_§_ Z—’_kj)’ J=01...

are eigenvalues of the Neumann problem for (5.4), where 0 = kg < k1 < ko < ... are
eigenvalues of the Neumann problem for (5.5). It is easy to see that A;, j =0,1,2...
are simple eigenvalues. Then we have the following result.

Corollary 5.2. Let u(x,t) be a generalized solution in H9(e™7* Q) of the
problem (5.1)—(5.3) and let fux € L*°(0,00,L2(Q)), kK < h+2, fix(2,0) =0,k < h
for all x € Q. Then

u(z,t) = c(t) + ui(x,t),
where c(-) € L(e=7,(0,00)) and |uy| < O™ {1/2ImM} 0 > 0,
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Proof. We distinguish the following cases.

Case 1: Im Ay > % Because on the straight lines Im A = —% and Im A = % there

is no eigenvalue of the Neumann problem for (5.4) and the strip —% <Im\ < %

contains a simple eigenvalue A\g = 0, from Lemma 4.3 we have
U(IE, t) = C(t) + ul(xa t)v

where c(-) € L (e, (0,00)) and u; € VO%;?(e_V’Lt, Qoo).

Denote Q¢ := {z € Q: 30 < 2| < 20, ¢ > 0}. Assume that o is small
enough so that Q¢ coincides with the cone K. Set v(a’,t) = wui(o2’,t). Since
uy € Hg’o(e*%t, Q), by applying with embedding theorem to the domain K’ =
{a/ € K: § <|2/| <2}, we have

lu(2',t))? < Cl/ [UQ + |grad v|? + Z |Dav|2} dz’,
K/

le|=2

where C; > 0. Let o = pz’. Then one gets

lui (2, 1))* < C’l/ [9_31@ + 0 gradui|* 4 o E |Dau1|2} de.
Qe
|a]=2

That shows

o Hua(a', 1) < Cl/ [9741@ + o ?graduy|* + Z |Dau1|2} dx
Qe

|a|=2
< Cg/ {r“‘u% +r?|graduy|? + Z |Dau1|2] dz
Qe
|a|=2

< Csllua (@, )32 (0) < Callf (@, D)%)

for almost all ¢ € (0, 00), where C; > 0, i = 2,3,4. When |z| = o we have |u;(x,t)] <
Clz|*?, C > 0.

Case 2: ITm A\ < % Assume that 0 = A\, A1,...,An, are the eigenvalues of the
Neumann problem for (5.4) such that —% <ImX <...<ImAy, < %

(i) If on the straight line Im A = % there is no eigenvalue of the Neumann problem
for (5.4), then repeating the arguments from the proof of Theorem 3.1 we obtain

No
(5.8) uz,t) = e(t) + > ¢ ()™ ¢ (w, 8) + uo(a, t),

j=1
where ¢; are infinitely differentiable with respect to (w,t), and

¢j(-) € Lh(e™! (0,00)), j=0,1,...,No, wug€ VO%;?(e_V’Lt,QOO).
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Using arguments similar to those in the proof of case 1, we obtain |ug(x,t)] <
Clz|'/?, C > 0. From this and (5.8) one has

u(z,t) = c(t) + ui(x, t),

where c(-) € LA (et (0,00)) and |uy| < Clz[™*, C > 0.
(ii) If Im Ay, = 3, then there exists ¢ > 0 such that on the straight line Im A = +¢

there is no eigenvalue of the Neumann problem for (5.4) and 0 < Im M\ < ... <
Im Ay, < % + e. Using arguments similar to those in the proof of Theorem 3.1 we
obtain
No
u(z,t) = ¢ ()™M, (w,t) + uo(a, 1),
j=0

where ¢; are infinitely differentiable with respect to w, ¢;(-) € Li(e=7t (0, 0)),

j=0,1,...,No and ug € V27, (e™!, Q) C Vi (67, Qsy).
Repeating the arguments from the proof of parf (i), we have u(z, t) = c(t)+ui(x, t),
where c(-) € L (et (0,00)) and |uy| < Clz[f™*1, C > 0. The proof is completed.
U

Case n = 2. We can assume that K = {z = (v1,72) € R®: r > 0,0 < w < wp},
where (r,w) are the polar coordinates of z = (1,22) and 0 < wp < 2n. Then the
Neumann problem for (5.4) has simple form

32
(5.9) a—w?;—A%:o, 0 < w < w,
ov ov
5.10 g —0.
( ) ow w=0 ow w=wq
We have that
(5.11) A= BT 41 4o
wo

are eigenvalues of the problem (5.9)—(5.10) with eigenvectors

k
(5.12) ok (w) = cos iy

wo
Moreover, Ag = 0 is an eigenvalue of the problem (5.9)—(5.10) with the multiple equal
to 2, the eigenvector ug = 1, and the generalized eigenvector u; = 1.

Corollary 5.3. Let u(x,t) be a generalized solution in H*%(e=7% Q) of the
problem (5.1)—(5.3) and let f, fi, fit, fir € L°°(0,T, L2(2)), f(x,0) = fi(2,0) =0
for x € Q. We have
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o ifwy < then u € H?(e™ 7, Q) and
e if wg > m then

w(x, t) = e(x, )r/“° cos(mw/wo) + ui (z, ),
where ¢(-,-) € Vf/wo(e*Vt,Qoo), up € H2(e™7%, Q).

Proof. i) Ifwy < = then in the strip —e < Im A < 1, € € (0, 1), there is only one
eigenvalue \g = 0 with multiple 2, eigenvector uy = 1 and generalized eigenvector
u; = 1. We can see that the multiple of )\ is constant and the eigenvectors and the
generalized eigenvector are infinitely differentiable to (w,t). So by using Remark 4.1
and arguments similar to those in the proof of Theorem 3.1, we have

w(z,t) = c1(t) + ca(t) Inr + ug(z, t),

where ¢;(-) € L3(e™*,(0,00)), i = 1,2, ug € Hg’o(e_Vt,Qoo).
Rewrite u in the form

u(z,t) = ca(t) Inr 4+ uq (z, t),

where co(-) € L3(e™t,(0,00)), us € H*%(e™7%, Q). It is easy to check that

5‘ - CL‘j
aTjCQ(t) Inr = CQ(t)T—2.

Since u € H*%(e™ ", Q) and uy € H*%(e™ 7, Q), we have
|02(t)|2/ r2de < c/ [Du? + |Dus 2] de < 00, C >0,
Q )

It follows that c2(t) =0 and u = u; € H*%(e™ 7, Q). From Theorem 4.1 in [5] we
have ug, uyy € HYO(e™7, Q). Therefore, u € H2(e 77!, Q).

ii) If wg > = then in the strip —e < ImA < 1 (0 < € < wp/n) there are A\g = 0
(multiple 2) and Ay = in/wy (simple). From Theorem 3.1 we have

w(z,t) = (t)r™/“ cos(tw/wo) + uy (x, 1),

where ¢(-) € L3(e ", (0,00), u1 € Ha (e 7, Q).

Denote

wd 1. w 0
Dy =cos— — — —sin— —.
wo Or 7 wo Ow
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We have (wo/m)r'~™/“oDyu = c(t) + (wo/m)r* " ™/“oDiuy. Set ¢(x,t) = (m/wp) X

r1=/@o Dyy. Since u € HC(e™7*, Q.. ), we have

(5.13) / le1]?e™ 2" dadt < C/ p2(1=7/w0) | Dy y|2e 27 dae dt
Qoo Qoo

< C/ |Dul?e™*"" dzdt < oo,
Qoo
where C' > 0. From Theorem 4.1 in [5] one has u € H"%(e™%, Q). This yields

(5.14) / PR w0)| (01, [2e= 20 da dt

< C/ | Dyugl?e™2 da dt
Qoo

< C/ | Duy|?e™ 2" da dt < oo,
Qoo

where C' > 0. On the other hand, since u; € Hg’o(e_w7 Q), we have

(5.15) / p21Hm/w0)| Dey 2e =27t e di
Qoo

< C/ [r~tDyuy + DDlul]Qe*QVt dz dt
Qoo

2
<C Z / r2(‘a|_2)|Dau1|2e_27t dz dt < co.
Qoo

laf=1

From (5.13), (5.14), and (5.15) one gets

(5.16) > / P2(=L4m/wothlal=1) | D (¢, [2e=27 dgr it
o +E=1 " $2eo

—|—/ ler[Pe 2" da dt < oo,
Qoo

or c1 € Vj1+m/w0 (e_’Yt7 Qoo)
It follows from Lemma 2 in [11] that é;(z,t) satisfies

||é1||vn2/w0(efw,9w) < C||01||V_11+n/wo(e*“,ﬂoo)

+/ r2(—2+ﬂ/wo)|cl — 61|2e_27t drdt < oo,
Qoo
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where C' > 0. So from (5.13) and (5.16) we have
u(z,t) = é (2, t)r™/“0 cos(nw/wo) + ug(x, t),

where ug = (¢ — ¢1)r™/*0 cos(mw/wp) +uy € H*(e™7, Q) and &, € Vf/wo (e™7 Q).

The proof is completed. O

6. CONCLUSIONS

In this paper, by reducing some conditions on eigenvalues of the spectrum prob-
lem, we obtained generally asymptotic expansions of solutions of the second boundary
value problem for Schrédinger systems in a neighborhood of conical points (to com-
pare see [3], [4] for example). Results are obtained for the second initial boundary
value problem in infinite cylinders with the coeflicients depending on both the time
and spatial variables, while previous results were given for the first initial boundary
value problem [2], [4] or in a finite cylinder [2], [15], [16] or for coeflicients indepen-
dent of the time variable [9], [15], [16], [18] or for other kinds of systems [3], [4],
9], [18].
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