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POSITIVE SOLUTIONS AND EIGENVALUE INTERVALS OF
A NONLINEAR SINGULAR FOURTH-ORDER
BOUNDARY VALUE PROBLEM

QINGLIU YAO, Nanjing

(Received July 14, 2010)

Abstract. 'We consider the classical nonlinear fourth-order two-point boundary value
problem

{u(4) (t) = Mu(t) F(tu(t), ' (), 4" (1), 0<t<1,
w(0) = u'(1) = «”(0) = «"(1) = 0.

In this problem, the nonlinear term h(t)f(t, u(t), u'(t),u” (t)) contains the first and second
derivatives of the unknown function, and the function h(t)f(¢,z,y,z) may be singular at
t=0,t=1and at z =0, y =0, z = 0. By introducing suitable height functions and
applying the fixed point theorem on the cone, we establish several local existence theorems
on positive solutions and obtain the corresponding eigenvalue intervals.

Keywords: nonlinear ordinary differential equation, singular nonlinearity, positive solu-
tion, eigenvalue interval

MSC 2010: 34B15, 34B16, 34B18

1. INTRODUCTION

It is well known that the deflection of elastic beams can be described by some
fourth-order boundary value problems, for example, see [3], [11]. Consequently,
fourth-order boundary value problems play a very important role for ordinary dif-
ferential equations in both theory and applications.

This work was supported by the National Natural Science Foundation of China
(11071109).
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Let X\ be a positive parameter. In this paper, we consider the classical nonlinear
fourth-order two-point boundary value problem
- W (8) = M) F(t,u(t), 0/ (1), u" (1), 0<t<1,
u(0) = /(1) = u”(0) = u"'(1) = 0,

and its simplified form
2) {uW@)—AMﬂﬂawﬂL 0<t<l,
u(0) = /(1) =u"(0) =«"(1) = 0.

In applied mathematics, the problems (P1) and (P2) can model the deflection of an
elastic beam simply supported at the left end and fastened with a sliding clamp at
the right end.

In the last decade or so, several papers have been devoted to the boundary value
problems (P1) and (P2), for example, see [5], [7]-[9], [11], [15], [21]. However, in
the literature, the problems (P1) and (P2) have not received as much attention as
the fourth-order boundary value problems with boundary condition «(0) = u(1) =
u”(0) = u”(1) = 0, which were considered, for example, in [4], [6], [12], [14], [16], [19].

This paper focuses on the positive eigenvalue intervals for which there exist one
or two positive solutions. Here, the solution w*(¢) of (P1) or (P2) is called positive
if u*(t) > 0, 0 <t < 1. Throughout this paper, let

Mﬂ:%&—ﬁ) mﬂzﬁ—f,v@:%ﬂ—ﬁ)

In 2000, Graef and Yang [9] proved the following existence theorem for the prob-
lem (P2).

Theorem 1.1. Assume that

h: [0,1] — [0,00) is a continuous function

A=L [152(3—52)%h(s)ds, B=1['s%(2—s)(3 - s2)h(s)ds.
f(t,xz) = f(z) and f: [0,00) — [0, oo) is continuous.

One of the fo]]owmg conditions is satisfied:

(A Tim f(@)/2] " < A< [B lim f(z)/a]
A i F@)/a) <A< (B iy f(z)/a]

ad
(i
(it

Then problem (P2) has at least one positive solution.

)
)
a3)
)
)
)
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In Theorem 1.1, the function A(t)f(x) is continuous with respect to both vari-
ables t and xz, and the nonlinear term h(t)f(u(t)) does not contain first and second
derivatives of the unknown function wu(¢).

In this paper, we generalize Theorem 1.1 under the following assumptions.

For the problem (P1), we use the assumptions:

(H1) h: (0,1) — [0,00) is continuous.
(H2) f: (0,1) x (0,00) x (0,00) X (—00,0) — [0, 00) is continuous.
(H3) For each pair of positive numbers r1 < rq, there exists a nonnegative function
Jjr2 € C(0,1) such that fol h(t)jr>(t) dt < oo and if
1 1 1
0<t<1, grla(t) <z < ETQB(t)’ arlfy(t) <y<ry, rmt<—z<rg,
then f(t,x,y,2) < j2(t).

For the problem (P2), we use the assumptions:

(H1)’ h: (0,1) — [0, 00) is continuous.

(H2)" f: (0,1) x (0,00) — [0, 00) is continuous.

(H3)" For each pair of positive numbers r; < ro, there exists a nonnegative function
Jr2 € C(0,1) such that fol h(t)jr>(t) dt < oo and if

0<t<1, mrat)<z<rp(t),

then f(t,2) < j12 (1)

If (H1) holds, fol h(t)dt < co and f: [0,1] x [0,00) % [0,00) X (—00,0] — [0,00) is
continuous, then (H3) holds. If (H1)’ holds, fol h(t)dt < oo and f: [0,1] X [0,00) —
[0, 00) is continuous, then (H3)" holds.

The assumptions (H1)—(H3) show that, in this paper, the nonlinear term h(t) f (¢,
u(t),u (t),u”(t)) contains the first and second derivatives of the unknown function
u(t), and the function h(t)f (¢, x,y, z) may be singular at t =0, ¢ =1 and at z = 0,
y =0, z = 0. The singularities mean that h(t)f(t, z,y, z) may be singular at ¢t = 0
and/or t = 1 for any (x,y,z) € [0,00) X [0,00) X (—00,0], and may be singular at
2=0,y=0and/or z=0 for any ¢ € [0, 1].

The assumptions (H1)*~(H3)" show that the function h(t)f(t,z) may be singular
at t =0,¢t =1 and at x = 0. This implies that h(¢)f(¢, ) may be singular at t = 0
and/or t =1 for any z € [0, 00), and may be singular at = 0 for any ¢ € [0, 1].

To the best of our knowledge, for the problem (P1), there are no existence results
of positive solutions under the assumptions (H1)-(H3). For the problem (P2), the
existence of positive solutions under (H1)’~(H3)” has not been studied by any author.

Recently, various nonlinear boundary value problems with singularity have re-
ceived a great deal of attention in the literature. For developments in the field, see
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Agarwal and O’Regan [1], [2], Mechan and O’Regan [17], Stanék [18], Wei [19] and
the references therein. The motivation of this paper comes from these papers.

In this paper, we will use the exact apriori estimation technique that came from
papers [20], [22]. In [20], we presented the exact apriori estimation technique and
considered the problem

{u<4><t) — Jtult), 0<t<l,
u(0) = u(1) = u’'(0) = u"’(1) = 0,

where the function f (¢, x) is allowed to be singular only at = 0. In [22], we perfected
the technique and considered the problem

{u<4> (t) = h(t) f(t,u(t), v’ (t), 0<t<1,
w(0) = w/(0) = u”(1) = (1) = 0,

where h(t)f(t,z,y) may be singular at ¢t = 0, t = 1 and at x = 0, y = 0. In
the present paper, we will deal with the more complicated problem (P1). The main
tool is the Guo-Krasnosel’skii fixed point theorem of the cone expansion-compression
type. All results are independent of the existence of upper and lower solutions.

By applying the related Green function, the problems (P1) and (P2) are changed
to integral equations. In order to overcome the difficulties resulting from the above-
mentioned singularities, we construct suitable cones and height functions. By es-
timating integrals of these height functions and considering the fixed points of the
associated integral operators defined on the cones, the eigenvalue intervals for which
there exist one or two positive solutions are obtained.

The rest of this paper is organized as follows. Section 2 gives some preliminaries
and necessary lemmas. Section 3 is devoted to the positive solutions and positive
eigenvalues of the problems (P1) and (P2). Finally, we will verify that Theorem 1.1
is a corollary of the main results, and give an example to demonstrate our results.

2. PRELIMINARIES AND LEMMAS
Let G(t, s) be the Green function of the homogeneous linear problem
—u"(t) =0, 0<t<1, u(0)=1u'(1)=0.

The precise expression of G(t, s) is

Gt ) = {S’
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Thus G: [0,1] x [0,1] — [0, 1] is continuous. Let

N
—

1
J(t,s) z/ G(t,7)G(r,s)dr, 0<t,s
0

Direct computations give that

ts —it2s—1g3 0

. 2 69 >
Jt2)= {ts ~ L2 - 13, 0
2 6" 7

Computing the first and second partial derivatives of J(¢,s) with respect to ¢, one
has

o s —ts, 0<s<t<,
_J(tas):
ot %2 1t2, O<t< <1

Lemma 2.1. (1) If 0 <t,s <1, thents < G(t,s) < s = max G(t,s).

(2) If 0 < t,s <1, then a(t)J(1,s) < J(t,s) < B(t)J(1,s)

(3) If O < < 1, then fax, J(t,s)=J(1,s) < is.

(4) If 0< t,s < 1, then v(t)s < & J(t,s) <

(5) If 0 < t t—l—At s < 1, then |J(t—|—At s) ( s)| < |At.

(6) If 0 < t,t+ At,s < 1, then|8t (t+ At s) — 5, J(t,5)] < |At].
(

7) If 0 < t,t + At,s < 1, then |G(t + At, s) — (,)| A,
(7

Proof. The proofs of (1) and (7) are direct.
The proof of (2). For 0 < s <t < 1,

1 1 1 1 1 1
J(t,s) —a(t)J(1,s) = Zts - 51325 - 683 + Zt53 + Zt3s - EtBSB

1 1 1 1
= —ts(1 —t) — —t?s(1 —t) + —=ts*(1 —t?) — =s*(1 — ¢
1051 =) = 7t7s(1 = 1) + 5ts™( )= g5 (1=1)

L =031 — ) — 2(1 — t) — 52(1 — £2)]

12
1
= E5(1 —1)%[3t — 25% —ts%] > 0,
1 14 1,4 1.
Bt)J(1,8) — J(t,s) = 683 - gts‘3 + 6152 3= 653(1 —t)2>0.

For 0 <t < s <1, the proof is similar.
The proof of (3). Obviously, %J(t, $)20,0<t,s<1. Thus, forany 0 < s <1,

1 1
—_ —g — — < —
Jnax J(t,s) = J(1,s) 55765 S3
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The proof of (4). For 0 < s <t < 1,

1
0 :541—@22&

1 2
5 —J(t,s) — 'y(t)sfs—ts—is(l—t)
For 0 <t<s <1,

2J(t, s)—(t)s=s— %SQ - §t -

ot
From the expression of 2 J(t,s), one has 2 J(t,s) <
The proof of (5). Applying the mean value theorem and (4), for any 0

t+ At < 1, we obtain

|J(t + At,s) — J(t,s)] < sup 2J(t s)|At| <
o<t<1 Ot

L2 %s(l —t%) = %(1 —s)(s—t*) = 0.

s, 0<t,s< 1.

|At]s < |At].

Applying (1), the proof of (6) is similar to (5). O
In order to deal with the problem (P1), the following preliminaries are necessary
Let C?[0,1] be the Banach space of all functions twice continuously differentiable

on [0,1] and equipped with the norm |ul| = max{||ull, ||[«|, ||v’||}, where ||ull
max |u(t)]. Let
C3[0,1] = {u € C?[0,1]: u(0) = u'(1) = 0},
K = {ueC§0,1]: [lulla(t) < u(t) < [ull B2), u'(t) = [lu'[¥(2),
—u"(t) > |lu"||t, 0 <t <1}
Let p(t fo (t,s)ds = 1t — t3 + 2—14t4. Then 0 # p € K by direct calculations.

If uy,ue € K, then

ul(t) = 07
This shows that u(t), us(t) are nonnegative nondecreasing functions on [0, 1]

ug(t) =0, wi(t) =0, wuh(t)=0, 0<t<1.

. So,

for 0 <t <1,
(u1 + u2)(t) = ua(t) +ua(t) <
=u1(1)A(t) +u2(1)5(t) =
Simple verification shows that K is a nonnegative function cone in C?[0, 1]. Here

the set K is called a cone in C?[0,1], if K is a convex closed subset in C?[0, 1] such
0, then pu € K; (ii) if w € K and —u € K, then u = 0. For

[url| B(8) + [luzl|B(2)
(w1 + uz)(1)B() = |luy + ua||B(L).

that (i) ifu € K, p >

r > 0, write
lull <7}, 0K(r) ={ue K: |ju] =r}.

K(r)={ueK:
< lw'll <l and gllull < fufl <

Lemma 2.2. If u € K, then [[u”]| = [ul, 1[u]

sllull-
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Proof. Since u € K, one has [|[u”|¢t < —u"(t) < ||[u”|, 0 < ¢ < 1.
u(0) = u/(1) = 0, one has

t) = /01 G(t,s)[—u"(s)]ds, 0<t<1.

It follows that

ul| = masx / G(t, s)[—u"(s)] ds < [[u”]| max / Gl ) || I,
0<i<1 0<i<1
1
Jull > ") o, / Glt, s ds = 1’|

Since u’(1) = 0, one has u/( ft )ds, 0 <t<1. So

1

Sl = mas / o sas < Io') < g [ s = o),
Hence [[u”]| = [lull, 3llull < [lull < llull and Fllull < [Jo'|] < llul.

For u € K \ {0}, define the operator T as follows:

T = A [T fs, ()0 (). (9) s, 0< e,

Lemma 2.3. Assume that 0 < r; < ro < oo and (H1)-(H3) hold. Then
(1) T: K(rz) \ K(r1) — C?[0,1] and for any u € K (r2) \ K(r1),

(Tw)"(t) = _/\/ G(t,s) ,u(s),u’(s),u”(s))ds, 0<t<1.

(2) T: K(re) \ K(r1) — K is completely continuous.

Proof Let u € K(r2) \ K(r1). Then rq < JJul| < r2. By Lemma 2.2, 37y

[Ju|l < 7"2, 2r1 |u']| < 7, 1 < ||| < 7re. So, for 0 <t <1,
1 1
gre(t) < lulla(t) < u(t) < ull5() < 5r25(0),

1
5m7(t) < ([ [[7(t) < u'(t) < /]| < 72
rit < Jlu”[[t < —u(t) < [Ju]] < 72

Since

X
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Let the function j;2 € C'(0,1) be as in (H3). Then
Pt u(t), ol (6,0 (1)) < Jr2(), 0<t<1.

By Lemma 2.1 (3) and the assumption (H3), we get that

0<t<1 2

1 1
max / J(t,s)h(s)f(s,u(s),u' (s),u”(s))ds < —/ sh(s)jy2(s)ds < oo.
0 0

So, (T'u)(t) is well defined on [0, 1].
Applying Lemma 2.1 (5), one has

J(t+ At,s) — J(t, )]
At

h(s)f (s,u(s),u'(s), u"(s)) < h(s)f(s,u(s),u'(s),u"(s))-

By (H3), h(s)f(s,u(s),u'(s),u”(s)) is a nonnegative integrable function on [0, 1].
Applying the Lebesgue dominated convergence theorem ([13, (12.24), p. 172]), we
get that, for 0 <t <1,

(Tu) (£) = A lim —=[(T)(t + At) — (Tu)(t)]

At—0 At
= g, [ IS ZIC s ) 5
- i ZEEARD I ) o)), 0 (5)) ds
=y 2,59 5. u5) 0 5, (5) s,

Further, applying Lemma 2.1 (6) and copying the above arguments, one has
1

(Tu)(6) = =7 [ Glt,)h(s) (s, ulo).u'(5) () ds. D <<
0

Therefore, Tu € C?[0,1] and the conclusion (1) is proved.
Since %J(t,s) >0,0<ts<1,onehas (Tu)(t) > 0,0 <t < 1. Since J(0,s) =0,
£2.J(1,s) =0, one has (Tu)(0) =0, (Tu)'(1) = 0.
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According to Lemma 2.1 (1)~(3), one has, for 0 < t < 1,
T = (b, 5)h(3)F (5, u(s), o (), (5)) s
> 3at) [0 o) 0 5
(6) s, / J(t, $)h(s) (s, u(s), o (), " (5)) ds = | Tula(t),
~(Tw)"(t) = A / G(t, $)h(s) f (s, uls), ' (5), u"(s)) ds
> | " sh(s)F (s, u(s) 1 (5), " (5)) ds
> M o / G(t, 5)h(s) (s, uls). (), u”(5)) ds = [[(Tw)"t.
Similarly, (Tw)(t) < |TullB(t), (Tu)(t) > |(Tu)|y(t), 0 < ¢ < 1. Therefore,

T: K(ro)\ K(r) — K.
Now we prove that the operator T: K(ry) \ K(r1) — C?[0,1] is completely con-

tinuous. Let
(Tyu)(t) = h(t) f(t,u(t), v (t),u" (), 0<t<1, ue K(ry)\ K(r),

(Tov)(t) = )\/01 J(t,s)v(s)ds, 0<t<1, veL'0,1].

By (H1)-(H3), T1: K(r2) \ K(r1) — L[0,1]. Let v € L[0, 1], then

1 1
é—/ slv(s)|ds < /|v )| ds < 0.
2 Jo

Hence, Thv is well defined. Since v(t) is an integrable function on [0,1], by the

max
0<t<1

/01 J(t,s)v(s)ds

Lebesgue dominated convergence theorem, for 0 < ¢ < 1,

. (Do)t + A - (o)) N[
Jim = = Jm 2 /0 J(t+ At, s) — J(t, $)]o(s) ds
1 —
~ )\ lim J(t+ At,s) — J(t,s) o(s) ds
At—0 J At

1o
=A t ds.
| 5 as
So, Tov € C1[0,1] and for 0 < ¢t < 1,
Tgv /—Jts s)ds.
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Similarly, Tov € C?[0,1] and for 0 <t < 1,

(Tov)"(t) ——)\/Gts

It follows that Th: L'[0,1] — C2[0,1] and T =Ty o T} on K (rg) \ K(r1).

From the above arguments, we see that Tb, (T2(+))’, (T»(-))"”: L[0,1] — C]0,1] are
linear operators.

Let r >0 and U(r) = {v € L'[0,1]: fo |v(s)|ds < r}. Then

1 1
<§)\ sup / slv(s)|ds

veU(r) JOo

/01 J(t,s)v(s)ds

sup ||Tev]| = A sup max
vel(r) vel(r) 0SIS

)\ sup / lv(s |d8——
velU(r)

This shows that T»: L'[0,1] — C[0,1] is a bounded linear operator. Hence, T»:
L'[0,1] — C[0, 1] is continuous and the set T5(U(r)) is bounded. On the other hand,
if v € U(r), by Lemma 2.1 (5) we have

[(T2v)(t1) — (T2v)(t2)| = A /0 [J(t1,5) = J(t2, 8)]v(s) ds

1
<At — t2|/ [v(s)|ds < Ar|ty — tof.
0

So, the set T»(U(r)) is equicontinuous. By the Arzela-Ascoli theorem, Ty: L*[0,1] —
C0,1] is completely continuous.

Similarly, by Lemma 2.1 (6) and (7), (Tx(-))’, (T2(-))": L[0,1] — C]0,1] are com-
pletely continuous.

Therefore, Ty: L'[0,1] — C?[0,1] is a completely continuous operator.

In order to prove that T': K(r2) \ K(r1) — K is completely continuous, we only
need to prove that Ty: K (rp) \ K (r1) — L'[0,1] is continuous.

Let up,uo € K(r2) \ K(r1) and [Jup, — up]] — 0. Then for any 0 < ¢ < 1,
un(t) = uo(t), up,(t) — ug(t), up(t) — ug(t) and by (H2),

n

W f(t, un(t), up, (t), un () = f(t,uo(t), up(t), ug (t))-

n— oo

Since un, up € K(rz) \ K(r1), we have forn =1,2,...and 0 <t < 1,

h(E)|f ( wn (), w (8), u (8) — f (8 uo(t), ug(t), ug (8)] < 2h(8)77 (1)
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By the Lebesgue dominated convergence theorem, we obtain that

1
lim | [(Tyun,)(t) — (Tyup) ()| dt

n—oo

I

=

=

>
—~

~
=
[y
S

S
3

(£), 1 (£), upy (£)) — (£, uo(t), ug(t), ug ()| dt

- / B(t) T |F (1), (8), (1)) — F (8o (8), 1y (2), ()] bt = 0.

Therefore, Ty : K(r2) \ K(r1) — L[0,1] is continuous.
The proof is completed. O

For the problem (P2), we will use the following cone and associate integral oper-
ator.
Let C[0, 1] be the Banach space of all functions continuous on [0, 1] and equipped
with the norm |lu|| = max |u(t)|. Let
0<t<1

K’ ={ueC0,1]: |lula(t) < ut) < |luB(t), 0 <t <1}
Then K’ is a cone in C' [0,1]. In the cone, all functions are nonnegative.
For 7 > 0, write K°(r) = {u € K”: |jul| <r}.
For u € K’ \ {0}, define the operator T° as follows:

(Tu)(t) = A/ J(t,s)h(s)f(s,u(s))ds, 0<t<1.
0

Imitating and simplifying the proof of Lemma 2.3 (2), we get Lemma 2.4. The
theorem concerns the complete continuity of the operator 7°.

Lemma 2.4. Assume that 0 < r; < ro < oo and (H1)’~(H3)’ hold. Then

T%: Kb(ra) \ K°(r1) — K is completely continuous.

For convenience of the reader, we list the Guo-Krasnosel’skii fixed point theorem
of cone expansion-compression type, see [10].

Lemma 2.5. Let X be a Banach space, let K be a cone in X, let 21,2 be two
bounded open subsets in K with 0 € Q; C Q; C Qo, and let T: s \Q; — K be
a completely continuous operator. Assume that one of the following conditions is
satisfied:

(D) Tzl < [[=l], € 0 and || Tz]| = ||z, z € 0,
(2) |Tall > lall, = € 09, and [T < |jz]l, = € 00,
Then T has a fixed point in Qs \ Q.
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3. MAIN RESULTS

Part I. On the problem (P1).
For 0 <t < 1 and r > 0, define the height functions

o(t,r) = max{f(t,z,y,2): 3ra(t) <z < 3rB(t), 3m(t) <y
Y(t,r) = min{f(t,z,y,2): gra(t) <z < 5rB(t), 3r(t) <y

If (H1)-(H3) hold, then h(-)¢(-,7), h(-)(-,r) € L*[0,1] N C(0,1).
We obtain the following local existence theorems.

Theorem 3.1. Assume that (H1)—(H3) hold and there exist two positive numbers
a < b such that one of the following conditions is satisfied:

(b1) _ b PP — ,
Jo sh(s)¥(s,b)ds Jo sh(s)e(s,a)ds
a b

<AL

(b2) : <AL — )
Jo sh(s)¥(s,a)ds Jo sh(s)e(s,b)ds

Then problem (P1) has at least one increasing positive solution u* € K such that
a < flur] <b.

Proof. Without loss of generality, we only prove the case (bl). By Lem-
ma 2.3(2), T: K(b)\ K(a) — K is completely continuous.
If u € 9K (a), then |Ju| = a. By Lemma 2.2, for 0 <t < 1,

sao(t) <u(t) < 3aB(t), Fay(t) <u'(t) <a, at<—u’(t) <a.
By the definition of ¢(¢,a), then
Pt u(t) (), 0"(0)) < g(tra), 0 <t<1.

By Lemma 2.3 (2), Tu € K. By Lemmas 2.2 and 2.1 (1), then

7l = Nl = A oo, / G, Yh(s) (5, u(s). 0 (5), " (5)) s
S - | sh s,a)ds =a = |u.
TTlela o / (5)¢(s.0) Jul

If u € OK(b), then |u|| = b and for 0 < ¢t < 1,
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By the definition of 1 (t,b), one has
Pt ult), W (0,0 (1) > w(t,h), 0<t<1.

By Lemma 2.1 (1), one has G(¢,s) > ts for 0 < ¢,s < 1. It follows that

I1Tull = [|(Tw)"|| = /\ Jnax / G(t,s) (s,b)ds

b max t
0<t<1

Z 3 : sh s,b)ds = b = |Jul.
Jo sh(s)¥(s,b)ds /0 (s)w(s,0) flll

By Lemma 2.5 (1), the operator T has a fixed point v* € K and a < |Ju*| < b.
Since u* € K, one has u*(0) = 0, (u*)'(1) = 0 and u* € C?[0,1]. Since Tu* = u*
and by virtue of Lemma 2.3 (1), we get that, for 0 <t <1,

1
()" (t) = (Tu")"(t) = —A/O G(t, s)h(s)f(s,u"(s), (u™)'(s), (u")"(s)) ds.

Since G(0,s) = 0, one has (u*)”(0) = 0. Since h(s)f(s,u*(s), (u*)'(s), (u*)"(s)) is
integrable on [0, 1], differentiating both sides of the above equality we get that, for
0<t<l,

()" (1) = — A / Gt 5)h(s)f (5,0 (9), () (), (") (5)) s
~ / B(s) f(s,u*(s), (u") (s), (u”)"(s)) ds.

t

So, (u*)"”(1) = 0. Since A(:)f(-,u*(:), (w*)'(-), (w*)’(-)) € C(0,1), differentiating
both sides of the equality we get that, for 0 < ¢ < 1,

(u*) D (t) = M) £ (8, u" (1), (") (1), ()" (£).

Therefore, u* is a solution of the problem (P1).

Since u*(t) > |[u*||a(t) > taa(t) > 0,0 < t < 1, we see that u*(t) is a positive
solution. Since (u*)(t) > 3avy(t) > 0, 0 < ¢t < 1, we see that u*(t) is a strictly
increasing function. O

Imitating the proof of Theorem 3.1, we can prove Theorem 3.2 concerned with
twin positive solutions.
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Theorem 3.2. Assume that (H1)—(H3) hold and there exist three positive num-
bers a1 < b < as such that one of the following conditions is satisfied:

b a;
(c1) T < A< min .
Jo sh(s)¥(s,b)ds =12 f sh(s)e(s,a;)ds
(c2) max & <AL b

i= 12f sh(s)y(s,a;)ds h fol sh(s)e(s,b)ds

Then problem (P1) has at least two strjctly increasing positive solutions uj, us € K
such that a1 < |ui| < b < |us| <

Part II. On the problem (P2).
Now, for 0 <t < 1 and r > 0, we use the height functions

¢ (t,r) = max{f(t,2): ra(t) <z
¥ (t,r) = min{f(t,2): ra(t) <

<
x <

Slnce —J(t s) > 0,0 < t,s < 1, we see that fol J(t,8)h(s)¢’(s,7)ds and

fo Y’ (s,7)ds are nondecreasing functions with respect to t under the
assumptlons (Hl) ~(H3)". And since J(1,s) = s — 53, one has

max/ J(t, s)h(s)’ (s,r)ds = é/o 5(3 — s2)h(s)¢" (s,7) ds,

0<t<1 Jg

1 1
max / J(t, s)h(s)y’ (s,7)ds = %/0 (3 — s2)h(s)y (s,7) ds.

0<t<1 Jo

Applying Lemma 2.4 and imitating the proofs of Theorems 3.1 and 3.2, we can
prove the following local existence theorems.

Theorem 3.3. Assume that (H1)’—(H3)" hold and there exist two positive num-
bers a < b such that one of the following conditions is satisfied:

(d1) 1 o <A< 6a |
Jo 8(3 = s2)h(s)y°(s,b)ds Jo 8(3 = 52)h(s)¢"(s,a)ds
(d2) a <A< 6

[ s(3—sh(s)?(s,a)ds  fi s(3— s2)h(s)¢(s,b)ds

Then problem (P2) has at least one strictly increasing positive solution u* € K”
such that a < ||u*| <.
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Theorem 3.4. Assume that (H1)’—(H3)" hold and there exist three positive num-
bers a1 < b < ap such that one of the following conditions is satisfied:

(el) T 6 <A< min — ba :
Jo 58 = s2)h(s)y"(s,b) ds =12 [75(3 — s2)h(s)¢’(s,a:) ds
(e2) max 6al <AL 6

=1,2 f (3 — s2)h(s)y’ (s, a;)ds fo (3 — s2)h(s)¢"(s,b) ds

Then problem (P2) has at least two strictly increasing positive solutions uj,u} €
K" such that a1 < |[uf| < b < [Ju}]| < a2

4. FURTHER DISCUSSION

Proposition 4.1. Theorem 1.1 is a special case of Theorem 3.3.

Proof. We only prove the proposition with the condition (a4)(i), that is,

(A lim f(x)/a] ™ <A< [B lim f(w)/a]

xTr— 00

By (al) and (a3), the assumptions (H1)’—(H3)” are satisfied. Moreover,

A=z | #E-Phas =g [ G- hai s

1 1
B=: / (2~ 5)(3 — () ds = ¢ / 5(3 = 57)h(s)B(s) ds.

Since hniof(a:)/x < (AB)7!, there exists a > 0 such that f(z) < (AB)™!
xr—
0<xz<a Thus, for0<t<1

@’ (t,a) < max{(AB)'z: aa(t) <z < afB(t)} = (AB) ‘af(t).
It follows that

6a S 6a\B
fol s(3 — s2)h(s)p"(s,a)ds - afol s(3 — s2)h(s)B(s)ds

=\

Since AA lim f(z)/x > 1, there exist € > 0 and 0 < o < 1 such that

Tr—00

T— 00

/\[ lim f(z)/x — 6} [é/ 5(3 — s?)h(s)a(s)ds| > 1.
Let A= %fal 5(3 — s%)h(s)a(s)ds. Then lim f(z)/z > (ANA)"! +e.

T— 00
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Since lim f(z)/x > (MA)71, there exists by > a such that f(z) > (AA)~!
by < & < 0o. Let b= b0~ L. Then

min [ba(t)] > b min t =bo = by,
o<t£1 o<t

where a(t) = %t(S—tQ) >tforany 0 <t < 1. So,ifo <t<1andba(t) <z <bB(t),
then x > b;. This shows that

Y0 (t,b) > min{(A)"1z: ba(t) <z < bB(t)} = (ANA) " tha(t), o <t<1.

Consequently,
6b o 6b
i 53— s2)h(s)?(s,b)ds [ s(3 — s2)h(s)y(s,b) ds
6bAA .
b f (3 —s2)h(s)a(s)ds .
By Theorem 3.3 (d1), the proof is completed. O

Example 4.2. Consider the fourth-order boundary value problem

1 1 b
W) = A zu?(t in? 0<t<l1
ul(t) [5u()+ u(t)sm 8t(1—t)}’ <t <1,

u(0) = u/(1) = u”’(0) = u"'(1) = 0.

Here h(t) =1, f(t,x) = 2% + \} sin? E(EDE

For 75 > r1 > 0, let jr2(t) = +r3t?(2 — ¢)% + \/—t, then f(t,2,y) < j72(t) for
any 0 <t <1, 2r1t(3 — t?) < @ < rot(2 — t). So, the assumptions (H1)’~(H3)" are
satisfied.

Direct computation gives that

1 2
- . Z _ <r< _
O (t,r) < max{ a:—l—\/_ 2rt(3 t*) < < rt(2 t)}
1
< g7«%2(2 —1)? +
1 1 1
" Sy g2 & .
i) > mm{sfc T sy 2

1 1
> max {—7"2152(3 —1)3 sin? T }
20 r
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Leta; =1, b= 4, as = 20. Then

37

6&1 2

<
1 ~ 1 2 T
fo 5(3 — s2)h(s)y°(s,a1) ds \/_fo \g/(:(; S)) sin® Bt(1—t) ds
8
< 3/4 ~ 1.6757,
3\/_f —s?)ds
60 S 24
Jo (3= )h(s)p*(s,b)ds ~ 2 [1s3(3—s?)(2—5)?ds + 4 [ &2
= 724 ~ 6.2905
= 16 739 ~ 0. ’
? : m + ].
12 24
6a2 <12 = 210 18321,
fo h(s)Y?(s,az)ds 20 [y s3(3 —s2)3ds 131

By Theorem 3.4 (e2), the problem has two strictly increasing positive solutions

uj,u € K such that & < [|uf|| <4 < [Ju}|| < 20 for any 1.8322 < A < 6.2904.

Since the problem has two positive solutions and f (¢, ) is singular at t =0, t = 1

and z = 0, the multiplicity conclusion can not be derived from Theorem 1.1.
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