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ON THE MEAN VALUE OF DEDEKIND SUM WEIGHTED BY THE
QUADRATIC GAUSS SUM
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Abstract. Various properties of classical Dedekind sums S(h, g) have been investigated
by many authors. For example, Wenpeng Zhang, On the mean values of Dedekind sums,
J. Théor. Nombres Bordx, 8 (1996), 429442, studied the asymptotic behavior of the mean
value of Dedekind sums, and H. Rademacher and E. Grosswald, Dedekind Sums, The Carus
Mathematical Monographs No. 16, The Mathematical Association of America, Washington,
D.C., 1972, studied the related properties. In this paper, we use the algebraic method to
study the computational problem of one kind of mean value involving the classical Dedekind
sum and the quadratic Gauss sum, and give several exact computational formulae for it.
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1. INTRODUCTION

Let ¢ be a natural number and h an integer prime to q. The classical Dedekind

st.0 = ()

x—[x] — L if 2 is not an integer;
((x)) =

sum

where

0, if  is an integer,

describes the behaviour of the logarithm of the eta-function (see [6], [7]) under mod-
ular transformations. Several authors have studied the arithmetical properties of
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S(h,q), and obtained many interesting results, see for example [2], [3], [4], [5], [8],
[9], [10].
In this paper, we consider the computational problem of the mean value
g !/

(11) ZG(CQ —1,XQ;Q)S(CQ,Q),

c=1

q
where G(c, x; q) is the quadratic Gauss sum defined by G(c, x;q) = . x(a)e(ca®/q),
a=1
e(y) = ™, 3" denotes the summation over all a such that (a,q) = 1, xo denotes
(&

the principal character mod q.
About the mean value (1.1), it seems that none has studied it yet, at least we
have not seen any related results before. This sum is interesting, because it has close
relations with the class number h, of the quadratic field Q(y/—p). In this paper,

we use the algebraic method to study the computational problem of (1.1), and give
several exact identities for it. That is, we shall prove the following three results:

Theorem 1. Let p be an odd prime with p = 3mod4, then for ¢ = p® with
integer o > 2, we have the identity

> TGE LS a) = 5@ (14 7):

c=1

Theorem 2. For any prime p > 3 with p = 3mod4, we have the identity

hz_(_lp 2) pz:lG 1 2
p*i (c® =1, x0;p)S(c%, p).

Theorem 3. Let p be an odd prime with p = 3mod4, then for ¢ = p® with
integer a > 2 and real number k > 0, we have the identity

4k . 2

24

>l - [L )P 0% (q) - " (1 + 1),

x mod q
x(—1)=-1

where > denotes the summation over all odd characters x mod q.
x mod q
x(—1)=-1

Some remarks. Theorem 2 is very interesting. In fact it gives a new class number
formula for h, with p = 3 mod4.
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For the general odd square-full number g > 3, whether there exist computational
q
formulac for 3./ G2 =1, vo:q)S(c q) and ¥ |G(L, x% q)[2*-|L(1, )|? are two
c=1 xmodgq
x(=1)=-1
open problems.

2. SEVERAL LEMMAS

In this section we give several lemmas which are necessary in the proof of our
theorems.

Lemma 1. Let ¢ > 2 be an integer, then for any integer a with (a,q) = 1 we
have the identity

S =53 2 X M@l
dlq

x mod d
x(=1)=-1

Proof. See Lemma 2 of [10]. O

Lemma 2. Let g > 2 be an odd square-full number, then we have the identity

. 2 3
> loor = ST (14 ).

x mod q plg
x(=1)=-1

where "  denotes the summation over all odd primitive characters x mod gq.

x mod q
x(=1)=-1

Proof. From the definition of Dedekind sums, Lemma 1 and the Mobius

inversion formula (see Theorem 2.9 of [1]) we have

21) Y x@lL P = %nQZu(d)%S(a, %) _ 22 dzlqj @S(a, %)

x mod g d|g q
x(—1)=-1

If @ = 1, then it is easy to see that
Uk 1\ 1 2
S 1, = (— —_ —) = —( —3 —).
(1,9) kE_l i B3ty
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So from this formula and (2.1) we have

2 _ T p(d 2d

(2:2) mZ LLP = 55 Z J(4-5+2)

x(=1)=-1
2 d T T
= 5% “;J—Z E])ZM E@q( > u(d)
d|q d|g dlg

) 1y 3
ET[E(”Z‘))—Q}-

Note that ¢ is a square-full number, u(gq

2
¢*(q/d)
g w(d) 2/ =0 and E
dlq x mod
x(=1)=-—

) and ¢(q) are two multiplicative functions,

=> X

d|lg x mod q/d
x(—1)=—

L(1, xxo0)|

q
1

From the Mobius inversion formula and (2.2) we immediately deduce

> =Y ud) > (1 xx0))?
x mod q d|q x mod g/d
x(=1)=-1 x(=1)=—1
=> wd) D ILEP
da e
72 p?(q/d) 1 3
_Z {12 q/d [E(H;})_m”
n2 ¢ (q) 1
12 q2 E (1 + 5)’

where x( denotes the principal character mod g. This proves Lemma 2. O

Lemma 3. Let p be an odd prime, o > 2 an integer. Then for any integer n with

(p,n) = 1, we have the identity

Ly nb? _
bzzge(p—a)—o.

First, from the properties of the trigonometric sums we know that for
2 and integer n with (n, h) = 1, we have the identity

Proof.
any positive integer h >
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Applying this identity and the properties of the reduced residue system mod p® we
have the identity

o 1 aa—1 _
fiy (an) %Efp , (n(upa714_v)2) p=lp®™ (Qnuvpa*14—nv2)
el — ) = el ————— ) = el ——
b=1 pOé u=0 v=1 pO( u=0 v=1 pO(
a—1 _
P no?y\ & ! 2nuv
=Y () e(57) =0
v=1 p u=0 p
This proves Lemma 3. O

Lemma 4. Let p be an odd prime with p = 3mod4, let « and n be two integers
with (n,p) = 1 and a > 2. Then for any even character x mod p®, we have

Glnxi ™) = 20(5) + 2p”‘1p§_:lx(rp“‘1 +[(Z) e -1,

q
where C(n,q) = 5. e(na?/q) is the classical quadratic Gauss sum.
a=1

Proof. Since x is an even character mod p%, so x(—1) = 1. Then from the
definition of G(n, x;p®) we have

p* P 2 _ 12
(2.3) G (n,x;p%)|* = Z, X(@)x (%)
a=1b=1
p p° 2 _
_ /X Z/@(nb a? 1))
a=1 b=1

Let (a® — 1,p%) = p™. If m < a — 2, then note that (n(a? — 1)/p™,p) = 1, and
from Lemma 3 we have

(o3 a—m

CRIEED S (LAl S S (Ll L P

=1 u=1

o

If m = «, then

o

(2.5) Z/e(%) = o(p).

u=1
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Ifm=a—1,thena=rp* ' +1,1<r<p—1. Note that for any prime p with
p{mn, by Theorem 7.5.4 of [10] we have

(2.6) Cnp) = (7)C,)

where (1) is the Legendre symbol.
Then from (2.6) we get

@7) 2( a—l) MZ< a—l)/afl)

u=1

ot [(iim)ca,p) 1],

Note that for any even character y mod p®, we have

I)z_:lx(rpal—f—l)[(%?n) 1p—1} ZX - [(_QTn)C(l,p)—l]

p

So from (2.3)—(2.7) we get

p—1
— _ 2rn
G, x; )7 = 20(0%) + 20 X X+ D[ (S7) Cp) 1],
r=1
This proves Lemma 4. ([

Lemma 5. Let p be an odd prime, let o and n be two integers with (n,p) = 1
and o > 2. Then for any even primitive character x mod p®, we have the identity

|G(n,x; p™)|* = 2p™ +2 “( in) Sg;)

a

where x2(a) = (3) is the Legendre symbol, and 7(x) = 211 x(a)e(a/p*) denotes
the classical Gauss sum.

Proof. First, for any primitive character y mod p® we have

p—1

(2.8) > x4 1) =1
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In fact, from the properties of the classical Gauss sum we have

Q

p—1 p—1

DXt 1) = X(a)e(

el 2)

1 r=1

‘ -
S

a(rp®t +1)
)

q
—
=
S~—"

5
Il
-
B}
Il
i

Q

-1

Il
‘ -
S
>
S

e(%) = —% =—1.

7(

=

a

So formula (2.8) is correct.
On the other hand, from the properties of the classical Gauss sum we also have

(2.9) izjx(rpal + 1) (%) _ % izi (;) :Zly(a)e(W}japi:—Fl))
= 7 X () X (5)e(5)
A o(2h(2) - e

. . -1
where we have used the identity C(1,p) = ZZ=1(%)6(%)'
From the properties of the classical Gauss sum we know that C%(1,p) = ( %l)p'

)

applying (2.8), (2.9) and Lemma 4 we immediately deduce that

p—1
G(n, ;0> = 20(p) +2p° 1+ 2p* 1) x(rp™ ! + 1)(7)0(1729)
r=1

9 —
= 2p” + 27" (_n) 0 ey )
p/ 7(X)
_9 v
= 2p~ + 2p® (—n) a 52) .
p/ T(X)
This proves Lemma 5. O

3. PROOF OF THE THEOREMS

In this section, we use the lemmas from Section 2 to complete the proof of our
theorems. First we prove Theorem 1. From Lemma 4 we know that for any non-
primitive even character y mod p®, we have

(3.1) |G (n,x;p™)|* = 0.
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In fact, if x = xo, the principal character mod p®, then from Lemma 3 we know that
(3.1) is correct. If x is a non-primitive even character mod p® and x # xo, then x
must be an even character mod p®*~!. So from Lemma 4 we have

Gl PP = 20(6) + 2pa1§x(mal +1[(Z2) 6 1]
= 20(p*) +2 alpz_:l [(%)G(l,p) - 1}
= gpol i (2%”)0(1, )=0

So (3.1) is also correct.
For ¢ = p® with @ > 2 and ymodg, note that the Gauss sum 7(x) =

q
Zl X(a)e(%) = 0, if x is not a primitive character modq; if x is a primitive
a=

character mod g, then we have |7(x)|?> = ¢. So from Lemma 1 we have

(32) > G~ 1, x039)S(¢*,q)
c=1
1 4,49, a2(62 -1
ST VD 9 DTN (R RN
dlq% mX:ddCZI a=1

d|qﬁ n%):ddQZI c=1
x(=1)=—
1 d? 1, 2\ |2
=l | e P
4 d|g L xmodd 'c=1
x(=1)=-1

T Dr=r I S R eI AR

2
T
q d|q x mod d
x(=1)=-1

It is clear that if y is an odd primitive character mod p® with a > 2 and p = 3 mod 4,
then x? is an even primitive character modp®. So from (3.1), (3.2) and Lemma 5
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(3.3) > G(® = 1,x0:9)S(c%, q)
c=1
1S e %P L)P
72 ¢(q) N
x(—1)=-1
2 ¢ * —2\ 7(X*x2) >
== —— 1+ (== L ).
2 o(q) X;:dq ( (p) 00 ) |L(1, x)]
x(—1)=-1

From Lemma 5 we also know that (%Q)T(YQXQ) /7(X?) is a real number, so noting

that 7(x) = x(—=1)7(X), from (3.3) we have

q

!
(3.4) > G - 1,x0:9)8(c%, q)
c=1
2 ¢ * 2 T(Y2X2) 2
=2 4 14+ (== LY
™ ¢(q) X;OM ( <p) T(x?) ) %)
x(=1)=-
2 ¢ 2\ 7(¢*x2) .y
-1 1+ (=2 L1,
™ ¢(q) ng ( (p) T(x?) ) L
x(=1)=-1
2 ¢ * -2\ 7(X"x2) 2
= 5 7~ 1—(— — -|L 17X )
zow > (-(5) 5 ) e
x(=1)=-1
where we have used the identity (=) = —1.
P

Combining (3.3), (3.4) and Lemma 2 we immediately deduce the identity

Ky 2 g2 * 1 1

DG - Lxs S0 = 5o Y LR =gt @(14 ).
c=1
This proves Theorem 1. O

Now we prove Theorem 2. For any prime p = 3mod 4, let x2 denote the Legendre
symbol, then x2(—1) = —1, so from Theorem 9.17 of [1] and Lemma 1 we have

p—1 2. 12
c .

(3.5) ZXQ(CQ)Q(E)‘ =livp—1*=p+1,

c=1

™ (p—1)7°(p—2)

(3.6) > LX) = —)—2-

x mod p 12 p

x(=1)=-1
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If x(—1) = —1 and x # X2, noting that x2(—1) = —1, we also have

-1

IJZ:X(CQ)G(%Q) ‘2 = ‘zX(C)<1 + XQ(C))G(I_C)) ‘2

c=1

(3.7)

2 7(xx2) |2
= 700 + 700e)P =p- |1+ S|

. (2+ T(xx2) T(XXz))

7(x) - 7(x)

o (-8

Combining (3.2), (3.5), (3.6), (3.7) and noting that L(1, x2) = nth,/\/p , we have

p—1
> G —1,x0;p)8(c%,p)
c=1

1 p? Txx2)  T(Xx2) o 1pp+1) >
== 2 - | L(1 — | L(1
oo 2 (T T ) ol S )
XFX2
x(=1)=-1
1 2p2 2 1p2_p 9
=— L(1 - = -|L(1
s D DI LGN [t s LGS
x mod p
x(—1)=-1
P-D-2) p , (=-Dp-2) .,
=—F—F - = |L(1 = 7 _ R
; L 1L xa) g :
This proves Theorem 2. O

Finally, we prove Theorem 3. In fact, from the method of proof of Theorem 2 (see
formulae (3.3) and (3.4)) we have

Y eGP LI = Y 163 L)

x mod g x mod q
x(—1)=-1 x(—1)=-1
+ =2\ 7(x*x2) \*
- X et (14 (F)E) aor
x mod q X
x(—1)=-1
(29)" * K 2\ 7(X*x2) \ ¥ 2\ 7(x*x2) \ ¥ 2
- -G me) (G 5e) e
2 Xéq p/ (X% p/ T(X?)
x(=1)=-1
2%k—1_ k * o4 4 k—2 1
= 2% lgh e YT P = @ [T (1)
x mod g plg p
x(—1)=-1
This completes the proof of Theorem 3. O
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