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Eigenvalue relationships between Laplacians of
constant mean curvature hypersurfaces in S**!

Bingqing Ma, Guangyue Huang

Abstract. For compact hypersurfaces with constant mean curvature in the
unit sphere, we give a comparison theorem between eigenvalues of the sta-
bility operator and that of the Hodge Laplacian on 1-forms. Furthermore,
we also establish a comparison theorem between eigenvalues of the stability
operator and that of the rough Laplacian.

1 Introduction

Let M be an n-dimensional compact hypersurface with constant mean curvature
in the unit sphere S"™!(1). We let h;; denote the components of the second funda-
mental form, S stand for the norm square of the second fundamental form, H be
the mean curvature of M, respectively. A Schrédinger operator

J:—A—(S+Tb),

where A denotes the Laplace-Beltrami operator, is called a Jacobi operator. Since
the spectral behavior is directly related to the instability of both minimal hyper-
surfaces and hypersurfaces with constant mean curvature in S**1(1) (for example,
see , ), many mathematicians studied the first and the second eigenvalues
of such Jacobi operator. The first eigenvalue of J on hypersurfaces in S**!(1)
was studied by Simons and Wu . Ei Soufi and Ilias @ studied the second
eigenvalue of the Jacobi operator above. In 1993, Alencar, do Carmo and Colares
studied the stability of hypersurfaces with constant scalar curvature in S**1(1).
Similarly to the case of both minimal hypersurfaces and hypersurfaces with con-
stant mean curvature in S**1(1), we have a notion of Jacobi operator corresponding
to compact hypersurfaces with constant scalar curvsture. For the first eigenvalue
and the second eigenvalue of such Jacobi operator, the readers who are interested

in it see , -
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Recently, Savo @l considered compact minimal hypersurfaces of the unit sphere
and proved a comparison theorem between the spectrum of the stability operator J
and that of the Hodge Laplacian on 1-forms. In this paper, we consider hypersur-
faces of the unit sphere with constant mean curvature. Now we state our result as
follows:

Theorem 1. Let z: M™ — S""1(1) be an n-dimensional compact hypersurface
with constant mean curvature H. We denote the norm square of the second fun-
damental form by S. Then

M < —2(n—1)+ )\ﬁl(a) +n|H| mzva}xx/g, (1)
Ay

m(a

Laplacian A; with respect to 1-form. Here m(«a) = (”;2) (a—1)+1.

where \/ is the a-th eigenvalue of J, \ ) is the m(«)-th eigenvalue of the Hodge

In particular, Savo @ﬂ has proved that for compact minimal hypersurfaces of
the unit sphere, it holds that

A< —2(n—1)+ A2 (2)

m(a) ”

Hence, the Theorem |[1| above extends Theorem 1 in ﬂg]] On the other hand, for
eigenvalues of the stability operator J and the rough Laplacian, we have the fol-
lowing result:

Theorem 2. Let z: M™ — S"*1(1) be an n-dimensional compact hypersurface
with constant mean curvature. We have

M < —(n—1)+ 12D (3)

m(a)
where A\ is the a-th eigenvalue of J, )\ﬁzf)
Laplacian D*D with respect to 1-form. Here m(«) = ("‘f) (a—1)+1.

is the m(«)-th eigenvalue of the rough

2 Proof of Theorems

Let #: M™ — S"*1(1) be an n-dimensional compact hypersurface with constant
mean curvature. We adopt the following index convention:

1<i,jki<n, 1<AB<n+2.

Choosing a local orthonormal frame {ey,..., ey, ent1} and the dual coframe
{w1,...,Wn,wnt+1} such that when restricted on M, {ei,...,e,} forms a local
orthonormal frame on M. Hence, w,y1 = 0 on M and the following structure
equations (see [5]):

dr = w;e;
de; = wije; + hijwjenﬂ — Wi,

deny1 = —hijwje;,
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where h;; denote the components of the second fundamental form of x, in which we
used the summation convention on repeated indices. We will take this convention
in the later part without any confusion. The Gauss equations (see , EH) are

Rijri = (8ixdj1 — 0udji) + (harhji — hahjk)
Rij = Ripjr = (n — 1)51']‘ + thij — hik-hjk , (4)
R=n(n—1)+n*H?> -8,

where R stands for the scalar curvature and S = 3 ., hfj is the norm square of

the second fundamental form, H = %hii is the mean curvature of x. The Codazzi
equations are given by

hijk = higj, fori,jk=1,...,n.

Let f be a smooth function on M. The first and the second covariant derivatives
of f are defined by

df = fiwi ,
fijw; = dfs + fiwji .
Let a be a fixed vector in R™t2. Define
fa = <a,x>, ga = <a7€n+1>'

Then we have the following lemma:

Lemma 1. (see [3]) Under the conceptions above, we have
fi={(a,e), gi'=—hi;f},
I = hijg®* — 05,
gi5 = hij f* — hikhjrg® — hiji fr -
Define the Hodge Laplacian A, by
A, =dé+dd: AP(M) — AP(M)
where § = (—1)"®P*+1D) x dx: AP(M) — AP~1(M). For any ¢ € AP(M), one has
Apyp = D*D(y) - Ric(y),

where D* D denotes the rough Laplacian which is given by

D*D(y) =Y (De,De, — Dp, e,)0 .

2

In particular, when & = &w; € AY (M), D*D(€) = &;,i;wj, where the second covari-
ant derivatives of £ is defined by

&ijhwr = d&;i j + k. jWhi + i kWi -
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In particular, for f € C*(M), we have Agf = fi; = Af. By , one gets
Ric(§) = &Rijej = (n— 1)§ + nHhij&e; — hiphjpéie;
and hence,
D*D(&) = A&+ (n— 1)§ + nHhij&e; — hishjréie;. (5)

Lemma 2. Let a be a fixed vector in R"*2 and a " denote the orthogonal projection
onto M. Then

Aja’ = —nHhijfie; —nfie, (6)
D*D(a—r) = —ffei - hikhjkfiaej . (7)

Proof. By a direct calculation, one has from Lemmall]

A1CLT = A1(<aT, €i>w,‘) = Al(dfa) = d(Afa)
=nHdg" —ndf* = —nHh;;fi'e; —nfie;.

Hence @ is proved. Substituting £ in by o' and using @, we obtain . O

Lemma 3. Let £ be a vector field on M and a,b be two independent fixed vectors
in R"*2. Then we have

A({a,ens1)(07,8) = ((n = 2)& + (e, A1€) — 2hirhjiéi + nHhii& — S&) frg°
— 2hijhik£kf]ng - thjﬁk,ifffzg — 26 fP9" + thjgif]l'lfb
+nHE O f) + 2hi& 979"

Proof. Given a point p € M, let {e;}? ; be an orthonormal frame which is geodesic
at p. Then Af = e;e;(f) and we have from , Lemma (1| and Lemma

ABT, &) =(D*D(T), &) + 2165+ (b7, D*D(£))
==& f) — hihr&i /) + 2(hijg® — f20:5)&
+ (e, AL fL + (n— D& 7 + nHhi& £} — hirhjéi 7
= ((n—2)& + (ej, A1€) — 2hichjr&s + nHhi;&) 7
+ 2hi;&i 59" — 264 f°,

<v<aa en+l>7 v<bT7£>> = gf’(<DeibT,€> + <bT7D6i§>)
= gl (f5& + 2¢5.4)
= —hijhi&eflg" + hij& ff° — hijnifofr.
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Therefore,
A<<aa en+1><b—r7 é-)) = <a” e’rL+1>A<bT7 §> + <bT7 €>A<a’7 en+1>
+ 2<v<a’7 en+1>a V<bTa €>>
=g* (((n —2)&5 + (5, A1€) — 2hiphjpéi + thijfz‘)f]I?
+ 2hij€i 59" — 263 f") + (nHf* — Sg)E; £
+ 2(—hijhicbr £ 9" + hij& fLF° — hijéea 5 R)
= ((n—2)& + (e, A1€) — 2hiphjré&s + nHhi;& — Sfj)ffg“
— 2hijhin€e fig" — 2hiiri L fE — 280 fP 9" + 2hii &5 f°
+nHE ff) + 2hi;& 979"
We conclude the proof of Lemma [3] O
Now we are in a position to prove Theorem
Proof. (of Theorem Let {E4}%"2 be a fixed orthonormal basis of R"*2. Define
XXB = <EA,6H+1>Eg - <E’Baen+1>E;lr
and
uap = (Xip,€) = —upa.

Let
fA:<EA,$>, gA: <EAven+1>~

Then from Lemma [3] we have

Auap = A((Ea,ens1)(Eg,€) — A((Ep, ens1)(Ex,€))
= ((n—2)& + (e, A1) — 2hachji&s + nHhi& — S&) (P g™ — £197)
— 2hi;hirs(f79” — fP9™) = 2his&ni (1 17 = 1P 1)
=26, (fPg" — f19") + 256 (£ 7 = £P 1Y)
+nHE (AP = 21
=(n—2—S)uap +vap,

where
vap = ((ej, A1&) = 2haxhp&s + nHhii&) (fP g™ — f1'97)
— 2hijhik§k(nggB - nggA) - thjgk’i(ffflf - fJBf’“A)
—264(f%9" = f49") + 2hi & (1 7 = 7Y
+nHE (A~ FP 1.
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Let A/ be the a-th eigenvalue of J and ¢, be the orthonormal eigenfunction
corresponding to A/, that is,

Jpo = Ai@av /‘Pa%ﬁﬁ = 5a/3~ (8)
M

Denote by V31 the direct sum of the first m eigenspaces of A; such that the
following orthogonality relations

/<X,L3,§>sol — /<X,IB,5>%_1 —0 (9)

M M

hold for all A, B. Note that X} is skew symmetric. Hence, we know that (J) has
(";2)(a — 1) homogenous linear equations in ¢ € V.21, If we let

mi@)i= ("3 %)@= 141,

then we can find a non-zero vector field £ € Vﬁ(la) such that the function u,, is
orthogonal to the first & — 1 eigenfunctions of J for all A, B. By the Rayleigh-Ritz
principle, we have

/\i/uiB S/uABJuAB

M M
=— /UABAUAB - /(S+”)u33 (10)
M M
S / (Q(n — 1)“?43 —|—uABvAB>.
M

It follows from uap = &(fPg* — f*g®) that

> whp =& Y (P = 12a") (20 - £29P) = 21, (11)
A.B

A,B

ZUABUAB = 51{(<€j7 AL &) — 2hikhjn& + nHhE;)
AB
X Z( JBQA - jAgB)(szgA - lAgB)
AB

= 2hghads Y (fi9" = 1P (P — 11'97) (12)
AB
= 2h;5&k,i Z(quf;? — PP g - 19?)
AB
— 28 Z(fBgA — FAa®) (P - £19")

A,B
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+ 2hi;6 Z(fffB — PP = 1")

A,B

+nHG S (FAE - P - 1™}

A,B
= 61{2(<6j, A1&) = 2hikhjp&s +nHhii&)d + 4hijhik€k5jz}
=2(§, A1) + 2nHh &85,

where we used

> (Ea, X)(Y,Ep) = (X,Y)
A,B

for any X,Y. Applying and to yields

AL [ 1P <= [ (20 DIEE + (6 0a8) + ity
M M

(13)
< 2(n=1) [ 160+ Natay [ 16 + nlH|max 5 [ 1P
M M M
which shows that
A< =2(n—1)+ A0 +nlH]| max VS.
We complete the proof of Theorem O

Proof. (of Theorem [2)) From (f), we have
(6,D*D(&)) = (&, A1€) + (n — 1)|E]> + nHhi;&&5 — hinhjrél;. (14)
Putting into , one gets
3 [l <= [ (20 DIEP + (6. 8u8) + nHhitits)

M M

=~ [ (= DleP + (& D" D) + hshyeiy)

M

<~ [ (- v + (6.0 D)
M
<— -1 [P 4228 [ 1eP
M M
which gives

A, <—(n=1)+A0 2.
Thus, the proof of Theorem [2|is completed. O
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