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KYBERNETIKA — VOLUME 49 (2013), NUMBER 2, PAGES 224-235

RECURSIVE FORM OF GENERAL LIMITED MEMORY
VARIABLE METRIC METHODS

LAaDpISLAV LUKSAN AND JAN VLCEK

In this report we propose a new recursive matrix formulation of limited memory variable
metric methods. This approach can be used for an arbitrary update from the Broyden class
(and some other updates) and also for the approximation of both the Hessian matrix and
its inverse. The new recursive formulation requires approximately 4mn multiplications and
additions per iteration, so it is comparable with other efficient limited memory variable metric
methods. Numerical experiments concerning Algorithm 1, proposed in this report, confirm its
practical efficiency.

Keywords: unconstrained optimization, large scale optimization, limited memory meth-
ods, variable metric updates, recursive matrix formulation, algorithms

Classification: 49K35, 90C06, 90C47, 90C51

1. INTRODUCTION

Limited memory variable metric methods, introduced in [I1], are intended for solving
large scale unconstrained optimization problems, where the objective function F' : R™ —
R is continuously differentiable, bounded from below and has unknown or dense Hessian
matrix. They are usually realized in a line search framework, so their iteration step has
the form

Tit+1 = L5 + tisi (1)

for i € N' (N is the set of positive integers), where s; = —H,g; is the direction vector
(g; = g(x;) is the gradient of the objective function at the point x; and H; is a positive
definite approximation of the inverse Hessian matrix in the ith iteration) and ¢; > 0 is
the step-length, which is taken to satisfy the weak Wolfe conditions

Fiy1 — Fi < eitist gi, (2)

SiTQi+1 > 525?91‘7 (3)

with 0 < &7 < 1/2 and g1 < g9 < 1 (where F; = F(x;), g; = g(z;) and Fy 41 = F(2;41),
gi+1 = 9(x;41)). We concentrate our attention to the limited memory variable metric
methods from the Broyden class [9], but in the Section 2 we show that our recursive
algorithm can be also applied to methods from the Davidon class [3].
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Let 0 <m < n, i €N and m = min(m, 7). Limited memory variable metric methods
from the Broyden class use direction vectors s; = —g; and s;11 = —H;11¢i41, @ € N,
where matrix H;y1 2 H! 41 is obtained from a sparse positive definite (usually scaled

unit) matrix H!_, ., by means of m updates

Hi = Hj+ UM (U;)", (4)
i—m+ 1 < j <1, where matrices U;f = [d;, H;yj] and M; are chosen to satisfy quasi-
Newton conditions H}+1yj =d;, where y; = gj41—9j,dj = xj41 —x5,i—m+1 <75 <4
(we use upper index 7, to signify the relation to the ith iteration). Formula can be
written in the form
. . 1 1 . . 7711 at . a’ . r
1= Hj+ o-did] — < Hjy;(Hjy;)" + (bj,dj - H;w) <bj,dj - Hg@j) . (5)
J i J J J
where a§ = ijH;yj, b = ijdj and 772- is a free parameter. Setting 77;: =0, 17;: =1 and
77; =b;/(b; — a;), we obtain the DFP, the BFGS and the Rank-1 updates, respectively.
Note that the BFGS update is the most efficient one from these basic updates.

An advantage of limited memory variable metric methods described in this paper is
the fact that they can be realized in the way which requires (for n large) approximately
4mn multiplications and additions for the direction determination. Phrase approx-
imately 4mn means that this number significantly dominates over additional required
operations. For example, if n = 1000 and m = 5, then 4mn = 20000, whereas m? = 125.
There are two commonly used basic approaches: the recursive vector formulation based
on the Strang recurrences [I0] and the explicit matrix formulation proposed in [2]. To
simplify the notation in the subsequent considerations, we will assume without the loss
of generality that ¢ < m. Then matrices and do not depend on the upper index,
which can be omitted.

The first approach is applicable only in case all matrices H;, 1 < j <1, are obtained
by the BFGS update (in fact there exists other possible updates realizable in this way,
see [12], but they do not belong to the Broyden class). The recursive vector formulation
of the limited memory BFGS method is based on the pseudo-product form: if n; =1,
formula can be written in the form

1 1
Hj =V H;V; + ;djdf, Vi=1- ijdf. (6)
j j
Using this formula recursively, we obtain
: T , _ , T _
K3 K3 (] 1 K3 K3
Hip = HVJ Hy HVJ +Zbk H Vi| did H Vj
Jj=1 j=1 k=1 j=k+1 j=k+1
Note that matrix H;;1 need not be stored, since vector s;11 = —H;11g;+1 can be
obtained by two (Strang) recurrences. First we set u;11 = —g;11 and compute numbers
o; and vectors uj, ¢ > j > 1, by the backward recurrence
dTUj+1
0'j =71 -7 Uj = Uj+1 — O’jyj. (7)

b;
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Then we set v; = Hyu; and compute vectors v;41, 1 < j <4, by the forward recurrence

T
yJ v
”j+17fj+<0j ]b,j>dj- (8)
J

Finally we set s;41 = v;41.

The use of the Strang recurrences 7 is the oldest (and simplest) possibility for
implementing the limited memory BFGS method. As it was already mentioned, this
approach is applicable only if all matrices H;, 1 < j < i, are obtained by the BFGS
update. This disadvantage reveals when we need to update matrix B;;; = Hijrll. It
follows from the duality (see [9]) that the Strang recurrences can be used only in case
all matrices B;, 1 < j < ¢, are obtained by the DFP update. But the limited memory
DFP method is much worse than the limited memory BFGS method, so this way is
unsuitable.

The second approach is based on the fact that matrix H; 1, obtained by recursive
application of ¢ updates of the form to matrix H;, can be written in the form

Hi . =H + UZMZU;I'? 9)

where UZ = [dy — Hiy1,...,d; — Hyy;] and ]\;Ii is a square matrix of order m for the
Rank-1 update or U; = [dy,...,di, Hiya, ... Hyy;] and M; is a square matrix of order
2m otherwise. For the basic updates (DFP, BFGS and Rank-1), the matrix M; can be
expressed in the explicit form. Especially matrix H;1, obtained by recursive application
of i BFGS updates to matrix Hy, can be written in the form

(RO (Ci+ YTH\Y)R, —(RyHT
—R1, 0

7

H,11 = Hi + [D;, HY}] (D, HY)", (10)

where D; = [dy,...,d;],Y; = [y1,--.,¥i], R; is the i-dimensional upper triangular matrix
such that (R;)x = d%yl, k<l (Ri)wx =0, k>1, and C; is the i-dimensional diagonal
matrix such that (C;)gx = dfyx (see [2]). There exists a similar formula for matrix
H;,1, obtained by recursive application of ¢ DFP updates to matrix H; (see [2]). Using
the duality relation between the DFP and the BFGS updates, we can determine the
matrix B;y; obtained by recursive application of ¢ BFGS updates to matrix B;. The
resulting matrix can be written in the form

-1

—C;, L;—Cy)T T
Bua =By - B0 | [T DO ey
where L; is the i-dimensional lower triangular matrix such that (L;)g = d{yl, k>1,

(Li)ir = 0, k < I. The fact that we can use the inverse BFGS updates is very ad-
vantageous, since it allows us to implement variable metric trust region methods and
methods for constrained optimization, which apply variable metric updates to the part
of the KKT matrix.

In this paper, we investigate a modification of the second approach. In Section 2, we
propose a new recursive matrix formulation of limited memory variable metric methods.
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This approach can be used for both matrices H; 1 and B; 11 and for an arbitrary update
from the Broyden class. Our recursive formulation requires approximately 4mn multi-
plications and additions for the direction determination, so it is comparable with the
other approaches mentioned in this paper. At the end of Section 2, we demonstrate that
the recursive matrix formulation can be used for some other variable metric updates.
As an example, we have chosen the Davidon class of variable metric updates proposed
in [3] and reformulated in [6]. Section 3 contains results of numerical experiments which
indicates that our approach is competitive with known limited memory variable metric
methods.

2. THE RECURSIVE MATRIX FORMULATION

Let us assume that matrix H;; is obtained from matrix Hy = \;I by ¢ updates of the
form

Hj=H; +U;M;Ul,  1<j<i (12)
(see (4), where U; = [d;, H;y;| and

L Ay, ﬂ
M]_[ﬁg]n vj }

We seek the expression o
Hi = Hy + U;M;UT, (13)

where U; = [dy, Hyyi, - .., d;, Hyy;] and M; is a square matrix of order 2m. This formula
is very similar to (9)). For rank two updates, matrices U; and U; differ only by orders of
its columns. Note that the choice H; = \;I (where usually \; = d'y;/yly;) is essential
for our considerations leading to the algorithm described below. This choice is used in
the rest of this paper.

Theorem 2.1. Let matrix H; beﬁobtained from matrix H; by ¢ updates of Ehe form
. Then holds with matrix M; obtained recursively in such a way that M; = M;
and

T
M1+ z5-12_1, Bjzj—1, Vjzi-1

My = | 5, o, B . 2<ji<i, (14)
Vi Zj-1> B i
where
g1 =M1, o= Uiy, (15)

Proof. We prove this theorem by induction. Assume that
Hj =H1+Uj,1MjflU;‘Tfl (16)

fgr some index 2 < j < i. Relation holds for j = 2 by since Uy = U; and
My = M;. Substituting into and using the fact that

Uj = [dj, Hyy;] = [dj, Hyy; + U1 M; U} y;] = [dy, Hiyy + Uj 1251
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by (17) and (16)), we can write

Hjpw = Hi+U; 1My U+ [dy, Hiy; + Uy—125-1] M; [dy, Hyyy +Ujo125-1] "
= Hy+Uj1 MU + ojd;d]
+ B (dj(Huy;)" + Huyzd ) + 55 (dj (Uj-12j-1)" + Uj-12j-1d})
+ 5 Huyj (Huy)" + 5 (Huyy (Uj—12j-1)" + Uj—1zj-1 (Hay;)")
+ 9 Uj1zj— 12] 1U

B M] 1 + 5 Zj—lijm Bjzj—1, 7V Zj-1
= Hi+ [Ujfh dj, Hlyj] 5; j—1) @j; B;
Vi Zj—1> Bjs i

— T — — —
[Uj-1, dj, Hyy;|" = Hy + U;M;U],
so the induction step is proved. O

Comparing with , we can see that

1 a; ;4 n; — 1
Qj; = b (Ujbj_ + 1) ) B = —#7 Y= 37_’ (17)
j j j

where a; = ijijJ and b; = y; Td;. Using (15 and 1} we obtain
a; =y, Hyy; =y, (Hiy; + U1 M; U ;) =y Huyj + 751251,

so value a; (required for the computation of a; and ~; by (17)) can be obtained by using
known vectors 7;_; and z;_1.
So far we have assumed that 1 < 7 < m. Now we describe the construction of

matrix H;yqy = M1 + U;M;UP in the general case. Let m = min(m,i) and S; =

diag(1, Ai,...,1,\;) (where A; > 0) be a 2m-dimensional diagonal scaling matrix. De-
note
U1 = [dicmstsYiomits- - dio1, 4],
d§,m+1yi—m+la s diferlyi—l
5 Yiem+1Yi—m+1, -+ Yiomi1¥i—1
Ri—l = | e e e
0, e d?_lyi,1
0, e Yy

(these matrices are empty for ¢ = 1) and

Ui = [Ui—1,di, vil, R; = 0, dly; |- (18)
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Matrices R;_1 and R; are upper block triangular, where every block contains two rows

and one column. Then U; = SZ-Ui and matrix M; = MZ’ is obtained recursively in such

a way that we set _ _
A s Oﬁifmjtl’ ﬂ;7m+1
e = [ ! , (19)

3 3
i—m+11  Yi—m+1

and for i —m +1 < j <i—1 compute vector 2 = M;S;r;, where S is the 2(j —i+m)

dimensional leading submatrix of S; and # is the 2(j — i + m) dimensional vector

J ~
containing first 2(j — 7 + m) elements of the (j — ¢ + m)th column of matrix R;_1, and

set
M Z ()", 1% T
j+1 = j+1 (Z]) ) RYESE J+1 : (20)
Vi1 (Z;)Ta i1 V541
Using matrices obtained by the described way, direction vector s;4; can be determined
by the formula

siv1 = —His10i01 = —Nigiv1 — UibLUF giv1 = —Nigiva — UiSiMISiUT giy1. (21)

In this case, approximately 6mn multiplications and additions are consumed for the
direction determination (2mn for the determination of the last column of matrix R; and
4mn for the computation of vector Si41 by . ) and approximately 2mn values are
stored when n is large. Matrices U; and R; used in the next iteration are easily obtained
fromU andR If i < m, then U; = U; and R; = R;. If i > i, then U; and R; arise
from U,, and RZ after the deletion of the columns and rows depending on vectors with
index ¢ —m + 1. Thus

[dif’m+17 Yi—m+1, U } U (22)
dgj_m+1yifm+1a [d?_m+1yi*m+27 ) dz m+1y1] R
yiT—m—',-lyiferla [y?—m+1yi*m+2’ e yz m+1yl] = R;. (23)
0, R;

The above basic process can be modified in such a way that approximately 2mn
multiplications and additions are dropped. As one can see from , the last column 7;
of matrix R is not required for the computatlon of matrix M i Thus we can compute
vector 0; = Ui gi+1 instead of 7; = Ui y;. Vector ¢; is then used for the determination
of the direction vector by the formula

Si+1 = 7)\1'91'_;,_1 — ﬁlszMZSZ’LA)Z (24)

After the determination of s;11, one can compute the first 2(m — 1) elements of #; using
the formula

Ul 1y = U giv — Ul g5, (25)
where vector UL | g;11 contains the first 2(m — 1) elements of 9; (see (18)) and vector
Uiflgi contains the last 2(m—1) elements of ;1 (vector ¥;_; is known from the previous
iteration). The last two elements dly; and y!'y; of #; are computed separately, since
they serves for the determination of scaling parameter A;.

The above considerations are summarized in the following algorithm.
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Algorithm 2.2. Datam <n,e>0,0<¢e; <1/2,e1 <ey < 1.

Step 1  Let Uy and Ry be empty matrices. Choose starting point z; € R" and
compute quantities Fy := F(x1), g1 := g(z1). Set s1 := —g; and i := 1.

Step 2 If ||g;|| < &, terminate the computation, otherwise set m := min(m, ).

Step 3  Determine step-size ¢; > 0 satisfying conditions - and set x;41 :=
x; + t;s;. Compute new quantities Fy11 := F(2i41), gi+1 = 9(Tit1)
and set d; := x;41 — T, Yi = giy1 — gi- Compute values d;fryi, ley2
and set \; := d! y;/yly; to define 2m dimensional scaling matrix S; :=
diag(1, A,y ..., 1, ).

Step 4 Determine matrix Ml m41 by formula . Set U; := [Ui_1,ds,yi], 0; ==
Ui giv1 and j:=7—m+ 1.
Step 5 If j =1 go to Step 7.

Step 6 Choose the value of parameter ni appearing in . Set z = M ;S]’ ;,
where S is the 2(j — i +m) dimensional leading submatrlx of S; and 7
is the 2(] — i + m) dimensional vector containing the first 2(j — i + m)
elements of the (7 — ¢ + m)th column of matrix R;_1, compute matrix

MH_1 by,setj :=j 4 1 and go to Step 5.

Step 7 Set M, : M t and compute direction vector sl+1 by formula |.i Com-
pute vector UT 1¥i by (25) and matrix R; by (|1

Step 8 Ifi < m, set U; := Ui and R; := Ri, otherwise determine U; and R; by
and . Set i := i+ 1 and go to Step 2.

The recursive matrix formulation described above can be used also for some other
variable metric updates. We focus our attention on the Davidon class of variable metric
methods proposed in [3] and reformulated in [6]. Variable metric methods from this
class are generalizations of the Rank-1 method. Applied to the quadratic function, they
generate conjugate directions without perfect line search.

Limited memory variable metric methods from the Davidon class generate matrix
H; .1 from matrix H; = A\ I by ¢ updates of the form

Hjp = H; +V;N;Vi', 1< <i, (26)
where Vj = [’Uj,dj - ijj] and

Vector v; is generated recursively to satisfy conditions
T
vjy1 € span(v;, d; — Hjy;), V195 =0 (27)

(vector w11 is a linear combination of vectors v;, d; — H;y; and is perpendicular to
vector y;). Conditions (27) are satisfied, e. g., if

Vj+1 = ij(dj — Hjy;)v; y] v;(dj — Hjyj). (28)
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It can be easily proved, see [6], that the update H;j41 = H; + VijVjT, where V; =
[vj,d; — Hjy;|, satisfies quasi-Newton condition Hji1y; = dj, if

dj — Hjy;)(dj — Hjy;)T jvj1vr
Hj. =Hj+ (d T]yj)( J iYi) _ T] j+1V541 , (29)
y; (dj — Hjy;) y; (dj — Hyy;)
where ¢; = —det N; is a free parameter and v;; is the vector determined by formula
([28). Thus
1—;(y] v;)?
pi ==y (di = Hyyy), 05 =@iyjv, T = g (30)

oyl (dj — Hyyg)

Setting ¢; = 0, we obtain the Rank-1 update which lies in both the Broyden and the
Davidon classes. It is important that some updates from the Davidon class generate
positive definite matrices, but it is computationally difficult to find a suitable value of
parameter ¢, see [6]. Notice that we have chosen the Davidon class of variable metric
updates not for its efficiency, but for the demonstration of the fact that the recursive
matrix formulation can be also used for variable metric updates that do not belong to
the Broyden class.
Analogously to , we seek the expression

Hiy = Hy + ViN; VT, (31)

where V; = [v1,d1 — Hyy1, ..., v;,d; — Hyy;] and N; is a square matrix of order 2m.

Theorem 2.3. Let matrix H;i1 be obtained from matrix H; by ¢ updates of the form
. Then holds with matrix V; obtained recursively in such a way that Ny = N;
and

T
Njr+7j2j-12j_1, 0j2j-1, Tjzj-1

Nj = gj ZT_l) Pjs gj 3 2 < ] < i7 (32)
Tj Zj_1s T4, 7
where
zj_1=N;_1T;_1, Tj_1= V]:;wj% (33)

Proof. We prove this theorem by induction. Assume that
Hj = Hy+ V1N Vi, (34)

for some index 2 < j < 7. Relation holds for j = 2 by since V; = V; and
Ny = N;p. Denoting w; = d; — Hyy;, substituting into and using the fact that

Vi = [vj,d; — Hyy;] = (v, dj — Hyy; + V;aN; Vi y] = [vg, wy + Vo]
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by and , we can write

Hjiw = Hi+VioaN; V5 o+ [vj, wy+ Vimizi—a] Ny [vg, wj + Vi_1zi4]"
Hy+Vioi Ny ViR + pjojol
+ 0 (vjw] +wv]) + 05 (v; (Vicizi—1)" + Visiz_1v))
+ 7 ijjT + 75 (w; (Vic1zj—1)" + Vic125 wf)

Y/ T /T
+ 75 Vic1zj-1z Vi

- NJ_%-FT] Zj-1%Zj_1, 0jZj-1, TjZj—-1
= Hi+ [Vi_1, vy, wy] | 0521, Py o
Tj Zj717 0j, Tj

— T — — —
Vi1, vj, wy] ™ = Hy + V;N; VT,
so the induction step is proved. O

Using and , we obtain
dj — Hyy; = dj — Hiy; + Vi1 N1 VD gy = dj — Huy + Vioazjo,

and
v (dj — Hyy;) = yj dj —yj Hiys +7]_1zj-1.

These quantities are necessary for the determination of vector v;41 by and for the
computation of numbers p;, 0, 7; by .

3. NUMERICAL EXPERIMENTS AND CONCLUSIONS

Limited memory variable metric methods from the Broyden class were tested by us-
ing 68 unconstrained minimization problems with 10000 variables from the collection
TEST25 described in [7] and 55 problems with 1000-5000 variables from the collection
TEST11 described in [8] (problems 15, 26, 33, 42, 48, 57, 58, 60, 61, 6770, 79 from
TEST25 and 42, 48, 50 from TEST11, which were not solved by any limited memory
variable metric method, were excluded). These collections, written in Fortran 77, can be
downloaded from http://www.cs.cas.cz/luksan/test.html together with reports [7]
and [8] (TEST11 contains selected large scale problems from the CUTE collection [I]).

The summary results of our tests are presented in two tables given below, where NIT
is the total number of iterations, NFV is the total number of function evaluations and
TIME is the total computational time. Note that the total computational time is not
always proportional to the total number of function evaluations, since individual test
problems have different complexity. Rows of tables correspond to the methods tested:
BNS - the BFGS method with explicit matrix formulation (formula (10)), New 1.0 -
the BFGS method with recursive matrix formulation (Algorithm 1 with n = 1.0) and
New 0.8 variable metric method with recursive matrix formulation (Algorithm 1 with
n = 0.8). The standard value m = 5 (the number of VM steps) was chosen in all
cases. All these methods were implemented with the same line search subroutine using
parameters ¢ = 107% g; = 0.001, &5 = 0.9 and the unit initial step-size (the step-size



Recursive form of LM-VM methods 233

from which the line search is started). In fact, we tested many other methods with
various values of the parameter 7, but the choice n = 0.8 gave the best results.

Method NIT NFV TIME Method NIT NFV TIME

BNS 458225 475693 9:49.65 BNS 85535 89975 17.11

New 1.0 | 460369 477298 9:20.44 New 1.0 | 87742 92382 17.31

New 0.8 | 418447 427429 8:29.01 New 0.8 | 84331 87358 15.96
Test 25 Test 11

For a better demonstration of both the efficiency and the reliability, we compare
selected optimization methods by using performance profiles introduced in [4]. The
performance profile 7y (7) is defined by the formula

number of problems where log,(Tpar) < 7

(1) = total number of problems

with 7 > 0, where 7p 5/ is the performance ratio of the number of function evaluations
(or the time) required to solve problem P by method M to the lowest number of function
evaluations (or the time) required to solve problem P.

The value of mps(7) at 7 = 0 gives the percentage of test problems for which the
method M is the best and the value for 7 large enough is the percentage of test problems
that method M can solve. The relative efficiency and reliability of each method can be
directly seen from the performance profiles: the higher is the particular curve the better
is the corresponding method. The following figures, reveal the performance profiles for
tested methods graphically.

0.3F E 0.3k ]
0.2 — 3N S b 0.2F — 3N S b
| New 1.0 ] New 1.0
0.1 ———  New 0.8 0.1t —_— New o g
0 L L L L T 0 L L L L T
Y 0.3 0.6 0.9 1.2 1.5 0 0.3 0.6 0.9 1.2 1.5

Test 25 - NFV Test 25 — TIME
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0.4f b
0.3F E 0.3k ]
0.2F — BN S b 0.2f — BN S b

| New 1.0 ] New 1.0
0.1 —— New 0.8 0.1F — sz 0.8 ]
0 L L L L T 0 L L | | T
0 0.3 0.6 0.9 1.2 1.5 0 0.3 0.6 0.9 1.2 1.5
Test 11 — NFV Test 11 — TIME

From the results presented, we can deduce that limited memory variable metric meth-
ods with the recursive matrix formulation are at least competitive with standard real-
izations of limited memory variable metric methods (they use approximately 4mn op-
erations for the direction determination as well). Moreover, these results indicate that
limited memory variable metric methods from the Broyden class (formula ) with val-
ues of parameter n different from 1.0, can be more efficient than the limited memory
BFGS method. Since we have tested a limited number of simple updates, it is possible
that a more suitable choice of parameter 1 will be found. In this case, such an update
will be possible to realize by our recursive formulation approach.

(Received May 10, 2012)
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