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GLOBAL FINITE-TIME OBSERVERS
FOR A CLASS OF NONLINEAR SYSTEMS

YUNYAN LI, YANJUN SHEN AND XIAOHUA XIA

Global finite-time observers are designed for a class of nonlinear systems with bounded
varying rational powers imposed on the increments of the nonlinearities whose solutions exist
and are unique for all positive time. The global finite-time observers designed in this paper
are with two homogeneous terms. The global finite-time convergence of the observation error
system is achieved by combining global asymptotic stability and local finite-time stability.
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1. INTRODUCTION

Nonlinear observers have received a great deal of attraction since the formal introduc-
tion of the concept and the Lyapunov based approach of design as proposed in [27].
Quite a number of early works have been devoted to establishing link between nonlin-
ear observability and linear observers [10, [12] by linearizing nonlinear systems through
making change of coordinates [9] [10, [12]. In the past decades, a series of nonlinear
observer design methods for various nonlinear systems are developed, for example, the
extended Luenberger observer for nonlinear systems [30], the nonlinear observer pro-
posed by observer error linearization [29], the observer design based on the Lyapunov
based approach [20] 27], the observer canonical form approach [I, [I0] and the high-
gain approach [0 [7] and so on. For nonlinear systems with nonlinear terms satisfying
Lipschitz conditions, over the years, a lot of works have investigated observer design
for this kind of nonlinear systems. For example, necessary and sufficient conditions
on the stability matrix that ensure asymptotic stability of the observer are presented
n [2I]. The observer synthesis for Lipschitz nonlinear systems is carried out using H,
optimization [I8]. And [4] designs a robust nonlinear observer for Lipschitz nonlinear
systems subject to disturbances and so on. Then, in [19], a globally asymptotically
stable observer is designed for nonlinear systems with output dependent incremental
rate while [II] develops a global high-gain-based observer for nonlinear systems with
generalized output-feedback canonical form including output dependent diagonal terms.

Recently, since systems with finite-settling-time dynamics possess better disturbance
rejection and robustness properties [28], finite-time convergent observers of nonlinear
systems have become an active subject with the advance in finite-time stability and
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stabilization [2, 15 [I6]. Based on finite-time stability, a lot of finite-time observers [5]
141, 17, 23] [24] are proposed. In particular, [I7] introduces a finite-time observer relying
on the homogeneity properties of nonlinear systems [3]. Then, [I4, 24] and [23] make
considerable progress in finite-time high-gain observer design. [24] proposes a semi-global
finite-time observer for single output nonlinear systems that are uniformly observable
and globally Lipschitz. Then for the same class of nonlinear systems, two different kinds
of global finite-time observers are proposed by [14] and [23], respectively. Later, semi-
global finite-time observers are studied in [25] for the following nonlinear systems whose
solutions exist for all positive time

i‘l = :c2+f1(y,u),
:tQ — x3+f2(yax2au)v
: (1)
i'n = fn(yazQa"'vxn7u)a
Yy = I,

where x € R™, u € R™, y € R, with f;() (¢ =2,...,n) satisfying
|fi(y7x27-~ y Ly U ) fl(y7m2a j"lvu)‘ (2)

< uy(1—&-2\%@)2\%—x]|+lZ|x]—x|6”

where I'(+) is a continuous function, [ > 0, v; € [0, ] L) (= 2 S M), There exist
T <Bij <5 (2<
j < i <mn) [25] (where ¢ > n is a positive number satisfying some cond1t10ns related
to the homogeneity degree, refer to [25] for details). In [25], semi-global finite-time
observers are also designed for systems where the nonlinear terms have mixed and
varying incremental rational powers

semi-global finite-time observers for nonlinear systems (|1 When

|fi(y,$27-~ y Liy U ) fl(y7x27" '%17’“)' (3)

< Tluy <1+Z‘%|W)Z|x]_xj|+llz|xj_$ |ﬁl”—|—122|wj—m |P2:is,

where [y, lo > 0 are two positive real numbers (where 1 =13 in [25]),
1< By < jj (2<j<i<n).

Then in [26], global asymptotic and finite-time stability are studied for a class of
homogeneous nonlinear systems and the best possible lower bound f% of the degree of
the homogeneity is obtained. Motivated by the result in [26} for the rational and mixed
rational powers with smaller lower bound satisfying — +1 < BU ¢ +1 <

1 and
Biij <1, 1 < Bay; < 3%1 2<j<i<n)in COHdlthHb and of nonhnear
systems for n > 3, there are still no related results on asymptotic and finite-time
observer design till now. In this paper, we aim to solve the problem of designing global

finite-time observers. And we restrict our attention to estimating the states only for

= ]+1<ﬁ1”<1
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those nonlinear systems whose solutions globally exist and are unique for all positive
time.

In order to solve the problem of designing global finite-time observer, we will employ
homogeneity properties [3] and the argument method of [14] together. Under exactly the
same gain update law as that in semi-global finite-time results [25], the global finite-time
observers we will design are with two homogeneous terms, one of degree smaller than
1, the other of degree greater than 1. Moreover, the global finite-time convergence of
the observation error system is derived based on two different homogeneous Lyapunov
functions. The derivatives of the Lyapunov functions are calculated by splitting the
whole space into three different sets to obtain global asymptotic stability and local
finite-time stability.

The paper is organized as follows. The main results are presented in Section 2: the
global finite-time observers for nonlinear systems (|1f) for n > 3 with conditions (/2 and
where the rational and mixed rational powers satisfy nﬁj_j_l < fBi; < % and " ] +1 <
Biij <1, 1 < fayj < ]%1 (2 < j < i < n), respectively. In Section 3, two examples
are given to illustrate the validity of the proposed design method. Finally, the paper is
concluded in Section 4. Then, in the Appendix, an explicit proof of a useful lemma is
included for the completeness of the paper.

2. GLOBAL FINITE-TIME OBSERVERS FOR A CLASS OF NONLINEAR
SYSTEMS

In this section, we will design global ﬁnite time converging observers for nonlinear system
. forn > 3 w1th the conditions and . where the rational and mlxed rational
powers satisfy =5 < f;; < % and — ]H < Prig <1, 1< Bayj <53 ;(2<j<i<
n), respectlvely

Before we give the explicit form of the global finite-time observers we will propose in
the paper, let us review a semi global finite-time observer designed in [25] for nonlinear
system (|1)) with conditions and where the rat1onal and mixed rational powers
in the nonlinearities satlsfy q—J+1 < 6” ]%1 and ]_H < Prij <1, 1< Boy 3—1
(2 <j<i<n) (where ¢ > n is a positive real number) respectively. The semi-global
finite-time observer is shown in the following:

1= g2+ Lafer]™ + fily,w),
Ty = &3+ LPagfe1]* + fa(y, 2, u),
Qxfn = L"a, |—€1JQ" —|—fn(y,£2,...,i"n,u),

with the observer gain L being dynamically updated by

L=—L[p1(L'™7 = p2) = p3%(u,,2)], L(0) > 2, (4)
where @1, @a > 1, (3 are three positive real numbers, 0 < o < 1 is chosen such
that BZJ Jilio’ UJ < ]1 12—&?0 hOldS \I/(’U, Yy, x ) - F(u y)(l + Z] 2|l']| )7 Q; =

io—(i—1), (i=0,1,...,n), a € (1—L 1)and a; > 0 (i = 1,...,n) are the coefficients
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of Hurwitz polynomial
"+ ars" N+ an_15 + an. (5)
The observer gain L(t) in satisfies the following properties.

Lemma 2.1. (Shen and Xia [25]) For the observer gain L(t) defined in (4)), there exists
an M > 0 such that L(¢t) < M, t € [0,T], VT € (0,00).

In this paper, we are interested in designing global finite-time observers for system
for n > 3 with the rational power satisfying nﬁj‘il < By < ]%1 (2<j<i<mn)in
condition and with the mixed rational powers satisfying nf;frl < By <1, 1<
Baij < J%l (2 < j <i<n)in condition . Under the same gain update law , the
global finite-time observers can be constructed as:

21 = do+ Lai[er)® + L= Br=DU=mog ey |01 4 f1(y,u),

Iy = @3+ L2ag[ey | + L2~ BV U=mog fe P2 4 fo(y, &9, u), (©)
) 6

i’n - L a, |—€1Ja" + Ln—(ﬁn—l)(l—n)oan |‘61J5n + fn(y7 Foy .o, Bns u)’

where 8; =i —(i—1) (i=0,1,...,n), ﬁ>1J§T", 0<o<l,0<p<l—a<l.

Definition 2.2. Denote the solutions of systems , @ with respect to the correspond-
ing input functions and passing through zy and & as z(t) and Z(t), respectively. If there

exists an open neighborhood & C R™ of the origin such that eg = zg — &9 € U implies
x(t) — 2(t) € U and a function T : U \ {0} — (0, 00), such that

[z(t) = 2(@)|| — 0, as t — T'(eo), (7)

then, the system @ with dynamic high gain is called a finite-time observer of the
system . In this case, all points eg = g — Z¢ such that @ holds constitute a domain
of observer attraction. If the open set U/ can be chosen as the whole space R™, then
system (6] with dynamic high gain (4) is called a global finite-time observer.

In paper [13], two homogeneous observers with different degrees are constructed for
global output feedback stabilization problem of a class of nonlinear systems. The fol-
lowing remark summarizes the differences between the homogeneous observer @ we
designed and the homogeneous observers proposed in [I3].

Remark 2.3. Note that in [I3], a dual observer is employed to solve the problem of
global output feedback stabilization for a class of nonlinear systems whose nonlinearities
are bounded by both low-order and high-order terms. Compared the results in [13]
with the global finite-time observer @ we proposed in this paper, we have the following
statements.

e The dual observer [13] is comprised of two seperate homogeneous observers, one
estimating the low-order part of unmeasurable states and the other estimating the
high-order components. However, here, two homogeneous terms one of degree less
than 1 and the other greater than 1 are introduced in the design of the global
finite-time observer simultaneously.
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e In [I3], either the low-order or the high-order observer, can only estimate those
states in a limited region either close to or far away from the origin, but not all
the states in the space. However, the observer we designed can estimate the states
in the whole space.

e Both the low-order observer and high-order observer as well as the coefficients in
the observers are derived by a recursive method in [13]. In this paper, we will see
that the global finite-time stability of the proposed observer will be proved based
on Lyapunov theory and all the coefficients in the observer are given explicitly.

Fora; (1 <i<n)and §;; (2<j<i<n)in , they satisfy the following properties.

Lemma 2.4. For ;; (2 < j < i < n) being given by , if 3%1 > Bij > nﬁj_il’ we
have —o;—1 + Bijaj—1 —a+1 >0 (2 < j <i < n). Moreover, select 0 < ¢ < 1 such

that g8 > 1'%"7 then we have 36,1 —Bic1 <B8—-1(2<j<i<n).

Proof. The proof of this lemma is simple, and thus it is omitted here. O

In what follows, for n > 3, we will prove that system (6) is a global finite-time
observer for nonlinear system with conditions and (3) where the rational and
mixed rational powers satisfy nf]_il < fBij < j%l and nfj‘il < Prig <1, 1< By <
(2 <j<i<mn). Itisin three parts. First we will make change of coordinates of

1
—1
t]he error system and introduce a useful lemma. Then we will show that the observer @
we proposed can render the error system globally finite-time stable for system with
condition where the rational powers satisfy ﬁ < fBi; < ]%1 2<j<i<
n). Finally, it will be verified that system is also a global finite-time observer for
nonlinear system with condition (3)) where the mixed rational powers in its nonlinearities

satisfy 257 < Bri; <1, 1 <2 < 757 2<j<i<n).

2.1. Pre-treatment of the system

The dynamics of the observation error e = x — & is given by

é¢1 = eg— Lajfer]® — Li-B-D(A-ma g, feq |, )

és = e3— L2a2 ’761JO‘2 — L2*(ﬁ271)(1*n)0a2 [elJﬁQ +f2’ ( )
8

én = —L"ayfe;|* — L= Bn=D=mag Te) |Bn 4 fn,

where f, = fily,xa,...,xi,u) — fi(y,Ta,...,T;,u) (2 <i<n). Consider the change of
coordinates

— i

- LiflJra :

=
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Then, can be expressed as

g1 = Ley— L(a171)0+1a1 [61Ja1 — %O’El — L(ﬂlil)mﬂrlal |'€1Jﬁ1,
gy = LE3~— L(a2—1)a+1a2 |’€1Ja2 _ %(O’ 4 1)82 _ L(ﬂg—l)ntr—FlaQ |’€1Jﬁ2
+%a
(9)
En = —L(a"_l)a—Han [e1]om — %(n —1+0)en — L(ﬁn—l)no-i-lan |—81JB"
h
Ln—1+a .

Before we investigate the global finite-time convergence of the observation error sys-
tem @D, first let us consider the following homogeneous nonlinear system

g1 = peg— pMTDIH g [y [N
. _ (Da—1)o+1 A2
€ = peE3—p azfﬁ] ,
(10)
én _ _p()\nfl)a+lan(€1j)\"7

where p > 0, [e1]Y = |e1[Msign(er), N = id—(i—1) (i =0,1,...,n), A >1— 21
0<o<1,a;>0 (1 <i<n)aregiven in .

In the following, we will see that under a new homogeneous Lyapunov function,
nonlinear system is finite-time stable for A € (1 — %, 1) and asymptotically stable
for A > 1. Before we give this result for system , let us first list some conditions
under which the result holds.

We suitably choose a; (1 < i < n) in such that there exists a matrix P €
R PT = P > 0 satisfying

ATP+ PA< —1I, hyI < DP+ PD; < hyl, (11)
—an 1 ... 0

where A = : Do , Dy =diag{o,1+o0,...,n—1+0}, hy, ha >0 are
o

two real constants.

The following lemma summarizes some results for nonlinear system where a new
homogeneous Lyapunov function is proposed and some inequalities for system (10]) are
obtained based on this new Lyapunov function.

Lemma 2.5. Construct the following function as in [22]

V(E) = { fOOO #(X o V)(U617v>\1527 s av)\n_lgn) dU? eeR" \ {O}’

0, e =0,
where
0, s € (—o0,1]
— 2(‘77 - 1)27 s € (17 %) !
X(S) - 1— 2(56 _ 2)2’ s€E [%72) ) X(S) ecC (R7 R)a
1, s € [2,00)
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V(e) = e Pe, P satisfies condition , g > 0 is a positive integer. Then
(i) V(¢) is a positive definite function homogeneous of degree ¢ with respect to the
weights {\;_1}1<i<n. V(€)is called a ¢ h-Lyapunov function of V(e) w.r.t. x, p, (Ao, A1,
. )\n71>-
(ii) If a;(1 < i < n) are chosen to satisfy condition (11]), then there exist wy, wy >0
such that

avie)"

w1V(5) S e

Die < waV(e). (12)

(iii) For 1 — L < X < 1, if ¢ > 1 + max{\;}o<i<n, a;(1 < i < n) and P satisfy

condition , d‘gig)

is C'' on R™, then there exists a ws > 0 such that

< —wsp' TV ()7, (13)

where v = ‘”i‘%.

(iv) For A > 1, n > 3, if ¢ > 1 + max{\;}o<i<n, @i(1 < i < n) and P satisfy
condition , anPin > 0 (where Py, is the element of P at the first line and nth

dV (e)

T is C! on R", and there exists a w4 > 0 such that

column), then

dV(e)
dt

< —wyp' TV (). (14)
()

The proofs of (i) and (ii) are quite easy. And the proofs of (iii) and (iv) are
very similar. The main ideas of proofs (iii) and (iv) are to construct a compact set
containing the origin on which the derivative of the constructed homogeneous Lyapunov
function satisfies some key inequalities. Then inequality and are derived by
use of the homogeneity properties of both the Lyapunov function and the system .
The detailed proof is given in the Appendix.

Then, for the following two systems with n > 3

¢1 = Ley— LBr—Dnotly [ |Or)
€y = Leg— LB Unotlg, (g |B2)
(15)
En : —LBn=Dnotly ey |Bn
and
g1 = Ley— L(a171)0+1a1 [Eljal,
gy = Lesz— L(a2_1)g+1a2 |—81Ja2,
(16)

él _ 7L(ocn71)a+1an "glJan’
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by Lemma [2.5] there exist ¢;, ¢1, ¢1 > 0 and ¢,, ¢, ¢z > 0 such that

oVg(e dVs(e
¢, Va(e) < 5( )Die < V(o). gt( | < ey, (17)
€ (IB)
and
; dv,, _
e, Vale) < 8‘; ) pe < eVie), @ - TV (o), (18)
e dt )

hold, where Vj(g) is an ¢; h-Lyapunov function of Vs(e) w.r.t. x, L, (8o, B1, -+ Bu—1),
Va(a) is an ¢o h-Lyapunov function of V,(¢) w.r.t. x, L, (ag,a1,...,n1), q1, g2 > 0

are two positive real numbers, Vs(¢) = V,(¢) = T Pe, P satisfies condition , =

@1 +6-1 Y = — f2ta-1
q1 q2

2.2. Global finite-time observers for nonlinear system (1) for n > 3 with
condition @ Where the rational powers in the nonlinearities satisfy
el << (2<j<i<n)

In this subsection, the global finite-time convergence of the error system between
the observer @ we designed and the nonlinear system . ) for n > 3 with condition
(where the rational powers satisfy "7 < fi; < 747 (2<j <1 <n)) is proved.

Theorem 2.6. If n”jfrl < fBij < 3%1 (2<j<i<n), thenforn >3 anya € (1-1,1),
there exist p; >0 (1 =1,2,3), 0 <o <1, 8> 1'1’7" and 0 < n < 1 — « such that the
system (6) with the observer gain is a global finite-time observer for the nonlinear

system ((1)) under the condition .

Proof. From [8] and [I4], we know that global asymptotic stability and local finite-
time stability mean global finite-time stability. Here, in this paper, we will employ this
principle and divide the proof of the global finite-time convergence of the observation
error system into global asymptotic stability and local finite-time stability.

First of all, for n > 3, by suitably choosing a; (1 < ¢ < n) such that there ex-
ists PT = P > 0 satisfying condition and a, P, > 0, which is always possible.
For § > 0, define By, 5 2 {e : Vale) < 0}, By,s = {e : V3(e) < ¢}. As shown in
the following figure, we have By, s, C By, s C By,,1 by choosing 1 > 61 > d3 > 0
(where 47, 63 will be given in the proof). The proof is in three parts. First, we
use Vg(e) to derive %t(g) < 0 for e € R"\ By,,1 and € € By,1 \ By,s,, respec-
tively. When € € By, s,, Va(e) is employed to prove the finite-time stability of the
system @[) Finally, when € € By, s, \ By,s,, for Ve > 0, there exist ¢; > 0 (i =

1,2,3) such that §; — d3 < €, then by continuity of dv (E) d‘/;it(g) < 0.

, we obtain

Bvg
BVB«M

BV5153
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Part I: When € € P = R" \ By, 1, let us consider the ¢; h-Lyapunov function Vjs(e).
Based on , calculating the derivative of V() along the solution of the system @,
we have

av, av, Vs(e)" V()"
5(5) = 5(5) P1(L'77 — 9) 5(5) Die — o3V (u,y, ) g(g)
t ® t () e e
Va(e)” 5 aVa(e)” -
xDie + 56(6) Gy + 55(6) F < —ci L' V()™ + 11 (L7 — 2)Vi(e)
) WVa(e)" 5 aVa(e)" -
—prb(u g, 2)Vo(e) + 22 Gy B g (19)
Oe Oe
where Gy = (—L(@1—Dotlg, [e1]®, ..., —Llen=Dotlg [e|om)T F = (0, Lfiﬂ, e
fn )T
In-1¥c) - .
For avgs(s) G1, by Lemma 4.2 in [3], we have
V(e)" e " |aVs(e) _ (1
G, <L (1—-a)o , * a1<L1(1a)a*k
Oe L= @ ; Og; [eaf™ = @
q 5, +oay
XZVﬁ T <L ki (e), (20)
VB(Z) ;%
where k; = maxy..v,(z) 1}‘ |21]%, a* = maxi<i<n{a;}.
For 8‘:56(5) F, we can obtain that (wf’(s) F < U(u,y,i )3, ;_2 ‘a\g/z(e) Li‘f{Lﬂ—i—
>, ZFQ ‘a‘gf) L‘ei’,lprja. Note that under the condition f;; < 7%, there exists a
o1 > 0 such that 8;; < H%UI’ vj < Ji;i;l 2<j<i<n),andlet 0 < o <

o1. Because L(t) > @o > 1, we have LU1H+0)0ii—(i=14+0) < [1=0 Then, similarly by
Lemma 4.2 in [3], we have

V()" -
556 F<¥(uy,a ZZ

=2 j=2

‘| ]|+ZL1 JZZ

12]2

a1 —Bi—1+Bj 1

< kW u,,8) 30 3 Vo) T kLT3 S V(e

q1 Bi— 1+BLJBJ 1

=2 j=2 =2 j=2
9 R 91 a1+8
< kon U (u,y,2)Va(e) + lksn“ L~ Vg(e) @ (21)
where 3 = maxocj<i<n{Biifi—1 — Bio1}, ||, k3 =
MAX {2V (2)= 1}‘ o= )‘ 217

Then, by substltutmg and into , we have

() g = ~AE TV +aei L TOVs(E) — pieao(e) — epsl (.. 2)Vale)
(11+5

+ L0 ks (e) + kan® U (u, y, 2)Vi(e) + lksn® L~ V() o (22)
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From Lemma we know that v; > ’hq—f’é. Then, for all € € P, there exist dy; > 0,
d21 > 1, d3; > 0 such that when 0 < @1 < dy11, @2 > d21, @3 > d31, we have
dVs(e)
dt

- < —aip1p2Via(e), e € P, (23)

=, da fmax{(“l’fl")(l—;—nfa,(3“2" )ya=me n)a} ds1 = k2" )

When € € By, 1, we again use the ¢; h-Lyapunov function V(). Flrst, we have

where dy; =

T - q1—Bp—_1+tan
avﬁ(s) G, < Ll (1—-a)o *kanﬁ( ) : q11 ,
Oe
OVa(e) T - 418118 a+8
gf) Fo< kon®U(u,y,)Vs(e) o +lksn®LVy(e) o (24)
Then from and , we obtain
20| g S LTV +api (LT - ea)Vi(e) — apa¥(u g, HVa(e) + ahan
41— Bn—_1tan 91—Pn—1+8 q1+ﬁ

X L1000y (0) " oW,y V(o) R+ kL V(e)
where 8 = ming<j<i<n{BijBj—1 — Bi—1}. There exists a daa > 1 such that 0 < g1; <
g13 <1, 0 < g12, g14 <1 when 0 < ¢1 < di1, 2 > daa, w3 > d3;. Then we have

dVs(e _
Ti | S et €€ B\ By (29)
a1 _(-moay 2 a1
where 01 = max{gi2, 913, g14}, 911 = (Bcclfpl)ﬁ w2 PTh o, g2 = (?’lk%")ﬁ’ﬁ’1
_(-m)oay * a1 _(—a—-n)oq 2 91 *%
g2 T gy = (BB F ey e gy = (kzl )Pt g PP
Thus, from and , we can derive
ddVjs(e i
Tﬁt() - < —Gip1paVia(e), e € R™\ By, s, (26)

Part II: In this part, we will consider € € By, 5,. Here, we use the g» h-Lyapunov
function V,, (). Because Vj3(¢), V,(e) are homogeneous of degrees ¢; and g2, respectively,

we have V,(¢) < k*Vg(s)%, where k* = maxy..v,(z)=1} Va(2). Then there exist daz > 1,

a2
dsz > 0 such that k*6;* < 1, i.e, Vo(e) < 1 when 2 > doz, @3 > ds2. Under
this condition, based on , calculating the derivative of V,,(¢) along the solution of
system @, using the same method as that in part I, we have

dV,(e)
de ®

< =L V() + Gao1 (L7 — 02)Vale) — o3 (u, y, &) Va(e)

9% (27)

where ég = (—L(Blil)nnglal [ElJﬁl, ey —L(ﬁnil)ng+1an ’761Jﬁ")T.
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T ~ T
For 8‘/5;5(6) G5 and 8‘/55(8) F, similarly, we have

8Va(5)T~
LBn=Dno 1 g5k n v,
Oe 2 = anVa(e),
T
3%;6) F < ksn®U(u,y,2)Va(e) + lkgn? L=V, (e )(’2+ , (28)
where o = ming<j<;<p{fijaj—1 — i1}, ka = maX{z Va(z)= 1}‘ v ks =

V() )||z |Bia .

maxy..v, (z)=1} | =5 HZ]| ke = maX{Z Va(z)=1} ‘ B2
Then by substltutlng into , we have

dV,(e)
dt

o < L' Vo (2) + Gap1 (L7 — 2)Vale) — cops ¥ (u,y, &) Val(e)

F LB =D g5 Vo () + ksn® U (u, y, £)Va(e) + lken2L =7V (e) 52

a

From Lemma and Lemma [2.4] we know o < q2+ , w2 < L(t) < M. And because
0 < o1 < di1, there exists a d24 > 0 such that goo < 921, 922 < ga3 when L(t) > g >
dag. Moreover, there exists a dzz > 0 such that when @3 > ds3, @2 > dag, we have

dV,(g)
dt

1
< ——aL'"Vo(e), € € By, 5, \ {0},
g 4

0 q  —20+@n—Dma

2
5§:‘ , go1 = (4;22471)1—017 goo = (40’5%) T—a @, , go3 =

where 62 = g22, d33 =k
co a2

(Thegmz ) =7

Then, by Theorem 4.2 in [2], the system @[) is locally finite-time stable on By, 5

From V() < k*Vp(e) Zf, we can obtain By, s, C By, s,, where d3 = (9,52)@ =

_o(+Bn=1)may a1

©y I-a (k*)E(%fﬁ)l% Then, By, s, is a domain of observer attraction,
i.e.,
dV, 1 _
(5) < 7702[41 UVa(e)w’ = BVB b5 \ {0} (29)
dt ® 4 ’

Part ITI: For any € > 0, there exist sufficiently large ¢s, 3 and 0 < 1 < d11, @2 >
do; (1 <i<4), p3>ds; (1 <j<3)such that 0 < dy —d3 < e. Because M‘ is

di
()
continuous on R", we have
dV,(e
dt( ) @ < 0, IS vagl \BV/s’és' (30)

Thus, from , and , by combining global asymptotic stability and local finite-
time stability, we get that the system @D is globally finite-time stable, i.e., there exists
a T1 > 0 such that ¢;(t) = 0 when ¢t > T}.
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From Lemma there exists an M* > 0 such that L=t < M* (i = 1,...,n).
Then, we have 61(4—(” < Lfi(ﬁ(, =¢gt) =0t >T), ie,et) =00>T)) (i =
1,...,n), which means system @ is a global finite-time observer for system under
the condition (2).

This completes the proof. O

2.3. Global finite-time observers for nonlinear system for n > 3 with
condition where the mixed rational powers in the nonlinearities
satisfy ﬁ < ﬂl,ij <1, 1< ﬂ?,ij < ]%1 (2 <3< < TL)

Similarly to what is done in [25], we can extend the results to the system with condi-
tion for n > 3 which is with mixed rational powers in the nonlinearities: system
is a global finite-time observer for this kind of nonlinear system.

Theorem 2.7. If nﬁj_‘jq <P <1, 1< By < ]%1 (2 <j <i<mn), then for n > 3,

any o € (1 — %, 1), thereexist 0 <o <1, 8> % and 0 < n < 1 — « such that global
finite-time observers in the form @ with the observer gain can be designed for the
nonlinear systems with the condition .

Proof. The proof is similar to Theorem [2.6] and thus is omitted here. O

3. EXAMPLE

In this section, two examples are given to illustrate the effectiveness of the results as
proposed in Theorem [2.6] and Theorem [2.7] respectively.

Example 3.1. Consider nonlinear system

T = 9,

.i‘g = X3

. (31)
Tr3 = Igz — 3,

Yy = X1.

3 3
It can be verified that the following type of nonlinear condition holds: |(z2 —x3) — (23 —
Z3) < (1+ %|§:3\%)\x3 — &3]+ |23 — £3]2. Following the result in this paper, an observer
can be designed as follows:

B1 = @2 +3L[y— &) + 3L G-y g |5

3132 = &3+ 3L2 [y — £1J2a71 + 3L2-2(B-1)(1-n)o [y — ilJzﬁfl7

By = &F — s+ Ly — a1)%2 4 L3000y _ g |32,
L = —L[p1(L'77 —2) —p3(1+ %|fz\%)]-

Condition I

Parameters: « = 0.95, 8 = 10°, ¢ = 0.01, n = 0.01, ¢; = 0.1, ¢ = 1.2, 3 = 0.2.
The initial values: x1(0) = 0.6, z2(0) = 0.1, z3(0) = 0.2, #;(0) = 0.2, &2(0) =
0.4, #3(0) =0.1, L(0) = 1.5.
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Condition IT

Parameters: a = 0.95, 8 = 10°, o = 0.01, = 0.01, ¢; = 0.1, ¢y = 1.2, 3 = 0.2.
The initial values: x1(0) = 0.6, x2(0) = 0.1, z3(0) = 0.2, #:(0) = 0.2, #2(0) =
0.4, #3(0) = 0.1, L(0) = 15.

Observation error Observation error

-10

! -15

\ ! -20

\ i -25
;

~08 -30
0 05 1 15 2 25 3 35 0 0.1 0.2 03 0.4 05 0.6 0.7 0.8
Time (second) Time (second)

Fig. 1. Trajectories of the observation error of system under
condition I and II without noise.

Figure 1 shows the simulation results.

Example 3.2. For the following nonlinear system

S.UI = T2,
@2 = I3
"3 5 (32)
¥ — 5 3
r3 = —x3 +x3,
Yy = I,

from Lemma A.4 in [13], we have that nonlinear condition with mixed rational powers
3 5 3 5 3 3 5 5
(=g ) = (=5 + 5| < (g — &5 [+ |5 —251) < §las| S|as — @] + 28 a5 — s[5 +
|1‘3 — i‘3|§ holds.
From Theorem the observer dynamics is designed as follows

) Go 4+ 3L[y — &1 ]* + 3L = B=DA=m[y 5 |8

%2 _ i’g =+ 3L2 |'y _ £1J2o¢—1 + 3L2—2(B—1)(1—n)o |'y _ £1J2B—1,

%3 — —§3§ + j;g% + 3 "y _ £1J3a—2 + [,3-3(B=1)(1=n)o |'y _ §71J36_2,
L —Lip1 (L7 — ) — %Ps\fs\%]'

Condition I

Parameters: o = 0.9, ¢ = 0.1, n = 0.01, 3 = 10%, ¢; = 0.2, ¢y = 1.5, @3 = 2.
The initial values: z1(0) = 1, z2(0) = 0.1, x3(0) = 0.2, #;(0) = 0.5, &2(0) =
0.2, #3(0) = 0.1, L(0) = 2.
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Condition IT

Parameters: o = 0.8, 0 = 0.2, n = 0.1, 3 = 103, p; = 0.1, o = 5, @3 = 4.
The initial values: x1(0) = 0.5, x2(0) = 0.4, z3(0) = 0.3, £,(0) = 0.6, #2(0) =
0.1, #3(0) = 0.5, L(0) = 20.

Observation error Observation error
100

JEPY

—— e
50

-50

-100

-150

- 1 -200

-15 =250
1 15 2 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Time (second) Time (second)

Fig. 2. Trajectories of the observation error of system under
condition I and II with noise added on %1, Z2 and L.

In both example[3.1] and example we choose a; = as =3, az =1, i.e.,

-1 0 0 02 -3 7
satisfy ATP + PA < —I and a3 P53 = 0.2 > 0.

The simulations (without noise in Example and with uniform random number
noise imposed on %1, Zs in Example in Figure 1) and Figure [2[ show the dynamics
of the observation errors of Example and Example respectively. The simulation
results show the effectiveness of the proposed observers which can render the error
systems converge in finite time. And we can see that although the observation errors
converge faster with a bigger high gain, but they are a bit more noise-sensitive. Thus,
in future work, the design of finite-time adaptive observer can be an interesting topic.

-3 1 0 5 -3 0.2
A= -3 0 1 and P = -3 4 =3 > (0. It can be verified that A and P

4. CONCLUSION

This paper has addressed the problem of global finite-time observer design for a class of
nonlinear systems for n > 3 with the rational powers in the increments of nonlinearities
satisfying ﬁ < Bij < ]%1 (2 < j <i<n)and the mixed rational powers satisfying
nf;il < Prig < 1,1 < foyy < 3%1 (2 < j <4 < n) where semi-global finite-time
observers exist for this kind of nonlinear systems with the rational and mixed rational
powers satisfying qzy% < Bij < 75 (2<j<i<n)and qz;j_l < Prij <1, 1< By <
71 (2<j <i<n)(where ¢ > nis a positive real number). We have shown that, under
the same gain update law, by introducing two different homogeneous terms of degrees
a—1<0and 8 —1> 0 with respect to the weights {a;}1<i<n and {8;}1<i<n , We can

design global finite-time observers by combining global asymptotical stability and local
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finite-time stability. Moreover, through two examples, the validity of the observers we
designed was shown.
A. APPENDIX

In this section, the detailed proof of Lemma [2.5]is included. Before we give the explicit
proof of Lemma let us introduce a useful result first.

Lemma A.1. If a; (1 <i<n)
for any z = (0,29,...,2,)7, y

- Z?:Q l’g :

The following is the detailed proof of Lemma [2.5

in (5) are chosen such that condition holds, then,
= (22,...,7,,0)T € R", we have 27 Py + y" Pz <

Proof. First, let us introduce some definitions. For 7 > 0, 0 < o < 1, define
A
Fr={e:|e1| =7},
Bix 2 {e:eTe < 7},

Bi,x = {e:e%e < m},

B, 2 {(Ehp_()\"_l))\laé‘g, o p Qe DA T Zef < 7r2},

=2
A n
Bs. = {(51, p Mgy L pTAnAn1o e YT Zs? <72},
=2
A - A
Bsx = {(e1, p MM %s,..., p A 9e, )TN el <P, Pr S {e i e < w},
1=2

n
7 A —2X —2X,_ T 2 2
Bar = {(51,17 Yo, isp e, )t E g <7},
1=2

n
A — — A
Bur 2 {(e1,p™ M e p )3 Y et <), Pr 2 e fea] <)
=2

and A
Sy ={e:ele =1}

It is not difficult to get that V(g) is C* for e € R™.

The proofs of (i) and (ii) are quite easy. For (i), by change of integration, it is
very easy to verify that V(e) is homogeneous of degree ¢ with respect to the weights
{Ai}o<i<n—1. From condition (1)), it is also not difficult to derive the inequality
in (ii).

The proofs of (iii) and (iv) are a bit complicated, but the main ideas are the same.
Thus, in the following, we only give the proof of (iv), but the main difference between
the proofs of (iii) and (iv) will also be stated.

First, it is not difficult to verify that for n = 2, there does not exist such ay, as >0
and P > 0 which satisfy the condition and ayPyy > 0. And for n > 3, it is always
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possible to find a; > 0 (1 < i < n) such that there exists PT = P > 0 satisfying the

condition and a, P, > 0. -

The proof is divided into two parts. The first part is to construct a compact set A

(where A will be given later) encircling the origin where some inequalities are obtained.

Actually, the compact set is constructed in four parts. In each part, dvie) and
4 @)

V(e) satisfy some inequalities on a certain set. Then, the compact set A4 is derived by

combination of the four sets. In the second part, for any € € R™ \ {0}, the relationship
dV (e) dV (ep)

i a g0 € A is established by use of the homogeneity

between

() ’
theory. Then, we get the inequality in (iv).

Part I: This part is divided into six parts. In the first four parts, we will show

that d‘gh(f) - satisfies some inequalities on the following sets St NP p—o, (P(14r,)p-c \
P(lfﬂ—l)pfa)ﬂgf}’ﬂ—l, Fpno (31 1\ B3 r, ) and (P ( o \Pp-no )N (Eg,,r1 \ B3, ), separately,
where 7 > 0, h > {hl,hz} p > {p1,p2} will be given later. Then in the fifth part,
V(e) admits some inequalities for ¢ belonging to each of these four sets. Finally, in the

sixth part, by combination of these four sets, we derive the compact set A.

(1) Let [y be the largest [ >0 such that max,<; WAX (B, N\, | ) V(vey,...,vrn1g,)

< 1. Let I3 be the smallest [ > 0 such that ming,>;, min{EEEI,Q\BL%} V(vey, ..., Uknqgn)
> 2. Then we have V(e fh —tr(x o V(vey,...,v*1e,)) dv + ﬁ, g€ Bz By 1.
And
dv 2y (v v, —
() zzp/ X Wl V) pey ey en)du, € € Bro\ By, (A1)
dt " I 4 2
where .
0 v ey vEL A —1)o A
v ey : 0 —a1pM D7 vy M
K(v,e1,...,6,) = i P N 4| P :
: vinTlen, : 1o
Ukn—lgn 0 0 70“%10()\77' 1) |—/U€1J>\n
vey vMegy 0 A—1)o A
0 . v>\162 7a1p( ! 1) ’VUElJ !
+ ' P . + . P . . (A?)
: vin-tg, ; (n—D)o A
. . e a1 p D7 e [

When € € §; ﬁfp—o, from Lemma equations (A and , there exists p; > 2
such that when p > p;, we have d‘gﬂ _r fll qu S 21)2A7 1623/ (V (ve, . ..
,i-tg ) d,e €8 ﬂfpfa, where a* = maxyi<j<n} @i, P = maxyi<;, j<n} | Pijl-

And clearly, we have (S; NPg) C (S; NP,-«) C (81 NPa-x). Let I3 be the largest
I > 0 such that max(,<;y max;_cg 5, V(ve,...,v’1g,) < 1. Let Iy be the smallest
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[ > 0 such that ming,>;y ming, s, 15,3 V(ve,...,v’—1g,) > 2. It is not difficult to get
l3 > 11, Iy <l3. Then we have

dv —
O < _pa, cesin Py, (A.3)
dt
where d; = mln{gesmp2 3 fl3 e o, vPNme2N (V(vey, ..., v —tey,)) du.

(2) For e = (£1,0,...,0)T, from LemmaH and , we have L(E) @ =
110)

—2p le W Dy a; PyipPi =D |1t du. Because a1 Py > 0, a, Py, > 0, A, >
Ai (1 <4< n)when A\ > 1, there exist m; € (0,1) and p2 > 1 such that when p > pa, we

a +An =, —_
have 9V() < P afﬁ Pl /(T (40,0,...,0))dv, € € (Pram \ Piom) N
E2,7‘(1
Because d‘gi‘g) " is homogeneous of degree ¢ + A — 1 with respect to the weights
(10)
{Nito<i<n—1, we get
dVi(e _ o — _
() < —dop" "N e € (Pimyyp-e \ Pli—ri)p—e) N Bary s (A.4)
dt lm

where dy = fl ° “"qu)’;}r’iﬂn "(V(£0,0,...,0))dv.

(3) Let 5 be the largest [ > 0 such that maxg,<;} MAX(eB L (Bri\Bsmy)} V(vey,
,v/\"*len) < 1. And let lg be the smallest [ > 0 such that

min min_ V(vey, ... 71)’\”*1571) > 2.
(02U} {e€P (1 4 )yp—o N(B11\Bs,x, )}

Then for € € P147,)p-= N (B1,1 \ Bs,x, ), we have

o1 _ 1
Vie) /15 s (x o V(vey,...,v*"1e,))dv + A
and
d L
Vie) = Qp/ ﬁx'(V(val,...,vA"*lsn))K(v,el,...,5n)d’u.
At |m) 15 V1

And for any € € P(14q,)p--N(B1,1\Bs,x, ), there exists p > 1 such that e = (57 (57 p~“¢1),
p~A10p—>\n>\1tT€2’ o 7[3)\71 1Up—A nAn—10g ) |51| <1+m, 2?22 522 = 7('%_ By use of the

boundedness of the compact set € € P(H—m) o N (B11\ Bsr,), we can get that p is
upper bounded with respect to p.
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For any € € F,-no N (B1,1\ B3 x, ), there exists h1 > AnAn_1 such that when h > hyq,
we have

p [l X (V(wp™h?, . At A7 pAndnioey))
Is UQ+>\

§ ~2>\z 10 72)\n)\1 10 2)\7, 16.? d'U.

And for any € € F,-no N (El,l \Bs,x, ), let l7(¢) and Ils(e) be such that 2 < V(vey,...,
v’ =1g,) < T when l7(e) < I < lg(e) (without loss of generality, it is assumed that
0 < l7(e) < ls(e)). Note that from the definition of x(s), 1 < x'(s) < 2 for 5<s< i

Then, there exists ho > A\, A,_1 such that when h > hs we can have

av(e) B p /lS(E) S, pRAi=10 p=2AnXiz10 ) 2Xi—1 2 W
dt | 2 Jize) it
< 5p lg(g)qu/\fl _ l7(€)q+)\71

CI6A(g+ A1) ()P llg(e) AT
where \ = Amax (P).
It is clear that {z : 27Pz = 3} N {z : 27Pz = I} = 0, thus, we can derive the

q+>\*1 gt+A—1
following inequality My < Y i, (z} M-t — 22 Xt ) , where M7 > 0 is a positive real
number, 2! = (21,...,21)T € {z 2TPz=1}and 22 = (2%,...,22)T € {z: 2TPz = 2}.
Because
(Is(£)p7 (5 7p 1), 1s(e) 1 57 p M ey, . Ig(e)tnt premt 7 p  An A1 )T
7
€{z:2"Pz = 1
(&) (57 p~"7en), ln(e) 1 M p~ MM ey, Ly ()Mt prn1o pmAnAnmaog )T
5
€{z:2TPz = Z}’

2(g+r=1)

we can get M; < A7 = @A (g ()AL (e (14T e V),
Z?:z 7 =7

Note that {z : 1 < 27 Pz < 2} is a bounded compact set. Then, there exist My, Mz >

2(g+A—1)
0 such that My < 27 oz, "' < Mz, z € {z:1<2TPz < 2}. Tt is clear to get that
there exist &/ € P(11x,)p-o N (B1,1 \ Bs,x, ) such that

(L7 (pp " el), ()M g p e, ()t
P19 p Ao T e 101 < TPz <2}, j=1,8.

And,

2(q-%-/\ 1)

"9
M >p~2(q+/\—1)o p—2/\n(q+/\ 1)Ul 2(q+A— 1)26 Ai—1 , ] =1,8, Zgz :7‘('%.
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Thus, we get

2X\n (q+A—1)o | f
ls(e)TH 1 — I;(2) 1A > P !

2(g+x—1)

_7'(2 N
{6 i= 251 1} ﬁ2(q+)\71)6(2?:2 5i Xi—1 + 1)

and
FIOTS)
1 2(g+A-1)o g, it
T (et > i ’ 2 2;212 ; ,J =18
lj(g)qu {0 ef=n7} P n(at )UM?)
Therefore, we have
dV (e _ 1o ~ o —
di ) —pl Anlg+A=1) p(q+)\ D ds, € € Fp—ha N (8171 \Bg,ﬂ—l)7 (A5)
(10)
2(q+A-1)
SV Y e, !

where d3 = ming.,

2
Tpei=mi} 2(g+A—1)

16X(g+A— 1)M5\/§;1 se U4

(4) Fourthly, when e € (P,~o \P,-ns )N (B3,x, \Bs,x, ), because for any e' = (e}, €3, ...,
en)’ € (Ppa \Ppona)N(Bs, m\B:s =) and any €% = (£p 7, €3,...,6,)" € Fpoa N(Bam, \
dV(e)

dt

Bs.x,), we have [|e! — 2|2 < 4p=27. Because of the continuity of ¢ one e R",

we have

dv d _
O —2pt @7 <0, e e (Pyo \Pyro) N (Bamy \ Bary)- (A.6)
dt ) 2

(5) From , we can select p > maxyi<;<21{2, p;i} such that
V() >d,", e€Si NPy, (A7)
where d4 = maxsw 2y V(e).
When € € F,-- ﬁggm, we can have V(:tp_”,p_’\“’\lasg, . 7p_)‘”’\”*l"en) =
=p 1V (41, p~Gn=DAog, ,p*(’\”*l))‘"*“’sn) <dsp~ 17,
where ds = maxyn  c2<n2 V(£l,e9,...,...€,). Then, we have
V(e)™ >dy 7 p" Y e e Foo NBsy,. (A.8)
When € € F,-no N (B1,1 \ Bsr, ),

An—10 . —ApnAp_10

V(a7 p 7, g p A M ey, At pT A1, ) =
= pIp MV (kp T pm A ey L ey) < dgp? pm e,

where dg = max.,|<1 57, c2<x2 V(€1,€2,...,€n). Then the following inequality holds:

V(e)™ > dgprlatA=NesmlatrA=De o e £ o0 (Br \ Bsry) (A.9)
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When ¢ € ( — \P —hd) (ES,TU \33,71'1)3
V(:l:pf(lJr(hfl)s)a', pf)\n/\lag% o ’pf)\n)\n,lasn) _
= p 1V (kp e pmCnmDhiog, e Aag ) < dgpma7,
where 0 < s < 1. Therefore, we have

V(e) ™ > dg " pl A e e (Pyo \ Ppone) N (Bary \ By ) (A.10)

(6) Thus selecting h > {Bl, BQ} and p > {p1, p2}, from the above inequalities ( .,
, , , 7 and -, -7 we can obtain a compact set which
encn"cles the origin A2 (S1NPp-ta ) U(Fp-a NBs iz, ) U(Fp-no N(B11\ B3y ))U((Pp-a \
'prha) (Bg’ﬂrl \83’7‘—1)). And

dV(e)
dt

V(€)™ < —wyp' ™7, e € A, (A.11)
(10)

where wy = min{dyd; ", dad; 7, dsdg ", 229"} > 0.

Part II: It is clear that V() and 4“{)

It are homogeneous of degrees ¢ and g+ —1

with respect to the weights {A;}o<i<n—1. For any e € R™\ {0}, there exist vy > 0 and
% € Asuch that e = (e1,...,2,)7 = (002 ..., 03" '€%)T. Then we have d‘c/h(f) .
pd At dvd(f ) - and V(g) = vV (£°).
Finally, from (A.11)), we obtain
dv dv (0
() =V(e)™ Vi) V(D)™ < —wgpt 7V (e)™Y, e € R™\ {0}. (A.12)
dt | dt |

As for the proof of (iii), it follows the same procedure as the proof of (iv). The main
difference compared with the proof (iv) is that in the proof of (iii), the compact set
is constructed from the following four parts: S N 73 o, (P(HM)p \ Pa—rs)p-2) N
E4’ﬂ—2, ]: —h* am(Bl 1\84 7.-2 and ( \P —h* a) (E4772\B4,ﬂ—2)7 where o > 0, h* > 2
are two pomtlve numbers.

This completes the proof. O
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