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Abstract. Hom-Lie algebra (superalgebra) structure appeared naturally in q-deforma-
tions, based on σ-derivations of Witt and Virasoro algebras (superalgebras). They are
a twisted version of Lie algebras (superalgebras), obtained by deforming the Jacobi identity
by a homomorphism. In this paper, we discuss the concept of αk-derivation, a representation
theory, and provide a cohomology complex of Hom-Lie superalgebras. Moreover, we study
central extensions. As application, we compute derivations and the second cohomology
group of a twisted osp(1, 2) superalgebra and q-deformed Witt superalgebra.
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Introduction

Hom-Lie algebras and other Hom-algebras structures have been widely investi-

gated during the last years. They were introduced and studied in [5], [7], [8], [9],

[10], motivated initially by examples of deformed Lie algebras coming from twisted

discretizations of vector fields. The paradigmatic examples are q-deformations of

Witt and Virasoro algebras based on σ-derivation [1], [5], [6], [11]. Hom-Lie super-

algebras were studied in [3]. Cohomology theory of Hom-Lie algebras was studied in

[2], [15], [19], see also [12], [13], [14], [20], [21], [22], [23] for other important results

about Hom-algebras. The purpose of this paper is to study representations and co-

homology of Hom-Lie superalgebras. As application, we provide some calculations

for q-deformed Witt superalgebra.
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The paper is organized as follows. In the first section we give the definitions

and some key constructions of Hom-Lie superalgebras. Section 2 is dedicated to

the representation theory of Hom-Lie superalgebras, including adjoint and coadjoint

representation. In Section 3 we construct a family of cohomologies of Hom-Lie su-

peralgebras. In Section 4, we discuss extensions of Hom-Lie superalgebras and their

connection to cohomology. In the last section we compute the derivations and the

scalar second cohomology group of the q-deformed Witt superalgebra.

1. Hom-Lie superalgebras

In this section, we review the theory of Hom-Lie superalgebras established in [3]

and generalize some results of [4]. For classical definitions and results we refer to

[16], [17], [18]. Let G be a linear superspace over a field K that is a Z2-graded linear

space with a direct sum G = G0 ⊕ G1. The elements of Gj , j ∈ Z2, are said to be

homogeneous of parity j. The parity of a homogeneous element x is denoted by |x|.

The space End(G) is Z2-graded with a direct sum End(G) = (End(G))0 ⊕ (End(G))1

where (End(G))j = {f ∈ End(G)/f(Gi) ⊂ Gi+j}. Elements of (End(G))j are said to

be homogeneous of parity j.

Definition 1.1. A Hom-Lie superalgebra is a triple (G, [·, ·], α) consisting of

a superspace G, an even bilinear map [·, ·] : G × G → G and an even superspace

homomorphism α : G → G satisfying

[x, y] = −(−1)|x||y|[y, x],(1.1)

(−1)|x||z|[α(x), [y, z]] + (−1)|z||y|[α(z), [x, y]] + (−1)|y||x|[α(y), [z, x]] = 0(1.2)

for all homogeneous elements x, y, z in G.

Let (G, [·, ·], α) and (G′, [·, ·]′, α′) be two Hom-Lie superalgebras. An even homo-

morphism f : G → G′ is said to be a morphism of Hom-Lie superalgebras if

[f(x), f(y)]′ = f([x, y]) ∀x, y ∈ G,(1.3)

f ◦ α = α′ ◦ f.(1.4)

Remark 1.2. We recover the classical Lie superalgebra when α = id.

The Hom-Lie algebra is obtained when the part of parity one is trivial.

Example 1.3. Let G = G0 ⊕ G1 be a 3-dimensional superspace where G0 is

generated by e1 and G1 is generated by e2, e3. The triple (G, [·, ·], α) is a Hom-

Lie superalgebra defined by [e1, e2] = 2e2, [e1, e3] = 2e3 and [e2, e3] = e1, with

α(e1) = e1, α(e2) = e3, α(e3) = −e2.
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Definition 1.4. Let (G, [·, ·], α) be a Hom-Lie superalgebra. A Hom-Lie super-

algebra is called

⊲ multiplicative if for all x, y ∈ G we have α([x, y]) = [α(x), α(y)];

⊲ regular if α is an automorphism;

⊲ involutive if α is an involution, that is α2 = id.

The center of the Hom-Lie superalgebra, denoted Z(G), is defined by

Z(G) = {x ∈ G : [x, y] = 0, ∀y ∈ G}.

The next theorem generalizes the twisting principle stated in [3], [21] in the fol-

lowing sense: starting from a Hom-Lie superalgebra and an even Lie superalgebra

endomorphism, we construct a new Hom-Lie superalgebra.

Theorem 1.5. Let (G, [·, ·], α) be a Hom-Lie superalgebra, and β : G → G an even

Lie superalgebra endomorphism. Then (G, [·, ·]β , β ◦ α), where [x, y]β = β([x, y]), is

a Hom-Lie superalgebra.

Moreover, suppose that (G′, [·, ·]′) is a Lie superalgebra and α′ : G′ → G′ is a Lie

superalgebra endomorphism. If f : G → G′ is a Lie superalgebra morphism that

satisfies f ◦ β = α′ ◦ f then

f : (G, [·, ·]β , β ◦ α) −→ (G′, [·, ·]′, α′)

is a morphism of Hom-Lie superalgebras.

P r o o f. We show that (G, [·, ·]β , β ◦ α) satisfies the graded Hom-Jacobi identity

(1.2). Indeed,

	x,y,z (−1)|x||z|[β ◦ α(x), [y, z]β ]β = 	x,y,z (−1)|x||z|[β ◦ α(x), β([y, z])]β

= β2(	x,y,z (−1)|x||z|[α(x), [y, z]])

= 0.

The second assertion follows from

f([x, y]β) = f([β(x), β(y)]) = [f ◦ β(x), f ◦ β(y)]′

= [α′ ◦ f(x), α′ ◦ f(y)]′ = [f(x), f(y)]′α′ .

�
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Example 1.6. We derive the following particular cases:

(1) If (G, [·, ·], α) is a multiplicative Hom-Lie superalgebra then, for any n ∈ N,

(G, αn ◦ [·, ·], αn+1) is a multiplicative Hom-Lie superalgebra.

(2) If (G, [·, ·]) is a Lie superalgebra and a self-map α on G is an even Lie superalgebra

morphism then (G, [·, ·]α, α) is a multiplicative Hom-Lie superalgebra.

(3) If (G, [·, ·], α) is a regular Hom-Lie superalgebra, then (G, α−1 ◦ [·, ·]) is a Lie

superalgebra.

In the following we construct Hom-Lie superalgebras involving elements of the

centroid of Lie superalgebras. Let (G, [·, ·]) be a Lie superalgebra. The centroid is

defined by

Cent(G) = {θ ∈ End(G) : θ([x, y]) = [θ(x), y], ∀x, y ∈ G}

= (Cent(G))0 ⊕ (Cent(G))1.

The centroid Cent(G) is a subsuperpace of End(G).

Proposition 1.7. Let (G, [·, ·]) be a Lie superalgebra and θ ∈ (Cent(G))0 ⊂

(End(G))0. Set for x, y ∈ G

{x, y} = θ([x, y]).

Then (G, {·, ·}, θ) is a Hom-Lie superalgebra.

P r o o f. For θ ∈ (Cent(G))0 we have

{x, y} = θ([x, y]) = −(−1)|x||y|θ([y, x]) = −(−1)|x||y|[θ(y), x] = [x, θ(y)].

Then {x, y} = [x, θ(y)] = (−1)|x||y|[θ(y), x] = −(−1)|x||y|{y, x}.

Also we have

{θ(x), {y, z}} = {θ(x), [y, θ(z)]} = [θ(x), θ([y, θ(z)])] = [θ(x), [θ(y), θ(z)]].

It follows that

	x,y,z (−1)|x||z|{θ(x), {y, z}} =	x,y,z (−1)|θ(x)||θ(z)|[θ(x), [θ(y), θ(z)]] = 0.

Since (G, [·, ·]) is a Lie superalgebra, the super Hom-Jacobi identity is satisfied. Thus

(G, {·, ·}, θ) is a Hom-Lie superalgebra. �
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2. Derivations of Hom-Lie superalgebras

We provide in the following a graded version of the study of derivations of Hom-

Lie algebras stated in [19]. Let (G, [·, ·], α) be a Hom-Lie superalgebra, denote by αk

the k-times composition of α, i.e. αk = α ◦ . . . ◦ α (k-times). In particular, α−1 = 0,

α0 = Id and α1 = α.

Definition 2.1. For any k > −1, we call D ∈ (End(G))i where i ∈ Z2, an

αk-derivation of the Hom-Lie superalgebra (G, [·, ·], α) if α ◦ D = D ◦ α and

D([x, y]) = [D(x), αk(y)] + (−1)|x||D|[αk(x), D(y)]

for all homogeneous elements x, y ∈ G.

We denote by Derαk(G) = (Derαk(G))0 ⊕ (Derαk(G))1 the set of α
k-derivations of

the Hom-Lie superalgebra (G, [·, ·], α), and

Der(G) =
⊕

k>−1

Derαk(G).

For any homogeneous element a ∈ G satisfying α(a) = a, define adk(a) ∈ End(G) by

adk(a)(x) = [a, αk(x)], ∀x ∈ G.

Notice that adk(a) and a are of the same parity.

Proposition 2.2. Let (G, [·, ·], α) be a multiplicative Hom-Lie superalgebra. Then

adk(a) is an αk+1-derivation, which we call inner αk+1-derivation.

P r o o f. Indeed, we have

adk(a) ◦ α(x) = [a, αk+1(x)] = [α(a), αk+1(x)] = α([a, αk(x)]) = α ◦ adk(a)(x)

and

adk(a)([x, y]) = [a, αk([x, y])] = [α(a), [αk(x), αk(y)]]

= − (−1)|a||y|((−1)|x||a|[αk+1(x), [αk(y), a]]

+ (−1)|y||x|[αk+1(y), [a, αk(x)]])

= (−1)|a||y|((−1)|x||a|(−1)|y||a|[αk+1(x), [a, αk(y)]]

+ (−1)|y||x|(−1)|y||[a,x]|[[a, αk(x)], αk+1(y)])

= [[a, αk(x)], αk+1(y)] + (−1)|x||a|[αk+1(x), [a, αk+1(y)]]

= [adk(a)(x), αk+1(y)] + (−1)|x||a|[αk+1(x), adk(a)(y)].
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Therefore, adk is an αk+1-derivation. We denote by Innαk(G) the set of inner αk-

derivations, i.e.

Innαk(G) = {[a, αk−1(·)]/a ∈ G0 ∪ G1, α(a) = a}.

For any D ∈ Der(G) and D′ ∈ Der(G), define their commutator [D, D′] as usual:

(2.1) [D, D′] = D ◦ D′ − (−1)|D||D′|D′ ◦ D.

�

Lemma 2.3. For any D ∈ (Derαk(G))i and D′ ∈ (Derαs(G))j , where k + s > −1

and (i, j) ∈ Z2
2, we have

[D, D′] ∈ (Derαk+s(G))|D|+|D′|.

P r o o f. For any x, y ∈ G we have

[D, D′]([x, y]) = D ◦ D′([x, y]) − (−1)|D||D′|D′ ◦ D([x, y])

= D([D′(x), αs(y)] + (−1)|x||D
′|[αs(x), D′(y)])

− (−1)|D||D′|D′([D(x), αk(y)] + (−1)|x||D|[αk(x), D(y)])

= [DD′(x), αk+s(y)] + (−1)|D||D′(x)|[αkD′(x), Dαs(y)]

+ (−1)|x||D
′|([Dαs(x), αkD′(y)] + (−1)|x||D|[αk+s(x), DD′(y)])

− (−1)|D||D′|([D′D(x), αk+s(y)] + (−1)|D
′||D(x)|[αsD(x), D′αk(y)])

− (−1)|D||D′|(−1)|x||D|([D′αk(x), αsD(y)]

+ (−1)|x||D
′|[αk+s(x), D′D(y)]).

Since D and D′ satisfy D ◦ α = α ◦ D and D′ ◦ α = α ◦ D′, we have

[D, D′]([x, y]) = [DD′(x) − (−1)|D||D′|D′D(x), αk+s(y)]

+ (−1)|x||D
′|(−1)|x||D|[αk+s(x), DD′(y) − (−1)|D||D′|D′D(y)]

= [[D, D′](x), αk+s(y)] + (−1)|[D,D′]||x|[αk+s(x), [D, D′](y)].

It is easy to verify that α◦ [D, D′] = [D, D′]◦α, which leads to [D, D′] ∈ Derαk+s(G).

�

Remark 2.4. Obviously, we have

Derα−1 = {D ∈ End(G) : D ◦ α = α ◦ D, D([x, y]) = 0, ∀x, y ∈ G}.

Thus for any D, D′ ∈ Derα−1(G), we have [D, D′] ∈ Derα−1(G).

By Lemma 2.3, obviously we have
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Proposition 2.5. With the above notation, Der(G) is a Lie superalgebra, in

which the bracket is given by (2.1).

Proposition 2.6. If we consider on Der(G) the endomorphism α̃ defined by

α̃(D) = α ◦ D, then (Der(G), [·, ·], α̃) is a Hom-Lie superalgebra where [·, ·] is given

by (2.1).

Now, we consider extensions of a Hom-Lie superalgebra (G, [·, ·], α) using deriva-

tions. For any D ∈ (End(G))i, consider the vector spaces G̃0 = G0 ⊕ RD, G̃1 = G1

and G̃ = G̃0 ⊕ G̃1. Define a skew-symmetric bilinear bracket operation [·, ·]D on G̃ by

[g + γD, h + λD]D = [g, h] − λD(g) + γD(h), ∀g, h ∈ G.

Define αD ∈ End(G ⊕ RD) by αD(g + λD) = α(g) + λD.

Proposition 2.7. With the above notation, (G̃, [·, ·]D, αD) is a Hom-Lie superal-

gebra if and only if D is a derivation of the Hom-Lie superalgebra (G, [·, ·], α).

3. Representations and cohomology of Hom-Lie superalgebras

In this section we study representations of Hom-Lie superalgebras, see [19], [4] for

the nongraded case, and define a family of cohomologies by providing a family of

coboundary operators defining cohomology complexes.

3.1. Representations of Hom-Lie superalgebras. Let (G, [·, ·], α) be a Hom-

Lie superalgebra and V = V0 ⊕ V1 an arbitrary vector superspace. Let β ∈ Gl(V ) be

an arbitrary even linear self-map on V and let

[·, ·]V : G × V → V,

(g, v) 7→ [g, v]V

be a bilinear map satisfying [Gi, Vj ]V ⊂ Vi+j where i, j ∈ Z2.

Definition 3.1. The triple (V, [·, ·]V , β) is called a Hom-module on the Hom-Lie

superalgebra G = G0⊕G1 or G-Hom-module V if the even bilinear map [·, ·]V satisfies

(3.1) [α(x), β(v)]V = β([x, v]V )

and

(3.2) [[x, y], β(v)]V = [α(x), [y, v]V ]V − (−1)|x||y|[α(y), [x, v]V ]V

for all homogeneous elements x, y ∈ G and v ∈ V .
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Hence, we say that (V, [·, ·]V , β) is a representation of G.

Example 3.2. Let (G, [·, ·], α) be a multiplicative Hom-Lie superalgebra and ad:

G → End(G) an operator defined for x ∈ G by ad(x)(y) = [x, y]. Then (G, ad, α) is

a representation of G.

Example 3.3. Given a representation (V, [·, ·]V , β) of a Hom-Lie superalgebra

(G, [·, ·], α) denote G̃ = G ⊕ V and G̃k = Gk ⊕ Vk. If x ∈ Gi and v ∈ Vi (i ∈ Z2), we

denote |(x, v)| = |x|.

Define a super skew-symmetric bracket [·, ·]G̃ : ∧2(G ⊕ V ) → G ⊕ V by

[(x, u), (y, v)]G̃ = ([x, y], [x, v]V − (−1)|x||y|[y, u]V ).

Define α̃ : G⊕V → G⊕V by α̃(x, v) = (α(x), β(v)). Then (G⊕V, [·, ·]G̃ , α̃) is a Hom-

Lie superalgebra, which we call the semi-direct product of the Hom-Lie superalgebra

(G, [·, ·], α) by V .

Remark 3.4. When [·, ·]V is the zero-map, we say that the module V is trivial.

3.2. Cohomology of Hom-Lie superalgebras. Let (G, [·, ·], α) be a multiplica-

tive Hom-Lie superalgebra. Let x1, . . . , xk be k homogeneous elements of G, we de-

note by |(x1, . . . , xk)| = |x1| + . . . + |xk| the parity of an element (x1, . . . , xk) in Gk.

The set Ck(G, V ) of k-cochains on the space G with values in V is the set of

k-linear maps f :
⊗k

G → V satisfying

f(x1, . . . , xi, xi+1, . . . , xk) = −(−1)|xi||xi+1|f(x1, . . . , xi+1, xi, . . . , xk)

for 1 6 i 6 k − 1.

For k = 0 we have C0(G, V ) = V .

The map f is called even (odd) when f(x1, . . . , xk) ∈ V0 (f(x1, . . . , xk) ∈ V1) for

all even (odd) elements (x1, . . . , xk) ∈ Gk.

A k-hom-cochain on G with values in V is defined to be a k-cochain f ∈ Ck(G, V )

such that it is compatible with α and β in the sense that β ◦ f = f ◦ α, i.e.

β ◦ f(x1, . . . , xk) = f(α(x1), . . . , α(xk)).

Denote by Ck
α,β(G, V ) the set of k-hom-cochains:

(3.3) Ck
α,β(G, V ) = {f ∈ Ck(G, V ) : β ◦ f = f ◦ α}.
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For a given positive integer r, we define a map δk
r : Ck(G, V ) → Ck+1(G, V ) by

setting

(3.4) δk
r (f)(x0, . . . , xk)

=
∑

06s<t6k

(−1)t+|xt|(|xs+1|+...+|xt−1|)

× f(α(x0), . . . , α(xs−1), [xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))

+

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)[αk+r−1(xs), f(x0, . . . , x̂s, . . . , xk)]V ,

where f ∈ Ck(G, V ), |f | is the parity of f , x0, . . . , xk ∈ G and x̂i means that xi is

omitted.

In the sequel we assume that the Hom-Lie superalgebra (G, [·, ·], α) is multiplica-

tive.

Lemma 3.5. With the above notation, for any f ∈ Ck
α,β(G, V ) we have

δk
r (f) ◦ α = β ◦ δk

r (f).

Thus, we obtain a well-defined map

δk
r : Ck

α,β(G, V ) → Ck+1
α,β (G, V ).

P r o o f. Let f ∈ Ck
α,β(G, V ) and (x0, . . . , xk) ∈ Gk+1. Then

δk
r (f) ◦ α(x0, . . . , xk) = δk(f)(α(x0), . . . , α(xk))

=
∑

06s<t6k

(−1)t+|xt|(|f |+|xs+1|+...+|xt−1|)

× f(α2(x0), . . . , α
2(xs−1), [α(xs), α(xt)], α

2(xs+1), . . . , x̂t, . . . , α
2(xk))

+
k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)[αk+r(xs), f(α(x0), . . . , x̂s, . . . , α(xk))]V

=
∑

06s<t6k

(−1)t+|xt|(|f |+|xs+1|+...+|xt−1|)

× f ◦ α(α(x0), . . . , α(xs−1), [xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))

+

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)[αk+r(xs), f ◦ α(x0, . . . , x̂s, . . . , xk)]V
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=
∑

06s<t6k

(−1)t+|xt|(|f |+|xs+1|+...+|xt−1|)

× β ◦ f(α(x0), . . . , α(xs−1), [xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))

+

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)[αk+r(xs), β ◦ f(x0, . . . , x̂s, . . . , xk)]V

=
∑

06s<t6k

(−1)t+|xt|(|f |+|xs+1|+...+|xt−1|)

× β ◦ f(α(x0), . . . , α(xs−1), [xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))

+

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)β([αk+r−1(xs); f(x0, . . . , x̂s, . . . , xk)]V )

= β ◦ δk
r (k)(x0, . . . , xk),

which completes the proof. �

Theorem 3.6. Let (G, [·, ·], α) be a multiplicative Hom-Lie superalgebra and

(V, [·, ·]V , β) a G-Hom-module.

For a given integer r > 1, the pair
( ⊕

k>0

Ck
α,β(G, V ), {δk

r }k>0

)
defines a cohomology

complex, that is δk
r ◦ δk−1

r = 0.

P r o o f. For any f ∈ Ck−1
α,β (G, V ) we have

δk
r ◦ δk−1

r (f)(x0, . . . , xk) =
∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|)(3.5)

× δk−1(f)(α(x0), . . . , α(xs−1), [xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))

+
k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)(3.6)

× [αk+r−1(xs), δ
k−1
r (f)(x0, . . . , x̂s, . . . , xk)]V .

We evaluate the term (3.5):

δk−1(f)(α(x0), . . . , α(xs−1), [xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))

=
∑

s′<t′<s

(−1)t′+|xt′ |(|xs′+1|+...+|xt′−1|)(3.7)

× f(α2(x0), . . . , α
2(xs′−1), [α(xs′ ), α(xt′ )], α

2(xs′+1), . . . ,

x̂t′ , . . . , α
2(xs−1), α([xs, xt]), α

2(xs+1), . . . , x̂t, . . . , α
2(xk))
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+
∑

s′<s

(−1)s+|xs|(|xs′+1|+...+|xs−1|)(3.8)

× f(α2(x0), . . . , α
2(xs′−1), [α(xs′−1), [xs, xt]],

α2(xs′+1), . . . , x̂s,t, . . . , α
2(xk))

+
∑

s′<s<t′<t

(−1)t′+|xt′ |(|xs′+1|+...+|[xs,xt]|+...+|xt′−1|)(3.9)

× f(α2(x0), . . . , α
2(xs′−1), [α(xs′ ), α(xt′ )], α

2(xs′+1), . . . ,

α([xs, xt]), . . . , x̂t′ , . . . , α
2(xk))

+
∑

s′<s<t<t′

(−1)t′+|xt′ |(|xs′+1|+...+|xs−1|+|[xs,xt]|+|xs+1|+...+|̂xt|+...+|xt′−1|)(3.10)

× f(α2(x0), . . . , α
2(xs′−1), [α(xs′ ), α(xt′ )], α

2(xs′+1), . . . ,

α([xs, xt]), . . . , x̂t, . . . , x̂t′ , . . . , α
2(xk))

+
∑

s<t′<t

(−1)t′+|xt′ |(|xs+1|+...+|xt′−1|)(3.11)

× f(α2(x0), . . . , [[xs, xt], α(xt′)], α
2(xs+1), . . . , x̂t,t′ , . . . , α

2(xk))

+
∑

s<t<t′

(−1)t′−1+|xt′ |(|xs+1|+...+|̂xt|+...+|xt′−1|)(3.12)

× f(α2(x0), . . . , α
2(xs−1), [[xs, xt], α(xt′ )], α

2(xs+1), . . . , x̂t,t′ , . . . , α
2(xk))

+
∑

s<s′<t′<t

(−1)t′+|xt′ |(|xs′+1|+...+|xt′−1|)(3.13)

× f(α2(x0), . . . , α
2(xs−1), α([xs, xt]), . . . ,

[α(xs′ ), α(xt′ )], . . . , x̂t′ , . . . , x̂t, . . . , α
2(xk))

+
∑

s<s′<t<t′

(−1)t′−1+|xt′ |(|xs′+1|+...+x̂t+...+|xt′−1|)(3.14)

× f(α2(x0), . . . , α
2(xs−1), α([xs, xt]), α

2(xs+1), . . . ,

[α(xs′ ), α(xt′ )], . . . , x̂t, . . . , x̂t′ , α
2(xk))

+
∑

t<s′<t′

(−1)t′+|xt′ |(|xs′+1|+...+x̂t,t′+...+|xt′−1|)(3.15)

× f(α2(x0), . . . , α
2(xs−1), α([xs, xt]), α

2(xs+1), . . . ,

x̂t, . . . , [α(xs′ ), α(xt′ )], . . . , x̂t′ , . . . , α
2(xk))

+
∑

06s′<s

(−1)s′+|xs′ |(|f |+|x0|+...+|xs′−1|)(3.16)

× [αk+r−1(xs′), f(α(x0), . . . , x̂s′ , . . . , [xs, xt], . . . , x̂t, . . . , α(xk))]V

+ (−1)s+|[xs,xs]|(|f |+|x0|+...+|xs−1|)(3.17)

× [αk+r−2([xs, xt]), f(α(x0), . . . , ̂[xs, xt], α(xs+1), . . . , x̂t, . . . , α(xk))]V
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+
∑

s<s′<t

(−1)s′+|xs′ |(|f |+|x0|+...+|[xs,xt]|+...+|xs′−1|)(3.18)

× [αk+r−1(xs′), f(α(x0), . . . , [xs, xt], . . . , x̂s′,t, . . . , α(xk))]V

+
∑

t<s′

(−1)s′+|xs′ |(|f |+|x0|+...+|[xs,xt]|+...+|̂xt|+...,|xs′−1|)(3.19)

× [αk+r−1(xs′), f(α(x0), . . . , [xs, xt], . . . , x̂t,s′ , . . . , α(xk))]V .

The term (3.6) implies that

[αk+r−1(xs), δ
k−1(f)(x0, . . . , x̂s, . . . , xk)]V

=

[
αk+r−1(xs),

∑

s′<t′<s

(−1)t′+|xt′ |(|xs′+1|+...+|xt′−1|)f(α(x0), . . . , α(xs′−1),(3.20)

[xs′ , xt′ ], α(xs′+1), . . . , x̂s′,t′,s, α(xs+1), . . . , α(xk))

]

V

+

[
αk+r−1(xs),

∑

s′<s<t′

(−1)t′−1+|xt′ |(|xs′+1|+...+|̂xs|+...+|xt′−1|)(3.21)

× f(α(x0), . . . , α(xs′−1), [xs′ , xt′ ], α(xs′+1), . . . , x̂t,s′ , . . . , α(xk))

]

V

+

[
αk+r−1(xs),

∑

s<s′<t′

(−1)t′+|xt′ |(|xs′+1|+...+|xt′−1|)(3.22)

× f(α(x0), . . . , x̂s, . . . , α(xs′−1), [xs′ , xt′ ], α(xs′+1), . . . , x̂t′ , . . . , α(xk))

]

V

+

[
αk+r−1(xs),

s−1∑

s′=0

(−1)s′+|xs′ |(|c|+|x0|+...+|xs′−1|)(3.23)

× [αk+r−2(s′), f(x0, . . . , x̂s′,s, . . . , xk)]V

]

V

+

[
αk+r−1(xs),

k∑

s′=s+1

(−1)s′−1+|xs′ |(|f |+|x0|+...+|̂xs|+...+|xs′−1|)(3.24)

× [αk+r−2(s′), f(x0, . . . , x̂s′,s, . . . , xk)]V

]

V

.

Super-Hom-Jacobi identity leads to

∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|)((3.8) + (3.11) + (3.12)) = 0.
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Using (3.2) and (3.3), we obtain by (3.17)

= [αk+r−2([xs, xt]); f(α(x0), . . . , α(xs−1),

α([x̂s, xt]), α(xs+1), . . . , x̂t, . . . , α(xk))]V

= [αk+r−1(xs), [α
k+r−2(xt), f(x0, . . . , x̂s,t, . . . , xk)]V ]V(3.25)

− [αk+r−1(xt), [α
k+r−2(xs), f(x0, . . . , x̂s,t, . . . , xk)]V ]V .

Thus by (3.17), (3.23), and (3.24)

∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|) +

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|)

+

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|) = 0.

By a simple calculation, we get by (3.16), (3.22), (3.18), (3.21), (3.19), and (3.20)

∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|) +

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|) = 0,

∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|) +
k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|) = 0,

∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|) +

k∑

s=0

(−1)s+|xs|(|f |+|x0|+...+|xs−1|) = 0,

and ((3.9)+(3.14))
∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|)

=
∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|)
∑

s′<s<t′<t

(−1)t′+|xt′ |(|xs′+1|+...+|[xs,xt]|+...+|xt′−1|)

f(α2(x0), . . . , α
2(xs′−1), [α(xs′ ), α(xt′ )], α

2(xs′+1), . . . , α([xs, xt]), . . . , x̂t′ , . . . , α
2(xk))

+
∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|)
∑

s<s′<t<t′

(−1)t′−1+|xt′ |(|xs′+1|+...+x̂t+...+|xt′−1|)

f(α2(x0), . . . , α
2(xs−1), α([xs, xt]), α

2(xs+1), . . . , x̂t,t′ , . . . , [α(xs′ ), α(xt′ )] . . . , α
2(xk))

= 0.

Similarly,
∑
s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|) = 0 ((3.7)+(3.15)) and ((3.10)+(3.13))

∑

s<t

(−1)t+|xt|(|xs+1|+...+|xt−1|) = 0.

Therefore δk
r ◦ δk−1

r = 0. �
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The previous theorem shows that we may have infinitely many cohomology com-

plexes.

Remark 3.7. From the proof of Theorem 3.6 we can deduce that if [·, ·]V = 0

then δk
r ◦ δk−1

r (f) = 0, f ∈ Ck(G, V ).

The corresponding cocycles, coboundaries and cohomology groups are defined as

follows.

Definition 3.8. Let (G, [·, ·], α) be a Hom-Lie superalgebra and (V, [·, ·]V , β)

a Hom-module. With respect to the r-cohomology defined by the coboundary oper-

ators

δk
r : Ck

α,β(G, V ) → Ck+1
α,β (G, V ),

we have:

⊲ The k-cocycles space is defined as Zk
r (G, V ) = ker δk

r . The even or odd k-cocycles

space is defined as Zk
r,0(G, V ) = Zk

r (G, V ) ∩ (Ck
α,β(G, V ))0 or Zk

r,1(G, V ) =

Zk
r (G, V ) ∩ (Ck

α,β(G, V ))1, respectively.

⊲ The k-coboundaries space is defined as Bk
r (G, V ) = Im δk−1

r . The even or odd

k-coboundaries space is Bk
r,0(G, V ) = Bk

r (G, V ) ∩ (Ck
α,β(G, V ))0 or Bk

r,1(G, V ) =

Bk
r (G, V ) ∩ (Ck

α,β(G, V ))1, respectively.

⊲ The kth cohomology space is the quotient Hk
r (G, V ) = Zk

r (G, V )/Bk
r (G, V ). It

decomposes as well as the even and odd kth cohomology spaces.

Finally, we denote by Hk
r (G, V ) = Hk

r,0(G, V ) ⊕ Hk
r,1(G, V ) the kth r-cohomology

space and by
⊕
k>0

Hk
r (G, V ) the r-cohomology group of the Hom-Lie superalgebra G

with values in V .

Remark 3.9. The Z1
r (G,G) is the set of αr-derivations of G.

Example 3.10. In this example we compute the second scalar cohomology group

of the Hom-Lie superalgebra osp(1, 2)λ constructed in [3].

Let osp(1, 2) = V0 ⊕ V1 be the vector superspace where V0 is generated by

H =




1 0 0

0 0 0

0 0 −1


 , X =




0 0 1

0 0 0

0 0 0


 , Y =




0 0 0

0 0 0

1 0 0


 ,

and V1 is generated by

F =




0 0 0

1 0 0

0 1 0


 , G =




0 1 0

0 0 −1

0 0 0


 .
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Let λ ∈ R∗, we consider the linear map αλ : osp(1, 2) → osp(1, 2) defined by:

αλ(X) = λ2X, αλ(Y ) =
1

λ2
Y, αλ(H) = H, αλ(F ) =

1

λ
F, αλ(G) = λG.

We define a superalgebra bracket [·, ·]λ with respect to the basis, for λ 6= 0, by

[H, X ]λ = 2λ2X, [H, Y ]λ = −
2

λ2
Y, [X, Y ]λ = H, [Y, G]λ =

1

λ
F,

[X, F ]λ = λG, [H, F ]λ = −
1

λ
F, [H, G]λ = λG, [G, F ]λ = H, [G, X ] = 0,

[Y, F ] = 0, [G, G]λ = −2λ2X, [F, F ]λ =
2

λ2
Y.

Then osp(1, 2)λ = (osp(1, 2), [·, ·]λ, αλ) is a Hom-Lie superalgebra.

Let f ∈ C1
α,Id

C

(osp(1, 2),C). The scalar 2-coboundary operator is defined accord-

ing to (3.4) by

(3.26) δ2(f)(x0, x1, x2) = − f([x0, x1], α(x2))

+ (−1)|x2||x1|f([x0, x2], α(x1)) + f(α(x0), [x1, x2]).

Now, we suppose that f is a 2-cocycle of osp(1, 2)λ. Then f satisfies

(3.27) −f([x0, x1], α(x2)) + (−1)|x2||x1|f([x0, x2], α(x1)) + f(α(x0), [x1, x2]) = 0.

By plugging the triples

(H, X, F ), (H, X, Y ), (H, X, G), (H, Y, G), (X, Y, F ), (X, F, G), (Y, F, G),

(H, Y, F ), (X, Y, G), (H, F, G), (H, F, F ), (H, G, G), (X, G, G)

respectively, in (3.27) we obtain

f(H, G) = f(X, F ), f(G, X) = 0, f(H, F ) = f(G, Y ), f(G, G) = f(X, H),

f(F, F ) = f(Y, H) f(F, Y ) = 0, f(X, Y ) = f(G, F ).

So, if we consider the map g : osp(1, 2) → R defined by

g(X) =
1

2λ2
f(H, X), g(Y ) = −

λ2

2
f(H, X), g(F ) = −λf(H, F ),

g(G) =
1

λ
f(H, G), g(H) = f(X, Y ),

we obtain

f(a1H + a2X + a3Y + a4F + a5G, b1H + b2X + b3Y + b4F + b5G)

= δ(g)(a1H + a2X + a3Y + a4F + a5G, b1H + b2X + b3Y + b4F + b5G).
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Therefore H2(osp(1, 2)λ,C) = {0}.

Notice that this result is the same for any r > 1.

4. Extensions of Hom-Lie superalgebras

The extension theory of Hom-Lie algebras was presented first in [5], [7].

An extension of a Hom-Lie superalgebra (G, [·, ·], α) by a Hom-module (V, αV ) is

an exact sequence

0 −→ (V, αV )
i

−→ (G̃, α̃)
π

−→ (G, α) −→ 0

satisfying α̃ ◦ i = i ◦ αV and α ◦ π = π ◦ α̃.

We say that the extension is central if [G̃, i(V )]G̃ = 0.

Two extensions

0 −→ (V, αV )
ik−→ (Gk, αk)

πk−→ (G, α) −→ 0 (k = 1, 2)

are equivalent if there is an isomorpism ϕ : (G1, α1) → (G2, α2) such that ϕ ◦ i1 = i2

and π2 ◦ ϕ = π1.

4.1. Trivial representation of Hom-Lie superalgebras. Let V = C (or R)

and [·, ·]V = 0. Obviously, ∀β ∈ End(C), (G, [·, ·]V , β) is a representation of the Hom-

Lie superalgebra (G, [·, ·], α). This representation is called the trivial representation

of the Hom-Lie superalgebra (G, [·, ·], α).

In the following we consider central extensions of a Hom-Lie superalgebra

(G, [·, ·], α). We will see that it is controlled by the second cohomology group

H2(G, V ). Let θ ∈ C2
α(G, V ), we consider the direct sum G̃ = G̃0 ⊕ G̃1 where

G̃0 = G0 ⊕ C and G̃1 = G1 with the bracket

[(x, s), (y, t)]θ = ([x, y], θ(x, y)) ∀x, y ∈ G, s, t ∈ C.

Define α̃ : G̃ → G̃ by α̃(x, s) = (α(x), s).

Theorem 4.1. The triple (G̃, [·, ·]θ, α̃) is a Hom-Lie superalgebra if and only if θ

is a 2-cocycle (i.e. δ2(θ) = 0).

We call the Hom-Lie superalgebra (G̃, [·, ·]θ, α̃) the central extension of (G, [·, ·], α)

by C.

P r o o f. The map α̃ is an algebra morphism with respect to the bracket [·, ·]θ as

follows from the fact that θ ◦ α = θ. More precisely, we have

α̃[(x, s), (y, t)]θ = (α[x, y], θ(x, y)).
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On the other hand, we have

[α̃(x, s), α̃(y, t)]θ = [(α(x), s), (α(y), t)]θ = ([α(x), α(y)], θ(α(x), α(y))).

Since α is an algebra morphism and θ(α(x), α(y)) = θ(x, y), we deduce that α̃ is an

algebra morphism.

By direct computation, we have

	(x,s),(y,t),(z,m) (−1)|(x,s)||(z,m)|[α̃(x, s), [(y, t), (z, m)]θ]θ

= 	(x,s),(y,t),(z,m) (−1)|x||z|[(α(x), s), ([y, z], θ(y, z))]θ

= 	x,y,z (−1)|x||z|([α(x), [y, z]], θ(α(x), [y, z]))

= 	x,y,z (−1)|x||z|(0, θ(α(x), θ(α(x), [y, z])).

Thus, by the Hom-Jacobi identity of G, the bracket [·, ·]θ satisfies the Hom-Jacobi

identity if and only if

	x,y,z (−1)|x||z|θ(α(x), [y, z]) = 0.

This means that δ2θ = 0. �

4.2. Cohomology space H2(G, V ) and central extensions.

Proposition 4.2. Let (G, [·, ·], α) be a multiplicative Hom-Lie superalgebra and

V a G-Hom-module. The second cohomology space H2(G, V ) = Z2(G, V )/B2(G, V )

is in one-to-one correspondence with the set of the equivalence classes of central

extensions of (G, [·, ·], α) by (V, β).

P r o o f. Let

0 −→ (V, β)
i

−→ (G̃, α̃)
π

−→ (G, α) −→ 0

be a central extension of the Hom-Lie superalgebra (G, α) by (V, β), so there is a space

H such that G̃ = H ⊕ i(V ).

The maps π/H : H → G and k : V → i(V ) defined, respectively, by π/H(x) = π(x)

and k(v) = i(v) are bijective, their inverses are denoted by s and l. Considering the

map ϕ : G × V → G̃ defined by ϕ(x, v) = s(x) + i(v), it is easy to verify that ϕ is

a bijective.

Since π is a homomorphism of Hom-Lie superalgebras hence π([s(x), s(y)]G̃ −

s([x, y])) = 0. So [s(x), s(y)]G̃ − s([x, y]) ∈ i(V ).

We set [s(x), s(y)] − s([x, y]) = G(x, y) ∈ i(V ). Then F (x, y) = l ◦ G(x, y) ∈ V

and it is easy to see that F (x, x) = 0 and then F ∈ C2(G, V ) is a 2-cochain that

737



defines a bracket on G̃. In fact, we can identify the superspace L × V and G̃ by

ϕ : (x, v) → s(x) + i(v) where the bracket is

[s(x) + i(v), s(y) + i(w)]G̃ = [s(x), s(y)]G̃ = s([x, y]) + F (x, y).

Viewed as elements of G × V we have [(x, v), (y, w)] = ([x, y], F (x, y)) and the ho-

mogeneous elements (x, v) of G × V are such that |x| = |v| and we have in this case

|(x, v)| = |x|.

We deduce that we can assign a 2-cocycle F ∈ Z2(G, V ) to every central extension

0 −→ (V, β)
i

−→ (G̃, α̃)
π

−→ (G, α) −→ 0.

Indeed, for x, y ∈ G, if we set

F (x, y) = l([s(x), s(y)] − s([x, y])) ∈ V,

then we have F (x, y) ∈ V and F satisfies the 2-cocycle conditions.

Conversely, for each f ∈ Z2(G, V ) one can define a central extension

0 −→ (V, β) −→ (Gf , αf ) −→ (G, α) −→ 0

by

[(x, v), (y, w)]f = ([x, y], f(x, y)),

where x, y ∈ G and v, w ∈ V .

Let f and g be two elements of Z2(G, V ) such that f − g ∈ B2(G, V ), i.e.

(f − g)(x, y) = h([x, y]), where h : G → V is a linear map satisfying h ◦ α = β ◦ h.

Now we prove that the extensions defined by f and g are equivalent. Let us define

Φ: Gf → Gg by

Φ(x, v) = (x, v − h(x)).

It is clear that Φ is bijective. Let us check that Φ is a homomorphism of Hom-Lie

superalgebras. We have

[Φ((x, v)), Φ((y, w))]g = [(x, v − h(x)), (y, w − h(y))]g = ([x, y], g(x, y))

= ([x, y], f(x, y) − h([x, y])) = Φ(([x, y], f(x, y))) = Φ([(x, v), (y, w)]f )

and

Φ ◦ α̃((x, v)) = Φ(α(x), β(v)) = (α(x), β(v) − h(α(x)))

= (α(x), β(v) − β ◦ h(x)) = (α(x), β(v − h(x))) = α̃ ◦ Φ(x, v).
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Next, we show that for f, g ∈ Z2(G, V ) such that the central extensions 0 → (V, β) →

(Gf , α̃) → (G, α) → 0 and 0 → (V, β) → (Gg, α̃) → (G, α) → 0 are equivalent, we

have f − g ∈ B2(G, V ). Let Φ be a homomorphism of Hom-Lie superalgebras such

that

0 // (V, β)

idV

��

i1
// (Gf , α̃)

Φ

��

π1
// (G, α) //

idG

��

0

0 // (V, β)
i2

// (Gg, α̃)
π2

// (G, α) // 0

commutes. We can express Φ(x, v) = (x, v − h(x)) for some linear map h : G → V .

Then we have

Φ([(x, v), (y, w)]f ) = Φ(([x, y], f(x, y))) = ([x, y], f(x, y) − h([x, y])),

[Φ((x, v)), Φ((y, w))]g = [(x, v − h(x)), (y, w − h(y))]g = ([x, y], g(x, y)),

and thus (f − g)(x, y) = h([x, y]) (i.e. f − g ∈ B2(G, V )), so we have completed the

proof. �

4.3. The adjoint representation of Hom-Lie superalgebras.

In this section we generalize some results of [19].

Let (G, [·, ·], α) be a multiplicative Hom-Lie superalgebra. We consider G as a rep-

resentation on itself via the bracket and with respect to the morphism α.

Definition 4.3. The αs-adjoint representation of the Hom-Lie superalgebra

(G, [·, ·], α), which we denote by ads, is defined by

ads(a)(x) = [αs(a), x], ∀a, x ∈ G.

Lemma 4.4. With the above notation, we have that (G, ads(·)(·), α) is a repre-

sentation of the Hom-Lie superalgebra G.

P r o o f. The result follows from

ads(α(a))(α(x)) = [αs+1(a), α(x)] = α([αs(a), x]) = α ◦ ads(a)(x),

and

ads([x, y])(α(z)) = [αs([x, y]), α(z)] = [[αs(x), αs(y)], α(z)]

= − (−1)|z||[x,y]|[α(z), [αs(x), αs(y)]]

= (−1)|z||x|(−1)|z||x|[αs+1(x), [αs(y), z]]

+ (−1)|z||x|(−1)|y||x|[αs+1(y), [z, αs(x)]]

= [αs+1(x), [αs(y), z]] − (−1)|x||y|[αs+1(y), [αs(x), z]].

�
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The set of k-hom-cochains on G with coefficients in G, which we denote by Ck
α(G;G),

is given by

Ck
α(G;G) = {f ∈ Ck(G;G) : f ◦ α = α ◦ f}.

In particular, the set of 0-Hom-cochains is given by:

C0
α(G;G) = {x ∈ G : α(x) = x}.

Proposition 4.5. With respect to the αs-adjoint representation ads, of the Hom-

Lie superalgebra (G, [·, ·], α), D ∈ C1
α,ads

is a 1-cocycle if and only if D is an αs+1-

derivation of the Hom-Lie superalgebra (G, [·, ·], α), i.e. D ∈ Derαs+1(G).

P r o o f. The conclusion follows directly from the definition of the coboundary

operator δ. D is closed if and only if

δ(D)(x, y) = − D([x, y]) + (−1)|x||D|[αs+1(x), D(y)]

+ (−1)1+|y|(|D|+|x|)[αs+1(y), D(x)] = 0,

so

D([x, y]) = [D(x), αs+1(y)] + (−1)|x||D|[αs+1(x), D(y)],

which implies that D is an αs+1-derivation. �

4.3.1. The α−1-adjoint representation ad−1.

Proposition 4.6. With respect to the α−1-adjoint representation ad−1, we have

H0(G,G) = C0
α(G;G) = {x ∈ G : α(x) = x};

H1(G,G) = Derα0(G).

P r o o f. For any 0-hom-cochain x ∈ C0
α(G;G) we have δ(x)(y) = (−1)|y||x|

[α−1(y), x] = 0 for all y ∈ G.

Therefore, any 0-hom-cochain is closed. Thus, we have H0(G,G) = C0
α(G;G) =

{x ∈ G : α(x) = x}. Since there is no exact 1-hom-cochain, by Proposition 4.5 we

have H1(G,G) = Derα0(G). �

Let ω ∈ C2
α(G;G) be an even super-skew-symmetric bilinear operator commuting

with α. Consider a t-parametrized family of bilinear operations

[x, y]t = [x, y] + tω(x, y).
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Since ω commutes with α, α is a morphism with respect to the bracket [·, ·]t for every

t. If (G[[t]], [·, ·]t, α) is a Hom-Lie superalgebra, we say that ω generates a deformation

of the Hom-Lie superalgebra (G, [·, ·], α). The super Hom-Jacobi identity of [·, ·]t, is

equivalent to

	x,y,z (−1)|x||z|(ω(α(x), [y, z]) + [α(x), [y, z]]) = 0,(4.1)

	x,y,z (−1)|x||z|ω(α(x), ω(y, z)) = 0.(4.2)

Obviously, (4.1) means that ω is an even 2-cycle with respect to the α−1-adjoint

representation ad−1. Furthermore, (4.2) means that ω must itself define a Hom-Lie

superalgebra structure on G.

4.3.2. The α0-adjoint representation ad0.

Proposition 4.7. With respect to the α0-adjoint representation ad0, we have

H0(G;G) = {x ∈ G : α(x) = x, [x, y] = 0 ∀y ∈ G},

H1(G;G) = Derα(G)/Innα(G).

P r o o f. For any 0-hom-cochain we have d0x(y) = [α0(y), x] = [x, y].

Therefore, the set of 0-cycles Z0(G,G) is given by Z0(G,G) = {x ∈ C0
α(G,G) :

[x, y] = 0 ∀y ∈ G}. Since B0(G,G) = {0}, we deduce that H0(G;G) = {x ∈ G :

α(x) = x, [x, y] = 0 ∀y ∈ G}.

For any f ∈ C1
α(G,G) we have

δ(f)(x, y) = −f([x, y]) + (−1)|x||f |[α(x), f(y)] + (−1)1+|y|(|f |+|x|)[α(y), f(x)],

so,

δ(f)(x, y) = −f([x, y]) + [f(x), α(y)] + (−1)|x||f |[α(x), f(y)].

Therefore, the set of 1-cocycles Z1(G,G) is exactly the set of α-derivation Derα.

Furthermore, it is obvious that any exact 1-coboundary is of the form of [x, ·]

for some x ∈ C0
α(G;G). Therefore, we have B1(G,G) = Innα(G). This implies that

H1(G;G) = Derα(G)/Innα(G). �

4.3.3. The coadjoint representation ad∗
.

Let (G, [·, ·], α) be a Hom-Lie superalgebra and (G, [·, ·]V , β) a representation of

G. Let V ∗ be the dual vector space of V . We define an even bilinear map [·, ·]V ∗ :

G × V ∗ → V ∗ by

[x, f ]V ∗(v) = −f([x, v]V ), ∀x ∈ G, f ∈ V ∗, and v ∈ V.
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Let f ∈ V ∗, x, y ∈ G and v ∈ V . We compute the right hand side of the identity (4.2):

[α(x), [y, f ]V ∗ ]V ∗(v) − (−1)|x||y|[α(y), [x, v]V ∗ ]V ∗

= − [y, f ]V ∗([α(x), v]V ) + (−1)|x||y|[x, f ]V ∗([α(y), v]V )

= f([y, [α(x), v]V ]V ) − (−1)|x||y|f([x, [α(y), v]V ]V ).

On the other hand, since the twisted map for [·, ·]V ∗ is β∗ = tβ, the left hand side of

the identity (4.2) reads

[[x, y], β∗(f)]V ∗(v) = − β∗(f)([[x, y], v]V ) = −tβ(f)([[x, y], v]V )

= − f ◦ β([[x, y], v]V ).

Therefore, we have the following proposition:

Proposition 4.8. Let (G, [·, ·], α) be a Hom-Lie superalgebra and (V, [·, ·]V , β)

a representation of G. The triple (V ∗, [·, ·]V ∗ , β∗), where [x, f ]V ∗(v) = −f([x, v]V ),

∀x ∈ G, f ∈ V ∗, v ∈ V , defines a representation of the Hom-Lie superalgebra

(G, [·, ·], α) if and only if

[[x, y], β(v)]V = (−1)|x||y|[x, [α(y), v]V ]V − [y, [α(x), v]V ]V .

We obtain the following characterization in the case of adjoint representation.

Corollary 4.9. Let (G, [·, ·], α) be a Hom-Lie superalgebra and (G, ad, α) the

adjoint representation of G, where ad: G → End(G). We set ad∗ : G → End(G∗) and

ad∗(x)(f) = −f ◦ ad(x).

Then (G∗, ad∗, α∗) is a representation of G if and only if

[[x, y], α(z)] = (−1)|x||y|[x, [α(y), z]] − [y, [α(x), z]], ∀x, y, z ∈ G.

5. Cohomology of q-Witt superalgebra

In the following, we describe the q-Witt Hom-Lie superalgebra obtained in [3] and

compute its derivations and the second cohomology group.
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Let A = A0 ⊕ A1 be an associative superalgebra. We assume that A is super-

commutative, that is, for homogeneous elements a, b the identity ab = (−1)|a||b|ba

holds. For example, A0 = C[t, t−1] and A1 = θA0 where θ is the Grassman variable

(θ2 = 0). Let q ∈ C \ {0, 1} and n ∈ N, we set {n} = 1−qn

1−q , a q-number. Let σ be

the algebra endomorphism on A defined by

σ(tn) = qntn and σ(θ) = qθ.

Let ∂t and ∂θ be two linear maps on A defined by

∂t(t
n) = {n}tn, ∂t(θt

n) = {n}θtn,

∂θ(t
n) = 0, ∂θ(θt

n) = qntn.

Definition 5.1. Let i ∈ Z2. A σ-derivation Di on A is an endomorphism satis-

fying:

Di(ab) = Di(a)b + (−1)i|a|σ(a)Di(b)

where a, b ∈ A are homogeneous elements and |a| is the parity of a.

A σ-derivation D0 is called an even σ-derivation and D1 is called an odd σ-

derivation. The set of all σ-derivations is denoted by Derσ(A). Therefore, Derσ(A) =

Derσ(A)0⊕Derσ(A)1, where Derσ(A)0 and Derσ(A)1 are the spaces of even and odd

σ-derivations, respectively.

Lemma 5.2. The linear map ∆ = ∂t + θ∂θ on A is an even σ-derivation. Hence,

∆(tn) = {n}tn,

∆(θtn) = {n + 1}θtn.

Let Wq = A ·∆, be a superspace generated by the elements Ln = tn ·∆ of parity

0 and the elements Gn = θtn · ∆ of parity 1.

Let [−,−]σ be the bracket on the superspace W
q defined by

[Ln, Lm]σ = ({m} − {n})Ln+m,(5.1)

[Ln, Gm]σ = ({m + 1} − {n})Gn+m.(5.2)

The other brackets are obtained by supersymmetry or are 0.

It is easy to see that Wq is a Z-graded algebra

Wq =
⊕

n∈Z

Wq
n,
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where

Wq
n = spanC{Ln, Gn}.

Let α be an even linear map on Wq defined on the generators by

α(Ln) = (1 + qn)Ln,

α(Gn) = (1 + qn+1)Gn.

Proposition 5.3 ([3]). The triple (Wq, [−,−]σ, α) is a Hom-Lie superalgebra.

5.1. Derivations of the Hom-Lie superalgebra Wq.

A homogeneous αk-derivation is said to be of degree s if there exists s ∈ Z such

that for all n ∈ Z we have D(〈Ln〉) ⊂ 〈Ln+s〉. The corresponding subspace of

homogeneous αk-derivations of degree s is denoted by Ders
αk,i (i ∈ Z2).

It is easy to check that Derαk(Wq) =
⊕
s∈Z

(Ders
α,0(W

q) ⊕ Ders
α,1(W

q)).

Let D be a homogeneous αk-derivation

D([x, y]) = [D(x), αk(y)] + (−1)|x||D|[αk(x), D(y)] for all homogeneous x, y ∈ Wq.

We deduce that

(5.3) ({m} − {n})D(Ln+m) = (1 + qm)k[D(Ln), Lm] + (1 + qn)k[Ln, D(Lm)]

and

(5.4) ({m + 1} − {n})D(Gn+m) = (1 + qm+1)k[D(Ln), Gm]

+ (1 + qn)k[Ln, D(Lm)] ∀n, m ∈ Z.

5.1.1. The α0-derivation of the Hom-Lie superalgebra Wq.

Proposition 5.4. The set of α0-derivations of the Hom-Lie superalgebra Wq is

Derα0(Wq) = 〈D1〉 ⊕ 〈D2〉

where D1 and D2 are defined with respect to the basis as

D1(Ln) = nLn, D1(Gn) = Gn,

D2(Ln) = nGn−1, D2(Gn) = Ln−1.

P r o o f. We consider two cases |D| = 0 and |D| = 1.
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Case 1 : |D| = 0.

Let D be an even derivation of degree s, D(Ln) = as,nLs+n and D(Gn) =

bs,nGs+n. By (5.3) we have

({m} − {n})as,n+m = ({m} − {n + s})as,n + ({m + s} − {n})as,m.

We deduce that

(qn − qm)as,n+m = (qn+s − qm)as,n + (qn − qm+s)as,m.

If m = 0, we have

qn(1 − qs)as,n = (qn − qs)as,0.

If s 6= 0 we have

as,n =
1 − qs−n

1 − qs
as,0.

We deduce that

(5.5) (qn−qm)
1 − qs−n

1 − qs
as,0 = (qn+s−qm)

1 − qs−n

1 − qs
as,0+(qn−qm+s)

1 − qs−m

1 − qs
as,0.

Taking n = 2s, m = s in (5.5) we obtain as,0 = 0, so as,n = 0.

If s = 0 and n 6= m we have as,n = nas,1.

By (5.4) and D(Gn) = bs,nGn+s we have

({m + 1} − {n})bs,n+m = ({m + s + 1} − {n})bs,m.

So

(qn − qm+1)bs,n+m = (qn − qm+s+1)bs,m.

Taking n = 0, we have (qm+1 − qm+s+1)bs,m = 0, hence if s 6= 0 we have

bs,m = 0. If s = 0 and n 6= m + 1 we have bs,n+m = bs,m, so bs,n = bs,0. Fi-

nally, it follows that the set of even α0-derivations is Derα0,0(W
q) = Der0α,0(W

q)

= 〈D1〉 with D1(Ln) = nLn and D1(Gn) = Gn.

Case 2 : |D| = 1.

LetD be an odd derivation of degree s, D(Ln) = as,nGs+n andD(Gn) = bs,nLs+n.

By (5.3) we have

({m} − {n})as,n+m = ({m} − {n + s + 1})as,n + ({m + s + 1} − {n})as,m.

We deduce that

(qn − qm)as,n+m = (qn+s+1 − qm)as,n + (qn − qm+s+1)as,m.

745



If m = 0, we have

qn(1 − qs+1)as,n = (qn − qs+1)as,0.

If s 6= −1 we have as,n = ((1 − qs+1−n)/(1 − qs+1))as,0.

Then

(5.6) (qn − qm)
1 − qs+1−n

1 − qs+1
as,0 = (qn+s+1 − qm)

1 − qs+1−n

1 − qs+1
as,0

+ (qn − qm+s+1)
1 − qs+1−m

1 − qs+1
as,0.

Taking n = 2s + 2 and m = s + 1 in (5.6) we obtain as,0 = 0, so as,n = 0.

If s = −1 and n 6= m, then as,n = nas,1.

By (5.4) and D(Gn) = bs,nLn+s we have

({m + 1} − {n})bs,n+m = ({m + s + 1} − {n})bs,m.

Taking n = 0, we have (qm+1−qm+s+1)bs,m = 0, hence if s 6= −1 we have bs,m = 0.

If s = −1 and n 6= m + 1, we obtain bs,n+m = bs,m. So bs,n = bs,0.

Finally, it follows that the set of odd α0-derivations is

Derα0,1(W
q) = Der−1

α,0(W
q) = 〈D2〉 with D2(Ln) = nGn−1 and D2(Gn) = Ln−1.

�

5.1.2. The α1-derivations of the Hom-Lie superalgebra Wq.

Proposition 5.5. If D is an α-derivation then D = 0.

P r o o f. Case 1 : |D| = 0.

Let D be an even derivation of degree s, D(Ln) = as,nLs+n and D(Gn) =

bs,nGs+n.

By (5.3) we have

({m} − {n})as,n+m = (1 + qm)({m} − {n + s})as,n + (1 + qn)({m + s} − {n})as,m.

We deduce that

as,n+m =
(1 + qm)(qn+s − qm)

qn − qm
as,n +

(1 + qn)(qn − qm+s)

qn − qm
as,m.
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If m = 0, we have as,n = (((1 + qn)(qn − qs))/(1 + qn − 2qn+s))as,0. So

as,n+m =
(1 + qn+m)(qn+m − qs)

1 + qn+m − 2qn+m+s
as,0.

Then

(1 + qn+m)(qn+m − qs)

1 + qn+m − 2qn+m+s
as,0 =

(1 + qn)(qn − qm+s)(1 + qm)(qm − qs)

(qn − qm)(1 + qm − 2qm+s)
as,0

−
(1 + qm)(qm − qn+s)(1 + qn)(qn − qs)

(qn − qm)(1 + qn − 2qn+s)
as,0.

If q ∈ [0, 1[, then letting n, m → +∞ we obtain as,0 = 0. If q > 1 and for a fixed

m = s, then when n goes to infinity we obtain as,0 = 0. We deduce that D(Ln) = 0.

By (5.4) and D(Gn) = bs,nGn+s we have

({m + 1} − {n})bs,n+m = (1 + qn)({m + s + 1} − {n})bs,m.

So

(qn − qm+1)bs,n+m = (1 + qn)(qn − qm+s+1)bs,m.

Taking n = 0, we have (1+ qm+1−2qm+s+1)bs,m = 0. Then bs,m = 0, so f(Gn) = 0.

Hence D ≡ 0.

Case 2 : |D| = 1. Let D be an odd derivation of degree s, D(Ln) = as,nGs+n and

D(Gn) = bs,nLs+n. By (5.3) we have

({m}−{n})as,n+m = (1+qm)({m}−{n+s+1})as,n+(1+qn)({m+s+1}−{n})as,m.

Then

as,n+m =
(1 + qn)(qn − qm+s+1)

(qn − qm)
as,m −

(1 + qm)(qm − qn+s+1)

(qn − qm)
as,n.

If m = 0, we have

as,n =
(1 + qn)(qn − qs+1)

1 + qn − 2qn+s+1
as,0.

So

as,n+m =
(1 + qn+m)(qn+m − qs+1)

1 + qn+m − 2qn+m+s+1
as,0.

Then

(1 + qn+m)(qn+m − qs+1)

1 + qn+m − 2qn+m+s+1
as,0 =

(1 + qn)(qn − qm+s+1)(1 + qm)(qm − qs+1)

(qn − qm)(1 + qm − 2qm+s+1)
as,0

−
(1 + qm)(qm − qn+s+1)(1 + qn)(qn − qs+1)

(qn − qm)(1 + qn − 2qn+s+1)
as,0.
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If q ∈ [0, 1[, then letting n, m → +∞, we obtain as,0 = 0. If q > 1 and setting m = s,

then if n goes to infinity we obtain as,0 = 0. We deduce that D(Ln) = 0. By (5.4)

and D(Gn) = bs,nLn+s we obtain

({m + 1} − {n})bs,n+mLm+n+s = (1 + qn)({m + s} − {n})bs,mLm+s+n.

So

(qn − qm+1)bs,n+m = (1 + qn)(qn − qm+s)bs,m.

Taking n = 0 leads to (1 + qm+1 − 2qm+s)bs,m = 0.

It turns out that bs,m = 0, so D(Gn) = 0. Hence D ≡ 0. �

5.1.3. The q-derivations of the Hom-Lie superalgebra Wq. In this section

we study the q-derivations of Wq. The derivation algebra of Wq is denoted by

DerWq. Since Wq is a Z2-graded Hom-Lie superalgebra, we have

DerWq = (DerWq)0 ⊕ (DerWq)1,

where (DerWq)0 = {D ∈ DerWq : D((Wq)i) ⊂ (Wq)i, i ∈ Z2} denotes the set of

even derivations of Wq, and (DerWq)1 = {D ∈ DerWq : D((Wq)i) ⊂ (Wq)i+1,

i ∈ Z2} denotes the set of odd derivations of W
q.

The space Wq may be viewed also as a Z-graded space. Define

(DerWq)s = {D ∈ DerWq : D(Wq
n) ⊂ Wq

n+s}.

Then we have DerWq =
⊕
s∈Z

(DerWq)s. Obviously, the Z-graded and Z2-graded

structures are compatible.

Moreover, let DerqW
q
0 =

⊕
s∈Z

(DerWq)′s, DerqW
q
1 =

⊕
s∈Z

(DerWq)′′s , where

(DerWq)′s ⊕ (DerWq)′′s = (DerWq)s.

Definition 5.6. An element ϕ ∈ (DerWq)0 ∩ (DerWq)s or ϕ ∈ (DerWq)1 ∩

(DerWq)s is a q-derivation if, respectively,

(5.7) ϕ([x, y]) =
1

1 + qs
([ϕ(x), α(y)] + [α(x), ϕ(y)])

or

(5.8) ϕ([x, y]) =
1

1 + qs+1
([ϕ(x), α(y)] + (−1)|x|[α(x), ϕ(y)])

where x, y ∈ Wq are homogeneous elements.

For a fixed a ∈ (Wq)i, we obtain the q-derivation

ϕa : Wq −→ Wq,

x 7−→ [a, x].

The map is denoted by ada and is called the inner q-derivation.
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Proposition 5.7. If ϕ is an odd q-derivation of degree s then it is an inner

q-derivation, more precisely:

(DerWq)1 =
⊕

s∈Z

〈adGs
〉.

P r o o f. Let ϕ be an odd q-derivation of degree s:

(5.9) ϕ(Ln) = as,nGn+s and ϕ(Gn) = bs,nLn+s.

Case 1 : s 6= −1.

By (5.1) and (5.9), we have

{n}ϕ(Ln) = ϕ([L0, Ln]) =
1

1 + qs+1
([ϕ(L0), α(Ln)] + [α(L0), ϕ(Ln)])

=
1

1 + qs+1
([as,0Gs, (1 + qn)Ln] + [2L0, as,nGs+n])

=
1 + qn

1 + qs+1
({n} − {s + 1})as,0Gn+s + 2as,n

1

1 + qs+1
{n + s + 1}Gn+s.

We deduce that, when s 6= −1 then as,n = ((qs+1 − qn)/(qs+1 − 1))as,0. On the

other hand,

−
as,0

{s + 1}
adGs

(Ln) = −
as,0

{s + 1}
[Gs, Ln] =

as,0

{s + 1}
({s + 1} − {n})Gn+s

=
qn − qs+1

1 − qs+1
as,0Gn+s = as,nGn+s.

So ϕ(Ln) = −(as,0/{s + 1})adGs
(Ln).

By (5.2) and (5.9), we have

{n + 1}ϕ(Gn) = ϕ([L0, Gn]) =
1

1 + qs+1
([ϕ(L0), α(Gn)] + [α(L0), ϕ(Gn)])

=
1

1 + qs+1
([as,0Gs, (1 + qn+1)Gn] + [2L0, bs,nLs+n])

= 2bs,n
1

1 + qs+1
{n + s}Ln+s.

We deduce that {n + 1}bs,n = 2bs,n(1/(1 + qs+1)){n + s}, so bs,n = 0. Moreover,

−
as,0

{s + 1}
adGs

(Gn) = −
as,0

{s + 1}
[Gs, Gn] = 0 = bs,nGn+s = ϕ(Gn),

which implies in this case ϕ = −(as,0/{s + 1})adGs
.
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Case 2 : s = −1.

By (5.1) and (5.9), we have

({m} − {n})ϕ(Lm+n) = ϕ([Ln, Lm]) =
1

2
([ϕ(Ln), α(Lm)] + [α(Ln), ϕ(Lm)])

=
1

2
([a−1,nGn−1, (1 + qm)Lm] + [(1 + qn)Ln, a−1,mGm−1])

= −
1 + qm

2
a−1,n({n} − {m})Gm+n−1 +

1 + qn

2
a−1,m({m} − {n})Gm+n−1.

Then

({m} − {n})a−1,n+m = −
1 + qm

2
a−1,n({n} − {m}) +

1 + qn

2
a−1,m({m} − {n}).

So for m 6= n we have

(5.10) a−1,n+m =
1 + qm

2
a−1,n +

1 + qn

2
a−1,m.

Setting m = 0 in (5.10), we obtain a−1,0 = 0.

Setting m = 1, n = 4 in (5.10), then

(5.11) a−1,5 =
1 + q

2
a−1,4 +

1 + q4

2
a−1,1.

Setting m = 1, n = 3 in (5.10), we obtain

(5.12) a−1,4 =
1 + q

2
a−1,3 +

1 + q3

2
a−1,1.

Setting m = 1, n = 2 in (5.10), we obtain

(5.13) a−1,3 =
1 + q

2
a−1,2 +

1 + q2

2
a−1,1.

We deduce that

(5.14) a−1,5 =
(1 + q4

2
+

1 + q

2

1 + q3

2
+

(1 + q

2

)2 1 + q2

2

)
a−1,1

+
(1 + q

2

)3

a−1,2.

Now, setting m = 2, n = 3 in (5.10), we obtain

(5.15) a−1,5 =
1 + q2

2
a−1,3 +

1 + q3

2
a−1,2.
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By (5.13) and (5.15), we deduce that

(5.16) a−1,5 =
(1 + q2

2

)2

a−1,1 +
(1 + q

2

1 + q2

2
+

1 + q3

2

)
a−1,2.

Then, we deduce (by (5.14) and (5.16)) that a−1,2 = (1 + q)a−1,1 = {2}a−1,1.

Setting m = 1 in (5.10), we obtain a−1,n+1 = 1
2 (1+ q1)a−1,n + 1

2 (1+ qn)a−1,1. By

induction, we can show that a−1,n = {n}a−1,1.

So, ϕ(Ln) = {n}a−1,1Gn−1 = a−1,1[G−1, Ln], therefore

(5.17) ϕ(Ln) = a−1,1adG−1
(Ln).

Now, we calculate ϕ(Gn): by (5.2) and (5.9) we have

({m + 1} − {n})ϕ(Gn+m) =
1

2
([ϕ(Ln), α(Gm)] + [α(Ln), ϕ(Gm)])

=
1

2
([a−1,nGn−1, (1 + qm+1)Gm] + [(1 + qn)Ln, b−1,mLm−1])

= b−1,m
1 + qn

2
({m − 1} − {n})Lm+n−1.

We deduce that

({m + 1} − {n})b−1,m+n = b−1,m
1 + qn

2
({m − 1} − {n}).

So for m + 1 6= n we have

(5.18) b−1,n+m =
1 + qn

2

qn − qm−1

qn − qm+1
b−1,m.

Setting m = 0 in (5.18) (so n 6= 1), we obtain

(5.19) b−1,n =
1 + qn

2

qn − q−1

qn − q
b−1,0.

So

(5.20) b−1,n+m =
1 + qn+m

2

qn+m − q−1

qn+m − q
b−1,0

and

(5.21) b−1,m =
1 + qm

2

qm − q−1

qm − q
b−1,0.
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By (5.18) and (5.20), we have

1 + qn+m

2

qn+m − q−1

qn+m − q
b−1,0 =

1 + qn

2

qn − qm−1

qn − qm+1
b−1,m.

If we replace b−1,m by its value given in (5.21), we obtain

(5.22)
1 + qn+m

2

qn+m − q−1

qn+m − q
b−1,0 =

1 + qn

2

qn − qm−1

qn − qm+1

1 + qm

2

qm − q−1

qm − q
b−1,0.

Setting n = 2, m = −3 in (5.22), we obtain b−1,0 = 0. By (5.19) we deduce that

b−1,n = 0 for all n 6= 1.

Setting m = 1 in (5.18), we obtain b−1,n+1 = 1
2 ((1 + qn)(qn − 1)/(qn − q2))b−1,1.

We deduce that

(5.23) b−1,4 =
1 + q3

2

q3 − 1

q3 − q2
b−1,1.

So b−1,1 = 0.

Since b−1,n = 0 for all n 6= 1 and b−1,1 = 0, we have ϕ(Gn) = 0, for all n ∈ Z.

Since ϕ(Gn) = 0 = a−1,1[G−1, Gn], we have

(5.24) ϕ(Gn) = a−1,1adG−1
(Gn).

By (5.24) and (5.17), we deduce that ϕ = a−1,1 adG−1
. �

Proposition 5.8. If ϕ is an even q-derivation of degree s then it is an inner

derivation, more precisely:

(DerWq)0 =
⊕

s∈Z

〈adLs
〉.

P r o o f. Let ϕ be an even q-derivation of degree s:

(5.25) ϕ(Ln) = as,nLn+s, and ϕ(Gn) = bs,nGn+s.

Case 1 : s 6= 0.

By (5.1) and (5.25), we have

{n}ϕ(Ln) = ϕ([L0, Ln]) =
1

1 + qs
([ϕ(L0), α(Ln)] + [α(L0), ϕ(Ln)])

=
1

1 + qs
([as,0Ls, (1 + qn)Ln] + [2L0, as,nLs+n])

=
1 + qn

1 + qs
({n} − {s})as,0Ln+s + 2as,n

1

1 + qs
{n + s}Ln+s.
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We deduce that, when s 6= 0, then as,n =
(
(qs − qn)/(qs − 1)

)
as,0. Moreover,

−
as,0

{s}
adLs

(Ln) = −
as,0

{s}
[Ls, Ln] = −

as,0

{s}
({n} − {s})Ln+s

= −
qs − qn

1 − qs
as,0Ln+s = as,nLn+s.

So

(5.26) ϕ(Ln) = −
as,0

{s}
adLs

(Ln).

Applying the same relations (5.1) and (5.25), we obtain

{n + 1}ϕ(Gn) = ϕ([L0, Gn]) =
1

1 + qs
([ϕ(L0), α(Gn)] + [α(L0), ϕ(Gn)])

=
1

1 + qs
([as,0Ls, (1 + qn+1)Gn] + [2L0, bs,nGs+n])

=
1 + qn+1

1 + qs
as,0({n + 1} − {s})Ln+s + 2bs,n

1

1 + qs
{n + s + 1}Ln+s.

We deduce that bs,n = as,0(q
s − qn+1)/(qs − 1). On the other hand,

−
as,0

{s}
adLs

(Gn) = −
as,0

{s}
[Ls, Gn] = −

as,0

{s}
({n + 1} − {s})Gn+s

= as,0
qs − qn+1

qs − 1
Gn+s = bs,nGn+s.

So

(5.27) ϕ(Gn) = −
as,0

{s}
adLs

(Gn).

Using (5.26) and (5.27), we deduce that ϕ = −(as,0/{s})adLs
.

Case 2 : s = 0.

By (5.1) and (5.25), we have

({m} − {n})ϕ(Lm+n) = ϕ([Ln, Lm]) =
1

2
([ϕ(Ln), α(Lm)] + [α(Ln), ϕ(Lm)])

=
1

2
([a0,nLn, (1 + qm)Lm] + [(1 + qn)Ln, a0,mLm])

= a0,n
1 + qm

2
({m} − {n})Lm+n + a0,m

1 + qn

2
({m} − {n})Lm+n.

This implies that

a0,m+n({m} − {n}) =
1

2
a0,n(1 + qm)({m} − {n}) +

1

2
a0,m(1 + qn)({m} − {n}).
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So for m 6= n, we have

(5.28) a0,n+m =
1 + qm

2
a0,n +

1 + qn

2
a0,m.

Setting m = 0 in (5.28), we obtain a0,0 = 0.

Setting m = 1 in (5.28), we obtain a0,n+1 = 1
2 (1 + q)a0,n + 1

2 (1 + qn)a0,1.

By induction, we prove that a0,n = {n}a0,1. So ϕ(Ln) = {n}a0,1Ln, that is

ϕ(Ln) = {n}a0,1Ln = a0,1[L0, Ln],

which leads to

(5.29) ϕ(Ln) = a0,1adL0
(Ln).

By (5.2) and (5.25), we have

({m + 1} − {n})ϕ(Gm+n) = ϕ([Ln, Gm]) =
1

2
([ϕ(Ln), α(Gm)] + [α(Ln), ϕ(Gm)])

=
1

2
([a0,nLn, (1 + qm+1)Gm] + [(1 + qn)Ln, b0,mGm])

= a0,n({m + 1} − {n})
1 + qm+1

2
Gm+n

+ b0,m
1 + qn

2
({m + 1} − {n})Gm+n.

We deduce that b0,m+n = 1
2a0,n({m+1}−{n})(1+qm+1)+ 1

2b0,m(1+qn)({m+1}−

{n}). So, for m + 1 6= n, it follows that

(5.30) b0,n+m = a0,n
1 + qm+1

2
+ b0,m

1 + qn

2
.

Taking m = 0 in (5.30), we obtain b0,n = 1
2a0,n(1 + q) + 1

2b0,0(1 + qn). Since

a0,n = a0,1{n}, we have

(5.31) b0,n = a0,1{n}
1 + q

2
+ b0,0

1 + qn

2
.

Taking m = 1, n = −1 in (5.30) and n = 1 in (5.31), we obtain b0,0 = a0,1. So

using (5.31), we get

b0,n = a0,1{n}
1 + q

2
+ b0,0

1 + qn

2

= a0,1
1 − qn

1 − q

1 + q

2
+ a0,1

1 + qn

2

= a0,1{n + 1}.
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Then ϕ(Gn) = b0,nGn = a0,1{n + 1}Gn = a0,1[L0, Gn]. Therefore

(5.32) ϕ(Gn) = a0,1adL0
(Gn).

By (5.29) and (5.32), we deduce that ϕ = a0,1 adL0
. �

5.2. Cohomology space H2
r,0(W

q) of Wq.

Now we describe the cohomology space H2
0 (Wq,C). We denote by [f ] the coho-

mology class of an element f .

Theorem 5.9.

H2
r,0(W

q) = C[ϕ1] ⊕ C[ϕ2],

where

ϕ1(xLn + yGm, zLp + tGk) = xzbnδn+p,0,

ϕ2(xLn + yGm, zLp + tGk) = xtbnδn+k,−1 − yzbpδp+m,−1,

with

(5.33) bn =





1

qn−2

1 + q2

1 + qn

(1 − qn+1)(1 − qn)(1 − qn−1)

(1 − q3)(1 − q2)(1 − q)
, if n > 0,

−b−n if n < 0.

P r o o f. For all f ∈ C2(Wq,C), we have (see (3.4))

(5.34) δ(f)(x0, x1, x2) = − f([x0, x1], α(x2)) + (−1)|x2||x1|f([x0, x2], α(x1))

+ f(α(x0), [x1, x2]).

Now, suppose that f is a q-deformed 2-cocycle on Wq. From (5.34) we obtain

(5.35) −f([x0, x1], α(x2)) + (−1)|x2||x1|f([x0, x2], α(x1)) + f(α(x0), [x1, x2]) = 0.

By (5.35) and taking the triple (x, y, z) to be (Ln, Lm, Lp), (Ln, Lm, Gp), and

(Ln, Gm, Gp), respectively, we obtain f(Ln, Lp), f(Ln, Gp) and f(Gn, Gp) which

define f .

Case 1 : X = (Ln, Lm, Lp).

Using (5.35), we have

−f([Ln, Lm], α(Lp)) + f([Ln, Lp], α(Lm)) + f(α(Ln), [Lm, Lp]) = 0.
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Since [Lm, Lp] = ({p} − {m})Lm+p and α(Ln) = (1 + qn)Ln, then

(5.36) −(1 + qp)({m} − {n})f(Ln+m, Lp) + (1 + qm)({p} − {n})f(Ln+p, Lm)

+ (1 + qn)({p} − {m})f(Ln, Lm+p) = 0.

Setting m = 0 in (5.36), we obtain f(Ln, Lp) = ((qn − qp)/(1 − qn+p))f(L0, Ln+p)

(n + p 6= 0).

Setting m = 0, n = −p in (5.36), we obtain f(L0, L0) = 0.

Setting m = −n − p in (5.36), we obtain

(5.37) −(1 + qp)(qn − q−n−p)f(L−p, Lp) + (1 + q−n−p)(qn − qp)f(Ln+p, L−n−p)

+ (1 + qn)(q−n−p − qp)f(Ln, L−n) = 0.

Setting p = 1 (5.37), we obtain

(5.38) −(1 + q)(q2n+1 − 1)f(L−1, L1) + q(1 + qn+1)(qn−1 − 1)f(Ln+1, L−n−1)

+ (1 + qn)(1 − qn+2)f(Ln, L−n) = 0.

Hence,

f(Ln+1, L−n−1) =
1

q

1 + qn

1 + qn+1

1 − qn+2

1 − qn−1
f(Ln, L−n)(5.39)

−
1

q

1 + q

1 + qn+1

1 − q2n+1

1 − qn−1
f(L1, L−1), for n 6= 1,

f(Ln, L−n) = q
1 + qn+1

1 + qn

1 − qn−1

1 − qn+2
f(Ln+1, L−n−1)(5.40)

+
1 + q

1 + qn

1 − q2n+1

1 − qn+2
f(L1, L−1), for n 6= −2.

Setting

αn =
1

q

1 + qn−1

1 + qn

1 − qn+1

1 − qn−2
and βn = −

1

q

1 + q

1 + qn

1 − q2n−1

1 − qn−2
,

from the formula (5.39) we get f(Ln, L−n) = anf(L1, L−1)+bnf(L2, L−2), for n > 2,

where

an = βn + αnβn−1 + αnαn−1βn−2 + . . . + αnαn−1 . . . α4β3,

and

bn =
1

qn−2

1 + q2

1 + qn

(1 − qn+1)(1 − qn)(1 − qn−1)

(1 − q3)(1 − q2)(1 − q)
.
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Setting

α′
n = q

1 + qn+1

1 + qn

1 − qn−1

1 − qn+2
and β′

n = q
1 + q

1 + qn

1 − q2n+1

1 − qn+2
,

from the formula (5.40) we get f(Ln, L−n) = a′
nf(L−1, L1) + b′nf(L−2, L2) for n <

−2, where

a′
n = β′

n + αnβ′
n+1 + α′

nα′
n+1β

′
n+2 + . . . + α′

nα′
n+1 . . . α′

−4β
′
−3,

b′n =
1

qn+2

1 + q−2

1 + qn

(1 − qn−1)(1 − qn)(1 − qn+1)

(1 − q−3)(1 − q−2)(1 − q−1)
= −b−n.

Case 2 : X = (Ln, Lm, Gp).

By (5.35) we have

−f([Ln, Lm], α(Gp)) + f([Ln, Gp], α(Lm)) + f(α(Ln), [Lm, Gp]) = 0.

Since [Ln, Gp] = ({p + 1} − {n})Gn+p and α(Gn) = (1 + qn+1)Gn, we have

(5.41) −(1 + qp+1)({m} − {n})f(Ln+m, Gp) + (1 + qm)({p + 1} − {n})

× f(Gn+p, Lm) + (1 + qn)({p + 1} − {m})f(Ln, Gm+p) = 0.

Taking m = 0 in (5.41), we obtain

(5.42) (1 − qn+p+1)f(Ln, Gp) = (qn − qp+1)f(L0, Gn+p).

Then

f(Ln, Gp) =
qn − qp+1

1 − qn+p+1
f(L0, Gn+p) for n + p + 1 6= 0.

Taking n = 1, p = −2 in (5.42), we obtain f(L0, G−1) = 0.

Taking m = −n, p = −1 in (5.41), we obtain (with f(L0, G−1) = 0)

f(Ln, G−n−1) = −f(L−n, Gn−1).

Then f(L1, G−2) = −f(L−1, G0), f(L2, G−3) = −f(L−2, G1).

Taking m = −1, p = −n in (5.41), we obtain

−(1 + qn−1)(qn+1 − 1)f(Ln−1, G−n) + (1 + q)(q2n−1 − 1)f(G0, L−1)

+ q(1 + qn)(qn−2 − 1)f(Ln, G−n−1) = 0.
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Hence

f(Ln, G−n−1) =
1

q

1 + qn−1

1 + qn

1 − qn+1

1 − qn−2
f(Ln−1, G−n)(5.43)

−
1

q

1 + q

1 + qn

1 − q2n−1

1 − qn−2
f(L1, G−2) for n 6= 2,

f(Ln−1, G−n) = q
1 + qn

1 + qn−1

1 − qn−2

1 − qn+1
f(Ln, G−n−1)(5.44)

+
1 + q

1 + qn−1

1 − q2n−1

1 − qn+1
f(L−1, G0) for n 6= −1.

Comparing (5.39) and (5.43), we deduce that

f(Ln, G−n−1) = anf(L1, G−2) + bnf(L2, G−3) for n > 2.

Comparing (5.40) and (5.44), we deduce that

f(Ln, G−n−1) = a′
nf(L−1, G0) + b′nf(L−2, G1) for n < −2,

where an, bn, a
′
n and b′n are defined as in the previous case.

Case 3 : X = (Ln, Gm, Gp).

By (5.35) we have

−f([Ln, Gm], α(Gp)) − f([Ln, Gp], α(Gm)) + f(α(Ln), [Gm, Gp]) = 0.

So

(5.45) −(1 + qp+1)({m + 1} − {n})f(Gm+n, Gp)

− (1 + qm+1)({p + 1} − {n})f(Gp+n, Gm) = 0.

Taking m = 0 in (5.45), we obtain

(5.46) (1 + qp+1)({1} − {n})f(Gn, Gp) + (1 + q)({p + 1} − {n})f(Gp+n, G0) = 0.

Taking n = 1 and replacing p + 1 by k in (5.46), we obtain

f(Gk, G0) = 0 for k 6= 1.

Hence,

f(Gn, Gp) = 0 for n 6= 1, p + n 6= 1.
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Taking p = 1 − n in (5.46), we obtain

(5.47) f(Gn, G1−n) = −
1 + q

1 + q2−n
(1 + q1−n)f(G1, G0) (n 6= 1).

Replacing n by 1 − n and p by n in (5.46), we obtain

(5.48) f(G1−n, Gn) = −
1 + q

1 + qn+1
(1 + qn)f(G1, G0) (n 6= 0).

Then using the super skew-symmetry of f , we get f(G1, G0) = 0.

We deduce that f(Gn, Gm) = 0 for all n, m ∈ Z.

We denote by g the linear map defined on Wq by

g(Ln) = −
1

{n}
f(L0, Ln) if n 6= 0, g(L0) = −

q

q + 1
f(L1, L−1),

g(Gn) =
1

{n + 1}
f(L0, Gn) if n 6= −1, g(G−1) = −

q

q + 1
f(L1, G−2).

It is easy to verify that δ(g)(Ln, Lp) = ((qp − qn)/(1 − qn+p))f(L0, Ln+p) (p 6= −n),

δ(g)(Ln, L−n) = 0, δ(g)(Ln, Gp) = ((qp+1 − qn)/(1 − qp+n+1))f(L0, Gn+p) (p + n 6=

−1) and δ(g)(Gn, Gp) = 0.

Let h = f − δ1g. Then we have

h(L1, L−1) = h(L1, G−2) = 0,

h(Ln, Lp) = 0 for n + p 6= 0,

h(Ln, Gp) = 0 for n + p 6= −1,

h(Gn, Gp) = 0 for all n, p ∈ Z.

Since h is a 2-cocycle we deduce that:

h(Ln, L−n) = anh(L1, L−1) + bnh(L2, L−2) = bnh(L2, L−2),

h(Ln, G−n−1) = anh(L1, G−2) + bnf(L2, G−3) = bnh(L2, G−3),

h(Gn, Gm) = 0.

Using the above equalities, we deduce that

h(xLn + yGm, zLp + tGk) = xzδn+p,0bnh(L2, L−2) + xtδn+k,−1bnh(L2, G−3)

− yzδp+m,−1bph(L2, G−3)

= h(L2, L−2)ϕ1(xLn + yGm, zLp + tGk)

+ h(L2, G−3)ϕ2(xLn + yGm, zLp + tGk),

which completes the proof. �
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Corollary 5.10. Let V be a trivial representation of Wq and f ∈ C2(Wq, V ).

Define a bracket and a morphism on W̃q = Wq ⊕ V by

[(x, a), (y, b)]
W̃q = ([x, y], f(x, y)),

α̃(x, a) = (α(x), a) ∀x, y ∈ Wq, a, b ∈ V.

The triple (W̃q, [·, ·]
W̃q , α̃) is a Hom-Lie superalgebra if and only if f is in C[ϕ1] ⊕

C[ϕ2].
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