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Abstract. Hom-Lie algebra (superalgebra) structure appeared naturally in g-deforma-
tions, based on o-derivations of Witt and Virasoro algebras (superalgebras). They are
a twisted version of Lie algebras (superalgebras), obtained by deforming the Jacobi identity
by a homomorphism. In this paper, we discuss the concept of a¥ -derivation, a representation
theory, and provide a cohomology complex of Hom-Lie superalgebras. Moreover, we study
central extensions. As application, we compute derivations and the second cohomology
group of a twisted osp(1, 2) superalgebra and g-deformed Witt superalgebra.
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INTRODUCTION

Hom-Lie algebras and other Hom-algebras structures have been widely investi-
gated during the last years. They were introduced and studied in [5], [7], [8], [9],
[10], motivated initially by examples of deformed Lie algebras coming from twisted
discretizations of vector fields. The paradigmatic examples are g-deformations of
Witt and Virasoro algebras based on o-derivation [1], [5], [6], [11]. Hom-Lie super-
algebras were studied in [3]. Cohomology theory of Hom-Lie algebras was studied in
[2], [15], [19], see also [12], [13], [14], [20], [21], [22], [23] for other important results
about Hom-algebras. The purpose of this paper is to study representations and co-
homology of Hom-Lie superalgebras. As application, we provide some calculations
for g-deformed Witt superalgebra.
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The paper is organized as follows. In the first section we give the definitions
and some key constructions of Hom-Lie superalgebras. Section 2 is dedicated to
the representation theory of Hom-Lie superalgebras, including adjoint and coadjoint
representation. In Section 3 we construct a family of cohomologies of Hom-Lie su-
peralgebras. In Section 4, we discuss extensions of Hom-Lie superalgebras and their
connection to cohomology. In the last section we compute the derivations and the
scalar second cohomology group of the g-deformed Witt superalgebra.

1. HOM-LIE SUPERALGEBRAS

In this section, we review the theory of Hom-Lie superalgebras established in [3]
and generalize some results of [4]. For classical definitions and results we refer to
[16], [17], [18]. Let G be a linear superspace over a field K that is a Zs-graded linear
space with a direct sum G = Gy @ G;. The elements of G;, j € Zs, are said to be
homogeneous of parity j. The parity of a homogeneous element x is denoted by |z|.
The space End(G) is Z2-graded with a direct sum End(G) = (End(G))o ® (End(G))1
where (End(G)); = {f € End(G)/f(G:) C Git+;}. Elements of (End(G)), are said to
be homogeneous of parity j.

Definition 1.1. A Hom-Lie superalgebra is a triple (G, [, ‘], ) consisting of
a superspace G, an even bilinear map [,:]: G x G — G and an even superspace
homomorphism «: G — G satisfying

(1.1) [, y] = —(=1) ¥y, o],
12) (=) [a(2), [y, 2] + ()M a(2), [z, 9] + (1)1 [a(y), [2,2]] = 0

—~~

for all homogeneous elements z, ¥y, z in G.
Let (G,[-,],) and (G',[,"]', @) be two Hom-Lie superalgebras. An even homo-
morphism f: G — G’ is said to be a morphism of Hom-Lie superalgebras if

(1.3) [f (@), f@))" = f([z.9]) Y,y €g,

foa=d of.

Remark 1.2. We recover the classical Lie superalgebra when o = id.
The Hom-Lie algebra is obtained when the part of parity one is trivial.

Example 1.3. Let G = Gy & G; be a 3-dimensional superspace where G is
generated by e; and G; is generated by es,es. The triple (G, [, ],«) is a Hom-
Lie superalgebra defined by [e1,e2] = 2e3,[e1,e3] = 2e3 and [ea,e3] = ey, with

aler) = e1, ales) = es, ales) = —ea.
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Definition 1.4. Let (G, [, ],«) be a Hom-Lie superalgebra. A Hom-Lie super-
algebra is called

> multiplicative if for all =,y € G we have a([z,y]) = [a(z), a(y)];
> regular if « is an automorphism;

> involutive if o is an involution, that is a? = id.

The center of the Hom-Lie superalgebra, denoted Z(G), is defined by
Z2(G)={z€g: [x,y] =0, Vy € G}.

The next theorem generalizes the twisting principle stated in [3], [21] in the fol-
lowing sense: starting from a Hom-Lie superalgebra and an even Lie superalgebra
endomorphism, we construct a new Hom-Lie superalgebra.

Theorem 1.5. Let (G, [, ], «) be a Hom-Lie superalgebra, and 3: G — G an even
Lie superalgebra endomorphism. Then (G, [, g, 8 o ), where [z,y]g = 5([z,y]), Is
a Hom-Lie superalgebra.

Moreover, suppose that (G',[-,-]') is a Lie superalgebra and o': G’ — G’ is a Lie
superalgebra endomorphism. If f: G — G’ is a Lie superalgebra morphism that
satisfies f o 3 =o' o f then

VE (g7 [-,-]5,6004) - (glv [',']/,O/)

is a morphism of Hom-Lie superalgebras.

Proof. We show that (G, [, ], 5 o a) satisfies the graded Hom-Jacobi identity
(1.2). Indeed,

Oz (1) HB o (@), [y, 2]sls = O,z (=180 a(z), B([y, 2])]s
= B2(Ouy,> (—=1)"[a(2), [y, 2]])
=0.

The second assertion follows from

f([z,ylg) = F([B(x), BW)]) = [f o B(=), [ o Bly))
= [0/ o f(z), 0 o f(y)]" = [f(2), f(y)]e-
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Example 1.6. We derive the following particular cases:

(1) If (G,[,],@) is a multiplicative Hom-Lie superalgebra then, for any n € N,
(G,a™ o[-, -],a™*1) is a multiplicative Hom-Lie superalgebra.

(2) If (G, [, ]) is a Lie superalgebra and a self-map « on G is an even Lie superalgebra
morphism then (G, [, ]q, @) is a multiplicative Hom-Lie superalgebra.

(3) If (G,[,"],a) is a regular Hom-Lie superalgebra, then (G,a~!o[,-]) is a Lie
superalgebra.

In the following we construct Hom-Lie superalgebras involving elements of the
centroid of Lie superalgebras. Let (G, [-,-]) be a Lie superalgebra. The centroid is
defined by

Cent(G) = {0 € End(G): 0([z,y]) = [0(z),y], YVz,y € G}
= (Cent(G))o @ (Cent(G));.

The centroid Cent(G) is a subsuperpace of End(G).

Proposition 1.7. Let (G,]-,-]) be a Lie superalgebra and § € (Cent(G))o C
(End(G))o. Set for x,y € G

{z,y} = 0([z,y]).
Then (G,{-,-},0) is a Hom-Lie superalgebra.

Proof. For 6 € (Cent(G))o we have
{z.y} = 0(z,9)) = —(=1)"6(y, 2]) = —(=1)""[6(y), 2] = [z, 6(y)]-

Then {z,y} = [z,0(y)] = (=1)"W[0(y), 2] = —(=1)I*IW{y, z}.
Also we have

{0(2), {y, z}} = {0(2), [y, 0(2)]} = [6(x), 0([y, 0(2)])] = [0(z), [6(y), O0(=)]].
It follows that

Oz (=1)FH0(2), {y, 21} =Ou g,z (-1)P@NEN0(2), [0(y), 6(2)]) = 0.

Since (G, [, ]) is a Lie superalgebra, the super Hom-Jacobi identity is satisfied. Thus
(G,{-,-},0) is a Hom-Lie superalgebra. O
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2. DERIVATIONS OF HOM-LIE SUPERALGEBRAS

We provide in the following a graded version of the study of derivations of Hom-

Lie algebras stated in [19]. Let (G, [, -], @) be a Hom-Lie superalgebra, denote by a*

k

the k-times composition of a, i.e. a* = ao...oa (k-times). In particular, a=* = 0,

a’ =1d and o' = .
Definition 2.1. For any k& > —1, we call D € (End(G)); where i € Z3, an

a¥-derivation of the Hom-Lie superalgebra (G, [-,], @) if « o D = D o o and

D([z,y]) = [D(x), " (y)] + (-1)*IPl[a* (), D(y)]

for all homogeneous elements z,y € G.

We denote by Der,«(G) = (Der,x(G))o @ (Der,(G))1 the set of a*-derivations of
the Hom-Lie superalgebra (G, [, ], @), and

Der(G) = @ Der,x(G9).

k>—1
For any homogeneous element a € G satisfying a(a) = a, define ady(a) € End(G) by
adg(a)(z) = [a,a"(2)], Yz € G.
Notice that ady(a) and a are of the same parity.
Proposition 2.2. Let (G, [, ], @) be a multiplicative Hom-Lie superalgebra. Then

ady(a) is an a**t1-derivation, which we call inner o**!-derivation.

Proof. Indeed, we have
ady(a) o a(z) = [a, " (2)] = [a(a), " (2)] = a([a, " (2)]) = @ 0 ady,(a) ()
and

adi(a)([z,y)) = [a, 0" ([z,9])] = [a(a), [0*(z), " (y)]
= — (=pli((=nll M (@), [o* (y), o]
+ ()P (y), [a, 0" (2)]])
(=D ((=nllel (=)l " @), [a, o ()]
+ ()P (= lledla, o (2)], o (y)])
= [la,a* ()], "1 (y)] + (=DM (), [a, o ()]
= [adk(a)(2), &"* ()] + (=1) N[0+ (2), ady(a) (y)].
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Therefore, ady, is an o**l-derivation. We denote by Inn,«(G) the set of inner o*-
derivations, i.e.

Inngx (G) = {[a, " (-)]/a € Go UG, afa) = a}.
For any D € Der(G) and D’ € Der(G), define their commutator [D, D’] as usual:
(2.1) [D,D']=DoD —(-1)PIPIp o p.
O

Lemma 2.3. For any D € (Der,x(G)); and D’ € (Derq:(G));, where k + s > —1
and (i,7) € 73, we have

D, D'} € (Deross-(9)) by -

Proof. For any z,y € G we have

[D, D')([z,y]) = Do D'([z,y]) — (~1)/PI”'|D" o D([z, )
= D([D'(z), 0" (y)] + (—=1)!*I1P"[a*(2), D' (y)))
— (=1)PIPID([D(x), " ()] + (—1) =17 [a* (), D(y)])
= [DD'(z), o+ (y)] + (=1) PP @I[a* D' (), Do (y)]

+ (=)' (Dot (z), o D' ()] + (1) 1P} (2), DD’ (y)])
(—=D)IPIPI(D D(w), o™ (y)] + (=1) PPl [0 D(x), D'a¥ (y)))
(—1)PIPl(—1)l=lIP([D'a* (), 0 D(y)]
(-1l [} (z), D' D(y))).

+

Since D and D’ satisfy Doa=cao D and D' oa = ao D', we have

[D, D'|([z,y]) = [DD'(z) — (~1)!PIP'| D' D(z), ak+* (y)]
+ (—D)lelP(—1)leliPl[*+s (), DD! (y) — (—1)!PIIP'I D' D(y))]
= [[D, D')(x), a*** ()] + (=12 PNl [o 2 () [D, D] (y))].

It is easy to verify that ao [D, D'] = [D, D] o v, which leads to [D, D] € Derg+s(G).
U

Remark 2.4. Obviously, we have
Der,-1 ={D € End(G): Doa=aoD,D([z,y]) =0, Yz,y € G}.

Thus for any D, D’ € Der,-1(G), we have [D, D'] € Der,-1(G).

By Lemma 2.3, obviously we have
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Proposition 2.5. With the above notation, Der(G) is a Lie superalgebra, in
which the bracket is given by (2.1).

Proposition 2.6. If we consider on Der(G) the endomorphism & defined by

a(D) = awo D, then (Der(G), [, ], &) is a Hom-Lie superalgebra where [-,-] is given
by (2.1).
Now, we consider extensions of a Hom-Lie superalgebra (G, [-, -], @) using deriva-

tions. For any D € (End(G));, consider the vector spaces Go = Go & RD, G = Gy
and G = Gy ® G1. Define a skew-symmetric bilinear bracket operation [-,-|p on G by

Define ap € End(G ® RD) by ap(g + AD) = a(g) + AD.

Proposition 2.7. With the above notation, (é, [,"]p,ap) is a Hom-Lie superal-
gebra if and only if D is a derivation of the Hom-Lie superalgebra (G, [, ], @).

3. REPRESENTATIONS AND COHOMOLOGY OF HOM-LIE SUPERALGEBRAS

In this section we study representations of Hom-Lie superalgebras, see [19], [4] for
the nongraded case, and define a family of cohomologies by providing a family of
coboundary operators defining cohomology complexes.

3.1. Representations of Hom-Lie superalgebras. Let (G, [, ], a) be a Hom-
Lie superalgebra and V = V; @ V3 an arbitrary vector superspace. Let 5 € GI(V') be
an arbitrary even linear self-map on V' and let

['a']V: ng—)M
(gav) = [gvv]V
be a bilinear map satisfying [G;, V;]v C Vi4; where 4, j € Z,.

Definition 3.1. The triple (V, [, ]v, () is called a Hom-module on the Hom-Lie
superalgebra G = Gy @ Gy or G-Hom-module V' if the even bilinear map [, -]y satisfies

(3.1) [a(z), B(v)]v = B([z,v]v)
and
(32) [z, 9], B)]v = (@), [y, vlv]v — (=) a(y), [z, v]v]v

for all homogeneous elements z,y € G and v € V.
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Hence, we say that (V| [, ]y, ) is a representation of G.

Example 3.2. Let (G, [, ], @) be a multiplicative Hom-Lie superalgebra and ad:
G — End(G) an operator defined for z € G by ad(z)(y) = [z,y]. Then (G, ad, a) is
a representation of G.

Example 3.3. Given a representation (V, [, ]y, ) of a Hom-Lie superalgebra
(G,[',"],a) denote G =GBV and G, =G ® V). Lz € G, and v € V; (i € Z2), we
denote |(z,v)| = |z|.

Define a super skew-symmetric bracket [-,]5: A*(G@V) - G@V by

[(x,u), (y7v)]g~ = ([x,y], [J),’U]V - (_1)|x||y|[y7u]v).

Define a: GV — GV by a(x,v) = (a(z), 8(v)). Then (G V, [, |5, &) is a Hom-
Lie superalgebra, which we call the semi-direct product of the Hom-Lie superalgebra

(g, ['7 ']a a) by V.

Remark 3.4. When [, -]y is the zero-map, we say that the module V is trivial.

3.2. Cohomology of Hom-Lie superalgebras. Let (G, [, ], @) be a multiplica-
tive Hom-Lie superalgebra. Let x1,...,x; be k homogeneous elements of G, we de-
note by |(z1,...,7)| = |x1]| + ... + |7x| the parity of an element (x1,...,xs) in GF.

The set Ck(g,V) of k-cochains on the space G with values in V is the set of
k-linear maps f: ®k G — V satisfying

fl@n, o i, omy) = —(=D)FEel fy g w,a)

for1 <i<k—1.

For k = 0 we have C°(G,V) = V.

The map f is called even (odd) when f(z1,...,2%) € Vo (f(z1,...,25) € V1) for
all even (odd) elements (z1,...,zx) € GF.

A k-hom-cochain on G with values in V is defined to be a k-cochain f € C*(G,V)
such that it is compatible with o and 3 in the sense that o f = foq, i.e.

Bo f(x1,...,zk) = fa(z1),...,a(x)).
Denote by C% 5(G, V) the set of k-hom-cochains:

(3.3) CE (G, V)={f€C¥G,V): Bof=foa}
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For a given positive integer r, we define a map §%: C*(G,V) — C*1(G,V) by
setting

(3.4) 8¢ (f) (o, - k)

= Z (_1)t+|xt\(\$s+1\+~~~+\$t—1|)
0<s<t<k

X f(a(xo); cee 704(:[’.571)7 [xsaxt];a(xs+1); s 7@7 c '7a(xk))
k

+ ) (=1 tleelfitrolt bz D M= () f(xo, ..., Fyy )]y,
s=0

where f € C*(G,V), |f| is the parity of f, x¢,..., 7 € G and Z; means that z; is
omitted.
In the sequel we assume that the Hom-Lie superalgebra (G, [, ], @) is multiplica-

tive.
Lemma 3.5. With the above notation, for any f € Cgﬁ(g, V) we have
S (f)oa=Bodi(f).
Thus, we obtain a well-defined map

65: C(Ijz,[i(ga V) - CZI}l(ga V)

Proof. Let f e Ck (G, V) and (zo,...,zx) € GF"'. Then

SE(f)oalxo,...,xn) = 6"(f)(a(xo), ..., alzy))
— Z (_1)t+|xt\(\f|+\:cs+1|+...+\:cf,_1\)

0<s<t<k

X f(on(xo), ol aQ(ms_l), [a(xs), a(z)], (Tsq1),. s Tty - aQ(Jck))
k
+ ) (=1)stlesl ol Hme Do 47 (1), f(a(xo), ..., Fs, ., )]y
s=0

= Z (—1)tH@el (S [zl Ftlwe—a])
0<s<t<k

X foala(zg),...,a(xs—1), [xs, Tt], A(Ts41)y -+ oy Tty ..., (Tk))

k
+ (1)l rml bt e Db (1) f o alao, .., Bzl
s=0
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_ E' (_1)t+lmt\(\f|+\ws+1|+~~+\wt71\)
0<s<t<k

X B © f(Oé(l‘Q), s ,Oé(.l?s_l), [$S,$t], 04(.233+1), s 7@7 SERE) Oé(l‘k))
k
+ ) (=1t iFroltHee Do 47 (1), Bo f(xo,..., Fx, ... x)lv

— Z (_1)t+|xt\(\f|+\:cs+1|+...+\:cf,_1\)
0<s<t<k

Xﬂ f( ( ) "704(1.8*1);[xsvxt]aa(xSJrl)a“wftv"-va(xk))
+Z 8+|xb‘ |flH|zol+-..Hze— 1‘)6([ak+ril(xs);f(x07"'7@7"'75Ek)]\/)

:ﬁoér( )(xo,...,xk),

which completes the proof. ([

Theorem 3.6. Let (G, [, ],«) be a multiplicative Hom-Lie superalgebra and
V,[-,-]v,B) a G-Hom-module.

For a given integer r > 1, the pair ( @ 5(9 V), {6k}k>0) defines a cohomology

complex, that is 6F o 6¥~1 = 0.

Proof. For anyféCk 1(g V) we have

(35) 808t () (ans-imi) = Y (~1) e et

s<t

T (Hla(xo)s .. a(Ts—1), [Ts, ], (Xsq1)y ooy Ty, (k)

E
=

(— )8+Imb\(\f|+\wo|+ Alzs—1l)

wa
>,

(3.6) +

w
[}

ak+r_1($s)76f_l(f)(x05 s 7@7 ce ,J?k)]V-

X

We evaluate the term (3.5):

5k71(f)(a(x0)a s ,04(.233_1), [xs; xt]; a(xs—i-l); s ,l/‘\t, ey a(mk))
(3.7) = Z (=1)t Fleel(zar sl ey )

s'<t'<s
x f(a*(zo), ..., 0 (s 1), [a(zs), alze)], 0 (T 41), ...,
:E;; e 7052(1.871); Oé([xsvxt])v az(xs+1); cee 7@; s ,a2($k))
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(388) + Y (—1)sHeleltetliaD

§'<s
x f(a®(xg),..., 0% (xe_1), [a(zse 1), [2s, 24]],
Q2 (Tg41),y oy Tags s 02 (Tr))
(39) + 3 (1) ettt ete )
s<s<t’<t
x f(a®(x), ..., 0% (xe 1), [a(zs), a(ze)], @ (Tsrg1),s -,
of[zs,z))s .. T, ..., a2 ()

(310) + 3 (21 Hewlesaltectle bt llesmdbtloa oot )

s/ <s<t<t'
x f(a®(xg), ..., 0% (xe 1), [a(zs), alze)], @ (Tsrg1),s -
o[Ts, )y oo Tay ey Tty ()
(3.11) + Z (_1)tl+|xt"(‘zs+1‘+"'+|xt’—1|)
s<t/<t
x f(a®(20),- .-, [[Ts, ze], al@e)], & (Tag1)s o ooy Togry - ooy 02 (1)
(3.12) + Z (_1)t/—1+\$t'|(|9€s+1|+---+\/$7|+~~~+|9€t/_1D
s<t<t!
x f(a®(20), ..., % (@s_1), [T, Te), (@], @2 (Tgr1)s oo oy Trgrs oo oy &2 (21))
(3.13) + Z (_1)t/+\$t/\(\$5'+1\+~~~+|xt/71|)
s<s! <t/ <t
x f(a®(x),...,a% (s 1), a([zs, 24]), . . .,
[(ze), (xe)]s ooy Tty ey Tty e s @2 (T8))
(3.14) + Z (_1)t/—1+|xt/I(Ixsf+1|+...+x7+...+\:ct:_1|)
s<s! <t <t/
x f(a®(xo),...,a% (s 1), a([zs, 24)), & (T541), . . .,
[a(ze), a(ze)]s oy Thy e s Ty 2 (21))
(3.15) + Z (_1)t'+|xt/\(\%/H|+...+;c’t;,+.~~+|xt/_1|)
t<s' <t/
x f(a?(x0),...,0% (x5 1), a([zs, z¢]), & (Tai1), -
Try oo [a(@e), alae)]y .y Ty oo 02 (1))
(3.16) + Z (= 1) Hlzar | Af I Hlzol+- Aoy )
0<s'<s
X [T (@), fa(xo), ..oy Tary s [Ter @],y Tty ooy )]y

(3.17) + (—1 )S+|[ s:Zs)| (| f[+|zol+...+]zs—1])

—

x [o" 2 ([w, @), flalo), - - [, @) a(@ss1)s o, Bry - o))y
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(318) + 3 (—1)¥ How sl laoltotllonaill+tlen )

s<s'<t

X [OékJrT?l(xs/)v f(a(xO)v SRR [xsa xt]ﬂ s 7:5/8’\,157 s 7a(xk))]\/
(3.19) + 37 (=1)% How U hmal ot llpsed ot Tl )

t<s’

X [T @), fladzo),s - [, @)y o ooy Trgry - oo ()] v
The term (3.6) implies that

[0 (@), 8 () o0, o)y

(320): {Okaﬂl(xs), Z (_1)t’+|x"‘(‘I.;’+1‘+"'+|x"—1Df(a(xo)7 ce a(xs,il)’

s'<t'<s

[zs, xp], (g 41), - - ,x/sf:t/\,s, o(Tst1),- -, a(xk))]
v

(3.21) +[a’“+’“1(x5), Z (_1)t’*1+|9’31,"(‘15’4-1|+~.~+\/I:|+...+\ztz_l\)

s/ <s<t!

X fla(xo)s . yalmer—1), [Xsr sy ], (Torg1)y e vy Trgry - - ,a(:ck))}

(3.22) +[a’“+”1(x5), Z (_1)t’+\zyI(Ixsf+1\+...+|x,,/_1|>

s<s'<t!
X f(()é(xo), cee 7@7 AR a(xs’fl)a [xs’;xt’]v a(x8/+1)7 ce 7@7 e
s—1
(323) + [akw—l(%), S (= 1) el tleol e D
s'=0

x [a"TT=2(s"), f(xo, . .. I T ,:ck)]v]

v
k —
(3.24) + [ozk"'r_l(xs), Z (_1)3/—1+|x5/|(|f\+|x0|+...+\xs\+...+\x5171|)
s'=s+1

X [ozk+r_2(s'),f($0,...,@,...,mk)]v] .
\%

Super-Hom-Jacobi identity leads to

> (—p)ftlrdzenlttleeah (3.8) + (3.11) 4 (3.12)) = 0.

s<t
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Using (3.2) and (3.3), we obtain by (3.17)

= ["" 2 ([ws, 2]); flol@o),- .. awsm1),

([xsvxt]) (strl)v"'7@;"'7a(xk))]v
(3.25) = [ (@), [0 (), [0, Tty )]y

— 2" (@), [P (@), f(@o, - oty -]V ]y

Thus by (3.17), (3.23), and (3.24)

k
S (1)l etlol) 3yl

s<t s=0
k

+ Z(_l)erlxs\(\f|+\wo|+~~+\wsfl\) = 0.
s=0

By a simple calculation, we get by (3.16), (3.22), (3.18), (3.21), (3.19), and (3.20)

k
Z(_l)t+lmt\(\ws+1\+~~~+|xt—1|) + Z(_1)8+Ims\(\f|+\wo|+~~+\ws—1I) =0,

s<t s=0

k
Z(_l)t+lmt\(\ws+1\+~~~+|xt71|) + Z(_1)s+|a:5\(\f|+\zo|+...+\z571|) =0,
s<t s=0

k
Z(_l)t+lmt\(\ws+1\+~~~+|xt71|) + Z(_1)s+|xs\(\f|+\zo|+...+\z571I) =0,
s<t s=0

and ((3.9)+(3.14))
Z(_l)t""lxt‘(‘xs-f—l‘+~~~+|$t—1|)

s<t
— Z(_1)t+\$t|(|$s+1|+---+\xt—1\) Z (_1)t/+\$wI(Ixsf+1\+~~~+\[xs7xt]\+~~~+|xu_1\)
s<t sl<s<t'<t
f(aQ(xo), ce a2(x5/,1), [a(zs), ()], 042(555/“), oo ol[xs, )y Ty ,a2(xk))

+ Z(_l)“‘mt‘(‘xsﬁ-l‘+~~~+‘xt—l‘) Z (_1)75/_1"“3%/|(|xs/+1|+---+ft+---+|xt’71|)
s<t s<s'<t<t!
f(aQ(iL'o), R a2(x5,1), a([:cs, xt])a 042(11,'S+1), oo 7@; ceey [a(xs')v a(xt')] sy a2(xk))
=0.
Similarly, > (—1)tted(zeralttlzeal) — 0 ((3.7)4-(3.15)) and ((3.10)+(3.13))

s<t

Z(—l)t"“xt|(|$s+1|+---+\$t—1\) —0.

s<t

Therefore 6% o 6¥~1 = 0. O
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The previous theorem shows that we may have infinitely many cohomology com-
plexes.

Remark 3.7. From the proof of Theorem 3.6 we can deduce that if [-,-]y =0
then 6% o 5¥=1(f) =0, f € C¥(G, V).

The corresponding cocycles, coboundaries and cohomology groups are defined as
follows.

Definition 3.8. Let (G,[,:],«) be a Hom-Lie superalgebra and (V,[-,]v, ()
a Hom-module. With respect to the r-cohomology defined by the coboundary oper-
ators

67]f: C(Ijz,ﬁ(ga V) - CZI}l(ga V)a

we have:

> The k-cocycles space is defined as Z*(G, V') = ker 6*. The even or odd k-cocycles
space is defined as ZFo(G,V) = ZF(G,V) N (Ck 5(G,V))o or ZF(G,V) =
ZF(G, V)N (CE 5(G,V))1, respectively.
> The k-coboundaries space is defined as B¥(G,V) = Im6¥~!. The even or odd
k-coboundaries space is B (G,V) = BF(G,V) N (C’(’;ﬁ(g, V))o or BF,(G.V) =
BE(G, V)N (C’(’iﬁ(g, V)1, respectively.
> The k*® cohomology space is the quotient H*(G,V) = Z*(G,V)/BX(G,V). It
decomposes as well as the even and odd k*" cohomology spaces.
Finally, we denote by H¥(G,V) = H,’io(g,V) D Hﬁl(g,V) the k" r-cohomology
space and by @ HF(G,V) the r-cohomology group of the Hom-Lie superalgebra G
k>0
with values in V.
Remark 3.9. The Z!(G,G) is the set of a”-derivations of G.

Example 3.10. In this example we compute the second scalar cohomology group
of the Hom-Lie superalgebra osp(1,2), constructed in [3].

Let osp(1,2) = Vy @ V1 be the vector superspace where V; is generated by

1 0 0 0 0 1 0 00
H=|0 0 0}, X=|0 00}, Y=(0 0 0],
0 0 -1 0 00 1 00
and V) is generated by
0 00 01 0
F=[1 0 0], G= 0 -1
010 00 0
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Let A € R*, we consider the linear map a: osp(l,2) — osp(1,2) defined by:

1 1

ax(X) = XX, ax(Y) >

We define a superalgebra bracket [, -] with respect to the basis, for A # 0, by

1 Xy = 20K, (Yl = ¥, (XY= By [V.Gh = yF
X,Fh=G, [H.Flx=-1F [HGLh=)G, [GF\=H, [G,X]=0,
[Y,F] =0, [G,G]x=-2XX, [FF]\= 2y

=2V
Then osp(1,2) = (osp(1,2), [, ], @x) is a Hom-Lie superalgebra.

Let f € C, 14, (0sp(1,2),C). The scalar 2-coboundary operator is defined accord-
ing to (3.4) by

(3.26) 52(f)($0,$17962) = — f([zo, 71], a(x2))

+ (=Dl £ ([0, o], al@1)) + f(alwo), 21, w2]).
Now, we suppose that f is a 2-cocycle of osp(1,2),. Then f satisfies
(3:27)  —f([zo, 21, awa)) + (—1)"211 £ (o, 2], 1)) + f (o), [w1, 22]) = 0.
By plugging the triples

(H,X,F), (H,X,Y), (H,X,G), (H,Y,G), (X,Y,F), (X,F,G),(Y,F,G),
(H,Y,F), (X,Y,G), (H,F,G), (H,F,F), (HG,G), (X,G,G)

respectively, in (3.27) we obtain

f(HvG):f(XvF)v f(GaX):Oa f(H,F):f(G,Y), f(GaG):f(XaH)v

So, if we consider the map g: osp(1,2) — R defined by

9(X) = 5ig f(H,X), g(¥) = =5 J(H.X), 4(F) = ~A[(H.F),

9(G) = T [UH.G), g(H) = f(X.),
we obtain

flarH + asX + agY + a4 F + asG, b1 H + b2 X + b3Y + by F + b5QG)
=06(g9)(a1H + a2 X + a3 + a4 F + a5G, b1 H + bo X + b3Y + by F + b5G).

735



Therefore H?(osp(1,2)x,C) = {0}.
Notice that this result is the same for any r > 1.

4. EXTENSIONS OF HOM-LIE SUPERALGEBRAS

The extension theory of Hom-Lie algebras was presented first in [5], [7].
An extension of a Hom-Lie superalgebra (G, [+, ], «) by a Hom-module (V, ay ) is

an exact sequence
0— (V,ay) == (G,&@) - (G,a) — 0

satisfying ¢ oi=1ioay and com = wo a.
We say that the extension is central if [G, (V)]
Two extensions

g=0.

0— (V,av) =5 (Gr,ar) =5 (G,a) — 0 (k= 1,2)

are equivalent if there is an isomorpism ¢: (G1, 1) — (G2, ae) such that poi; =iy
and my 0 @ = 7.

4.1. Trivial representation of Hom-Lie superalgebras. Let V = C (or R)
and [+, -]y = 0. Obviously, V3 € End(C), (G, [, ]v, 0) is a representation of the Hom-
Lie superalgebra (G, |-, ], &). This representation is called the trivial representation
of the Hom-Lie superalgebra (G, [, -], ).

In the following we consider central extensions of a Hom-Lie superalgebra
(G,[,:],). We will see that it is controlled by the second cohomology group
H2(G,V). Let § € C%(G,V), we consider the direct sum G = Go ® Gi where
Go = Go ® C and G, = G; with the bracket

[(z,5), (y, V)]0 = ([, 9], 0(x,y)) Vo,yeg, s;teC.

Define @: G — G by a(z, s) = (a(x), ).

Theorem 4.1. The triple (G, [, ]9, @) is a Hom-Lie superalgebra if and only if 6
is a 2-cocycle (i.e. §2(6) = 0).

We call the Hom-Lie superalgebra (G, |-, |s, &) the central extension of (G, [, ], @)
by C.

Proof. The map & is an algebra morphism with respect to the bracket [-, -]s as
follows from the fact that 8 o & = 6. More precisely, we have

&[((E, S), (yv t)]G = (a[xv y]v g(xa y))
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On the other hand, we have

[@(z,5), a(y, t)]o = [((2), 5), (aly), )]s = ([(z), a(y)], O(c(), a(y)))-

Since « is an algebra morphism and 6(«(z), a(y)) = 0(x,y), we deduce that & is an
algebra morphism.
By direct computation, we have

Oyt (zom) (DI EMNENG (2, 5), [(y,8), (2,m)]]g

= Oes)wittem) (1) [((@), 9), ([y, 21, 6(y, 2)]o
O,z (1) ((ale), [y, 2]], O(ale). [y, 2])
= Ouy.: (D110, 6(a(2), 0(a(2), [y, 2]))-

Thus, by the Hom-Jacobi identity of G, the bracket [-, -]y satisfies the Hom-Jacobi
identity if and only if

O,z (_1)‘;8“2‘9(04(37), ly, 2]) = 0.

This means that 6260 = 0. U

4.2. Cohomology space H?(G,V) and central extensions.

Proposition 4.2. Let (G,[-,],«) be a multiplicative Hom-Lie superalgebra and
V' a G-Hom-module. The second cohomology space H*(G,V) = Z*(G,V)/B?(G,V)
is in one-to-one correspondence with the set of the equivalence classes of central
extensions of (G, [,-],a) by (V, B).

Proof. Let
0— (V,8) = (G,a) = (G,a) — 0

be a central extension of the Hom-Lie superalgebra (G, &) by (V, 8), so there is a space
H such that G = H & i(V).

The maps 7/: H — G and k: V — i(V) defined, respectively, by 7,y (z) = m(z)
and k(v) =i(v) are bijective, their inverses are denoted by s and [. Considering the
map ¢: G x V — G defined by o(x,v) = s(z) + i(v), it is easy to verify that ¢ is
a bijective.

Since 7 is a homomorphism of Hom-Lie superalgebras hence m([s(z),s(y)lg —
(1)) = 0. So [s(2), s()]g — s([z,3]) € i(V).

We set [s(z), s(y)] — s([z,y]) = G(z,y) € i(V). Then F(x,y) =loG(z,y) € V
and it is easy to see that F'(x,z) = 0 and then F € C%(G,V) is a 2-cochain that
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defines a bracket on G. In fact, we can identify the superspace L x V and G by
p: (z,v) — s(z) +i(v) where the bracket is

[s(z) +i(v), 5(y) + i(w)lg = [s(2), s(y)]g = s([z, y]) + F(z,y).

Viewed as elements of G x V' we have [(z,v), (y,w)] = ([z,y], F(z,y)) and the ho-
mogeneous elements (x,v) of G x V are such that |z| = |v| and we have in this case
@, 0)] = |2,

We deduce that we can assign a 2-cocycle F' € Z2?(G, V) to every central extension

00— (V,8) == (G,8) " (¢, 0) — 0.
Indeed, for z,y € G, if we set

Fa,y) = U([s(z),s(y)] = s([z,9])) €V,

then we have F'(z,y) € V and F satisfies the 2-cocycle conditions.
Conversely, for each f € Z2(G,V) one can define a central extension

0—>(Va5) —>(gf,af) —>(g,04) —0

by
[(z,0), (g, w)]y = ([z, 4], f(z,9)),
where z,y € G and v,w € V.

Let f and g be two elements of Z2(G,V) such that f — g € B2(G,V), ie.
(f —9)(z,y) = h(]z,y]), where h: G — V is a linear map satisfying hoa = o h.
Now we prove that the extensions defined by f and g are equivalent. Let us define
®: Gy — G4 by

O(z,v) = (x,v — h(x)).

It is clear that ® is bijective. Let us check that ® is a homomorphism of Hom-Lie
superalgebras. We have

[@((z,0)), @((y, w)lg = [(2,v = h(=)), (y,w = h(y)]g = ([, 4], 9(z,¥))
= ([z, 9, f(@,y) = h([z, y])) = ©(([z, 4], f(z,9))) = ([(x, v), (y, w)]s)

and

@0 a((x,v)) = B(alz), Bv)) = (o)
= (alw), B(v) - B o h(z)

N
Il
—~
2
8
:_/
2D
—~
e
I
=
8
S~—
S~—
S~—
Il
O
()
o
—~
8
e
\._/
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Next, we show that for f, g € Z%(G, V) such that the central extensions 0 — (V, 3) —
(Gs, &) = (G,a) = 0and 0 — (V,3) — (Gg,&) — (G,a) — 0 are equivalent, we
have f — g € B?(G,V). Let ® be a homomorphism of Hom-Lie superalgebras such
that

T

0 (V, 8) — (G;,a) G, ) 0

idvl @l idgl
0—— (V. ) —2 (Gg,&) > (G.) —=0

commutes. We can express ®(z,v) = (z,v — h(x)) for some linear map h: G — V.

Then we have

O([(z,v), (g, w)lg) = @(([z, 9], f(2,9))) = ([&, 9], f(2,9) — h([z,9])),
[@((, ), D((y, w)lg = [(z, v = h(2)), (y,w = h(y))]ly = ([, 9], 9(2,y)),

and thus (f — g)(z,y) = h([z,y]) (ie. f —g € B*(G,V)), so we have completed the
proof. O

4.3. The adjoint representation of Hom-Lie superalgebras.

In this section we generalize some results of [19].

Let (G, [, -], ) be a multiplicative Hom-Lie superalgebra. We consider G as a rep-
resentation on itself via the bracket and with respect to the morphism a.

Definition 4.3. The a®-adjoint representation of the Hom-Lie superalgebra
(G, [, ], «), which we denote by ad,, is defined by

ads(a)(z) = [@®(a),z], Ya,  €G.
Lemma 4.4. With the above notation, we have that (G,ads(-)(:), ) is a repre-
sentation of the Hom-Lie superalgebra G.

Proof. The result follows from

ads(a(a))(a(2)) = [0 (a), a(2)] = a(la’(a), 2]) = a0 ads(a)(2),

and

ad;([z,y])((2)) = [@*([z, 9]), a(2)] = [[@”(2), * (y)], a(2)]
= — (=pFlEla(z), [0 (2), 0 ()]
= (=D = [0 (@), [0 (y), 2])
+ (=) (= pE e ), [z, 00 (@)
= [0t (), [0°(y), 2)] = (=D)!¥[a* 1 (y), [0° (), 2]].
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The set of k-hom-cochains on G with coefficients in G, which we denote by C§ (G;9),
is given by

Ca(G:G) = {f € C*(G:G): foa=aof}.

In particular, the set of 0-Hom-cochains is given by:
C%G;G) ={r€G: alz) =z}

Proposition 4.5. With respect to the a®-adjoint representation ads, of the Hom-
Lie superalgebra (G, [-,"],«), D € C’;ads is a 1-cocycle if and only if D is an a*t!-
derivation of the Hom-Lie superalgebra (G, [-,], @), i.e. D € Dergs+1(G).

Proof. The conclusion follows directly from the definition of the coboundary
operator 0. D is closed if and only if

8(D)(z,y) = — D([z,y]) + (=1)1*1PNa**(2), D(y)
+ (=) WIAPIFD [0+ (4)) D(x)] = 0,

D([z,y]) = [D(z), " ()] + (=1)*P![a**(2), D(y)],

which implies that D is an a*T!-derivation. O

4.3.1. The o '-adjoint representation ad_;.
Proposition 4.6. With respect to the a~'-adjoint representation ad_;, we have

H(G,G) = C2(G:0) = {z € G: alx) = a};
HY(G,G) = Der o ().

Proof. For any 0-hom-cochain z € C%(G;G) we have d(x)(y) = (—1)Wl=l
@ Y(y),z] =0 for all y € G.

Therefore, any 0-hom-cochain is closed. Thus, we have H°(G,G) = C%(G;G) =
{z € G: a(x) = z}. Since there is no exact 1-hom-cochain, by Proposition 4.5 we
have H'(G,G) = Der,o(G). O

Let w € C2(G;G) be an even super-skew-symmetric bilinear operator commuting
with «. Consider a t-parametrized family of bilinear operations

[xay]t = [x,y] +tW($,y)
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Since w commutes with «, « is a morphism with respect to the bracket [, -|; for every
t. It (G[[t]], [, )¢, @) is a Hom-Lie superalgebra, we say that w generates a deformation
of the Hom-Lie superalgebra (G, [-,-],@). The super Hom-Jacobi identity of [-, -], is
equivalent to

(4.1) O,z (1) W (a(@), [y, 2]) + [a(2), [y, 2]]) = O,
O,z (1) Flw(a(@),w(y, 2)) = 0.

Obviously, (4.1) means that w is an even 2-cycle with respect to the a~!-adjoint
representation ad_;. Furthermore, (4.2) means that w must itself define a Hom-Lie
superalgebra structure on G.

4.3.2. The a’-adjoint representation adg.

Proposition 4.7. With respect to the a’-adjoint representation ady, we have

HYG;G)={rcG: a(x)=xr,y] =0 Vy € G},
H(G;G) = Dery(G)/Inng (G).

Proof. For any 0-hom-cochain we have dox(y) = [a°(y), 2] = [z, y].

Therefore, the set of O-cycles Z°(G,G) is given by Z°(G,G) = {z € C%(G,G):
[z,y] = 0 Yy € G}. Since B°(G,G) = {0}, we deduce that H°(G;G) = {x € G:
a(z) =z,[z,y] =0Vy € G}

For any f € C1(G,G) we have

3(N)(x,y) = = f(wy)) + (D) o), f(y)] + (1) D ay), f(2)],

3(f) (@ y) = —f (2, 9]) + [f @), aly)] + (D a(z), fy)].

Therefore, the set of 1-cocycles Z1(G,G) is exactly the set of a-derivation Der,,.
Furthermore, it is obvious that any exact 1-coboundary is of the form of [z, ]

for some x € C2(G;G). Therefore, we have B'(G,G) = Inn,(G). This implies that

HY(G;G) = Dery,(G)/Inng(G). O

4.3.3. The coadjoint representation ad™.

Let (G,[,],«) be a Hom-Lie superalgebra and (G, [, ]y, ) a representation of
G. Let V* be the dual vector space of V. We define an even bilinear map [-, -]y~ :
G xV*—V* by

[z, flve(v) = = f([z,v]v), Yz €G, feV* andv e V.
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Let f € V*, 2,y € Gand v € V. We compute the right hand side of the identity (4.2):

(@), [y, Flv-1v-(v) = (1) aly), [z, o]v-]v-
= — [y, flv-(fa(@), vlv) + (=1 W[z, flv-([aly), v]v)
= f(ly, [al@), olv]v) = (D)W ([, [aly), o]v]v)-

On the other hand, since the twisted map for [-, -]y~ is 8* = (3, the left hand side of
the identity (4.2) reads

[z, 9], 8 (Hlv-(v) = = B (F{lz, 9], vlv) = =" B(F)([[z, 9], v]v)
= — fo Bz yl,vlv).

Therefore, we have the following proposition:

Proposition 4.8. Let (G,[,|,a) be a Hom-Lie superalgebra and (V,[-, v, )
a representation of G. The triple (V*, [, -|v~, 0%), where [z, flv~(v) = —f([z,v]v),
Ve € G, f € V*, v € V, defines a representation of the Hom-Lie superalgebra
(G,[,], @) if and only if

[l 4, B0)lv = (=)W, [aly), olv]v — [y, (@), v]v v

We obtain the following characterization in the case of adjoint representation.

Corollary 4.9. Let (G,[-,],«) be a Hom-Lie superalgebra and (G,ad,«) the
adjoint representation of G, where ad: G — End(G). We set ad*: G — End(G*) and

ad” ()(f) = —f 0 ad(a).

Then (G*,ad", a*) is a representation of G if and only if

[, y], ()] = (=)W, [aly), 2] = [y, [a(x), 2]],  Va.y,z €0

5. COHOMOLOGY OF ¢g-WITT SUPERALGEBRA

In the following, we describe the ¢-Witt Hom-Lie superalgebra obtained in [3] and
compute its derivations and the second cohomology group.
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Let A = Ay ® A; be an associative superalgebra. We assume that A is super-
commutative, that is, for homogeneous elements a,b the identity ab = (—1)‘“””|ba
holds. For example, Ag = C[t,t~1] and A; = 0. Ay where 0 is the Grassman variable

(6> =0). Let g € C\ {0,1} and n € N, we set {n} = 11%(1(;, a g-number. Let o be

the algebra endomorphism on A defined by
o(t™)=4¢"t" and o(0) = qb.
Let 0; and 9y be two linear maps on A defined by

O (t™) = {n}t", 0(6t") = {n}ot",
89(tn) =0, 09 (th) =q¢"t".
Definition 5.1. Let i € Z5. A o-derivation D; on A is an endomorphism satis-

fying:
D;(ab) = D;(a)b + (—1)1% o (a)D; (b)

where a,b € A are homogeneous elements and |a| is the parity of a.

A o-derivation Dy is called an even o-derivation and D; is called an odd o-
derivation. The set of all o-derivations is denoted by Der,,(A). Therefore, Der,(A) =
Der, (A)o ®Der,(A)1, where Der,(A)g and Der,(A); are the spaces of even and odd
o-derivations, respectively.

Lemma 5.2. The linear map A = 9; + 09y on A is an even o-derivation. Hence,
A(t") = {n}t",
A(Bt") = {n+ 1}6t".

Let W9 = A- A, be a superspace generated by the elements L,, = t" - A of parity
0 and the elements G,, = 6t" - A of parity 1.

Let [—, —], be the bracket on the superspace W? defined by
(5.1) [Ln; Lim]o = ({m} = {n})Lnym,
(5.2) [Ln; Gmle = ({m + 1} = {n})Gnim.

The other brackets are obtained by supersymmetry or are 0.
It is easy to see that WY is a Z-graded algebra

Wi =Pwy,
ne’
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where
W) = spanc{Ly,,Gp}.

Let a be an even linear map on WY defined on the generators by

a(ln) = (1+¢")Ln,
a(G) = (1 +¢"THG,..

Proposition 5.3 ([3]). The triple W9, [—, —]s, @) is a Hom-Lie superalgebra.

5.1. Derivations of the Hom-Lie superalgebra W¢9.

A homogeneous o*-derivation is said to be of degree s if there exists s € Z such
that for all n € Z we have D((Ly)) C (Lp+s). The corresponding subspace of
homogeneous o*-derivations of degree s is denoted by Der‘;k!i (1 € 7).

It is easy to check that Der,x(W?) = € (Der}, o(W?) @ Derg, ; (WV?)).
sez /
Let D be a homogeneous a*-derivation

D([z,y]) = [D(z),a*(y)] + (=1)1*IPI[a*(z), D(y)] for all homogeneous z,y € WY.
We deduce that

(53) ([} — (0)D(Lnim) = (14 €"D(En), L] + (1 + "ML D(Lon)]
and

(5.4) ({m+1} = {n})D(Gnim) = (1 + ¢ ¥ [D(Ly), Gm]
+ (1 +¢*[Ln, D(Ly)] ¥n,m e Z.

5.1.1. The o’-derivation of the Hom-Lie superalgebra 9.
Proposition 5.4. The set of a’-derivations of the Hom-Lie superalgebra W1 is
Derqo (W1) = (D1) ® (D2)
where D1 and Dy are defined with respect to the basis as

Dl(Ln) = nLn; Dl(Gn) = Gn;
DQ(Ln) =nGp_1, DQ(Gn) =L,_1.

Proof. We consider two cases |[D| =0 and |[D| = 1.
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Case 1: |D| = 0.
Let D be an even derivation of degree s, D(L,) = asnLlstn and D(G,) =
bsnGstn- By (5.3) we have

({m} —{n})aspim = ({m} — {n + s})asn + ({m + s} — {n})asm.
We deduce that

n—+s

(qn - qm)as,ner - (q - qm)as,n + (qn - qm+8)as,m~
If m = 0, we have
qn(]- —q )as,n - (q —4q )as,O
If s # 0 we have
1— qsfn
Qs p = Qs
9 1 _ qs 70
We deduce that
1— qs—n 1— qs—n 1— qs—m
n__.m — (g ts _ m n___m-+s
(55) (¢"=q")—=— el (g ¢") = pr aso+(q" =" ) e
Taking n = 2s, m = s in (5.5) we obtain as9 = 0, so as, = 0.
If s =0 and n # m we have as, = nas,1.
By (5.4) and D(G,,) = bs nGpn+s we have
{m+1} = {nh)bsnim = ({m+ s+ 1} = {n})bsm.
So
(qn - qm+1)bs,n+m = (q" - qm+s+1)bs,m-
Taking n = 0, we have (¢™*! — ¢™***1)b,,, = 0, hence if s # 0 we have

bsm = 0. If s =0 and n # m + 1 we have b pym = bsm, 50 bsp = bso. Fi-
nally, it follows that the set of even a’-derivations is Deryo o(W?) = Derg’O(Wq)
= (D1) with Dy1(Ly,) =nL, and D1(G,) = G,

Case 2: |D| = 1.

Let D be an odd derivation of degree s, D(Ly,) = a5 nGstn and D(Gy) = bs nLsin.
By (5.3) we have

({m} = {nhasnim = ({m} —{n+ s+ 1})asn + ({m+ s+ 1} — {n})asm.

We deduce that

(@" — ¢™)asntim = (@ —¢™)agn + (" — g™

Qs m-
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If m = 0, we have

If s # —1 we have a5, = (1 — ¢*T17") /(1 — ¢*1))aso-

Then
1— qurlfn . 1— qurlfn
(5.6) (¢" - qm)l_iqsﬂas,o = (" — qm)was,o
1 _ qurlfm
+(¢" — qm+s+1)1_7qs+1as,0.

Taking n = 2s + 2 and m = s+ 1 in (5.6) we obtain a5 =0, so a5, = 0.
If s = —1 and n # m, then a,, = nas 1.
By (5.4) and D(G),) = bsLy+s we have

({m+1} = {n}Hbsntm = {m + s+ 1} — {n})bs m.

Taking n = 0, we have (g™ —¢™T*T1)b, ,,, = 0, hence if s # —1 we have b ,,, = 0.
If s=—1and n # m + 1, we obtain b, p4m = bsm. S0 b n = bs .
Finally, it follows that the set of odd a’-derivations is

Derqo 1 (W?) = Der, ((W9) = (Ds) with Dy(Lyn) = nGp_1 and D(Gp) = Ly_1.

O

5.1.2. The a!-derivations of the Hom-Lie superalgebra 9.

Proposition 5.5. If D is an a-derivation then D = 0.

Proof. Case 1: |D| =0.

Let D be an even derivation of degree s, D(L,) = asnLsin and D(Gy) =
bs nGstn.

By (5.3) we have

({m} —{nHaspim = 1+ ™) {m} — {n+ s}asn + (1 +¢")({m + s} — {n})asm.
We deduce that

1 m n+s _ ., m 1 n n __ ,m+s
as,n+m:( +4q™)(q q )aS’nJr( +4")(¢" —q"")

qn_qm
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If m = 0, we have as, = (1 +¢")(¢" — ¢°))/(1 + ¢" — 2¢""%))as 0. So

(IL+¢""™)(@"™ = ¢°)
1+ qn+m _ 2qn+m+s

as,ner —

as.0-

Then

A+g™) @™ —q") _ (1+4¢")(" = ¢")(A+q")(@" —q°)
Lt qrim —gqnimds 08 (4" —q™) (1 + g™ —2¢7%)
(1 +q") (g™ —¢"**) (1 +q")(q" — )

- Gas,0-

as.0

If ¢ € [0,1], then letting n,m — +o0o we obtain aso = 0. If ¢ > 1 and for a fixed
m = s, then when n goes to infinity we obtain a9 = 0. We deduce that D(L,,) = 0.
By (5.4) and D(G,,) = bs nGpn+s we have

({m+ 1} = {nhbsnm = (L +¢")({m + s+ 1} = {n})bs m.

So

(qn - qm+1)b8,n+m = (1 + qn)(qn - qm+s+1)bs,M'
Taking n = 0, we have (1+¢™ "' —2¢™T*+t1)b, ,, = 0. Then by, =0, so f(G,) = 0.
Hence D = 0.

Case 2: |D| = 1. Let D be an odd derivation of degree s, D(L,,) = as,,Gs+n and
D(Gn) = bs,anJrn» By (53) we have

({m}—{nbHasnim = (1+¢™){m} —{n+s+1}asn+(1+¢")({m+s+1}—{n})asm.
Then

(L+4¢")(g" — g™ ") (L+4¢™) (g™ — ")
Qs nt+m = As.m — Qs n-

(qn _ qm) (qn _ qm)

If m = 0, we have
(L+¢")(¢" — ¢t

Qs (-

sn = 1+qn_2qn+5+1 s,
So
(L+q"™) (g™ — ")
Qs nt+m = 1 as.0-
1 + qn-i-m _ 2qn+m+s+
Then
(1 + qn+m)(qn+m _ qs+1) (1 + qn)(qn _ qm-l—s-i-l)(l + qm)(qm _ qs—i-l)

as.0 =

14+ anrm _ 2qn+m+s+1 (qn _ qm)(l ¥ qm — 2qm+s+1) as.0

(I+a™)(¢" = ¢ (A +¢")(¢" = ¢"*)
(q" —qm)(1+q" —2qnFtt)

s,0-
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If ¢ € [0, 1], then letting n, m — 400, we obtain as o = 0. If ¢ > 1 and setting m = s,
then if n goes to infinity we obtain aso = 0. We deduce that D(L,) = 0. By (5.4)
and D(Gy,) = bs nLpts we obtain

({m + 1} = {nP)bsptmLmsnts = (1 +¢")({m + s} — {n})bsmLintsn-

So
(qn - qm+1)bs,n+m = (1 + qn)(q" - qm+s)bs,m-
Taking n = 0 leads to (1 + ¢™*! — 2¢™+%)b, ,, = 0.
It turns out that bs,, =0, so D(G,) = 0. Hence D = 0. |

5.1.3. The g-derivations of the Hom-Lie superalgebra W49. In this section
we study the g¢-derivations of W?. The derivation algebra of W? is denoted by
Der W14, Since W1 is a Z5-graded Hom-Lie superalgebra, we have

Der W = (Der W?)o @& (Der W9)4,

where (Der W)y = {D € Der W9: D((W?1);) C (W1);,i € Z} denotes the set of
even derivations of WY, and (DerW?); = {D € DerW9: D((W?);) € (W);41,
i € Z3} denotes the set of odd derivations of W1.

The space WY may be viewed also as a Z-graded space. Define

(Der W)y = {D € Der W?: DOWI) c Wi, }.

Then we have Der W? = @ (Der W?),. Obviously, the Z-graded and Z,-graded
se’
structures are compatible.

Moreover, let Der, W] = @ (DerW?)., Der, W] = @ (Der W?)”, where

seZ 7 se’ *
(Der W)L @ (Der W)/ = (Der W9)s,.
Definition 5.6. An element ¢ € (Der W)y N (Der W9); or ¢ € (Der W7); N
(Der W1), is a g-derivation if, respectively,

(5.7) e(lz,yl) = 1qu([s0(fc),a(y)] + [a(2), e(y)])
(5-8) el yl) = %qsﬂ([w(fc),a(y)] + (=DM a(@), ()

where x,y € WY are homogeneous elements.
For a fixed a € (W1?);, we obtain the g-derivation

Pa* Wq - an
x — [a, ]

The map is denoted by ad, and is called the inner g-derivation.
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Proposition 5.7. If ¢ is an odd q-derivation of degree s then it is an inner
g-derivation, more precisely:

(Der W), = @(adgs).

se’

Proof. Let ¢ be an odd g-derivation of degree s:
(5.9) O(Lp) = a5,nGnts and (Gp) = bs pLinys.

Case 1: s # —1.
By (5.1) and (5.9), we have

o (e(Lo) alLy)] + (o), (L)

([as,oGsv (1 + qn)Ln] + [2L0; as,nGern])

{n}e(Ln) = @([Lo, Ln]) =

_ 1
- 1+qs+1
14+q"

- 1+ qs+1 ({’I’L} - {5 + 1})aS,OGn+S + 2as,n

1
quﬂ{n + s+ 1}Gn+s-

We deduce that, when s # —1 then as, = ((¢°™ —¢")/(¢°"' — 1))as0. On the
other hand,

_{Saj_’ol}adgs(Ln) - - {Saiol}[Gs,Ln] — {8”101}({s+1}—{n})an+s
q" _q

Was oGn+s as,nGn+s~

So ¢(Lp) = —(as,o/{s+ 1})adq, (Ln).
By (5.2) and (5.9), we have

{n+1}o(Gn) = ¢([Lo, Gnl) = T;H([so(LoL a(Gn)] + [a(Lo), p(Gn)])
- TZSH([%ﬁGM (1 + qn+1)Gn] + [2L0a bS,an+n])

1
= 2bg,anS+1{n + S}Ln_l,_s.

We deduce that {n + 1}bs,, = 2bs »,(1/(1 + ¢*T1)){n + s}, so bs, = 0. Moreover,

adg,(Gn) = —

{ + 1} {5 iol} [GS, Gn] =0= bS,nGnJrS = SD(GTZ)’

which implies in this case ¢ = —(as,0/{s+ 1})adq,.
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Case 2: s = —1.
By (5.1) and (5.9), we have

1
({m} = {n})e(Lmsn) = @([Ln, Lm]) = 5([p(Ln), a(Lm)] + [a(Ln), ¢(Lm)])
2
1
= 5([a—1,nGn—1; (1 + qm)Lm] + [(1 + q")Ln, a—l,me—l])
1+q™ 14 g™
= - a1} = MGt + —5 a1 m({m} = {0} G,
Then
{m} —{npa-rnim = ——5—a-1n({n} = {m}) + ——a-1m({m} — {n}).
So for m # n we have
14q¢m 14q"
(5-10) a—1,n+m = 2q G-1n+ 2(] a—1,m
Setting m = 0 in (5.10), we obtain a_; ¢ = 0.
Setting m =1, n = 4 in (5.10), then
1+ 1+q*
(5.11) a-15=—5 qa—1,4+ 2q a_1,1
Setting m = 1, n = 3 in (5.10), we obtain
1+ 1+¢°
(5.12) a_14 = 5 qa_L + 2q a—1,1
Setting m = 1, n = 2 in (5.10), we obtain
1+ 1+4°
(5.13) a_1,3 = Tqaq,z + 2q a—1,1

We deduce that

(5.14)

" _(1+q4+1+q1+q3 (1+q)21+q2>a
D 2 2 2 2 )T

1+4q\3
+( 2 ) a-12-

Now, setting m = 2, n = 3 in (5.10), we obtain

(5.15) a-15 =
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By (5.13) and (5.15), we deduce that

_(1+q2>2 (1+ql+q2 1+q3>
a-15 = a—1,1 a_1,2-

A
(5.16) 2 2 2 2

Then, we deduce (by (5.14) and (5.16)) that a_1 2 = (1 + ¢)a—11 = {2}a_11.

Setting m = 1 in (5.10), we obtain a_1 41 = %(1 +qYa—1,+ %(1 +q¢")a_11. By
induction, we can show that a_1 , = {n}a_11.

So, ¢(Ly) = {n}ta—11Gn-1 = a—1,1[G_1, L], therefore

(5.17) ©(Ly) = a—118dg_, (Ly).

Now, we calculate ¢(G,): by (5.2) and (5.9) we have

({m + 1} - {n})w(Gn-i-m) = 5([90([%); a(Gm)] + [a(Ln)7 @(Gm)])
= S (a1t (L )Gl + [0+ ¢ L by L)

= bt (= 1)~ (1)) L.

We deduce that

144"

({m+ 1} = (Dbt = b1

({m =1} —{n}).
So for m + 1 # n we have

1+ qn qn _ qul
2 qr — qm+1 —1m-

(518) b717n+m ==

Setting m = 0 in (5.18) (so n # 1), we obtain

(5.19) boan = —5 b 1o,

So

(5.20) bormim = 1 gnm q;:fm__q_l b 1o
and

(5.21) P e A el BT
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By (5.18) and (5.20), we have

1+ qn+m qn-i-m _ q—lb _ 1+ qn qn _ qm—l
2 anrm —q -1,0 — 2 qn _ qm+1

b_1m.

If we replace b_1 ,, by its value given in (5.21), we obtain

(5.22) 1 gt gt gt 14 g g g™ 1+ " g
' 2 gtm—gq 0 2 ¢"—qmtt 2 gm—gq

b_10.

Setting n = 2, m = —3 in (5.22), we obtain b_; o = 0. By (5.19) we deduce that
b_in,=0forall n #1.

Setting m = 1 in (5.18), we obtain b_1,,41 = 2((1 +¢")(¢" — 1)/(¢" — ¢*))b—1,1.

We deduce that

(5.23) b_174 = 71)_171.

SO b,171 =0.
Since b_1,, =0 for all n # 1 and b_; ;1 = 0, we have ¢(G,,) =0, for all n € Z.
Since ¢(G,) = 0= a_1,1[G-1, G,], we have

(5.24) ©(Gp) = a—11adg_, (Gn).
By (5.24) and (5.17), we deduce that ¢ =a_11 adg_,. O

Proposition 5.8. If ¢ is an even g-derivation of degree s then it is an inner
derivation, more precisely:

(Der W)y = P (ady,).

se’Z
Proof. Let ¢ be an even g-derivation of degree s:
(5.25) O(Lp) = asnlnts, and ©(Gyp) = bs nGnts-

Case 1: s #0.
By (5.1) and (5.25), we have

1
=T

{n}e(Ln) = ¢([Lo, L)) ([p(Lo), aLn)] + [ Lo), ¢(Ln)])

1
= ([as,OLs; (1 + qn)Ln] + [2[/0; as,an-i-n])

1+ ¢°
144" 1

= nt —{sHasoLlpts +205,—{n+ st L,1s.
T () = ()00 Lues + 200+ ) Lo
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We deduce that, when s # 0, then a; , = ((qS —q")/(¢° — 1))%,0. Moreover,

asO _ S
= — 5 ag OLn+s = Qs nLnJrs
So
N asO
(5.26) #(In) = —yadr, (Ln).

Applying the same relations (5.1) and (5.25), we obtain

1 qu ([p(Lo), a(Gn)] + [a(Lo), p(Gn)))

([as,Ost (1 + anrl)Gn] + [2L0; bs,nGern])

{n+1}o(Gn) = @([Lo, Gnl) =

1

“Tie
_1+qn+1
T

aso({n+ 1} = {s}) Ln+s + 205,y {n 4+ 5+ 1} s

We deduce that bs ., = aso(q® — ¢"™1)/(¢° — 1). On the other hand,

_ Gs,0 Gs,0
ad G = — : Ls;Gn = n+1 S n s
s n+1
q —dq
= as,OqSi_lGn—i-s = bs,nGn-i-s-
So
as 0

5.27 o(Gp) = Gn).

(5.27) (G) = ~$0nds (G)

Using (5.26) and (5.27), we deduce that ¢ = —(as,0/{s})adr,.

Case 2: s =0.

By (5.1) and (5.25), we have
({m} = {nhe(Lmin) = ¢([Ln, Lm]) = %([@(Ln), a(Lym)] + [a(Ln), o(Lm)])

= L fdom Ly (1 4™ L] + [(1+ @) Ly aoun L))

2
S L (fm} = () L.

({m} — {n})Lomsn + a0

= ag,n

This implies that

ao,m+n({m} — {n}) = %ao,n(l +4¢")({m} —{n}) + %ao,m(l +4¢")({m} = {n}).
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So for m # n, we have

14+ q™ 14 q"

(5.28) ao,n+m = 5 ag,n + 5

ao,m-

Setting m = 0 in (5.28), we obtain ag,0 = 0.
Setting m =1 in (5.28), we obtain ag n41 = %(1 + q)aon + %(1 +¢")ao,1-
By induction, we prove that ag ., = {n}ag1. So ¢(L,) = {n}ag 1Ly, that is

o(Ly) = {n}ao,1 Ly = ao,1[Lo, Ln],
which leads to
(529) @(Ln) = aoyladLO (Ln)

By (5.2) and (5.25), we have

1

({m+1} = {n}@(CGmin) = ¢([Ln, Gi]) = 5 ([9(Ln), a(Gm)] + [a(Ln), p(Gm)])

([aO,nLna (1+ qurl)Gm] +[(1+¢")Ln, bO,me])

1 + qm+1
2

({m + 1} = {n})Gonin.

N =

= aon({m+1} — {n})

144"
2

Gm+n

+ bO,m

We deduce that b m4n = 2a0.,({m+1}—{n})(1+¢™ )+ $bo,m (1 +¢")({m+1} —
{n}). So, for m + 1 # n, it follows that

14 ¢mt! 1+ g»

. bnm: n bm
(5.30) Ontm = 00— 0.m =

Taking m = 0 in (5.30), we obtain by, = %aom(l +4q) + %b070(1 + ¢™). Since
ap,n = ao,1{n}, we have

s

144"
+ bo,0 5

1+¢

(5.31) bo.n = ao1{n} 5

Taking m = 1, n = —1 in (5.30) and n = 1 in (5.31), we obtain by o = ag,1. So
using (5.31), we get

n
bo,n = a0,1{n}1 ; 4, bo,o1 —|—2q
1-q"1+gq 14q"
= 0’11—(] B ap,1 5
=ap1{n+1}.
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Then ¢(G,,) = bonGn = ao,1{n + 1}G,, = ag,1[Lo, Gy]. Therefore
(532) (p(Gn) = aoyladLD (Gn)

By (5.29) and (5.32), we deduce that ¢ = ag1 adg,. O

5.2. Cohomology space Hf,O(Wq) of W1,
Now we describe the cohomology space HZ(W4,C). We denote by [f] the coho-
mology class of an element f.

Theorem 5.9.
H?,(W?) = Cle1] @ Clgs],

where

©1(x Ly, + YGm, 2Ly + tGg) = 22by0n4p.0,
wo(x Ly, + YGm, 2Ly + tGy) = xtbpdntk,—1 — Y2bpdptm,—1,

with
1 1+¢* 1-¢""H0-¢")A-¢"") .
633 b=l o2ire (A-@i-dia-g 0 "70
—b_, if n<O.
Proof. Forall f € C?(W9,C), we have (see (3.4))
(5.34) S(f)(@wo, w1, 72) = — f([z0, 1], (@) + (1)1 £ ([0, 22], (1))

+ fla(wo), [x1, 22]).

Now, suppose that f is a g-deformed 2-cocycle on W?. From (5.34) we obtain
(5.35)  —f([z0,x1],a(w2)) + (=1)17211 £ ([wo, wa], a(@1)) + f(a(o), 21, 22]) = 0.

By (5.35) and taking the triple (z,y,z) to be (Lpn,Lm,Lyp), (Ln,Lm,Gp), and
(Lp, Gm, Gp), respectively, we obtain f(Ly,Ly), f(Ln,Gp) and f(G,,Gp) which
define f.

Case 1: X = (Ly, L, Lp).

Using (5.35), we have

—f([Ln; L], a(Lyp)) + f([Ln, Lyl, a(Lm)) + f(a(Ln), [Lim, Ly]) = 0.
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Since [Ly, Ly] = ({p} — {m})Lm+p and a(L,) = (1 + ¢") Ly, then

(5.36)  —(L+¢")({m} —{n})f(Lnsm, Lp) + (1 +¢"){p} = {n})f(Lnip, Lim)
+ (1 +¢"){p} —{m})f(Ln, Lintp) = 0.

Setting m = 0 in (5.36), we obtain f(Ly, L,) = ((¢" — ¢*)/(1 — ¢"*P)) f (Lo, Ln+p)

(n+p#0).
Setting m =0, n = —p in (5.36), we obtain f(Lg, Lo) = 0.
Setting m = —n — p in (5.36), we obtain

(5.37) —(L+¢")(q¢" —q¢ " ) f(L—p, Lp) + (1 + ¢ " )" — ") f(Lntps L—n—p)
+ (1 + qn)(q_n_p - qp)f(Lm L—n) =0.

Setting p =1 (5.37), we obtain

(5.38)  —(1+q) (¢ = 1) f(L_1,L1) +q(1+¢"™)(¢" " = 1) f(Lns1, L—n-1)
+ (14 ¢")(1 = ¢""*) f(Ln, L_p) = 0.

Hence,

1 1 + qn 1— qn+2
a 1+ qn+1 1— qnfl f(L"’ L_n)
1 14q 1—g**!
q 1+ anrl 1— qnfl
1+ qn+1 1— qn—l
14+¢® 1—gnt? f(Lnt1, Lon-1)
1 + q 1— q2n+1
L+¢" 1—qgnt? f

(5.39) f(Lnt1,Lon-1) =

f(LlaL—1)7 forn;«é 1,

(5'40) f(Lm L—n) =4q

(Ly1,L_4), formn # —2.

Setting

1 1+q 1_q2n71

_1 1_’_qn71 1_qn+1
qgl+gq® 1—q2’

g 1+q" 1—gn2

and (G, =—

n

from the formula (5.39) we get f(Lyn, L_pn) = anf(L1,L_1)+bnf(La, L_2), forn > 2,
where
n = Bn + apfpn—1+ anp_10n—2+ ...+ anap_1...a40s,
and
1 1+¢* (1-¢""H(1-g")(A—¢"")
"2 14+qn (1-¢*)(1-¢*)(1-q)

by =
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Setting

;L 1+qn+11_qn71 d , 1+q 1_q2n+1
Oén_q 1+qn 1_qn+2 al Bn_q1+qn 1_qn+27

from the formula (5.40) we get f(Ln, L_y) = a,, f(L_1,L1) + b, f(L_2,Ls) for n <
—2, where

U = Bp+ B+ 0000 B+ oo ol B,
yoo b 1+a?(-¢"H-¢)(-g"")
"ot 14gr (1-¢3)(1-q2)(1—-q71) o

Case 2: X = (Ly, Ly, Gp).
By (5.35) we have

—f([Ln; L], a(Gyp)) + f([Ln, Gpl, a(Lm)) + fa(Ln), [Lm, Gp]) = 0.
Since [Ln, Gyl = ({p+ 1} — {n})Gpnip and a(G,) = (1 + ¢" )G, we have

(5.41)  —(1+¢" " {m} = {n})f(Lnym: Gp) + (1 +¢™){p+ 1} — {n})
X f(Gnips Lm) + (1 +¢"){p + 1} —{m}) f(Ln, Gim1p) = 0.

Taking m = 0 in (5.41), we obtain

(5.42) (1= ¢"*P* ) f(Ln, Gy) = (4" = ¢"*1) [ (Lo, Grrp).
Then
7" — !
f(Ln,Gyp) = Wf(l/o, Gnyp) forn+p+17#0.

Taking n = 1, p = —2 in (5.42), we obtain f(Lg,G_1) = 0.
Taking m = —n, p = —1 in (5.41), we obtain (with f(Lo,G_1) =0)

f(ananfl) = _f(LfnaGn71)~

Then f(L1,G-2) = —f(L-1,Go), f(L2,G-3) = —f(L-2,G1).
Taking m = —1, p = —n in (5.41), we obtain

1+ ¢" )@ = D) f(Ln-1,G-n) + 1+ ) (¢ = 1) f(Go, L—1)
+q(1+¢") ("% = 1)f(Ln,G—n-1) = 0.
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Hence

114¢7 1 —gnt!
7 1rg 1 gzl LG
1 14q 1—g?n1
ql+q* 1—q"2
14+q¢" 1-— q"_2
14¢" 1 1—gnt! f(Ln, G—p—1)
l+q 1-— q2n—1
14 gn=1 1 —gntl

(5.43)  f(Ln,G_n1) =

f(L1,G_3) for n # 2,

(5.44)  f(Ln-1,G_n) =gq

f(L-1,Go) for n# —1.

Comparing (5.39) and (5.43), we deduce that
f(Ln,G_p—1) = anf(L1,G—2) + by f (L2, G_3) for n > 2.
Comparing (5.40) and (5.44), we deduce that
f(Ln; anfl) = a;;f(Lfla GO) + b{nf(Lf% Gl) for n < _27
where a,, by, a, and b, are defined as in the previous case.
Case 3: X = (Ly, G, Gp).
By (5.35) we have
—f([Ln, G, 2(Gp)) = f([Ln, Gpl, a(Gm)) + f(a(Ln), [Gm, Gp]) = 0.

So

(5.45) =1+ ¢ ) ({m+ 1} = {n}) f(Grusn, Gy)
=1+ ({p+ 1} = {n}) f(Gpin, Gm) = 0.

Taking m = 0 in (5.45), we obtain
(5.46) (1+¢" ({1} = {n})f(Gn, Gp) + (1 + Q) ({p + 1} = {n}) f(Gpin, Go) = 0.
Taking n = 1 and replacing p + 1 by k in (5.46), we obtain
f(Gr,Go) =0 for k#1.

Hence,

f(Gn,Gp) =0 for n#1, p+n#1.
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Taking p =1 —n in (5.46), we obtain

1+¢

(5.47) HGn Gron) = =10

(1+¢""™)f(G1,Go) (n#1).

Replacing n by 1 —n and p by n in (5.46), we obtain

1+g¢

(548) f(Gl—Tan) = 1+ 1L o+l

(1+4¢")f(G1,Go) (n#0).

Then using the super skew-symmetry of f, we get f(G1,Go) = 0.
We deduce that f(G,,G.,) =0 for all n, m € 7.
We denote by ¢ the linear map defined on W? by

L) = = s (Lo L) 1 £ 0. (L) =~ 7 (L1, L),
1 . q
g(Gn) = {n n 1}f(LQ,Gn) lf n 7& —1, g(G_l) = _q—l——]_f(Ll, G_Q).

It is easy to verify that d(g)(Ln, Lp) = ((¢" — ¢")/(1 = ¢"*7)) f (Lo, Lntp) (p # —1),
8(9)(Ln, L—n) = 0, 8(9)(Ln, Gp) = ((¢"*' = ¢")/(1 = ¢"*"* 1)) f (Lo, Grap) (p+ 1 #
—1) and §(9)(Gn,Gp) =0

Let h = f — §'g. Then we have

h(L1,L_1) =h(L1,G_3) =0,
h(Lyp,Ly) =0 forn+p#0,
h(Lp,Gp) =0 forn+p# —1,
hMGr,Gp) =0 foralln,pe Z.

Since h is a 2-cocycle we deduce that:
h(Lyn,L_p) = aph(L1,L_1) 4+ byh(Le, L_2) = byh(La, L_3),
h(Ly,G-pn-1) = anh(L1,G_2) + b, f (L2, G_3) = byh(Ls, G_3),
hMGpn, Gm) =
Using the above equalities, we deduce that

h(xLy, + yG, 2Ly, + tGi) = £20n4p 0bnh(La, L_2) + 2t0p4k,—1b,h(La, G_3)
= Y20ptm,~1bph(L2, G_3)
= h(La, L_2)1(xLy, + YGm, 2Ly + tGy)
+ (L2, G_3)p2(x Ly + yGm, 2Ly, + tGy),

which completes the proof. Il
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Corollary 5.10. Let V be a trivial representation of W¢ and f € C?(W4,V).
Define a bracket and a morphism on Wi = W1 ®V by

[(a:,a), (y,b)]w‘; - ([x7y]7f(x7y))a
a(z,a) = (a(x),a) Vr,y e Wi abeV.

The triple ()TVE, [, -]y57, @) is a Hom-Lie superalgebra if and only if f is in Clp:] ©
Clepa].

(1]
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8]
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[14]

[15]
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