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Abstract. The paper deals with a nonlocal problem related to the equilibrium of a confined
plasma in a Tokamak machine. This problem involves terms u/ (ju > u(z)|) and |u > u(z)|,
which are neither local, nor continuous, nor monotone. By using the Galerkin approximate
method and establishing some properties of the decreasing rearrangement, we prove the
existence of solutions to such problem.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper, we are mainly interested in the resolution of a class of nonlocal
problems governing the equilibrium of a plasma in a Tokamak (a toroidal machine).
For a detailed presentation of this model, we refer the reader to [3], [23], [33] and the
references therein. The configuration is assumed to be axi-symmetric (for example
the cylindrical machine), thus the problem can be reduced to a two-dimensional one
in the meridian section of the torus. From the Maxwell equations and the magneto-
hydrodynamic theory of equilibrium in the plasma, one can deduce that the flux
function u satisfies the problem

—Au = f(z,u) in {u > 0},
®) Au=0  in {u <0},

u =7 (a negative constant to be determined) on 942,

— faﬂ Ou/On = I (a given positive constant),
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where Q (representing the cross section of the Tokamak) is a bounded, open and
connected subset of R? with regular boundary 2 with the outward unit normal n.
The set Q, := {u > 0} is the region occupied by the plasma, the set €2, := {u < 0}
is the vacuum region.

The term f(x,u) represents the derivative dp/du where p is the pressure term.
The exact expression of f cannot be obtained from the MHD system and some
constitutive law must be assumed. A simple model is proposed that f depends on
u in a local way (the typical example is f(u) = Auy). This typical model was
considered by several authors to study the equilibrium states of a confined plasma in
Tokamak devices (see [2], [33], [35]) and in Stellarator devices (see [7], [8], [9], [25]).

Assuming that the fluid is adiabatic, a more sophisticated model is considered by
H. Grad in [14] (see also [23], [34] and [17]): f depending on u in a nonlocal way, i.e. f
depends on z, u, |u > u(x)|, w,(Ju > u(z)|) or even the term )/ (|u > u(zx)|), where u,
denotes the decreasing rearrangement of u (see Section 2 below) and /,(s) = du,/ds.

When f depends on the nonlocal term |u > u(z)|, this model has also been studied
in literature (see [13], [18], [19], [21], [22], [26], [29]). Rakotoson has studied a Grad-
Shafranov problem in [28] in the case of f(z,u) = k(Ju > w(z)|)ul,(Ju > u(z)]).
Ferone et al. [10] (see also [11]) have considered the case of f(z,u) = G(z,u,|u >
u(z)], k(Ju > w(zr)))u,(Ju > u(x)])), satisfying the growth condition sy + &' <
G(z, s,t,7) < K1|s| + K2, where g, 6’, k1, ko are positive constants and the function
k is defined by

(1.1) k(s) = min{s'/2, (|| — s)'/2}.

Concerning the case f(x,u) = g(u, |u > u(z)|, v, (Ju > u(z)|)) in a Stellarator model,
the existence of solutions has been studied recently in [37].
In this paper, we consider problem (P) with the general pressure law

(1.2) fa,u) = Ap(up)|k(lu > u(@))u(ju > u(@)])]? + g(=),

where ¢: [0,00] — [0,00] is a continuous function, ¢ is a positive constant with
1<g<2and 0< ge L7(Q) with » > 1. As in [6] (see also [3], [33], and [28]),
A > 0 is the parameter which represents the ratio between the particle pressure and
the magnetic pressure.

Clearly, under this pressure law, problem (P) is equivalent to the problem

— A = Mol (e > w(@De(lu > w@)D X o) + 9@ X0y i 2,
(2) u = v (a negative constant to be determined) on 09,

— Joo 0u/On = I (a given positive constant).
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Our main goal in this paper is to study the existence of solutions to problem (£?).
The main difficulties lie in the boundary conditions, and the facts that the operator
is in general not coercive and the nonlinearity g is only known to be continuous on
V={ve HYQ): {z: Vu(z) = 0}] = 0}. To overcome these difficulties, we will
introduce a truncated problems (47),) which will be approximated by a family of
problems (Z),.), and solve the problem (£;.) by means of the Galerkin method
and a topological degree theory. Finally, thanks to the L estimates on up4 (see
Theorem 4.3), we prove that u = uy, is a solution of problem (&?) if h is large enough.
Thus, as in [21] (see also [29]), our main results are stated as follows.

Theorem 1.1. Let o = min{2/q,r}. Suppose that [, g(x)dz > I and

1 12l (2 — q)\2/(2=a)
(1.3) / g«(s ) ) dsdf < sup W(s),
2 s>0

where W is defined as

(1.4) W(s):/osexp(—g%/: @2/Q(7)d7> a9,

Assume that (1.2) holds and ¢ is a monotone increasing function, then problem (&)
admits a solution u € H*(Q) N W2%%(Q) with uy € L>(Q) in the following sense:

(1) —Au= fx{u>0} + 9()X {u>0y, where fe L*(Q) is such that
f(@) € Mp(uy ) [R(B(u(@)ul (Blu(@))|%,

where f(u(z)) = [lu > u(@)], |u > u(z)].
(2) Uy =7 < 0.
(3) — [y 0u/On =1

Remark 1.1. We point out that [, g(z)dz > I is a sufficient condition for the
existence of a free boundary u,, <0 and uy # 0. Indeed, we have

ou

_ - = f+g(x)dx:I>0,
a0 On /{u>0}

thus uy # 0. Moreover, arguing as in (4.40), we obtain u|,, < 0. The existence of a
free boundary to problem (&) (or (P)) is physically expected, since the plasma can
not touch the vacuum vessel 0f) in this case.
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Remark 1.2. We observe that the above function u does not satisfy the standard
notion of solutions to problem (), since the term Ap(us)|k(ju > u(z)|)uw) (Ju >
u(x)|)|? does not appear in the equation of problem (&), but is replaced by f. This
is due to the fact that the nonlinearity is only known to be continuous on V. Under
some additional assumptions on g, we prove that |[{z: u(z) > 0 and Vu(z) =0}| =0
and thus u is a solution of problem (4?) in the standard sense. More precisely, we
have

Theorem 1.2. Assume that g(x) > 0 a.e. in Q. If the assumptions of Theo-
rem 1.1 hold, then there exists a solution u € H'(Q) N W2%(Q) with uy € L*(Q)
to problem (&) in the standard sense.

Remark 1.3. Condition (1.3) is important to obtain the L estimates on the
function up4 (see Theorem 4.3) and then to get the existence of the solution w. If
¢ € L?/1]0,00), then we can also obtain L™ estimates on u; and prove the existence
of solutions to problem (4?) without condition (1.3). Moreover, the assumption that
 is monotone increasing is removed. This result is stated as follows.

Theorem 1.3. Let ¢ be a positive constant with 1 < g < 2 and 0 < g € L"(Q).
Assume that [, g(z)dz > I and ¢: [0,00] — [0,00] is a continuous function with
¢ € L*/9)0,00). Then problem (&) admits a solution u € H'(2) N W2(Q) with
uy € L*(Q) in sense of Theorem 1.1. Moreover, if g(x) > 0 a.e. in , then u is a
solution to problem (&) in the standard sense.

Remark 1.4. If ¢ = ¢ (a positive constant), then o ¢ L?/9[0, 00). However, we
can still get the existence of a solution u to problem (4?) without condition (1.3).
This result is stated as follows.

Theorem 1.4. Assume that [, g(z)dz > I and ¢(-) = co, then problem (Z)
admits a solution u € H*(Q) N W*%(Q) in the sense of Theorem 1.1. Moreover, if
g(x) > 0 a.e. in Q, then u is a solution to problem (&) in the standard sense.

Remark 1.5. The operator A can be extended to a more general operator of
the form div (a(z)Vu) with @ € CY?(Q). Furthermore, it is possible to adopt our
results to the more general problem

—div (a(z)Vu) = f(z,u, |u > u(z)|, v} (Ju > u(®)]))X{us0y in Q,
u = v (a negative constant to be determined) on 0,

— Joq Ou/On =T (a given positive constant),
under some appropriate assumptions on f.

612



This paper is organized as follows: In Section 2, we first recall the notions of
the monotone and relative rearrangements of a function, as well as some of their
properties. In Section 3, we prove some results used in the Galerkin approximation.
In Section 4, we first introduce a family of truncation problems (&7, ) and then prove
the existence of solutions to (£7),). Finally, we complete the proofs of the main
results.

2. PROPERTIES OF THE DECREASING AND RELATIVE REARRANGEMENT

Let 2 be a connected and bounded open measurable subset of R? (here we consider
the two dimensional case, but the definitions and some of the results hold for any
dimension N > 2), we denote by |E| the Lebesgue measure of a measurable set E.

Given a measurable function u: Q — R, we will say that v has a flat region at the
level ¢ if [u = t| = [{z € Q: u(x) = t}| > 0. We recall that there exists an at most
countable family D of flat regions P, (t;) = {u = t;} (see [7], [22]). The union of all

the flat regions of u is denoted by P(u) = |J Pu(t:).
i€D
We define the distribution function p,,(t) of u as follows:

po(t) = {z € Q: u(z) >t} =lu>t| VteR.

The decreasing rearrangement u, of u is defined as the generalized inverse function

of uy(t), ie.
uy(s) = inf{t € R: p,(t) < s}, se€ Q. =10,]Q.

We shall use the following classical result about the decreasing rearrangement.

Lemma 2.1 (see [20] and the references therein). Let w and v be measurable
functions in 2, then the following assertions are true.
(1) pu(us(s)) < s, Vs € Q.. Moreover, if u has no flat regions, then y,, is continuous
and pu, (us(s)) = s.
(2) u and u, are equimeasurable, i.e. |u > 0| = |u, > 6] V0 € R.
(3) Let p: R — R be a Borel function such that ¢(u) € L*(Q). Then

(2.1) [ etuenas = [ ptu)as

Q.

(4) If u < v almost everywhere in ), then u.(s) < vi(s) Vs € ..
(5) The mapping u — wu, sends LP(Q) into LP({).) and it is a contraction, i.e.

[t — vl Lo(.) < llu —vl|Lr(q)-
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(6) Let E C Q) be a measurable subset. Then

/Eu(x)dxg/oE w.(s) ds.

(7) Let ¢ be a non-decreasing function. Then t(u.) = (¢(u))« a.e. in .

Lemma 2.2 (see [24]). Let F € L (%), F > 0 and u € WHY(Q) with u > 0.

loc
Then for all s and s’ with s < s’ in Q., we have

Wy (8) s
[ F@ @< [ Fe)
s (") s

Now we recall another notion: the relative rearrangement.
Let now v € LP(2) with 1 < p < oo, we define a function w in 2, by

Jusu. oy V@) da if [u = u.(s)| =0,
w(s) = s—|u>uy(s)]
Jtusu sy V(@) dz + [ (v

where (v|p, (u.(s)))+ Is the decreasing rearrangement of the restriction of v to
P, (u«(s)).

Py (u.(s)))«(t) At otherwise,

Lemma 2.3 (see [22], [20], and [27]). Let u € L'(Q) and v € LP(Q) with 1 < p
< 0o. Then w € WHP(Q,) and Hdw/dsHLP(Q*) <l zeia)-

Definition 2.1. The function dw/ds is called the relative rearrangement of v
with respect to u and is denoted by ...

The relative rearrangement has several properties as follows (see also [8], [25], [22],
[27]).

Lemma 2.4. Assume that u,vy,ve € L1(Q). Then the following assertions hold:

(i) If vy < vg a.e. in Q, then vi.y < Vawy a.e. in Q.

(i) If F is a Borel function such that F(u) € L*(Q), then (v1 + F(u))s = V1 +
F(us). In particular, (¢ + F(u))w, = ¢+ F(u.), where ¢ € R. Moreover, if
be L>®(Q) and |P(u)| =0, then (F(u)b)swy, = F(ts)bsy-

(iii) The mapping v — v, sends LP(Q)) into LP(,) for any 1 < p < oo and it is a

contraction, i.e. |V1xy — Vasullzr(0,) < [lv1 — V2| Lr(q). In particular,

[vsullLr () < Vllr@) Yo € LP(Q).

We also need the notion of a co-area regular function (see [1]):
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Definition 2.2. Let u € WI})’Cl(Q). For 6 € R we set py0(0) == [{z € Q:
u(z) > 0 and Vu(z) = 0}] and py,1(0) = pu(0) — py,0(0). We will say that u is a
co-area regular function if the Radon measure (j,,0) is singular with respect to the
Lebesgue measure on R.

Lemma 2.5 (sce [8] and [28]). If u € W.2P(Q) for some p > 1, then u is a co-area

loc
regular function.

Lemma 2.6 (see [8], [26], and [1]). Let v be a co-area regular function of W (),
1 < p < oo. Ifw, is a bounded sequence of WP(Q) such that v, converges to v
strongly in WP (Q), then

vy, (s) = vl(s)  a.e. in Q,,

k(s)v),(s) — k(s)v.(s) strongly in LP(€2,),

n* *

where k is defined as in (1.1).

Now we recall the notion of the mean value operator introduced in [22] (see
also [26]).

Definition 2.3. Let u € L'(Q) and ¢ € L'(€), we define the mean value
operator ./, () by

ol > u()]) if v € O\ Plu),
My (0)(2) = 1 luzu(z)]

(#)() (0)do  otherwise.
|U = u(z)| lu>u(z))|

Definition 2.4. Let u,v € L*(Q) and ¢ € L'(€.). We define the second cate-
gory mean value operator .#, ,(¢) as the function

o(ju > u(z)]) ifzeQ\ Pu),

where v; = v|p, (s,) is the restriction of v to P,(6;) and h;: (0,[P,(0;)]) — R, hi(s) =
o(s+ |u> 6;]).

Lemma 2.7 (see [9] and [22]). Let u € L'(Q) and v € LP(Q), 1 < p < oo. For
any ¢ € L* (Q,), we have

/ Vi (8 ds—////uv (z)dzx.
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If |P(u)| = 0 the last equality is reduced to

/Q thale)ple)ds = / o (u > u(@))o(z) d.

Lemma 2.8 (see [24] and [31]). Let u € Wy?(Q) and v = |u|, where p > 1. Then
for a.e. 6 € [0, esssupv],
Q

d

-3 Vo da > 20t/2ul/2(6).
{v>6}

3. SOME USEFUL RESULTS

As mentioned in the introduction, the proof of Theorem 1.1 is based on the appli-
cation of the Galerkin method. We have devoted this section to proving some results
which are crucial for passing to the limit in the approximate problem.

Lemma 3.1. Set L} (Q) = {w € L*(Q): w > 0}. Let u € L*(Q) and let F be a
Borel function such that F(u) € LY (), v € L>(2). Then

(3.1) (F(u)v)sn(s) = F(ue(9))vsn(s) a.e. s € Q.

Proof. Step 1: We prove that (3.1) holds for all v € L*°(Q) with |P(v)] =0
(i.e. v has no flat region).
Using Lemma 2.7, we deduce that for all p € L*>(£,),

/ (F()0)u(5)0(5) ds = / My (o (@) (@) F ()0 (z) d.
Q. Q

By the definition of .4, r(4), (see Definition 2.4), we have

Fu(z))o(|u > u(z)]) if z € Q\ P(u),
F(u(x)) My, puyw(0)(x) = 1 0 if F(u(z)) =0,
F(u(z))o(Ju > u(z)| + v(z)) otherwise,

where v(z) = [{y: u(y) = u(z), F(u(z))v(y) > F(u(z))v(z)}].
Since F'(u(x)) > 0 in the third case, we have

(3-2) v(z) = [y uly) = u(z),v(y) >v(x)}].
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In view of this, we obtain

F(u(@) M0y (0) (@) = F(u(2)) Mn(0) (@),
which leads to
(3.3) /Q (F(0)u(s)ols) ds = /Q M0(0) (@) F (u())o() .

On the other hand, we have

(3.4) /Q Fu)veu(s)o(s) ds = /Q M o(F(w)0) (z)0(x) da.
By the definition of .#, ., we have

Fu(lu > u(@)]))e(fu > u(z)]) if z € Q\ P(u),
F(us(Ju > u(x)| + v(x)))o(lu > u(z)| + v(z)) otherwise,

Muo(F(ui)o)(r) = {

where v is defined as in (3.2).
If © € P(u), then [lu > u(z)|,|lu > w(x)|] € P(us) and u.(s) = u(z) for all
s € [Jlu > u(z)|, |u > u(x)|]. Hence, we have
us(Ju > u(z)| + v(z)) =u(z) for a.e. z € P(u).
Moreover, by the definition of wu., it is easy to see that
wi(lu > u(z)|) = u(z) for a.e. x € O\ P(u).
The above two relations show that

(3.5) My o(F(us)0)(x) = F(u)(x) My (0)(z) for ae. z € Q.
It follows from (3.3)—(3.5) that
(3.6) /Q *(F(U)v)*u(S)e(S) ds = /Q Muw(0)(2)F(u)(z)o(z) da

-/ P vas)ols)ds, Vo€ L¥(.),
which implies that (F(1)0)sy = F(ts)0ss.

Step 2: We prove that (3.1) holds for all v € L>°(Q2). Clearly, (3.1) holds if v = 0.
Now we assume that v # 0.
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Let ¢, be an eigenfunction of the Laplacian operator corresponding to A, (see
Section 4 for detail). For all n, we know that ,, is analytic in  (see [15] and [5]),
and so |P(pn)| = 0 (i.e. o, does not have flat regions). Moreover, {¢,}5°; is an

o0

orthonormal basis of L?(£2), and so there exist {a, }2°; C R such that v = Y a;¢;.
n i=1
Let v, = > a;p;. Then v, € L>®() and

i=1

v, — v strongly in L?*(Q) and a.e. in Q.

Furthermore, vy, is analytic in © and |P(v,)| = 0 as soon as n is large enough (recall
that v # 0). By the proof of Step 1, we have for [ > 0

(3.7) /Q (T (F(4))0n) o (5)(s) ds = /Q Ty(F (1) omsu(s)o(s) ds, Vo € L®(Q).

By assertion (iii) of Lemma 2.4 and the Lebesgue dominated convergence theorem,
we conclude that

(T(F (u)vn)su — (Ti(F(w))v)su  strongly in L*(Q),
and
Upsw — Usq,  Strongly in Ll(Q).
The above two convergence results together with (3.7) lead to
(3.8) / (T (F(u))v)wu(s)o(s)ds = / Ti(F(ux))veu(s)o(s)ds Vo € L™(Q).
Q. Q.

Let I — oo in (3.8). We find that
/ (F(1)0)u(5)o(s) ds = / Flu)vau(s)o(s)ds Yo € L(Q.),
Q. Q.

which implies that (F(u)v)sy = F(ts)Vs-
Thus, the proof of Lemma 3.1 is completed. O

Remark 3.1. Since L*>(Q) is dense in LP(Q) for 1 < p < oo, we deduce that (3.1)
holds for F(u) € L’fr/ (Q), v € LP(2). In contrast to Lemma 2.4 (see also Lemma 11
in [9]), we do not need the condition |P(u)| = 0 but require that F(u) € L} ().
We also point out that the special case F(u) = u € L} () has already been studied
in [12].
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Lemma 3.2. Let v € W2?(Q) and v,, € WP(Q) be such that
(3.9) vp — v strongly in WP (Q) with p > 1.
Then we have

k(lvn > Un(')DU;L*(h)n > vn(')|)XQ\P(vn)X{vn>0}
= k(v > v())vi(Jv > v(-))xao\p) X{vs0p  strongly in LP(S2),

where X\ p(v,) and Xo\ p(v) are the characteristic functions of Q\ P (v, ) and Q\ P(v),
respectively.

Proof. By the equimeasurability, we obtain that

(3.10) /Q [k (lvn > on (@)U (Jon > vn (@) )X\ P0,) X v, 503" d2
= / [E(lvn > vn () (Jon > o0 (2))) X (0, >0} " do
Q\P(vn)

- / k()60 (8)X o 0y [P ds = / k() ()X o203 |” ds
Q*\P(vn*)

*

- / k()60 (5)X o 0y [P ds + / k() ()0 203 P ds.
Q. \P(vs) P(vs)

Similarly, we have

(3.11) /Q [E(lv > v(@)))vi(lv > v(@)]) X\ P(o) X{os03 P dz

- / ()0 (5)X (o, 503 P .

Since X{u,, >0} converges to Xy, >0} a.e. in .\ P(v«), using the Lebesgue dominated
convergence theorem, Lemma 2.5, Lemma 2.6, and (3.9), we conclude that

(3.12)  lim 1k (8) V3 (8)X (v, >0y [ ds = / k(5)v(8)X v, 03[P ds
=0 JQN\P(v.) Q\P(vs)

- /Q k()0 ()X (o 50y [P ds
and

(3.13) lim [ k()0 ()X .0y P ds = 0.

=00 Jp(v,)
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Passing to the limit as n tends to co in (3.9) and using (3.10)—(3.13), we have

(3.14) Jim [k (fvn > on (@) )05 ([on > vn (@) )X\ P0,) X0, 5037 d
—>Jo
= [ 1kl > o@Dl (0> v@)hxenmo) Xposo 7 do

If © € P(vy), then [|v, > vp(2)],|vn = vn(2)|] C P(uns) and so k(s)v),.(s) =0
for a.e. s € [[vn, > vn ()], |vn = vy (x)|], which implies that ., . (kv),,)(x) = 0 for
a.e. £ € P(v,) and any w € LV (Q). If z & P(vy), then 4, o(kv!,,)(x) = k(|lv, >
O (@) )0, (Jvn > vn(z)]) for any w € LP' (). Thus, we obtain that
(3.15) M (K7, ) () = E([vn > vn (@) )or. ([on > on(2)]) X\ P(0,)-
Applying the same argument, we get

(3.16) My, (kV)) () = E(Jo > v(@))v,(Jv > v(@)])xa\ P -

Let ¥ = X p(v,) be the characteristic function of P(v.). We deduce from Lemma 2.7
and (3.15) that

(3.17) / K(jon > 0n(@))Whe (1n > 0n(@)) X0y X (o 0p0(z)
- / M, o (K0,) ()X (o 50y () d
- / B()000 (5) (X o 07 ) o (5) ds
Qi
- / B()0s. (5) (X o 50110, (5)(1 — th(s)) ds

b [ RO X010, (5)6(5) ds = Ly 4,
Q

¢

By Remark 3.1, we obtain

(3.18) (X {00 >0} W50, = X {1, >0} Wi, AN (X {050} W)xv = X{u, >0} Wso-
Arguing as in Lemma 3.2 of [30], we deduce that

(3.19) (1 — Y)wWsy, — (1 — Y)ws, weakly in L’ ().

On the other hand, we have

(3.20) X{vn.>0} = X{v.>0} a.e.in (L, \ P(vy).
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It follows from Lemma 2.5-Lemma 2.7, (3.16) and (3.18)—(3.20) that

(3.21) lim I,, = lim k‘(s)v;b*(s)x{vm>0}w*vn (s)(1 —(s))ds

n—oo n—oo Q*\P(v*)

= [ )y ()1~ (5) ds
Q\P(v)
/ k(s )X {v. >0} Wk (8) ds
/ k(s)v,(s)(X{u>0yw)so(s) ds
/'///U'w k'U X{v>0}w( )d.l?
= [ ko > v@Dei (o > vle))xen mo xoso(e) da.
We conclude from Lemma 2.5 and Lemma 2.6 that
(3.22) kvl — 0 strongly in LP(Q.).

By the Holder inequality, we get

a2 i< ([ |k<s>v;*(s>w<s>|pds)1/p( [ 10000, ds)w.

From Lemma 2.4 it is easy to see that the sequence {(x{v,>0}W)xv, } is bounded
uniformly in L*'(€,) with respect to n. Thus from (3.22) and (3.23) we have
(3.24) lim J, = 0.

n—oo

By (3.17), (3.21) and (3.24), we obtain that

lim k(|vn > vn(2)])0), (Jon > Un (2)]) X\ P (o) X v >01 () d

n—oo Q
- / K(jo > o(@) (v > 0(@))xa peo) Xioso (@) dr,
which implies that

E(Jon > vn(2))vi(Jvn > v () X\ P(0n) X {0, >0}
= k(Jv > v(@))vi(jv > v())xa\P@) X {v>0}

weakly in LP(Q). Since LP(€2)(1 < p < o0) is a uniformly convex space, the conclu-
sion of Lemma 3.2 follows immediately from the above relation and (3.14). g
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Lemma 3.3. Let k be the function defined by (1.1), ¢ € CT(R) and v € W1P(Q)
with p > 1. Then for any 0 € R and h € R,

1
) [ 00Kl (s) ds < e | ()| Vol da.
{(0<v.<O+h} (2m12)P Jrpcv<otny

Proof. We introduce two functions v and 15 defined as follows:

(s) P(s), 0<s<0+h,
S) =
0, s<Bors>0+h,

and

(s) = / @),

Let w = QZ(U) Then it is easy to see that w € W?(Q). By Theorem 1.2 in [31], we
get

(3.26) / |k(s)wl (s)[Pds < ﬁ /Q |[Vw|P dz.

*

-~

Since 1 is a nondecreasing function, we get wi(s) = (i(v))*(s) = (v4(8)) for a.e.
s € Q. Thus, we have

(3:27) wl(s) = vi(s) (@ (())Y? = vi(5) (W ()P X(o<v.corny for ae. s € Q.

Note that

o~

Vw =/ (v)Vo = (§(0))/PVo = ($(0)) /P Vox o<vcon

thus the conclusion (3.25) follows immediately from (3.26) and (3.27). O

Remark 3.2. Lemma 3.3 is an extension of the Pélya-Szegé inequality for mono-
tone rearrangement. Using this lemma, we may obtain L> estimates on w4 (The-
orem 4.3 and Lemma 4.4). Moreover, if we let h tend to infinity in (3.25), then

P ds € — L ATl? da
/{v*>9}¢(v*)|k(s)v*(s)| ds < @) /v ¥ (v)|VolP da.
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4. PROOF OF MAIN RESULTS

Here and in what follows, we use the following notation. For any v € HJ(£2) and
h>0,e>0,

(4.1) Gpe(z,v,0)

. (o > o@Dt (0 > o@D _o(x)
= DT 3 S et > oD ¥ T @) X0
(4.2) Ghe(z,v,0))
_ (o > v@et (o > vl re | ot@)
= Pt s st o+ T g X

(4.3) Gp(z,v,0))

= [Pe(Th (o) [k(jv > v(@))vi(jo > v(@)D? + g(2)]x (w0},
(44) éh (1[,', v, ’Ui)

= Pe(Th (o) k(jo > v(@))vi(Jo > v(@))|"xe\p) + 9(2)]x{w>0},
where T}, is the truncation function defined as T} (s) = min{h, max{s, —h}}.

In order to avoid the lack of regularity of the term Ap(ut)|k(lu > u(x)|)u, (ju >
u(x)|)|?, rather than looking for solutions of (#?) directly, we shall consider a trun-
cated problem (7)) defined as

—Aup, = Gp(z, up,up,) in Q,
(Ph) up, = v (a negative constant to be determined) on 99,
— Joq Oun/On = I (a given positive constant).

The existence result to problem () is stated as follows.

Theorem 4.1. Let h > 0 be fixed and let ¢ be a positive constant with q < 2,
0 < g€ L"(). Suppose that ¢: [0,00] — [0,00] is a continuous function and
Jog(x)da > I. Then there exists at least one solution u, € W*(2) N H'(Q) to
problem (%%,) in the following sense:

(i) —Aup = éh(x,uh,u’h*) in Q.
(ii) unloo = v (a negative constant).
(iit) — [oq Oun/On =1.
To prove Theorem 4.1, we shall first consider a family of approximate problems
(Phe):
—Aupe = Ghe (T, upe, u).,) in Q,
(Phe) upe = Y= (a constant to be determined) on 0f,

— J50 Oune/On = I (a given positive constant).
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The existence of solutions to problem (£?),.) is stated as follows.

Theorem 4.2. Suppose that the assumption of Theorem 4.1 holds. Then there
exists at least one solution up. € H?(2) to problem (Z,.) in the following sense:
(i) —Aupe = Ghe(z, une, U, ) I €,
(ii) Une|log = Yhe (@ constant),
(iii) faﬂ Oupe/On =

4.1. Proof of Theorem 4.1 and Theorem 4.2. We shall first prove Theo-
rem 4.2 by the Galerkin method and topological degree theory. The idea of this
proof comes from [2], [8] and [10].

Let

V ={ve H(Q): v= constant on 9N}

be endowed with the scalar product [u,v] = [, Vu - Vodz + uj,,
and

Vjpg for u,v € V

V={veV: [{xeQ: Vo(z)=0} =0}
Let (A, ¢:)i>1 be the eigenvalues and eigenfunctions associated to the problem
—Ap; = Xig; in €,
wi =0 on 09,
Jo@i(x)da = 1.

Let V,,, = span{1,¢1,®2,...,@m}. Since for v € V we have

o
v—vl—l—Zv% )
j=1

and thus |y V; =V.
i=1
For all ¢ € [0, 1] and fixed h > 0, set

(4.5) Gie: v €V > tGhe(z,v,0)) + (1 — )Moy,
(4.6) Bie = {v €V, ji(v) = 0,e1(v) = 0},
where

ere(v) = -1+ /Q Gie(v)dz, je(v) = /Q \Vo|? dz + T, — /Q Gte(v)vy da.

Then we have the following result.
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Lemma 4.1. Let 0 < g € L"(Q2) and let ¢: [0,00] — [0,00] be a continuous
function. If fQ g(z) dx > I, then for fixed h > 0 there exists 9 > 0 such that for any

e with0 < e <eggandforallve |J E the following assertions hold.

te[0,1]

(i) There exists a positive constant C' independent of t and v such that

[villLr) < C([VVllL2) +1) Vp> 1.

(if) For every 0 > 0 there exists a constant Cs > 0 independent of t and v such that

< 5||VU||L2(Q) + Cs.

e

(iii) There exists a positive constant Ch. independent of t and v such that

vl 1) < Che-

Proof of (i). Define g.(x) = g(z)/(1 +eg(z)). It is easy to see that

e = d
/Qg(x)dx /1+€g x—>/gm

Since fQ g(x)dz > I, we deduce from the above inequality that there exists eg > 0

such that for 0 < € < gg,

(@.7) /Qgg(x) dz > /Qge()(x) dr > /Qg(x) dar — %(/Qg(x) dz — 1) ST

Let n = 1/241/2||gs, |1 (). By (4.7), it is easy to see that 0 <7 < 1.

If ve |J FEi, then there exists t € [0,7] such that v € Ei. and e;(v) = 0.

t€[0,n]

By the definition of Gi. we get Gi(v) = (1 — n)Av4. Since ex(v) = 0, we get

I=[,Ge(v)de > (1 —n)A [vsda, ie.

1
(4.8) /Qv+da: < T

Thus, using (4.8) and the Poincaré inequality, we obtain

[vtllrr) < C1lVvllr2e) + 1),

where C1 is a positive constant independent of ¢ and v.
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Ifve |J FEie, then there exists t € [n, 1] such that v € E;. and e;.(v) = 0. By
ten,1]
the definition of Gi., we have Gic(v) > 1ge (%)X {v>0}- Since es(v) = 0 and gc, < ge

for 0 < € < g9, we get

77/9960@)?({1»0} dz < n/{lge(x)xh»o} de < I

In view of (4.7), we get 7 fQ geo(x)dz > I. Thus using the same argument as in
Lemma 3.1 in [2], we deduce that there exists a positive constant Cy independent of
v, t, and ¢ such that

(4.9) los Lo < Ca(llVllz@) +1) Vp€[loo)andWwe | ) Ei.
te(n,1]

Setting C' = max{Cy,Cs}, the conclusion (i) follows immediately.

Proof of (ii) and (iii). Since the proofs of (ii) and (iii) are similar to the proofs
of Lemma 3.2 and Lemma 3.4 in [2] (see also [29] and [10]), we omit the details
here. g

As in [3], we introduce a Galerkin approximation method to problem (%.).
Define a family of operators T : V,,, — V;,, such that if v € V,,, then T} v is the
unique solution of the problem

(4.10)  a(Thv,w) = —ITw,, + /Gt6 )dm—k/Q v(z)w(z)dz Yw € Vi,

where

a(v,w) :/QVv(x)Vw(x)dx—i—/Qv(x)w(x)dx.

By the Lax-Milgram theorem, it is easy to see that T is well defined.
Set

El ={ul, €V, Thul, =ut )}, E, U
te[0,1]

and

cm = inf Jv]lmq)

m

We have the following result.
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Lemma 4.2. There exists a constant m. > 0 such that for all m > m. we have
En # 0 and ¢, > 0.

In order to prove Lemma 4.2, we need the following result. Let L: L?(Q) — V be
the operator defined by
—Au+u=w in Q,
Lw=us queV,
— Joq Ou/On =0,
where w € L?(Q).
Let & be the solution of the problem
—Afo + EO =0 in Qa
o€V,
—fm@go/&n =1.

For any r > 0, let B, be the ball of H'(Q) centered at the origin with radius r.
Define the operator ©1: V — V as

P1(v) = L{v+ Moy) + &.
Then by [2] (see also [29], [10]), we have the following result.

Proposition 4.1. The topological degree d(I — 1, Bc,.,0) = —1, where Cj. is
the constant as in (iii) of Lemma 4.1 and | is the identity operator. Moreover, the
operator 11 has a unique fixed point wy € V, i.e. 1(w1) = wy and wy is also the
unique solution of the problem

—Aw; = \wi+ in Q,
(Q)q w1 =0 on 99,
_faﬂ 8w1/8n: 1.

Proof of Lemma 4.2. Step 1: We prove that there exists a constant m. > 0
such that E,, # 0 for all m > m..
By the result of [10] (see also [2]), we have

T (v) = PulL(v + Arvy) + &o] = Prn[th1 (v)],

where ﬁm is the orthogonal projection of V' onto V,,.
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Since ﬁmwl(j is a uniform compact perturbation of the operator 11(-) on By,
(see [10]), by the above equality and Proposition 4.1 we conclude that there exists
me > 0 such that

d(1 = T2, V,, N Be,_,0) = d(I — Ppip1(v), Vi N B, _, 0)
= d(l — 41 (v), Be,,,0) = —1.

Thus by the Kronecker existence theorem, we deduce that there exists a function
u?, € V,, such that TOu?, =% . Hence, E,, # 0 for all m > m..

Step 2: We prove that ¢, > 0 for all m > m..

We argue by contradiction. Assume that there exists m > m. such that ¢, = 0.
Note that E,, # 0. By the definition of ¢,, we conclude that for any 0 < o < 1 there
exist tme € [0,1] and ulme € Elme such that

(4.11) 0 < |Jutme

| <o

Since ulme € Elme | taking t = t,,, in (4.10), we get by definition
@12) [ Vup @ Vuie)de = ~twn + [ Guelouiz, () ula) da.
Q Q

Thus by (4.11) we deduce that there exist a subsequence of {¢,,,} (still denoted by
{tmo}) and t,,, € [0, 1] such that ¢,,, — t,, and

(4.13) ulme — 0 strongly in H*(Q) and a.e. in , as o — 0.

Since - ()X {,tmo ~0y 18 bounded uniformly in L°°(Q2) with respect to o, there exists
a function gme € L°(Q) such that

(4.14) 9e(T)X putrme 03 — Gme(x)  weakly * in L™(Q).

Let o tend to zero in (4.12). By Lemma 3.2, (4.13) and (4.14), we can conclude
that

(4.15) tm/ Gme(@)w(z) de = Twjpq  Yw € V.
Q

We distinguish the cases ¢, = 0 and t,, # 0.
Case (i): t,, = 0.
Choosing w =1 in (4.15), we get I = 0 which is a contradiction.

Case (ii): t,,, # 0.
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We have 0 < tm < 1. Since g=(2)X(,tmo 501 = 0 in €2, by (4.14) we deduce that
Jme(z) =2 0 in Q. Choosing w =1 in (4.15), we obtain

(4.16) /nge(x) dz = L > 0.

tm

Choosing w = ¢; in (4.15), we get

(4.17) / Gme(x)p1dz =0>0.
Q

Using the facts that ¢1(z) > 0 and Gme(z) > 0 in Q, we conclude that (4.16)
contradicts (4.17).
Hence, the proof of Lemma 4.2 is completed. O

Obviously, [|w1|| g1 () > 0 since wy # 0 is the unique solution of problem (Q). Set

Cm = mln{ |w1 || g1 Q)}

22|

We conclude that ¢, < Che, where Cj,. is the constant as in (iii) of Lemma 4.1. We
have the following lemma.

Lemma 4.3. The topological degree d(1 —T?,,V,,, N Be,. \ Bz,,,0) is well defined
and

d(l = T!,,V, N Be,. \ Bz,,,0) = -1 form > m.,

Cm>

where T}, is defined in (4.10) and m. is defined as in Lemma 4.2.

Proof. The proof is divided into four steps. In Step 1-Step 3, we will check
that d(1 —T!,, Vi N Be,. \ Bs,,,0) is well defined. In Step 4, we complete the proof.

Step 1: we prove that no fixed point ul, € V,,, of T}!, can be a constant. We argue
by contradiction. Suppose that uf, = ¢ is a fixed point of 7", where ¢ € R. Choosing
w =1 1in (4.10), we have [, Gic(c)(z)dx = I > 0, which implies that ¢ > 0.

Taking (7 as a test function in (4.10), we get

(4.18) / Gie(c (x)dx = /thg(x)gal () + (1 = t)A\1cpr dz = 0.

Case 1.1. Let t € (1/2,1].
Since ¢y is positive in 2, using the fact that g. > 0 and (4.7), we have

1
[ ta@on@) + (1= oneprde> 5 [ g >0
Q Q
which is a contradiction with (4.18).
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Case 1.2. Let t € [0,1/2].
We also have

)
/ tg-(x)p1(x) + (1 = t)A\cpr dz > 071/ p1dx >0,
Q Q

which is a contradiction with (4.18).

Step 2: Setting E,, = V,, N B, \ Bz,,, we prove that T?, is a continuous and
compact operator in E,,.

Let {v,} C E,, and let v € E,, be such that v,, — v in V,,. By the definition
of V,,, and the fact that 1, s, ..., v, are analytic functions, it is easy to see that
Vin C V UR. In order to prove the continuity of the operator T, we distinguish the
case v € Ep, N V from the case v € EnNR.

Case 2.1. Let v € E,;, N V.

In this case, we have

(4.19) X{v,>0} = X{v>0} a.e. in {1
Using the above relations and Lemma 3.2, we can conclude that
(4.20) Gie(vn) — Gie(v) strongly in LQ/Q(Q).

Case 2.2. Let ve E,, N R.
In this case, we have v = ¢, where c is a constant such that é,, < |¢| < Che. Since
v, — v in V,,, there exists ng > 0 such that for all n > ng,

vn>7 ife>0
and -
vn<—67m if e<O.

For w € V, define

[k(lw > w(z))w (Jw > w(z)])|*X{w>0)

Helw) = A0t ) > w(e) Dt (fw > w(z) e

If ¢ > 0, then {v, > 0} = Q = {v > 0} for all n > ng, which implies that (4.19)
holds true for v € E,, N R. On the other hand, by Lemma 2.1 and Remark 3.2 we
have H.(v,) = 0= H.(c) for v, € E,, N R and

1o (vn) | p2/a(0) < enll Vol ¥, for v, € B OV,
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where ¢, is a positive constant depending only on h. Hence, we have that H.(v,)
converges strongly to H.(c). In view of this and (4.19), we then conclude (4.20) also
holds for v = ¢ > 0.

If ¢ < 0 then Xy,,>0} = X{v>0} = 0 for all n > ng. The conclusion (4.20) follows
immediately.

The continuity of T, follows from (4.20) immediately. Using the same argument,
we obtain the compactness of T7,.

Step 3: We prove that [I — T?](v) # 0 for all v € d(Bg,_. \ Bz,,) N V.

Indeed, if [I — 77, ](v) = 0, then using Lemma 4.1 and Lemma 4.2, we have ¢,, <
[v]l#1(0) < Che. Hence, for all v € d(Bg,. \ Bz,,) N Vi, we have [I — T ](v) # 0.

By Step 1-Step 3, we obtain that the topological degree d(I — T, V,, N Be,. \
Bg,,,0) is well defined.

Step 4: Since the rest of the proof is similar to Theorem 1.3 in [10] (see also [2]),
we only sketch it here.

By invariance under homotopy and Step 1 of the proof of Lemma 4.2, we obtain

(4.21) d(1 —T!,V,,N Bg,. \ Bz,,,0) =d(l — T2, V;, N Be,. \ Bs,,,0)
=d(I — 1 (v), Be,. \ Bs,,,0) = d(I —1(v), Bg,.,0) = —1.

Hence, the proof is complete. ([

Proof of Theorem 4.2. By Lemma 4.3, we know that for all ¢ € [0,1] there
exists at least one sequence {u’,} such that

Thul, =ul,, wul, €V,NBeg,. \Bs,.

m>

Taking ¢t = 1 in (4.10) and denoting u,, = ul, , we get by definition
(4.22) /QVum(x)Vw(x) dx

= —Twan + /Q Ghe (@, U, ul, w(z)de  Yw € Vi, Vm €N
and

(423) ||umHH1(Q) < Che VYmeN.

Setting Vi = span {1, P2, ..., om}, from (4.22) we easily have
/[—Aum(x) — PpGre(@, um, v, )w(z)dz =0 Yw € Vi,
Q

where ]5m is the orthogonal projection operator from L?() onto Vm.
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The above relation implies that —Auy, (z) = Py Ghe (&, tm, u),,). By (4.23), we
get

(4.24) | = Att|| 220y = | PG (@, s )| 22 ) < Che Vm €N,

where éhE is a positive constant independent of m.

From (4.23) and (4.24), by standard regularity results, we deduce that {u,,} is
uniformly bounded in H?(Q) with respect to m. Thus by using the Sobolev embed-
ding theorem, we deduce that there exists a subsequence of {u,,} (still denoted by
{um}) and a function up. € H%(Q) such that

(4.25) U — upe  weakly in H?(Q)
and
(4.26) Up — upe  strongly in H'(Q) and a.e. in Q.

Since g:(2)X{u,, >0} is bounded uniformly in L?(2) with respect to m, there exist
a subsequence of {g:(%)X{u,, >0y} (still denoted by {g-(%)x{u,, >03}) and a function
ge € L*(Q) such that

(4.27) 9 (T)X{u,n>01 — Je(x) weakly in L3(Q).
By Lemma 3.2, (4.22), (4.26), and (4.27), we conclude that up. satisfies

(4.28) /QVuhg(x)Vw(x)dx:/Q)\ga(Th(uhH))

[F(lune > wne (@) uhe, ([the > wne () DI XN\P(une) X {rune >0}
L+ elk(lune > une (2))tt)e,.(une > une()])[?

—l—/ ge(w)w(x)dr — Twjpg Yw € V.
Q

w(x) de

Now we analyze the term §. of (4.27). Note that us. € H?(2) and it follows from
(4.28) that

(4.29) —Aupe = Ap(Th, (uh€+))
[F(lune > une (@) uhe, (lune > une () )X\ P(une) X{une >0}
L+ elk(lune > une (@)|)upe, (June > une(2)])]?
+ g-(x) a.e. in .

In view of (4.29), we have
(4.30) ge(x) =0 a.e. in P(upe).
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On the other hand, it is easy to see that
{une >0} C lim {uy, > 0} C {upe > 0}.

Using the fact that lim,, o X {uwm >0} and the above relation, we

- anmoo {um>0}
obtain

(4.31) Xune>0) < M X(u,,>0) < X{up.>0}-

Since g > 0, (4.27) and (4.31) make it possible to conclude that
(4.32) 9= (T)X fune >0} < Ge(®) < ge(@)X{up. >0y a-e. in
Due to (4.30) and (4.32), we deduce that

(4.33) Ge(7) = ge ()X {up. >0y a-e. in Q.

Taking w = 1 in (4.28), recalling (4.2), (4.29), and (4.33) makes it possible to obtain

(4.34) —/ e = / Ghe (@, upe, t).,)dz = 1.

aa On 0
In view of (4.29), (4.33), and (4.34), the conclusion of Theorem 4.2 follows immedi-
ately. O

Proof of Theorem 4.1. Similarly to the proof of Lemma 4.1, we conclude that
there exists a positive constant C}, independent of ¢ such that

(4.35) ||uh€||H1(Q) g Ch.

By standard regularity results, (4.29), and (4.35), we deduce that {up} is uniformly
bounded in W2<(Q) N H'(Q) with respect to €. Thus there exists a subsequence of
{une} (still denoted by {upc}) and a function u;, € W2(Q) N H(Q) such that

(4.36) upe — up,  weakly in W2*(Q) N HY(Q)
and
(4.37) Upe — up  strongly in Wl’“(Q) and a.e. in .

Similarly to the proof of (4.27) and (4.33), we deduce that there exists a sequence of
{9:(2)X {up. >0y } (still denoted by {ge(z)X{u,.>0}}) such that

(4.38) 9 (L)X fun. >0y = 9(@)X{up>01 weakly in L"(Q).
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By Lemma 3.1, (4.28), (4.36)—(4.38), we can conclude that uj satisfies
(4.39) / Vup(z)Vw(z)dr = —Tw)spq —|—/ éh(x,uh,u%*)w(x) dex Yw eV,
Q Q

where G}, is defined as in (4.4). Note that uj, € W2*(Q2), and the conclusion of
Theorem 4.1 follows immediately from (4.39). d

4.2. Proof of the main results. In order to prove the main results, we shall
first look for some uniform estimates of the sequence {uy,}, where uy, is a solution of
(1) given in Theorem 4.1. We have the following results.

Theorem 4.3. Under the same assumptions as in Theorem 1.1, if uy, is a solution
of (Z,) given in Theorem 4.1, then there exists a positive constant M independent
of h such that

[tnt | Loe) < M.

Before giving the proof of Theorem 4.3, we need the following lemma.

Lemma 4.4. Under the same assumptions as in Theorem 1.1, if uy, is the solution
of problem (2?,) given in Theorem 4.1, then

(4.40) Upjpg = Vh < 0
and
12 q (2 - q)/\2/(2 )
(4.41) Wi (w4 (0 47T/ / e . )dsde,
where the function W, is defined by
(4.42) Wh(s) = / exp (_Si/ /1Ty (7)) dT) dfd for s € R.
0 T Jo

Proof. First of all, we prove that uy|,, = y» < 0. We argue by contradiction.
If v, > 0, using the maximum principle it is easy to see that u; > 0 in . Then we

have
8u h

I=- /Ghmuh,uh*)d >/ g(x)dx > 1,

which is a contradiction. Thus, up),, = vn < 0.

o0 ('971
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Now we prove that (4.41) holds. Let Sp: be a real function defined for 6 > 0,
t > 0 by

1, r> 04t
iy
Sp.e(r) = Tt 0 0 +1t,
0, r<6

Since up € H(Q2) N W22(Q) and Up|y = Yh < 0, it is easy to see that Sp (uny) €
H{(£2) N L>°(2). Multiplying the equation in problem (£2),) by Sp+(up+) and inte-
grating by parts, we have

1 -
(4.43) —/ |Vuh+|2dx:/ Gh(z,un,up,)Se t(uny) dz.
U J(0<uny <6+t) {uny >0}

It is easy to see that
Uptx(8) = up(s) =0 for s €[0,|up > 0]],

which implies that

(4.44)  [k(Jun > un (@) g (Jun > wn(@) DX\ P ) X {un >0}
= [E(Juny > uny (@) o ([ung > wng (@) ) X\Puns ) X funs >0}

a.e. x € €.

Let us define v, = up4. From (4.43) and (4.44), we have

1 ~
(4.45) - / | Vo> dz = / Gh(z,vp,v},,)S0.¢(vp) do
{0<vnp<O+t} {vp >0}

< / éh(x,vh,vz*)dx.
{vn>0}
By the definition of éh, applying the Holder inequality and Young’s inequality in
(4.45), we have

1
(4.46) —/ |Vop|? da
U J{(0<v, <0+t

/{ } P(Tn (0n)))* 4 k(fon > von (@) )op (lon > on(@)) X0 P(on) d2
vp >0

_ 2/(2-q)
+ / —( O ) dz.
U}L>9} 2

N}IQ
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Let t tend to zero in (4.46). By Lemma 2.1, we get

d

-—— |V, |2 d
df Jiv, >0

q
< 5/{ 0}(¢(Th(vh)))2/q|k(|vh > o (2))0ha (lon > vn (@)X P(0n) do
Vp, >

(2 — )N/ 29
+/ g(x) + ——F—— ) dz
o )

/{ | (AT (6) () Pxen .
Vhs >

[vr>6| (2- q)Az/(%q)
—|—/ gs(s) + ———— | ds,
AN O )

<

N[

which implies that

4
do Jiy, >0y

<[ (5 /{ TPk (0 ds) dr

lvn>0] (2 — q)A¥/ (9
+/ gx(s) + ————— ) ds.
0 ( () 2 )

(4.47) |Vop|? dz

By Lemma 3.3 (here p = 2) we have

1
] (D)) P/ () (5 ds
t {T<vp.<T+t}
1 2/ 2
< — o(Th(v 9| Vup|* dz,
7= R AR
and thus
d
(@48)  — [ (D) k(s)eh () ds
T J{vop>7}
1d o 12
- [ (e Ve,

4 dr {vp>T1}

Inequality (4.47) and (4.48) show that

d q [~ d
4.49) —— Zde < - T 2/a ——/ 2dz) d
w5 [ weldr< L [Cement (g [ i) ar
[vr >0 (2 _ q)>\2/(27q)
+/ g«(s) + ———— ) ds.
L e —5—)
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Using Gronwall’s Lemma and Lemma 2.2, we then get
(4.50)
- |Vop|? dz
do Ji, >0
e} s 2/(2—
q (2— X/
< [Tew (L [ emirnp/rar) (oG + EEL) - (9)

8m
Hop, (0) Vh (8) 2 — )\2/(2_(1)
i 2/q ( q)
L7 e ([T @) (o) + EELE—) as

which implies that

N

0
q / 2/q d 2
exp [ — O (T(T)) dT) - [Vop|* de
(87" 0 ( e {vn>0} )
Lo, (0) Vhx(8) _ 2/(2—q)
h q 2/q (2 Q)A
< — _ .
< /0 exp <87T /0 0 UTh(T)) dT> (g*(s) + 5 ) ds

The above inequality and the Holder inequality imply that
(4.51)

9 2
9 2/q d
exp —/ 0 UTh(T)) dT> (——/ |Vvh|dx>
(877 0 do {vn>0}
Hop, (9) Vs (s) (2 — g)A/ (29
< = 4 2/a(, . LCZOAT TN 4.
T R R L

We deduce from (4.51) and Lemma 2.8 that

A exp (8% / " (T () d7>

0

_,U;h(g) My, (60) q VU () 2/ (2_(]))\2/(2_(1)

By Lemma 2.2 and integrating the above inequality between 0 = vp,.(|€2]) and vp.(r)
we find that

VU (T) q 0
47r/ exp (a / ©?/9(Ty, (7)) dT> dé
0 0
120 1 6 Vs (8) 92— g)\2/(2—a)
q 2/q ( Q)
< 1 q “wZ-arr 7
< /,, 7 /0 exp ( - /0 0 (Th(T)) d7'> (g*(s) + 5 ) dsdf

i (0) o1 16 9 _ )\ (2-9)
< exp (% / ©2/9(Ty, (7)) dT> / 5/ (g*(s) + %) dsdé
0 0 0

for any r € [0, |©2]].
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By the above inequality, we obtain

f()vh*(r) exp( (87m)~1 fe ©*/1(T, (7)) dT) dé
exp(q(8m)~1 Q/Q(Th(T)) 7)

12l 2/(2—q)
/ / g«(s) —|— );\ )dsdf).

Assertion (4.41) follows immediately from the above inequality. O

47

Proof of Theorem 4.3. Similarly to the proof of Proposition 3.4 in [36], using
Lemma 4.5 and condition (1.3) we deduce that there exists a positive constant M
independent of A such that [[upq ||y < M. We omit the details here. O

Proof of Theorem 1.1. Fix h > M and denote u = uy, where uy, is given in
Theorem 4.1 and M is defined as in Theorem 4.3. By Theorem 4.3, we find that
u=up < h and

Gn(w,u, 1) = Pp(up)[k(Ju > u(@))ul(u > u(@)])| xa\ e + 9(2)]X(us0}
a.e. v € .

Thus we deduce that u satisfies the equation

(4.52) —Au = p(up)lk(lu > w@)ul (ju > u@))|"Xa\pa) + 9(@)X{u>0p i Q.

It is easy to see that

Ap(up)|k(ju > u(@) )l (lu > w(@))["Xa\p) € Ae(ur)|k(B(u(@)))u (Bu(x)))].

Moreover, we see that u satisfies (2) and (3) in Theorem 1.1. Thus we complete the
proof of Theorem 1.1. O

Proof of Theorem 1.2. Fix h > M and denote u = up, where wuy, is given in
Theorem 4.1 and M is defined as in Theorem 4.3. As before, we see that u satisfies
equation (4.52). Now we prove that u is a solution to problem (&) in the standard
sense since g(z) > 0.

First of all, we claim that

(4.53) |21 = {z: u(z) > 0 and Vu(x) =0}| =0.

We argue by contradiction. Supposing that || # 0, by the fact that u belongs to
W29(Q) and using the classic result (see §6.18 and §6.19 in [16]), we deduce that
Au =0 in Q. Thus, by (4.52) we have

0= —Au(z) = g(x)x{us0y = g(x) >0 in O,
which is a contradiction. Thus, (4.53) holds.
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By (4.53), we get

(4.54)  Ap(uy)lk(ju > u(@))ul(ju > u(@))] X\ ) X{u>0}
= Ap(up)[k(Ju > u(@))ul(ju > u(@)))|"X{u>0p in {u>0}.

On the other hand, we have

(4.55) Ap(uy )k (Ju > u(x) )l (Ju > u@)])|“Xa\Pw) X fus0}
= Ap(up)k(lu > u(@))u, (Ju > u(@)])|xgus0oy =0 in {u <0},

It follows from (4.54) and (4.55) that

(4.56) Ap(uy)[k(Ju > u(x) )l (Ju > u@)])|TXa\Pw) X fus0}
= Ap(uy)[k(lu > u(z))u(lu > u(@))|TX {u>0) in Q.

Since u = wy, is a solution to problem (£7,), by Lemma 4.4 we have u),, = v < 0
and — [, Ou/On = I. Thus, from (4.52) and (4.56), we deduce that v is a solution
to problem () in the standard sense. O

Proof of Theorem 1.3. Clearly, under the assumptions of Theorem 1.3, problem
(21,) admits a solution u;, € W2*(Q)NH(Q) in the sense of Theorem 4.1. Moreover,
it is easy to see that (4.40) holds, i.e. uploo = vn < 0. Now we prove that uj,4 €
L>(Q). We use the ideas of [4].

Let ¢y(s) = s—Tj(s) and ¢(s) = [ ©*(s), where | > 0. Multiplying the equation
in problem (£),) by e?(“n+)4y(uy, ) and integrating by parts, we have

(4.57) / 02/ (up, 4 )eP )y (ug, 4 )| Vg4 |? do + / P )|y, |2 da
Q

{U;H, >l}

= / éh(x,uh,u%*)e‘p(““)wl(uhg dzx.
{un+>1}

Let us define v = wupy. Proceeding as in (4.44), we deduce that éh(x,uh,u’h*) =

Gp(z,v,v,). Then equality (4.57) can be written as

(4.58) / 02/ 1(v)e? Wiy (v)|V)? dz + / e?)| Vol dz
Q {v>1}

= / éh(m,v,v;)e‘P(“)wl(v) dz.
{v>1}
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By Lemma 2.1, Remark 3.2 and Young’s inequality, we have

| Ghaer ey de = [ Xplo) ksl (s) % (o, ds
{v>1}

{v.>1}

1
—|—/ g(z)e? Wy (v) dz < 7/ Ap(v)|Vou 2694y (v) da:
- (2) 1(v) @i Jiny (v)[ V] 1(v)
+/ g(x)e‘p(v)wl(v) dxg/ 302/q(v)|Vv|2e‘p(v)wl(v) dz
{v>1} {v>1}

+ / l9() + CaX/ D162y () dr,
{v>1}

where C} is a positive constant which depends only on ¢ and 7.
The above inequality together with (4.58) imply that

(4.59) / e?W| Vo2 dz < / [9(z) + C4NY C=D]e? )y (v) da.
{v>1} {v>1}

Recalling that ¢ € L?/9]0,00), we obtain that e#(*) is bounded. Therefore, from
(4.59) we deduce that

(4.60) / Vi (o) de = / Vo2 dz < Cs / [9(2) + N =Dy, (v) da,
Q {v>1} {v>1}

where Cj is a positive constant depending only on Cy and efo #(s)ds,
Taking into account Stampacchia procedure (see [32]), we conclude that there
exists a positive constant Cg such that

llv]| oo 2y < Ce.

Fixing h > Cg and denoting u = wuy, we conclude that uy € L>*(Q). Arguing
as in the proof of Theorem 1.1, we deduce that u € W*(Q) N H(Q) is a solution
to problem (&) in the sense of Theorem 1.1. Moreover, using the same argument
as in Theorem 1.2, we find that the function w is a solution to problem (£?) in the
standard sense. (]

Proof of Theorem 1.4. Since ¢ = ¢y, we have p(Th(s)) = co = p(s) for all
h > 0. Hence, Theorem 1.4 is a direct consequence of Theorem 4.1 and Theorem 1.2.
O
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