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ON THE KOLAR CONNECTION

WeODZIMIERZ M. MIKULSKI
To the memory of my father Jan Mikulski on his 100th birthday

ABSTRACT. Let Y — M be a fibred manifold with m-dimensional base
and n-dimensional fibres and E — M be a vector bundle with the same
base M and with n-dimensional fibres (the same n). If m > 2 and n > 3, we
classify all canonical constructions of a classical linear connection A(T', A, ®, A)
on Y from a system (I',A,®,A) consisting of a general connection I' on
Y — M, a torsion free classical linear connection A on M, a vertical parallelism
P:Y Xy E— VY onY and a linear connection A on E — M. An example
of such A(T', A, ®, A) is the connection (', A, ®, A) by I. Kolaf.

0. INTRODUCTION

A general connection on a fibred manifold Y — M is a section I': Y — J'Y
of the first jet prolongation J'Y of Y — M. Equivalently, I': Y x3y TM — TY
is a lifting map or a projection tensor field I': TY — TY or it is a decomposition
TY = VY @ H'Y, et.c. If Y is a vector bundle and I': Y — J'Y is a vector
bundle map (over idy;), then T is called a linear connection on Y — M. A linear
connection on Y = TM — M (the tangent bundle of M) is called a classical
linear connection on M. There are several equivalent definitions of classical linear
connection on M (a differentiation X' (M) x X(M) — X (M), a right invariant
connection PM — J'PM on the linear frame bundle PM of M, a system of
Christoffel symbols, e.t.c.). A classical linear connection V is torsion free if its
torsion tensor T'(X7, Xs) = Vx, Xo — Vx, X1 — [X1, X2] is equal to 0.

If N is a manifold and V is a vector bundle, dim(N) = dim(V), a parallelism on
N, is a fibred diffeomorphism P: N x V' — TN over idy such that for any z € N
the map P,: V — T,N, P,(v) = P(z,v), is linear.

If Y — M is a fibred manifold and £ — M is a vector bundle such that
dimY, = dim F,, x € M, a vertical parallelism on ¥ — M is a vector bundle
isomorphism ®: Y x ;' — VY ie. it is a system of parallelism ¢, : Y, xE, — TY,
on Y, for any x € M.
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In [4], I. Kolaf constructed a classical linear connection ¥ = (I', A, ®,A): TY —
JYTY —Y) from a system consisting of a general connection I': Y — J'Y on
Y — M, a classical linear connection A: TM — JY(TM — M) on M, a vertical
parallelism ®: Y xp E — VY on Y and a linear connection A: E — JY(E — M)
on E — M as follows. “We decompose Z € T,Y into the horizontal part h(Z) =
Ty, Z,), Z, € T.M, x = p(y) and the vertical part vZ = ®(y, Z1), Z; € E,.
We take a vector field X on M such that j1X = A(Z,) and construct its I-lift
I'X:Y — TY. Further, we consider a section s of E such that jls = A(Z;). For
every Z € T,Y we define

U(Z) = jy (TX +¢(s)) "

Here ¢(s): Y — VY is defined by ¢(s)(y) = ®(y, s(p(y))).

The above construction is a generalization of the construction H of a classical
linear connection H(D, A) on E from a linear connection D in a vector bundle E —
M by means of a classical linear connection A on M presented by J. Gancarzewicz
[2]. Tt is also a generalization of a construction N of a classical linear connection
N(T,A) on P from a principal (right invariant) connection on a principal bundle
P — M by means of a classical linear connection A considered in [5] p. 415].

In the present paper we study the problem how to construct a classical linear
connection A(T', A; A, ®) on Y from a system (T', A, &, A) consisting of a general
connection I' on Y — M, a torsion free classical linear connection A on M, a
vertical parallelism ®: Y X E — VY and a linear connection A on £ — M.

In Section 2} modifying the torsion tensor field 7 or(T', A, ®, A) of the Kolar
connection (I'; A, ®, A), the torsion field 7®: Y — /\2 V*Y @ VY of ® and the
covariant differential D A)®: Y X3y E — VY @ T*M, we construct tensor fields
(T, A, ®,A) of type T* @ T* ® T on Y canonically depending on (T', A, ®, A),
i=1,...,12.

The main result of the present paper can be written in the form of the following
theorem.

Theorem A. Ifm > 2 and n > 3, any canonical construction A in question is of
the form

12
A(F7 Aa (I)a A) = (Fv Aa (I)a A) + Z )\i'ri(rv Aa (I)a A)
i=1

for some (uniquely determined by A) real numbers A1, ..., Aia.

Classifications of constructions on connections has been studied in many papers,
e.g. 3], [, e.t.c.

All manifolds considered in the paper are assumed to be Hausdorff, second
countable, without boundary, finite dimensional and smooth (of class C*°). Maps
between manifolds are assumed to be smooth (infinitely differentiable).
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1. NATURAL OPERATORS

Let FM,, » be the category of fibred manifolds with m-dimensional bases and
n-dimensional fibres and their fibred (local) diffeomorphisms. Let VB,, ,, be the
category of vector bundles with m-dimensional bases and n-dimensional fibres and
their (local) vector bundle isomorphisms.

Definition 1. A (gauge) F M, X VB, ,-natural operator A sending systems
(T, A, ®, A) consisting of general connections on fibred manifolds Y — M, torsion
free classical linear connections A on M, vertical parallelisms ®: Y xpy E — VY
on Y and linear connections A on vector bundles F — M into classical linear
connections Ay g(I', A, ®,A) on Y is an FM,, , X VB, ,-invariant system of
regular operators

Ay g: Con(Y) x Conlyo(M) x Par(Y xpr E) x Conn(E) — Conees(Y)

clas

for any pair (Y, E) consisting of a FM,, ,-object ¥ = (py: Y — M) and a
VB, n-object E = (pg: E — M) (the same base M), where Con(Y) is the
set of general connections I' on py:Y — M, Con{,, (M) is the set of torsion
free classical linear connections A on M, Par(Y X E) is the set of vertical
parallelisms ®: Y Xy E — VY on Y, Cony;,(E) is the set of linear connections A

on pg: E — M and Cons(Y) is the set of classical linear connections on Y.

Remark 1. The invariance of A means that if (I', A, ®, A) € Con(Y)x Congy,,(M)x
Par(Y XM E) X CO’I’LM"(E) is (f, g)—related to (Fl,Al, P, Al) S CO’/“L(Yl)
x Conly,s(Mr) x Par(Y1 X ar, Ev) x Conyn(E1), where f: Y — Y is a F M, ,,-map
covering f: M — M; and g: £ — E) is a VB,, ,-map covering also f: M — M,
then Ay (T, A, ®,A) and Ay, g, (T'1, A1, P1, A1) are f-related. A tuple (I', A, @, A)
is (f, g)-related to (T'y, A1, ®1,Aq) if T'is f-related to I'y, A is f-related to Ay, @ is
(f,g)-related to ®; and A is g-related to A;. In particular, ® is (f, g)-related to

D, ifo0<I>:<I>10(f><ig).

Remark 2. The regularity of A means that Ay g transforms smoothly parametri-
zed families into smoothly parametrized families.

For simplicity, we will omit the indexes Y and E on Ay g.

Remark 3. One can show standardly, that if germ,(I'1) = germ, (),
germ, (Ar) = germy (A), germ, (1) = germ, (B), germ, (Ar) = germy(A), y € Ya,
x € M, then A(T'1,A1,P1,A1)(y) = AT, A, @, A)(y). That is why, A is in fact
defined for locally defined (', A, ®, A), too.

One can verify that the Kolar connection (I', A, ®, A) (mentioned in Introduction)
defines a natural operator A in the sense of Definition 1, where A(T, A, ®, A)
= ([,A, @, A).

So, to classify all natural operators in the sense of Definition [I] it suffices to
classify all natural operators in the sense of the following definition.
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Definition 2. A (gauge) F M, , X VB, »,-natural operator A sending systems
(T, A, @, A) consisting of general connections I' on fibred manifolds Y — M, torsion
free classical linear connections A on M, vertical parallelisms ® : Y X E — VY onY
and linear connections A on vector bundles E — M into tensor fields A(T, A, ®, A)
of type T* @ T* ® T on Y is an F My, ,, X VB, p-invariant system of regular
operators

A: Con(Y) x Con%, (M) x Par(Y xur E) x Cony,(E) — Ten™? (Y

for any FM,, ,-object Y — M and any VB, ,-object E — M (the same M),
where Ten(1:2) (Y) is the space of tensor fields of type @?T* @ T on Y.

A simple example of a natural operator A in the sense of Definition [2|is given
by the torsion of the Kolar connection (T, A, ®, A) (mentioned above).

Any natural operator A in the sense of Definition 1 is of the form
AT A, @,A) = (I, A, ®,A) + AY(T, A, @,A),

where A! is a (uniquely determined) natural operator in the sense of Definition
That is why, from now on we study natural operators in the sense of Definition
only. Several examples of natural operators in the sense of Definition [2]are presented
in the next section.

From now on, we can understand any natural operator A in the extended version
as in Remark [3

2. THE MAIN EXAMPLES OF NATURAL OPERATORS

Let py: Y — M be a fibred manifold and pg: E — M be a vector bundle. Let
(T, A, ®,A) be a 4-tuple consisting of a general connection I' on py: Y — M, a
classical linear connection A on M, a vertical parallelism ®: Y x,; E — VY and
of a linear general connection A on pg: £ — M.

According to the usual I'-decomposition TY = VY @y H'Y we have the
decomposition

T'Y @TY = (V'Y @VY)ey (VY @ HY)
Gy (H')* @ VY)ey (H')* @ H").

Let id gy be the tensor field of type T*®T on Y being the (H'Y)*® H''Y-component
of the identity tensor field idry on Y (the other 3 component of idgy are zero).
Let idyy be the tensor field of type 7" ® T' on Y being the V*Y ® VY -component
of idpry (the other 3 components of idyy are zero).

Quite similarly, we have the decomposition

TY@TY@TY =(VYoV'YaVY)ey (VY eV'Y®H'Y)
oy (VY@ (HY) @VY)ey (VYo HY) @ H'Y)
Gy (H'Y) @VYeVY)ay (HY) VY @H'Y)
@y (H'Y) @ H'Y) @VY) ey (HY) ® (H'Y) @ H'Y).
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Let Tor# ®V'®V(I A, ®, A) be the (H'Y)* ® V*Y ® VY-component of the
torsion tensor field 7 or(I', A, ®, A) of the Kolaf connection (I',A, P, A) (men-
tioned in Introduction). This components can be treated as the tensor field
of type T* @ T* @ T on Y (the other 7 components of it are zero). Taking
contraction C3 we produce tensor field CIT or ®V ®V(T A, ®, A) of type T*
on Y. Let Tor ®H @V)(T A & A) be the (H'Y)* @ (H'Y)* ® VY-component
of Tor(I', A, ®,A). Thus we have the following tensor fields of type T* @ T* @ T
on Y canonically depending on (I', A, ®, A) (i.e. we have the corresponding natural
operators in the sense of Definition .

Example 1. 7y (', A, ®,A) := Tor ®HOV(T A &, A).
Example 2. 7(I, A, ®,A) := Torfl" @V @V(T A &, A).
Example 3. 73(I', A, ®,A) := idgy ®C3T or™ ®V V(T A, &, A).
Example 4. 74(T, A, ®,A) := C3T or® @V V(I A, ®,A) @ idyy .
Example 5. 75(I, A, ®,A) := C3Tor"@V V(T A, &, A) @ idyy.
Example 6. 75(I', A, ®, A) := idyy @C3T orl @V V(D A, &, A).

In the above examples (and from now on) we identify tensor fields 7 of type
T* @ T ® T* with tensor fields 7 of type T* ® T* ® T and with tensor fields 7
of type T @ T* @ T* by T(w, X1, X2) = 7(X1,Xo,w) = 7(X71,w, X2). Moreover,
tensor fields of types T @ T* @ T* or T* @ T ® T*, we will always understand as
the equivalent ones of type T* ® T* @ T. That is why, the contraction C3 is clear.

In general, if P: N x V — TN is a parallelism on a manifold N and v € N,
the vector field o: N — TN, 9(z) = P(z,v) is called the constant vector field
corresponding to v. One can show easily that there is a unique classical linear
connection V = V¥ on N such that V@ = 0 for any constant vector fields on N.
The torsion tensor of V will be denoted by 7(P) and called the torsion tensor field
of P (thus 7(P)(X1,X2) =Vx, Xo —Vx, X1 — [X1,X3]). If &: Y xpy E— VY is
a vertical parallelism, we have the torsion tensor field 7® of ® given by

2
=] 7(®.): Y > A\VYeVY.
zeM

(The concept of a vertical parallelism and its torsion was introduced by I. Kolar
in [K].) We can treat 7® as the tensor field of type T* @ T* ® T on Y (the other
components of it in the decomposition we define to be 0). Thus we have the following
tensor fields of type T* ® T* ® T on Y canonically depending on (T, A, ®, A).

Example 7. 7(T,A, ®,A) = 7.

Example 8. 5(I', A, ®, A) :=idyy Ci7®.
Example 9. 79(I',A,®,A) := Ci7® @ idgy .
Example 10. 71o(T, A, ®,A) :=idyy @Ci7®.
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Example 11. 711(I',A,®,A) := Ci7® @ idyy.

By Section [3| (Corollary , if A is torsion free, then (eventually modulo si-
gnum) 7® = TorV @V V(A &, A), the V*Y ® V*Y ® VY-component of
Tor(T,A, ®,A) in the I-decomposition.

In general, a Lie derivative of an arbitrary map g: N — N; with respect to
vector fields £: N — TN and n: Ny — T'Nj is the map

Lemg=Tgo&—nog: N —TN;.

If we have another fibred manifold Z — M with general connection 2 and a
base preserving morphism f:Y — Z, then the covariant derivative Dr of: Y —
VZ ® T*M is defined by

(Drof)(€) = Lreoe) f -

Consider ®: Y x s E — VY. According to [5 p.55], I’ induces a general connection
VI on VY — M. Further we construct the product connection I' x A on Y X,
E. Then Druayr®: Y xy E — VVY ® T*M. The values lie in a sub-bundle
characterized by Vr = 0, where 7: VY — Y is the bundle projection. This
sub-bundle coincides with VY xy VY. The covariant differential D ay®: Y Xy
E — VY ®T*M is the second component of Dy yr®. (This construction of the
covariant differential was proposed by I. Kolaf in [4].)

We can consider the covariant differential as the corresponding map D o) ®:
(Y xpr E) Xy TM — VY. Then we define the modified covariant differential
Dra®: Y - VY @T*Y @ VY by

(D(r,a)®)(y) (X1, X2) := Dp a)2(271(X1), Tpy (X2)) € V,Y,

X1 € VY, Xy € T,Y. We can treat it as the tensor field of type T* @ T* ® T on
Y (the other parts of it in the decomposition we define to be 0). Thus we have the
following tensor field of type T* @ T* ® T on Y canonically induced by (T', A, &, A).

Example 12. 75(T,A, P, A) := D(F’A)‘I).

By Section [3| (Corollary , if A is torsion free, then (eventually modulo si-
gnum) 112(T, A, ®,A) = TorV @H®V(T A &, A), the VY @ (H'Y)* ® VY-part
of Tor(T',A,®,A) in the I'-decomposition.

3. ESTIMATION OF DIMENSION OF THE VECTOR SPACE OF NATURAL OPERATORS

Let 2',...,2™ be the usual coordinates on R™. Let R™" be the trivial bundle
over R™ with the standard fiber R” and z!,...,2™,y',...,y" be the usual fiber
coordinates on R™". Let R"™"™ be also the trivial vector bundle over R™ and
2, ..., 2™, vl ..., 0™ be the usual vector bundle coordinates on R™".

Let

Z’” .9 Z" d Z’” 9
o 1 (o] — (o] — P o 7
. g i=1 e oz’ A @ p=1 ° oyp 8 i=1 e ozt
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be the trivial general connection on R™ ™, the torsion free flat classical linear connec-
tion on R™, the canonical parallelism on R™™ and the trivial linear connection on
R™™ respectively.

In this section we study a natural operator A in the sense of Definition [2]
From Corollary 19.8 in [5], we get immediately the following proposition.

Proposition 1. Let py: Y — M be an FMp, ,-object and pp: E — M be
a VB, n-object, y € Yy, x € M. Let (I',A,®,A) € Con(Y) x Con?;, (M) x
Par(Y xp; E) x Conyy, (E). There exists a finite number v = r(T, A, ®, A, y) such
that for any (T'1, A1, ®1,A1) € Con(Y) x Con?;, (M) x Par(Y xpr E) x Congyn(E)

clas
we have the following implication
(GyT1 =3y, doh =Gz A, jy®1 = j,®, jzA1 = j;A)
= A(Fl, Al, (I)l, Al)(y) = A(F, A, (I), A)(y) .

It is clear that A is determined by the values
AT A @A) (y) € T,Y @T,)Y @ T,Y

for fibred manifolds py : Y — M with m-dimensional bases and n-dimensional
fibres, vector bundles pg: E — M with n-dimensional fibres, general connections
I" on py: Y — M, torsion free classical linear connections A on M, vertical
parallelisms ®: Y X E — VY linear connections A on pg: F — M and y € Y,,
xeM.

Using the invariance of A with respect to (respective) fibred manifold charts and
vector bundle charts and Proposition 1, we can assume £ =Y =R"™" y = (0,0),

(2) D =T+ FF 2%y da) ® aiyp ,

where the sum is over all m-tuples o and all n-tuples 8 of non-negative integers
and j =1,...,mand p=1,...,n with 1 < |a|+|6] < K (i.e. we can assume
Ff o0 =0

(3) A= (Z Aj‘kwx’y)i,j,kzl,“.,m J Aékw = Z]’w J

where the sums are over all m-tuples v of non-negative integers with 1 < |y| < K
(i.e. we can assume Aé'lv(o) =0),

0
_ 5
@ B =0 Y oty
where the sum is over all m-tuples J and all n-tuples ¢ of non-negative integers
and s,q = 1,...,n with 1 < || + |o] < K (i.e. we can assume a5 0y(0) = 0) (we

remark that such ® can not be defined globally (it may not be a diffeomorphism
R™"™ xXgm R™"=VR"™™ but it is defined locally on some neighborhood of (0, 0)
(it is a diffeomorphism U x ¢ R"g’"EVU)),

o j 9
(5) A=A+ Z AL aPulde’ @ 507
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where the sum is over all m-tuples p of non-negative integers and j = 1,...,m and
p,g=1,...,n with 0 < |p| < K, where K is an arbitrary positive integer.

Given a positive integer K we define a smooth (as A is regular) map Ay : R™5) —
RY = T(’B’O)Rm’n ® T(%’O)Rm’n & T(oyo)Rm’n by
(6) AK((FJP;QB)7 ( ;’k;'y)7 (@;;50)7 (A;q,p)) = A(F7 A7 CI)’ A)(Ov O) )
where I', A, @, A are as in f.

Clearly, A is determined by the collection of all A, K =1,2,....

Using the invariance of A with respect to (s X @, 01 X @), @r = tidgm,
¢r = tidgn, t > 0, we get the homogeneous condition

tAK(Flp)s (M), (a5:50)s (A7)
j s
= A ((HTVER ), (0FEAG ), (H1 17l 5, ), (HP1F1 AR L))
By the homogeneous function theorem, from this homogeneity condition we obtain.
Lemma 1. Ag is independent ofFf_aﬁ with |a|+|8| > 2, A is independent ofAj.kw
with |y] > 1, Ak is independent of Ao .50 with |8] + |o| > 2 and Ak is independent

of A?Q;p with |p| > 1. Even, Ak is a linear combination with real coefficients

of Al oy0) and F} 5. a5 5 with |al + 8] =1, 0] +|o| =1, 4,5,k = 1,...,m,
p,qg,s=1,...,n.

In particular, A (I'°, A° ®°, A°)(0,0) = 0.

Even, we have proved the following fact.

Proposition 2. Any natural operator A in the sense of Definition[d is of order
not more than 1.

Using these facts, we prove the following lemma.

Lemma 2. Let m > 2 and n > 2. A natural operator A in the sense of Definition [
is fully determined by the collection of values

(7) Al = AT + 2%d2' ® s A°, ®°, A°)(0,0),
Yy

(8) A% = AT° + ylds' ® 951 , A%, ®°, A°)(0,0),

(9) A3 = A(T°, A%, ®° + v2y18iy1, A°)(0,0),

where T'°, A°, ®°, A° are defined in .

Proof. (a) We are going to observe that the value
A(T° + plodrie @ ay%,A", ®°, A°)(0,0) is determined by A*.

If i, = jo, by the invariance of A with respect to

1 .
((xlv"‘axmuylw"?ypo+5(‘%.10)27‘"7yn)7(x17'"axmavlv"'avn))7
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from A(T°, A%, ®°, A°)(0,0) = 0 we get A(I'°+ztdzl @ 8;;%’ A°, ®° A°)(0,0) = 0.

If i, # jo, there exists a respectlve permutation of coordinates sending I'° +
r2dr! @ a 9 into I'° + zledzie ® Fyro 9_ and preserving A°, ®°, A°. Then using the
invariance of A with respect to thls permutation, we end the observation.

(b) We are going to observe that A2 determines the value
AT° + yloda'e @ 81}%, A°, ®° A°)(0,0).

By the invariance of A with respect to

(f,9) = ((gc17...,x7”,y1 +y% % y™), (2 ™ot +v2,v2,...7v"))
we see A(T° + (y! — y?)da! ® %,Ao,qﬂ,Ao)(0,0) is the image of A? by (f,9),
and then it is determined by A2. Therefore A(T° +y?dz' ® 6%1, A, ®° A°)(0,0) =
A% — AT + (yr — yH)da! ® 8%1, A°, ®°, A°)(0,0) is determined by A2.

Now, using the invariance of A with a respective permutation of coordinates, we
end the observation in this case.

(c) We are going to observe that A% determines the value
AT, A%, ®° + vy 5 ,,O ,A°)(0,0).

If p # 1, then

((:cl,...,xm,yl +yP %y, (2t ™ ot P 0? ...,v”))

preserves ', A°, A° and sends $°+v2y? i into ®°4v?(y! y”) . Then (similarly
as in the case (b) of the proof) A(I‘O A°, <I>°+v yP 881 ,A°)(0,0) is determlned by A3.
In particular A(T'°, A%, ®°+v?y? 5 BT 9. A°)(0,0) and A(T', A%, ®°+v2y3 5 1,A")(O 0)
are determined by A3.

By the invariance of A with respect to

m 1

((xl,...,xm,yl—|—y1y2,y3,...,y"),(x1 o™ ,...,U"))

from A(I'°, A2, ®°, A°)(0,0) = 0 we get A(T'?, A°, ®° +v2y! dy1 +oly dyl,A")(O 0)
= 0 (because ®° is mapped into ®° + v2y! 881 +oly? aa + ..., where the dots
have the 1-jet equal to 0, and I'°, A°, A° and A are preserved, and A is of order
not more than 1), i.e. A(T°, A%, ®° +v y28 r,A°)(0,0) is determined by A3 (it is
—A3). By the invariance of A with respect to

1

i(yl)Q’yz""7yn)7 (x17" '7xm7v1""7vn)) i

from A(T°, A°, ®°, A°) =0 we get AT, A°, D° + vlylaiyl, A°)(0,0) = 0.
Now, using the invariance of A with respect to a respective permutation of
coordinates, we end the observation.

((xl,...,xm,yl +

(d) Let us denote

d
(10) At = AT, A%, %, A° +ovlda' ® 5,1)(0,0).
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We are going to observe that A(I'*, A%, ®°, A? + v dz'e ® a7}%)(0, 0) is determined
by A%

Using the invariance of A with respect to

(f,9) = (=", 2™y + 9707 oy, (&) 2™ o 40707, o))

we deduce that A" = A(T?, A%, ®°, A° + (v! —v?)dz! @ 52 =9.(0,0) is determined by
A* (it is image of A* by (f, g)). So, A(I'°, A°, ®°, A°+v2dz' 521)(0,0) is determined
by A% (it is A* — A’).

Now, using the invariance of A with respect to a respective permutation of
coordinates, we end the observation.

(e) We are going to observe that A* determines the value
AT, A%, 8° + alovie 562, A°)(0,0).
Using the invariance of A with respect to

((xl,...,xm,yl,...,y"),(xl,...,mm,vl,... vPe +xi0vq0,...,v”)) ,
since (x!, ..., 2™ vl ... wPetalonte . v") ! = (2! L, vl wPe —gloydo 4
Gzl vl ... v )Wlthj()(p =0 (if p, ;é qo7 @ =0), fom A(F" A°,®° A°)(0,0) =0

we get

0
12000,

ie. A(T?, A% ®° + xioydo 85% ,A%)(0,0) = A(T?, A°, ®°, A° + v daie @ af% )(0,0)
is determined by A* because of the part (d) of the proof. In particular (for
iv=1, po=1, g, =1), we proved

A(ro A°,®° — gyl aj A° + vl dzio @

(11) Al A(ro A%, 8% 4 2ty %,A(’)( 0).

(g) We are going to prove that A* is determined by A2.
Using the invariance of A with respect to

((xl,...,xm,yl+x1y1,y2,...,y"),(a:1,x s,z ,...,U"))
from A(T°, A°, ®°, A°) =0 we get
0 1o}
o 1 1 o o 1 o _
A(r Fyldet o5 A% ® a—y17A)(O,O)_0.
Hence A* = —A? because of (TI).
The proof of Lemma [2]is complete. O

Now, we prove the following lemma.

Lemma 3. Let m > 2 and n > 3. Let A, A%, A3 be the values 7@ from
Lemmal[3 There are real numbers as, ..., a12 such that

0
(12) Al = a1 (d(())o ®d (0,0) Z‘ ® = d(()’())ﬂl'l ® d(0’0)$2 &

9 )
Y (0,0) 9" 10,0
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n

A% = CLQZd(O O)SC ®d(0 O)y ® =—

p=1

- 0
+ ag Z d0,0)¥" ® dyo, O)CC K F—

=1 P (0,0
+ asd (0,02 @ do,0)y' ® ==
(0,0) (0,0) oyl 0.0)
+a5d00y ®d00$€ X —
(0.0) OO EFT o
+ ag i d ' ®d ' ® g
2 door ®dooT S5,
13 + d ‘®d e — ,
(13) ar ; (0,0)L (0,0)L 9 (0.0)
A® = ag d0,0y" @ do, o)y Q@ 7—
;:1 P (0,0
Far Y o @ don” @ 5
= ’ 9" 1(0,0)
d ®d
+a10; 002" ®d(0,0)y 8xZ ©.0)
+a112m:d v’ @ dig ozt ® 0
P ©.0 ©.0) 0x* |(0,0)
+a12(d00 Yy @dooy' ®
eoy @ dooy @51
(14) diooyy' @ dig oy ® — 0 )
— d(0,0 0,0
(0.0) OV O FT o)
Proof. a. By the invariance of A with respect to
(15) ((tlxl, co ™yt ey (et e Tt

fort' >0,...,t™>0,7' >0,...,

Al —b1d00)$ ®d00).73

OYP (0,0

7" > 0 we get immediately

0
a 1

0,

+ b2d(0,0)x1 ® d(o’o)x
0)

" 0.0)

233
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for some real numbers by, by. But by the invariance of A with respect to
((xl, o™yt Fata? By, (et ™ et ,v"))
from A(I'°, A°, ®°, A°)(0,0) = 0 we get
0 0
o 2 1 1 2 o o o _
Therefore by = —by. We define ay := by = —bs. That is why, formula holds.

b. By the invariance of A with respect to we get immediately

" 0
A? = bydoy’ @dpor' @ —
; 9Y? |(0,0)

= 0
+ cd0,0x1®d070y”®7
pz—:l e T 0w 00

+ Z dz‘d(o,o)ﬂfz’1 Y d(o,o)xi

i=1

A
0x (0,0

m
—+ Z eid(oﬁ)lj ® d(070)x1 ®
i=1
Next, by the invariance of A with respect to respective permutation of coor-
dinates, we deduce by = --- =b,, co = -+ =cCp,dy =+ =dmy, €2 = -+ = €.
Then

dx(0,0)

n

0
A2 = ay d(o 0)$1 ®d(00)yp®7
,,2::1 P (0,0

2 15}
+ as d(070)y” ® d(o,o)xl & —
;::1 P |(0,0)

0
d lod lo —
+ a4d(0,0) ® A0,0)Y & 5@11\(0,0)

0
+ a5d(0,o)y1 ® d(070)1'1 ® B
Y7 1(0,0)

+ ag Z d(oﬁ)l’l & d(op)ﬁﬂi ®

P D" |(0,0)

m
+ ar Z d(o)o)l‘i & d(0’0)$1 (29

P 0x" (0,0

+ bdg.oyzt ® dg.gyx! @ =— .
(0,0) (0,0) 91 (0,0
Then by the invariance of A with respect to

((ml,xz +at 2l ™yt ™), (2t 2? +:1:1,at3,...,xm,vl,...,v”))
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from the last equality we get b = 0. That is why, formula is true.
¢. By the invariance of A with respect to we get immediately

0
bdooy ® d(o,0)y’ ® 57—
pzl ( ©0 IYP |(0,0)

+Zcpd(ooy ®dooy’ ® 5

p=1

d;d ’®d v .
+i=Z1 0,0Y° ®adpnr & 927 1(0.0)

OYP (0,0

+ Z eid(oﬁ)ﬁi & d(070)y2 &

P 9 1(0,0)

Then by the invariance of A with respect to respective permutation of coordinates,
we deduce b3 =---=b,,c3=---=cp,dy = --=d,, and e; =--- = e,,. Then

A = Nd o0y’ @ dooy' @ =
oo’ Sdooy & 55

+>\2dooy ®d00y & =
ooy ®dooy 5T

+ A3d(0,0)y> ® d0,0)y° ® 55
) (0,0) Y2 0.0)

+)\4Zd(oo)yp®doo)y ® o—

= OYP |(0,0)

+>\52d(00)y ®d,0)y" ® 7—
p=3

m
: 9
Ao Y dio.0)r' ® dio,0)y? @ 5
" 6; OO B0V G0

OYP |(0,0)

16 + A di0.0)y? @ dg0)r' @ = :
(16) 7 ; 0,0)Y (0,0) B2 (0.0
Then by the invariance of A with respect to

((91:1,...,gcm,y1 —y? Ly, (2t ™ ! —U27...,v"))
from , we deduce
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d
A3+ A(T°A°, 0° + v2y28—y17 A°)(0,0)

0
= A% + Xid0,0)y° @ d(o,0)y° ® E
Y7 1(0,0)

0
Aad 22d 2R —
T A2do0y © oy ®ayl\(0,0)

0
— X3d0,0)y> ® dio,0)y” ® = :
(0,0) (0,0) oyt 0.0)

On the other hand, by the invariance of A with respect to

1
((:Bl,...,xm,yl + §(y2)2,y2,...,y"),(:I:l,...,xmml,...,v"))

from A(T°, A°, ®°, A°)(0,0) = 0, we obtain
0
o o o 2,2 o —
A(F,A,‘b —|—Uy78yl,A )(0,0) 0.
So, A1 + Ay — A3 = 0.

From the invariance of A with respect to

((a:l,...,xm,yl —y3,y2,...,y”),(;cl,...,a:m,vl—US,UQ,...,U”))

(we assume n > 3) from we get (after cancelling A3)

0 0
2,3 _ 2 3
14(1—‘07 AO, P° + Y a—y17 Ao) (O7 O) = ()\1 — >\5)d(070)y ® d(o,o)y ® 37y1|(070)

0
+ (A2 = M)d0,0)y° @ do,0)y” ® i .
Y7 1(0,0)

Then by the invariance of A with respect to the switching (y? and y3) and (v? and
v3) we get

o o o a a
A(I‘ L A° B0 4 vy —ay1>(0,0) = (M = As5)d(0,0)¥> ® d(0,0)y° @ 8Tﬂ|( :
0.0

0
+ (A2 — M)d(0,0y° @ dio,0)y° @ 57 .
9" 1(0.0)

On the other hand by the invariance of A with respect to
((gcl, R VR T Tt Tl Vi TN € A LI T 7v"))
from A(T'°, A°, ®°, A°)(0,0) = 0 we get

A(F",AO, DO+ 93“23%1 + y%%iyl, AO) (0,0)=0.
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So, A1 — A5 = —(A2 — \g).
That is why, formula holds.
The proof of the lemma is complete. (Il
From Lemma [3]it follows immediately the following proposition.

Proposition 3. If m > 2 and n > 3, the dimension of the vector space of all
natural operators in the sense of Definition[d is of the dimension not more than 12.

4. LINEAR INDEPENDENCE OF NATURAL OPERATORS FROM EXAMPLES [[HI2]

We prove the following proposition.

Proposition 4. Let m > 2 and n > 2. The natural operators 7; (i =1,...,12) in
the sense of Definition[d from Ezamples[IHIZ are linearly independent.

Proof. By Lemma [2| it is sufficient to study the values f@ for A = 7,
i=1,...,12. To compute these values, we use Proposition 1 in [4].

a. The case U = (I'° 4+ 22dz' ® aiyl,AO, PO A°).

In this case, we have (in the notation of Proposition 1 in [4]) F}(z,y) = 2% and
other Ff(z,y) =0, Afj =0, gi;j? =0, g—gg :40, AY; = 0. Then (by Proposition 1 in
[4]) dn' = ¢tda? and other dn? = 0, and d¢* = 0. Then (modulo signum)

0
TOT’(W)((LO):d0’0$1®d070$2®7 _d070$2®d070$1®7 .
0ot BdooT @55 —door @deoT © 57

Hence (modulo signum)

1 2 9 2 1 9
71(¥)(0,0) = d(o’o)x ® d(0,0)x & By (00 d(o,o)x & d(o’o)l‘ & oy (©00)
and 7;,(¥)(0,0) =0 for i =2,...,6.
By the coordinate expression of the torsion tensor of vertical parallelism in
Section 3 of [], 7®°(0,0) = 0. Then 7 (¥)(0,0) =0 fori=7,...,11.
By the coordinate expression of the covariant differential in Section 4 in [4], we
have T12(0, 0)(\11) = 0.

b. The case ¥ = (I'° + yldz! ® %,AO,QO,AO).
Now, by Proposition 1 in [4], dn! = ¢'dy* and other dnP = 0, and d¢* = 0. Then

(modulo signum)

0 0
T or(¥)(0,0) =dpnz' ®@dony' @ = —dony @dper' @ — .
(0,0) (0,0) oyl 0.0) (0,0) (0,0) oyt 10.0)
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Then 71(¥)(0,0) =0 and (modulo signum)

72(9)(0,0) = d,0)x" @ do,0y" ® 7 5
v 0.0)

m : o
(@)(0,0) = X diooys’ @ dpor' @ 5
=1 )

n .0
T(0)(0,0) = Y _dor' @ dpor’ @ 97 1(0,0)”
=1 ,

. d
75(¥)(0,0) = Zd(o,o)ﬂc1 ®d,0Y" ®

= YP |(0,0)
76(¥)(0 d,0)y” @ dooz' ® 7
pzl Y 10,0)

Since 7®°(0,0) = 0 (see the case a of the proof), 7;(¥)(0,0) =0fori=7,...,11
By the coordinate expression of the covariant differential,

0
712(0)(0,0) = —d(o,o)yl & d(o 0) ' ® E
Y~ (o, 0)

c. The case ¥ = (I'°, A%, ®° + v?y a;ﬂaAo)

By Proposition 1 in [4], dn* = n?dy' and dn? = 0 for other p, and d¢? = 0. Then
(modulo signum)

0
T or(¥)(0,0) = d, o)y ®do, o)y ® 57 ayT, —do, o)y ®do, 0)?] ® 57 a0l .
Y 1(0,0)
Then 7;(¥)(0,0) =0 fori=1,...,6.
By Section 3 of [4], one can compute
0
®° +v*y' —)(0,0) =d d
T( +Uy8y1)( ) ©0.0¥° @ do,0y" ®8y‘00)
dooy ®dooy 57
( ) Yt 0,0y
Then
77 (0)(0,0) = d(o,0y” @ dio,0y" ® 57 —d,0y" ®@dooy’ ® 57 )
0oy @dooy 855 —deoy @deoy 5

m

75(¥)(0,0) = Z d(0,0)" ® d(0,0)y° ®

=1

Az (0,0)
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79(¥)(0,0) = Z d(0,0)3/2 ® d(o,o)ffi &

i=1

. )
710(¥)(0,0) =Y d(0,0)y” @ do,0)y* ® 5

dx|(0,0)

= Y (0,0)
(0.0 = Y diooyy® © doo’ ©
- ’ P |(0,0)

By the coordinate expression of the covariant differential, 712(¥)(0,0) = 0.

Now, it is easily seen that the natural operators 7y, ..., 72 are linearly inde-
pendent. The proof of Proposition [ is complete. O

Else, using Lemma [2] from the proof of Proposition [3] we have the following
facts.

Corollary 1. If A is torsion free, then (eventually modulo signum)
T® = Torv*®v*®v(l—‘, A DAY,

where TorY " ®V ®V(T A, ®, A) is the V'Y @ V*Y @ VY -part of Tor(T, A, ®, A)
in the I'-decomposition of Section [

Corollary 2. If A is torsion free, then (eventually modulo signum)
T12(D, A, ®,A) = Tor” @1 ®V(D A & A),

where TorV @ OV(T A &, A) is the VY @(H'Y)* @VY -part of Tor(T, A, ®, A)
in the I'-decomposition of Section [

5. THE MAIN RESULT

From Propositions [3] and [4] it follows the main theorem of the paper.

Theorem 1. Let m > 2 and n > 3. Any natural operator A in the sense of
Definition[1] is of the form

12

Ay (T, A, ®,A) = (T,A,®,A) + Y \7i(T, A, 2,A)

i=1
for some (uniquely determined by A) real numbers \;, where 7; are the operators
described in Eramples and (U, A, ®,A) is the connection constructed by
L Kolar in [4].
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