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Some evolution equations under

the List’s flow and their applications

Bingqing Ma

Abstract. In this paper, we consider some evolution equations of generalized Ricci
curvature and generalized scalar curvature under the List’s flow. As applications,
we obtain L

2-estimates for generalized scalar curvature and the first variational
formulae for non-negative eigenvalues with respect to the Laplacian.
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1. Introduction

Let (Mn, g(t)), (t ∈ [0, T )) be a solution to the following List’s flow which was
introduced by B. List [5]:

(1.1)

{

∂
∂t
g = −2Ric + 2αdϕ⊗ dϕ,

ϕt = ∆ϕ,

where α > 0 is a constant and ϕ is a smooth function on Mn. ∆ denotes the
Laplace-Beltrami operator given by g(t). Throughout this paper, we always as-
sume that Mn is compact without boundary. The motivation to study the system
(1.1) stems from its connection to general relativity. In [7], Lott and Sesum obtain
some long time behavior of the List’s flow when α = 2. Li [4] studied the eigenval-
ues and entropies under the harmonic-Ricci flow, he derived some monotonicity
formulas for eigenvalues of Laplacian. Wang [10] proved some differential Harnack
inequalities about the coupled Ricci flow which is closely related to List’s flow.
In [2], Fang also obtained some differential Harnack inequalities associated with
the List’s flow which generalize the results of Cao and Hamilton in [1]. For the
study of List’s flow and some developments, see [6], [5], [8], [3] and the references
therein.

Let hij = Rij−αϕiϕj be a symmetric two-tensor which we call the generalized
Ricci curvature. Then (1.1) becomes

(1.2)

{

∂
∂t
gij = −2hij ,

ϕt = ∆ϕ.

The research of the author is supported by NSFC (No. 11171368, 11371018).
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In this paper, we consider the following evolution equation:

(1.3)

{

∂
∂t
gij = −2h̃ij ,

ϕt = ∆ϕ,

where h̃ij = hij − (ar + b)gij . Here a, b are two constants,

r =

∫

M
(trgh) dVg
∫

M
dVg

is the average of the trace of two-tensor hij and trgh = gijhij = R−α|∇ϕ|2 which
is called the generalized scalar curvature. Note that if a = 1

n
and b = 0, then the

volume of Mn is a constant for all t. In this case, the equation (1.3) with a = 1
n

and b = 0 is called the normalized List’s flow.
The rest of this paper is organized as follows: In Section 2, we first derive some

evolution equations of generalized Ricci curvature and generalized scalar curvature
under the List’s flow. As applications, we obtain L2-estimates for generalized
scalar curvature and the first variational formulae for non-negative eigenvalues
with respect to the Laplacian.

2. Some evolution equations

We first recall the following lemma (see Lemma 1.4 in [5]):

Lemma 2.1 ([5]). Let g(t) be a solution to the evolution equation

∂

∂t
gij = vij

on Mn. Then the following evolution equations hold:

(1) ∂
∂t
gij = −vij , where vij = gikgjlvkl;

(2) ∂
∂t
Rij = − 1

2∆vij −
1
2 (trgv)ij +

1
2g

kl(vik,jl + vjk,il), where trgv = gijvij ;

(3) ∂
∂t
R = −∆(trgv) + gijgkl(vik,lj −Rikvjl);

(4) ∂
∂t
dVg = 1

2 (trgv) dVg ,

where , i denotes the covariant derivative in the direction of i.

Using Lemma 2.1 above, we can prove the following results:

Lemma 2.2. Let g(t) be a solution to the evolution equation (1.3) on Mn. Then

the following evolution equations hold:

(1) ( ∂
∂t

−∆)hij = −gklRikhjl − gklRjkhil − 2Rlijkh
lk + 2α(∆ϕ)ϕij ;

(2) ( ∂
∂t

−∆)(trgh) = 2|hij |
2 + 2α(∆ϕ)2 − 2(ar + b)trgh.

Proof: Using Lemma 2.1, we have

(2.1)
∂

∂t
Rij = −

1

2
∆vij −

1

2
(trgv)ij +

1

2
gkl(vik,jl + vjk,il).
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Taking vij = −2h̃ij = −2[hij − (ar + b)gij ], we have

−
1

2
∆vij = ∆hij = ∆Rij − α∆(ϕiϕj)

= ∆Rij − α (∆ϕi)ϕj − αϕi(∆ϕj)− 2αϕikϕjk.

Here and hereafter we use moving frames in all calculations. The second term of
the right hand side in (2.1) gives

−
1

2
(trgv)ij = [R− α|∇ϕ|2 − n(ar + b)]ij = R,ij − 2αϕkiϕkj − 2αϕkϕkji.

Note that

1

2
vik,jk = −hik,jk

= −Rik,jk + α(ϕiϕk),jk

= −(Rik,kj +RlkRlijk +RilRlkjk)

+ α[ϕijkϕk + (∆ϕ)ϕij + ϕikϕjk + ϕiϕjkk]

= −
1

2
R,ij −RlkRlijk −RikRjk

+ α[ϕikjϕk + ϕkϕlRlijk + (∆ϕ)ϕij + ϕikϕjk + ϕiϕjkk].

Hence, we obtain from (2.1) that

(2.2)

∂

∂t
Rij = ∆Rij − 2RikRjk − 2RlkRlijk + 2αϕkϕlRlijk

+ 2α(∆ϕ)ϕij − 2αϕkiϕkj .

By a direct calculation, we have

∂

∂t
(ϕiϕj) = (ϕt)iϕj + ϕi(ϕt)j

= (∆ϕ)iϕj + ϕi(∆ϕ)j

= ∆(ϕi)ϕj −Rikϕkϕj + ϕi∆(ϕj)−Rjkϕkϕi

= ∆(ϕiϕj)− 2ϕikϕjk −Rikϕkϕj −Rjkϕkϕi.

Therefore,

∂

∂t
hij =

∂

∂t
Rij − α

∂

∂t
(ϕiϕj)

= ∆Rij − 2RikRjk − 2RlkRlijk + 2αϕkϕlRlijk

+ 2α(∆ϕ)ϕij − 2αϕkiϕkj − α∆(ϕiϕj) + 2αϕikϕjk

+ αRikϕkϕj + αRjkϕkϕi

= ∆hij −Rikhjk −Rjkhik − 2Rlijkhlk + 2α(∆ϕ)ϕij .
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On the other hand, using Lemma 2.1, it holds that

∂

∂t
(trgh) =

∂

∂t
R− α

∂

∂t
(|∇ϕ|2)

= 2∆R− 4α|∇2ϕ|2 − 4αϕjϕjii

−∆R+ 2α[2ϕjϕjii + (∆ϕ)2 + |∇2ϕ|2 −Rijϕiϕj ]

+ 2Rikhik − 2(ar + b)R

− α[∆(|∇ϕ|2)− 2|∇2ϕ|2 − 2α|∇ϕ|4 − 2(ar + b)|∇ϕ|2]

= ∆(trgh) + 2|hij |
2 + 2α(∆ϕ)2 − 2(ar + b)trgh,

where we used

hik,ki =
1

2
∆R− α[2ϕjϕjii + (∆ϕ)2 + |∇2ϕ|2 −Rijϕiϕj ],

∂

∂t
(|∇ϕ|2) = (

∂

∂t
gij)ϕiϕj + gij

∂

∂t
(ϕiϕj)

= ∆(|∇ϕ|2)− 2|∇2ϕ|2 − 2α|∇ϕ|4 − 2(ar + b)|∇ϕ|2.

We complete the proof of Lemma 2.2. �

3. L2-estimates and some applications

For any a, b, we will prove that the nonnegativity of trgh(t) is preserved by
the evolution equation (1.3).

Theorem 3.1. Let g(t) be a solution to the evolution equation (1.3) on a compact

manifold Mn. If trgh ≥ 0 holds at t = 0, then also for all t > 0 as long as the

solution exists.

Proof: Let

β = e2
∫

t

0
[ar(s)+b] ds(trgh).

Then

(
∂

∂t
−∆)β = e2

∫
t

0
[ar(s)+b] ds[2(ar + b)(trgh) +

∂

∂t
(trgh)−∆(trgh)]

= e2
∫

t

0
[ar(s)+b] ds[2|hij |

2 + 2α(∆ϕ)2]

≥ 0,

where the second equality used Lemma 2.2. From the maximum principle of
parabolic equations, we obtain that trgh(t) remains nonnegative if trgh(0) is non-
negative under the initial metric g(0). �

Next, we begin with an elementary lemma.
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Lemma 3.1. Let g(t) be a solution to the evolution equation (1.3) on a compact

manifold Mn. Then for any f ∈ C2(R+ ×Mn), it holds that

(3.1)

d

dt

∫

M

f dVg =

∫

M

(
∂

∂t
−∆)f dVg

−

∫

M

(trgh)f dVg + n(ar + b)

∫

M

f dVg

and

(3.2)

d

dt

∫

M

|∇f |2 dVg = −2

∫

M

|∇2f |2 dVg −

∫

M

(trgh)|∇f |2 dVg

− 2α

∫

M

〈∇ϕ,∇f〉2 dVg

− 2

∫

M

(∆f)(
∂

∂t
−∆)f dVg + (n− 2)(ar + b)

∫

M

|∇f |2 dVg.

Proof: By (4) of Lemma 2.1, we have

∂

∂t
dVg = −(trgh̃) dVg = [−trgh+ n(ar + b)] dVg.

Therefore,

d

dt

∫

M

f dVg =

∫

M

{
∂

∂t
f + [−trgh+ n(ar + b)]f} dVg

=

∫

M

∂

∂t
f dVg −

∫

M

(trgh)f dVg + n(ar + b)

∫

M

f dVg

=

∫

M

(
∂

∂t
−∆)f dVg −

∫

M

(trgh)f dVg + n(ar + b)

∫

M

f dVg,

which completes the proof of (3.1).

According to the Bochner formula, we have

(3.3) ∆|∇f |2 = 2|∇2f |2 + 2Rijfifj + 2〈∇∆f,∇f〉.

By virtue of (1) of Lemma 2.1, we get

∂

∂t
|∇f |2 = 2h̃ijfifj + 2〈∇(

∂

∂t
f),∇f〉,
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so that

(3.4)

(
∂

∂t
−∆)|∇f |2

= −2|∇2f |2 + 2〈∇(
∂

∂t
−∆)f,∇f〉+ 2(h̃ij −Rij)fifj

= −2|∇2f |2 + 2〈∇(
∂

∂t
−∆)f,∇f〉 − 2α〈∇ϕ,∇f〉2 − 2(ar + b)|∇f |2

and

d

dt

∫

M

|∇f |2 dVg =

∫

M

{
∂

∂t
|∇f |2 + [−trgh+ n(ar + b)]|∇f |2} dVg

=

∫

M

{(
∂

∂t
−∆)|∇f |2 + [−trgh+ n(ar + b)]|∇f |2} dVg

= −2

∫

M

|∇2f |2 dVg −

∫

M

(trgh)|∇f |2 dVg − 2α

∫

M

〈∇ϕ,∇f〉2 dVg

− 2

∫

M

(∆f)(
∂

∂t
−∆)f dVg + (n− 2)(ar + b)

∫

M

|∇f |2 dVg .

We complete the proof of Lemma 3.1. �

Theorem 3.2. Let g(t) be a solution to the evolution equation (1.3) on a compact

manifold Mn. Then for any f ∈ C2(R+ ×Mn),

(3.5)

d

dt

∫

M

|∇f |2 dVg ≤ −

∫

M

(trgh)|∇f |2 dVg + (n− 2)(ar + b)

∫

M

|∇f |2 dVg

+
n

8

∫

M

[(
∂

∂t
−∆)f ]2 dVg.

Proof: Using the Cauchy inequality, we have

|∇2f |2 ≥
1

n
(∆f)2,

so that by (3.2)

d

dt

∫

M

|∇f |2 dVg ≤ −
2

n

∫

M

(∆f)2 dVg −

∫

M

(trgh)|∇f |2 dVg

− 2

∫

M

(∆f)(
∂

∂t
−∆)f dVg + (n− 2)(ar + b)

∫

M

|∇f |2 dVg

≤ −

∫

M

(trgh)|∇f |2 dVg + (n− 2)(ar + b)

∫

M

|∇f |2 dVg

+
n

8

∫

M

[(
∂

∂t
−∆)f ]2 dVg ,

which completes the proof of Theorem 3.2. �
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Together with the evolution for trgh in Lemma 2.2, one can establish the fol-
lowing

Theorem 3.3. Let g(t) be a solution to the evolution equation (1.3) on a compact

manifold Mn. Then

(3.6)

d

dt

∫

M

|∇(trgh)|
2 dVg ≤ −

∫

M

(trgh)|∇(trgh)|
2 dVg

+ (n− 2)(ar + b)

∫

M

|∇(trgh)|
2 dVg

+
n

8

∫

M

[2|hij |
2 + 2α(∆ϕ)2 − 2(ar + b)trgh]

2 dVg.

Next, we give the evolution equation of eigenvalues with respect to the Lapla-
cian.

Theorem 3.4. Let g(t) be a solution to the evolution equation (1.2) on a compact

manifold Mn.

(1) If λ(t) denotes the non-negative eigenvalue of the Laplacian on Mn, then

d

dt
λ = 2

∫

M

hijfifj dVg −

∫

M

(trgh)|∇f |2 dVg + λ

∫

M

(trgh)f
2 dVg.

In particular, if trgh ≥ 0 holds at t = 0, then

d

dt
λ ≤ 2

∫

M

hijfifj dVg + λ

∫

M

(trgh)f
2 dVg.

(2) If λ(t) denotes the non-negative eigenvalue of ∆− 1
2 trgh on Mn, then

d

dt
λ = 2

∫

M

hijfifj dVg +

∫

M

f2[|hij |
2 + α(∆ϕ)2] dVg.

In particular, if hij(t) ≥ 0, then the eigenvalue of the operator−∆+ 1
2 trgh

are nondecreasing.

(3) If λ(t) denotes the non-negative eigenvalue of ∆+ 1
4 trgh on Mn, then

d

dt
λ ≤

∫

M

[
n− 1

2n
(trgh)

2 +
5

2
λ(trgh)]f

2 dVg + 2λ2.

Remark 3.1. In particular, taking α = 2, then (2) in Theorem 3.4 becomes
Theorem 1.10 in [4].

Remark 3.2. We remark that the second and third inequalities of p. 160 in [9]
is slight incorrect. The right version of the third inequality of p. 160 in [9] should
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be

d

dt
λ = −2

∫

M

|∇2f |2 dVg + (2ϕ− 1)

∫

M

R|∇f |2 dVg

+

∫

M

(2ϕS −
2

3
ϕAR + ϕ′R)f2 dVg

− ϕ

∫

M

R(R− 4ϕR−
2

3
A+ 2λ)f2 dVg

+ λ

∫

M

R(R− 4ϕR−
2

3
A+ 2λ)f2 dVg.

As a result, for n = 3, the estimate d
dt
λ ≤ 19

8 λ2 of Theorem 6.4 in [9] cannot be
obtained.

Proof: Let us consider an eigenfunction f associated with the eigenvalue λ, that
is,

−(∆ + V )f = λf,

∫

M

f2 dVg = 1

where V is a potential function to be chosen later. Then, we obtain from (3.2)
that

(3.7)

d

dt

∫

M

|∇f |2 dVg = −2

∫

M

|∇2f |2 dVg −

∫

M

(trgh)|∇f |2 dVg

− 2α

∫

M

〈∇ϕ,∇f〉2 dVg

+ 2

∫

M

(V + λ)2f2 dVg +

∫

M

(V + λ)
∂f2

∂t
dVg

+ (n− 2)(ar + b)

∫

M

|∇f |2 dVg .

By virtue of the divergence theorem,

∫

M

|∇f |2 dVg =

∫

M

f(−∆)f dVg =

∫

M

(V + λ)f2 dVg ,

so that

(3.8)

d

dt

∫

M

|∇f |2 dVg =

∫

M

f2 ∂

∂t
(V + λ) dVg +

∫

M

(V + λ)
∂f2

∂t
dVg

+

∫

M

[−trgh+ n(ar + b)](V + λ)f2 dVg.
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Thus, (3.8) combines with (3.7) to give

(3.9)

d

dt
λ = −2

∫

M

|∇2f |2 dVg −

∫

M

(trgh)|∇f |2 dVg − 2α

∫

M

〈∇ϕ,∇f〉2 dVg

+ 2

∫

M

(V + λ)2f2 dVg −

∫

M

f2 ∂V

∂t
dVg

+

∫

M

[(trgh)− 2(ar + b)](V + λ)f2 dVg.

Choose V = c trgh, where c is a constant to be determined. Then

∂V

∂t
= c

∂

∂t
trgh

so that

∫

M

f2∂V

∂t
dVg = c

∫

M

f2 ∂

∂t
trgh dVg.

Using integration by parts again and by use of Lemma 2.2, we have

∫

M

(trgh)|∇f |2 dVg =

∫

M

(trgh)(c trgh+ λ)f2 dVg +
1

2

∫

M

f2∆(trgh) dVg

=

∫

M

(trgh)(c trgh+ λ)f2 dVg +
1

2

∫

M

f2 ∂

∂t
trgh dVg

−

∫

M

f2[|hij |
2 + α(∆ϕ)2 − (ar + b)trgh] dVg.

In other words,

−

∫

M

f2∂V

∂t
dVg = −c

∫

M

f2 ∂

∂t
trgh dVg

= −2c

∫

M

(trgh)|∇f |2 dVg + 2c

∫

M

(trgh)(c trgh+ λ)f2 dVg

− 2c

∫

M

f2[|hij |
2 + α(∆ϕ)2 − (ar + b)trgh] dVg.
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It follows that

d

dt
λ = −2

∫

M

|∇2f |2 dVg −

∫

M

(trgh)|∇f |2 dVg − 2α

∫

M

〈∇ϕ,∇f〉2 dVg

+ 2

∫

M

(V + λ)2f2 dVg −

∫

M

f2 ∂V

∂t
dVg

+

∫

M

[(trgh)− 2(ar + b)](V + λ)f2 dVg

= −2

∫

M

|∇2f |2 dVg − (1 + 2c)

∫

M

(trgh)|∇f |2 dVg − 2α

∫

M

〈∇ϕ,∇f〉2 dVg

+

∫

M

[(1 + 4c)(trgh) + 2λ− 2(ar + b)](c trgh+ λ)f2 dVg

− 2c

∫

M

f2[|hij |
2 + α(∆ϕ)2 − (ar + b)trgh] dVg.

Integrating (3.3) yields

(3.10)

−2

∫

M

|∇2f |2 dVg − 2α

∫

M

〈∇ϕ,∇f〉2 dVg

=

∫

M

(2Rijfifj + 2〈∇∆f,∇f〉) dVg

− 2α

∫

M

〈∇ϕ,∇f〉2 dVg

= 2

∫

M

hijfifj dVg − 2

∫

M

(c trgh+ λ)2f2 dVg .

Therefore, we obtain

(3.11)

d

dt
λ = 2

∫

M

hijfifj dVg − (1 + 2c)

∫

M

(trgh)|∇f |2 dVg

+

∫

M

[(1 + 2c)(trgh)− 2(ar + b)](c trgh+ λ)f2 dVg

− 2c

∫

M

f2[|hij |
2 + α(∆ϕ)2 − (ar + b)trgh] dVg.

Now we are in the position to complete the proof of Theorem 3.4. Notice that
under the evolution equation (1.2), we have a = b = 0.

If we choose c = 0, then (3.11) reduces to

d

dt
λ = 2

∫

M

hijfifj dVg −

∫

M

(trgh)|∇f |2 dVg + λ

∫

M

(trgh)f
2 dVg

and (1) of Theorem 3.4 follows.
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If we choose c = − 1
2 , then (3.11) reduces to

(3.12)
d

dt
λ = 2

∫

M

hijfifj dVg +

∫

M

f2[|hij |
2 + α(∆ϕ)2] dVg.

Hence, we obtain (2) of Theorem 3.4.
If we choose c = 1

4 , then (3.11) reduces to

(3.13)

d

dt
λ = 2

∫

M

hijfifj dVg −
3

2

∫

M

(trgh)|∇f |2 dVg

+
3

2

∫

M

(trgh)(
1

4
trgh+ λ)f2 dVg

−
1

2

∫

M

f2[|hij |
2 + α(∆ϕ)2] dVg.

It follows from (3.10) that

2

∫

M

hijfifj dVg ≤ 2

∫

M

(
1

4
trgh+ λ)2f2 dVg.

Thus, we deduce from (3.13) the following

(3.14)

d

dt
λ ≤ 2

∫

M

(
1

4
trgh+ λ)2f2 dVg

+
3

2

∫

M

(trgh)(
1

4
trgh+ λ)f2 dVg −

1

2

∫

M

f2|hij |
2 dVg .

Applying the Cauchy inequality

|hij |
2 ≥

1

n
(trgh)

2

into (3.14) gives

d

dt
λ ≤

∫

M

[
n− 1

2n
(trgh)

2 +
5

2
λ(trgh)]f

2 dVg + 2λ2.

We complete the proof of Theorem 3.4. �
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