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Abstract. Based on the fixed-point theorem in a cone and some analysis skill, a new
sufficient condition is obtained for the existence of positive periodic solutions for a class of
higher-order functional difference equations. An example is used to illustrate the applica-
bility of the main result.

Keywords: positive periodic solution; existence of positive periodic solution; fixed-point
theorem; difference equation

MSC 2010: 34K13, 39A70

1. INTRODUCTION

The existence of periodic solutions of functional differential equations has been
studied extensively. Many authors [1], [9] have argued that the discrete time models
governed by difference equations sometimes are more appropriate than the contin-
uous ones, for example, the predator-prey system having nonoverlapping genera-
tions. With help of differential equations with piecewise constant arguments, Fan
and Wang [3] proposed a discrete analogue of the continuous time predator-prey
system and gave some new sufficient conditions for the existence of a positive peri-
odic solution of the discrete system. Discrete time models can also provide efficient
computational models of continuous models for numerical simulations. It is well
known that, compared to the continuous time systems, the dynamics of the discrete
time systems are more difficult to deal with. It is highly nontrivial to attack the
existence of positive periodic solutions of a discrete time system which is governed
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by a higher-order functional difference equation. Raffoul [7] studied the existence of
positive periodic solutions for functional difference equations. By using Krasnosel-
skii’s fixed-point theorem and the upper and lower solutions method, Zhu and Li [10]
found some sets of positive values A guaranteeing that there exist positive periodic
solutions to the higher-dimensional functional difference equation of the form

z(n+1) = A(n)x(n) + Ah(n)f(x(n —1(n))), neZ,

where A(n) = diag[ai(n),az(n),...,am(n)], h(n) = diag[hi1(n), ha(n), ..., hn(n)l,
aj,hj: Z — Rt 7: 7 — 7 are T-periodic, j = 1,2,....m, T > 1, A\ >0, x: Z —
R™, f: R? — R7T, where RT = {(21,...,2,)" € R™, z; > 0,j = 1,2,...,m},
R* = {x € R,z > 0}. By using a well-known fixed-point index theorem, Li and
Lu [5] studied the existence, multiplicity and nonexistence of positive periodic solu-
tions to higher-dimensional nonlinear functional difference equations. Ma and Ma [6]
investigated the existence of sign-changing periodic solutions of second order differ-
ence equations. In 2010, Wang and Chen [8] have studied the existence of positive
periodic solutions for the general higher-order functional difference equation

(1.1) x(n+m+k)—ax(n+m)—bx(n+k)+abzx(n) = f(n,x(n —7(n))),

where a # 1, b # 1 are positive constants, 7: Z — Z and 7(n + w) = 7(n),
fn + w,u) = f(n,u) for any u € R, w,m,k € N, where N denotes the set of
positive integers. Based on the fixed-point theorem in a cone [8], some new suffi-
cient conditions on the existence of positive periodic solutions to the higher-order
functional difference equation (1.1) are obtained. However, the main results in [8]
require that a and b should be positive constants. In this article, we consider the
higher-order functional difference equation

(1.2) zn+m+k)—an+m)z(n+m)—bn)z(n+k)+ a(n)b(n)z(n)
+f(n,2(n—7(n))) =0,

where a,b: Z — R4 with a(n) # 1, b(n) # 1 and a(n + w) = a(n), b(n + w) = b(n),
7: Z— 7 and 7(n +w) =7(n), f(n+w,u) = f(n,u) for any u € R, k,w, m € N.

The purpose of this article is to consider the existence of a positive periodic solution
of the higher-order functional difference equation (1.2). We will remove the constrains
on a and b in [8]. We will replace constants a and b in [8] with functions a(n) and b(n).
Based on a fixed point theorem in a cone, a new sufficient condition is established
for the existence of positive periodic solutions for higher-order functional difference
equations.
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2. SOME PRELIMINARIES

Let X be the set of all real w periodic sequences. Then X is a Banach space with

the maximum norm ||z|| = max |z(n)|.
n€el0,w—1]

Lemma 1 ([2], [4]). Let X be a Banach space and K a cone in X. Suppose {1
and s are open subsets of X such that 0 € Q; C Qy C Q9 and suppose that

P Kﬂ(ﬁg\gl)HK

is a completely continuous operator such that

(1) ||Pu| < ||u|| for w € KNOQy and there exists i € K\ {0} such that © # ®x+ )
for x € K NOQy and A > 0; or

(i) ||Pu| < ||u|| for u € KNONy and there exists ¢ € K\ {0} such that © # ®x+ )
forx € KNOQ and \ > 0.

Then ® has a fixed-point in K N (Qa \ Q).

Let d € N. Consider the equation
(2.1) z(n +d) = cx(n) + v(n),
where v € X. Set (d,w) as the greatest common divisor of d and w, p = w/(d,w).

Lemma 2 ([8]). Assume that 0 < ¢ # 1. Then (2.1) has a unique periodic

solution
p

z(n) =[c? =1 cy(n+ (i — 1)d).

i=1
Assume that x € X is a solution of (1.2) and let y(n) = z(n + k) — a(n)z(n),

@ = max a(n),a= min a(n). Then (1.2) can be rewritten as
1<n<w 1<n<w

(2.2) {m ) =)yl e = i)

y(n+m) = b(n)y(n) — f(n,z(n —7(n))).

Let h = w/(k,w), | = w/(m,w). Since x € X is a solution of (1.2), hence y € X.
From Lemma 2 we have

h
z(n) =[a" —1]7" Z@‘i{y(n + (= Dk) +[a(n + (i = Dk) — aJz(n + (i = 1)k)}.
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From the second equation in (2.2) we have

-1

-1 -1
[T b(n + sm)y(n+m) = [ b(n + sm)y(n) - [] bl + sm)f(n, a(n - 7(n))).
s=0 s=1

s=1

-1 -1
H b(n+ sm)y(n+2m) = H b(n 4+ sm)y(n +m)
s=2 s=1

-1
- H b(n+sm)f(n+m,z(n+m—71(n+m))),

y(n+1Im)=bn+ (I —)m)y(n+ (I —1)m)
—fin+({-1Dmyz(n+({(—-1)m—7(n+ (I —1)m))).

Summing the above equations yields

-1
y(n+1Im) = H b(n + sm)y(n)
5=0
-2 -1
> I b+ sm)f(n+ jm,z(n+ jm — v(n+ jm)))
j=0 s=j+1
—fin+(1-1)m,z(n+({—-1)m—7(n+ ({—1)m))).

-1
For convenience, denote 1 = [] b(n + sm). Noting that y(n + im) = y(n), we
5=l
obtain

-1

LU b(n 4 sm) | | |
(23)  yn) = g S Sk gl = 7(o + )

Let b= max b(n), b= min b(n). We introduce the following condition:

1<n<w 1<n<w
(H) 0<a(n)<1,b>1, h=1l=w,and f: R x (0,4+00) — [0,400) is continuous.
Let

-1 w—1 - 1
B= Sl;[ob(s) = Sl;[ob(s), d= mln{ﬁ,l},

1—
Hs=§‘+1 b(n + sm)
1=t b(n + sm) — 1




-1

(2.5) y(n) =Y Gn,j)f(n+ jm,x(n+ jm —7(n+ jm))).
§=0

If f(n,xz(n —7(n))) >0 and b > 1, then y(n) > 0.
Define the operator T' by

GBI
(Tz)(n) = T ZQ" G(n+ (i — Dk, j) f(n+ (i — 1)k + jm,
2 =1 j=0
z(n+ (i — 1)k +jm—7(n+ (i — 1)k + jm)))
a" s,
+t1o & Zg_z[a(n + (i — 1)k) — aJz(n + (i — 1)k).

Define the cone by
K ={z e X,z(n) = é[||},

where
5— a"(B—1)d
o Bw '

Lemma 3. Assume that (H) holds and 0 < r; < ry. Then T: K,, \ K,, — K is
completely continuous, where K, = {x € K: ||z|| <7} and K, = {z € K: ||z|| < r}.

Proof. Since 0 < a(n) < 1, hence 0 < g < 1. Noting that b > 1 and
f(n,z(n — 7(n))) > 0, we have y(n) > 0. So (Tx)(n) > 0 on [0,w — 1]. Since
T(n+w)=7(n) and f(n+w,u) = f(n,u) for any v > 0, (T'z)(n +w) = (T'z)(n) for

x € X. Since h =1 =w/(m,w) = w, we get

-1 w—1
(2.6) Y f(n+jm,x(n+jm—71(n+jm))) =>_ fi,x( —7(5))),
§=0 j=0
h w

27) S fn+ (- Dka(n+ (- Dk —r(n+ (i — DE) = > fli,a(i — (i),

i=1 i=1

and



For any = € K,, \ K,,, from (2.6)—(2.8), we have

ah h -1 B
(Tz)(n) < 1 ~ ahgih ZZ ﬁ{f(n-i- (i — Dk + jm,
= i=1 j=0
a(n+ (i — 1)k + jm—r(n+ (i — 1)k + jm)))}
a™ h
e > la(n+ (i — k) — ala(n + (i — 1)k)
- =1
ah -1 h
1 :Qh@_h;%{ ;f(n—i— (i =Dk + jm,
a(n+ (i =)k +jm—7(n+ (i — Dk + jm)))}
a” d
g 2 al) —a)a(i)
- i=1
1 -1 w
Tl (ZO ﬁ) 2 flisali = (@)
1 _1Qh > _(ali) = )z (i)

+ g Do(al) ~ )l
< s S S Gali — 7)) + (oli) — a)e ()
So
@9) 1Tl < g Y (G ali - 1) + (a(i) - 2)o()
At the same time,
ah h -1
(Ta)n) > 2™ 35" Glnt (i = Dkt = Dk + jim,
= i=1 j=0

zn+ (@ —Dk+jm—71(n+ (i —1)k+jm)))}

ah

h
+— Q_lz[a(n—i—(i—l)k:)—Q]x(n—i—(i—l)k)

1—al

30



h -1 h
a 1
> W —1 1 .
— ;—B_l{;ﬂnﬂ@ Jk -+ gm.

xn+ (G —Dk+jm—7(n+ (i—1)k +jm)))}

g 2 (0() — (i)
Then
ahd [
210)  (Ta)) > 2o | 3 fliali = ) + (ali) ~ a)a(i)].

where d = min{1/(B —1),1}.
Combining (2.9) and (2.10), we have

(2.11) (Tz)(n) > d||Tz].

Thus T: K,, \ K,, — K is well defined. Since X is a finite-dimensional Banach
space, one can easily show that T is completely continuous. This completes the
proof. O
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We can easily obtain the following result.

Lemma 4. The fixed-point of T in K is a positive periodic solution of (1.2).

3. THE MAIN RESULT

Let
50(8) = maX{f(nau)vn € [va - 1];“ € [58, S]}v

1/)(5) = min{f(nvu)/uan € [Oaw - 1]7u € [6878]}

Theorem 3.1. Assume that (H) holds and there exist two positive constants «
and 8 with o # 3 such that

(3.1) pla) < (1-a) P(B) = (1 -a)(B—-1).

wB
Then (1.2) has at least one positive w-periodic solution x with min{«, 8} < ||z| <
max{a, 5}.

Proof. Without loss of generality, we assume that (H) holds and o < f.
Obviously, 0 <a < 1,0 < a < 1. We claim:

(1) T[] < [lz]l, 2 € 0Ka,
i) c#£Tz+X-1Ve € 0Kg, 1 € K and A > 0.
B

From (3.1) we have that

(3.2) f(n,x)g(l—d)B_Bla, 0<n<w—-1, da<z<a,
w
(3.3) fn,z) > (1—-a)(B—1)z, 0<n<w-1,08<z<p.

In order to prove (i), let © € 0K,. Then ||z|| = a and da < z(n) < a for 0 < n <
w—1. So

h
(Tz)(n — Z

G+ (- Dk N[ —a) 2 a)

gML

h

~'[a - |||

_|_
—_
| |1
)
>
'Mv
(S

I
—
-~
I
—

/N
—
| |12
IS
>
=
) 1
Sy
oy}
—_
—N
I
g
€ oy
| !
—
——

.
I

<
Il
o

~'[a—alll=|

s
Il
-

_l_
—_
s
S
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. -
[]=
S
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i=1 j=0
al h _
2 el
= =1
h h w—1
a —i 1
-ay(S{o-og))
i=1 7=0
h h
o > a'la—dllz|
= =1
h h h h )
=1 = i 2_—1{(1 —a)a} + = z;g—z[a —ala
h h
=LY e - da=a
—a =1
It follows that
(3.4) ITz|| < ||z, = € 0K,.

Next, let » = 1 € K in Lemma 1. We will prove (ii) holds. If not, there exists
ug € 0K and A\g > 0 such that

(35) Uy = (TUO)(TL) + Ao-

Since uy € 0K, we have ||ug|| = f and §3 < ug(n) < §. Put ug(n) = min{up(i); 0 <
i < w— 1} for some n € [0,w — 1]. Noting that ug(j) > uo(n) > 0 for all j € Z,
an+(i—1)k)—a>0forallie Zand 0 < a < 1, we have

ug(n) = (Tuo)(n) + Ao
o h -1

= S @ Y Gl (= Dk )+ (= Dk + jm,
=1 j=0

wo(n+ (i — Dk +jm —7(n+ (i — D)k + jm)))

ah h )
S Zw[a(n + (i — 1)k) — auo(n + (i — 1)k) + Ao

Clh h 4 -1
> > at Y Gt (i = D J){F(n+ (i = Dk + jm,

i=1 j=0
won+ (G —1k+im—71(n—+(GE—Dk+73m)))}+ Ao
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Clh h -1 1
>y oat Y et (i = Dk jm
= i =0
upn+ (i — Dk +jm—71(n+ (i — Dk +jm)))}+ Ao
Clh h -1 1
> — - — (1 — B-1 -1
T 2t g~ 9B - Dt (- Dk

+im—71n+(i—1Dk+53m))+ X

h h ‘l—l
=1 _Qh(l—a)ZQ*ZZuo(n—f—(z— 1)k
i=1 7=0
+im—7n+ (G —Dk+7im))+ X
h h -1
> 7 :Qh(l —Q)ZQ"Zuo(n) + Ao
i=1 7=0
h h lw—l
= 1:_h(1—g)ZQ_’ ' up(n) + Ao
i=1 7=0
al h
zl_gh(l—g)gg up(n) + Ao
h h ‘
> T & (1—-a) ;Qﬂuo(n) + Ao
o h
= ]_ — a, Z ’L) + )\0
= 0( )+>‘0a

which implies that ug(n) > up(n). This is a contradiction.

Therefore, by Lemma 1, T has a fixed-point z € K\ K,. Furthermore, o <
lz]] < 6 and z(n) > da, which means that z is a positive periodic solution of (1.2).
The proof is completed. O

4. EXAMPLE

Now, an example is given to demonstrate our result.

Example 1. Consider the difference equation

(4.1) zn+m+k)—an+m)z(n+m)—bn)z(n+k)+ a(n)b(n)xz(n)
+f(n,2(n = 7(n))) =0,
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where m =7, k=5 w=6,7: Z — Z and 7(n + w) = 7(n), a,b: Z — Ry with
a(n) = 1/2+1/16cosnxn/3, b(n) = 2 + [1/(2V3)]sinnn/3, f(n,u) = (1 —7/16)(1 —
1/2)u®[1 4+ 1/2(—1)" cos u/3).

Obviously, a(n + w) = a(n + 6) = a(n), f(n +w,u) = f(n+6,u) = f(n,u) for
any v € R. Further, h = w/(k,w) = 6/(5,6) = 6, | = w/(m,w) = 6/(7,6) = 6.
a = max a(n) =9/16, a = min a(n) =7/16, B = lHI b(s) = u)]_[1 b(s) = 632/82,

5=0 5=0

1<n<w 1<n<w

d=min{l1/(B—-1),1}=1/(B—-1),§ =ad"(B —1)d/(Bw) = (7/16)°(8/63)%1/6.
Let @ = 1/2, then

w(a)=¢(%>
<(1-5)(1-2)G) [1+3]
=(1-3) (-3 () ]
(5723 2
<(1-5) (G=e)s

So p(a) < (1 —a)[(B —1)/(wB)]a.
Let 8 =2/6. If u € [§3, 5], then u > 2. Furthermore,

So ¢(B) = (1 —a)(B —1).

By Theorem 3.1, (4.1) has at least one positive 6-periodic solution.
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