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Abstract. The rate of moment convergence of sample sums was investigated by Chow
(1988) (in case of real-valued random variables). In 2006, Rosalsky et al. introduced and
investigated this concept for case random variable with Banach-valued (called complete
convergence in mean of order p). In this paper, we give some new results of complete
convergence in mean of order p and its applications to strong laws of large numbers for
double arrays of random variables taking values in Banach spaces.
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1. INTRODUCTION

Let E be a real separable Banach space with norm || || and {X,,,n > 1} a sequence
of random variables taking values in E (E-valued r.v.’s for short). Recall that X, is
said to converge completely to 0 in mean of order p if

> E[IXn|P < oo.

n=1

This mode of convergence was investigated for the first time by Chow [2] for the
sequence of real-valued random variables and by Rosalsky et al. [6] for the sequence
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of random variables taking values in a Banach space. In this paper, we introduce and
study the complete convergence in mean of order p to 0 of double arrays of E-random
variables. In Section 3 some properties of the complete convergence in mean of order
p are given and a new characterization of a p-uniformly smooth Banach space E in
terms of the complete convergence in mean of order p of double arrays of E-valued
r.v.’s is obtained. These results are used in Section 4 to obtain some strong laws
of large numbers for martingale difference double arrays of random variables taking
values in Banach spaces.

2. PRELIMINARIES AND SOME USEFUL LEMMAS

For a,b € R, max{a,b} will be denoted by a V b. Throughout this paper, the
symbol C will denote a generic constant (0 < C' < co) which is not necessarily the
same in each appearance. The set of all non-negative integers will be denoted by N
and the set of all positive integers by N*. For (k,l) and (m,n) € N2, the notation
(k,1) X (m,n) (or (m,n) = (k,1)) means that £k < m and | < n.

Definition 2.1. Let E be a real separable Banach space with norm || - || and let
{Smn; (m,n) = (1,1)} be an array of E-valued r.v.’s.

(1) Spn is said to converge completely to 0 and we write Sy, 50if
o0 o0
Z Z P(||Smnll >¢€) < oo foralle > 0.
m=1n=1

(2) S is said to converge to 0 in mean of order p (or in £, for short) as mvVn — oo

. L, .
and we write Sy, — 0 as mVn — oo if

E||SmnlF =0 asmVn— oco.

L,
Smn is said to converge completely to 0 in mean of order p and we write S, i
0 if

oo oo

> N E[[Small? < 0.

m=1n=1

(3) Sy is said to converge almost surely to 0 as mVn — oo and we write Sy, — 0
a.s.asmVn— oo if

P( lim |[Smnll=0) =1.

mVn— oo
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L . . L
It is clear that S, —=% 0 implies Sy, —% 0 as m V n — oco. By the Markov

inequality
o0 o0

Z ZP{HSmnH >el<oo foralle>0

m=1n=1

we also see that S,,,, Cj 0 implies Spp — 0 and Sy, —5 0.

For an E-valued r.v. X and sub o-algebra G of F, the conditional expectation
E(X | G) is defined and enjoys the usual properties (see [7]).

A real separable Banach space E is said to be p-uniformly smooth (1 < p < 2)
if there exists a finite positive constant C such that for any L? integrable E-valued
martingale difference sequence {X,,,n > 1},

P n
<CY EBlXi|P.
i=1

Clearly every real separable Banach space is 1-uniformly smooth and every Hilbert

n

>ox

i=1

E

space is 2-uniformly smooth. If a real separable Banach space is p-uniformly smooth
for some 1 < p < 2 then it is r-uniformly smooth for all » € [1,p). For more details,
the reader may refer to Pisier [5].

Let {Xmn, (m,n) = (1,1)} be a double array of E-valued r.v.’s, let F;; be the
o-field generated by the family of E-random variables {Xj;; k& < i or I < j} and
Fi1 ={0; Q}.

The array of E-valued r.v.’s { X, (m,n) = (1,1)} is said to be an E-valued
martingale difference double array if E(Xpmn | Fmn) = 0 for all (m,n) = (1,1).

The following lemmas are necessary for proving the main results in the paper.

Lemma 2.1. Let E be a p-uniformly smooth Banach space for some 1 < p < 2 and
let {Xpmn; (m,n) = (1,1)} be a double array of E-valued r.v.’s satistying E(X;; | Fij)
which is measurable with respect to Fp,y for all (i,7) < (m,n). Then

k l

D (X — E(Xy | Fz‘j))H <O D BN,

i=1j5=1 i=1 j=1

F max
1<k<m
1<I<n

where the constant C' is independent of m and n.

Proof. The proof is completely similar to that of Lemma 2 of Dung et al. [3]
after replacing Sy = E Z Vi; by Su = E Z( — E(Xij | Fij))- O

i=1j= 1=1j=
The following lemma is a version of Lemma 3 of Adler and Rosalsky [1] for arrays
of positive constants.
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Lemma 2.2. Let p > 0 and let {bmn; (m,n) = (1,1)} be an array of positive
constants with by;/ij < b, /mn for all (i,j) < (m

Then
Zsz: (bp ) asmVmn— o0

i=m j=n Y

(
,n) and lim b2 /mn = occ.
mvVn—

if and only if

bP
. . rm,sn ;

liminf —*— > rs for some integers r,s > 2.
Vn=s P ’

mvn oo mn

Proof. Set cpy, = Zna ,(m,n) < (1,1) then ¢;; < ey for all (4,7) < (m,n) and

mn
lim ¢y = 00. It is required to show that
mVn— oo
(2.1) Z z(’)(—> as mVmn — oo
P - Z]Cij Cmn
i=m j=n
if and only if
c
(2.2) liminf —=** > 1 for some integers r, s > 2.

mVn—oo Cmn

If (2.2) holds, then exits 6 > 1 and n, € N such that ¢, sn = Icmy, for all mvn > n,,
S0

k+1_ I+1_
I Iy
i=m j=n ijeij ki=0 i=mrk  j—ns! klck ki—o  Cmrkons!
o) 2
1 1
<r—1Ds-1)— (S 2.
(r— 1)(s >Cmn<k215k>

Then, we have (2.1).
Conversely, assume that (2.2) does not hold. Then 11\1/n inf ¢pm, sn/cmn = 1 for
mVn—oo

any 7,5 = 2, then ¢ sn < 2¢my for any r,s > 2 and an infinite numbers pair of
values of (m,n) and so,

i i i i (logr)(log s) - (logr)(log s)
“— zgc 1JCij > Crm,sn 2¢m,n
i=m j= i=m j=n
Since r, s is arbitrary, (2.1) does not hold as well. O
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3. THE COMPLETE CONVERGENCE IN MEAN

From now on, E be a real separable Banach space and for each double array of
E-valued r.v.’s {X,,,; (m,n) = (1,1)}; we always denote F;; is o-field generated by
the family of E-random variables {Xy;; k <iorl < j}, Fi1 =4{0; Q},

k l

ko1
Sw=>_> Xijand S5, =Y > (Xi; — E(Xy; | Fiy));
i=1 j=1 i=1 j=1
{bmn; (m,n) = (1,1)} be a sequence of positive constants satisfying b;; < by, for
all (¢,7) = (m,n) and lim by, = co.
mVn—oo

Firstly, we show a condition under which the complete convergence in mean order

p implies the convergence a.s. and the convergence in L,,.

Theorem 3.1. Let {X,.,; (m,n) = (1,1)} be a double array of E-valued r.v.’s.
Suppose that

bom+19n
(3.1) M = sup 22" < .
myn baman
If
ma Skl ez,
(3.2) X (k05 mom) |1 j 0 for somel <p<2,
(mn)Y/Pbyy,,
then
max mon) S .
(3.3) (k’l)i( m 1Sl — 0 a.s. and in £, as m V n — cc.
Proof. Set A, = {(k,1),(2",2™) =< (k1) < (2m*+L 27T1)}. We see that
m ony |5 P
By Y p(mtozeran Sl
(m.n)=(0,0) a2
< Z E Mmax(bk’l)j@mygn) HSle )P
(m,n)=(0,0) rrtant
<ur Y min E(max(i,j)z(k,l) 1541 )p
(momy= (0,0) FHEAmn K
1 max; jy< k1) |19 \?
ar p(mmessenliul
Z Z 2m2n bkl

(m,n)=(0,0) (k,1)€Amn
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4 max(i )= (k1) ||S”H p
< MP —FE »J) 2R,
2. kl ( b )
(m,n)=(0,0) (k,1)EAmn
1

p
<amr Y _E(maxw,z)j(m,n) 1Skl )
m

vy
(myn)=(1,1) binn
MAX (1) < (m,n) || Sk \?
< 4MP Z E ( ) =
1
(myn)=(1,1) (mn)1/Pbpy,
This implies that
max e omn 11811 2
(3.5) ( (k,l)i(Z 2n) || sz) 0 amun e
oman

Now for (k,l) € Apm we have

MaX (i, )< (k,0) HSin)p . E(maxw,wj(zm“z"“) IISkzII)P
bri = bri
(max(hl)j(gmﬂ72n+1) HSle

(3.6) E(

X

)10 < MpE(ma,X(k7l)j(27n+l72n+l) HSle )10.

b2m2n b2m+12n+1

ij Zl:Xij

From (3.5) and (3.6) we conclude that ( sup
j=1i=1

(k,1)2(m,n)

)/bmn &> 0 as

mVn — oo.
By (3.4) and the Markov inequality, for all £ > 0 we have

Z P( max ||Skl” 2 €b2m2n)
(k,1)=(2m™,2m)

(m,n)>=(0,0)
4MP max (k1)< (m,n) Skl \P
. D)2 (m,
= &b Z E (mn)l/pbmn ) < o0

(m,n)=(1,1)
This implies by the Borel-Cantelli lemma that

S
| kl” 2% 0 asmVn— oo.

max(k’l)j@m ,2m)

b27n 2n

By the same argument as in (3.6), we have

SUP (k1)< (m,n) H E?zl Zé:l Xij” 2% 0 asmVn— oo

bmn

The proof of the theorem is completed. O

The following theorem shows that the rate of the convergence of strong laws of
large numbers may be obtained as a consequence of the complete convergence in

mean.
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Theorem 3.2. Let o, 5 € R and let {X,n; (m,n) > (1,1)} be a double array of
E-valued r.v.’s. If

(menP) Pbn (k. jnax, )||Ssz “% () for some 1 < <p<2,

then

(3.7) Z m~n P(bmh max ||Sul > 5) < oo foreverye > 0.
S (k)= ()

In the case of @ < 1, § < 1 and {bp,n; (m,n) = (1,1)} satisfying (3.1), (3.7) implies

1
P( ||§kl|| >€) :O(W) asmVn — oo for every € > 0.
(kD)=(m,n) 7kl

Proof. By Markov inequality, for all ¢ > 0

Z m_an_ﬁp(b (k l)<(mn HSMH )
(m,n)>=(1,1) ’

1 m,n S p
<= > mfanfﬁE(manl)i( ) | kl”) e
(m,n)=(1,1) mn

Then, we have (3.7).
Let « < 1, 8 < 1. Fix e > 0, and set A, = {(k,1), (2"}, 2m 1) < (k1) <
(2™,2™)}. We see that

Z m*an*ﬁP( sup  by'||Skll > 5)
(mon)=(1,1) (k)= (mom)
2i-1 271
= Z Z Z m*an*ﬁP< sup  b,'||Swkll > 6)
(i,5)=(1,1) m=2i—1 n=2i-1 (kD)= (m,n)
2i-1 271

<C Y > X 27ia2ijﬁp< sup b;?z1||5kl||>a)

(1,)= (1,1) m=2i—1 n=2i—1 (kD)= (2071,2771)

<C 2i(1_“)2j(1_/6)P( sup max b, ||Sk >E>
Z (u,0)=(1,5) (F:D€Aus M ” |

(4,5)=(1,1)

<C 9i(1=a)9i(1-H) P(b Suill > )
Z Z Qu— 12u l(k l)<(2u 2U || kl“ €
(4,5)=(1,1) (u,0)=(3,5)
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) 9i(1—a)9j(1-5)
<c ¥ p(bT et 1Sl >a) HZ
(u,v)=(1,1) (1,5) =2 (u,v)

< C 2 (1= O()QU(l B)F (b w9ov KLl > )
. U)E » 220 l)m(Qu 20) [ i
()= (1,1) (k )= (m,n) ” le M ( ( ))

Since {P( sup  by'||Sull > ¢€),(m,n) € N*2} are non-increasing in (m,n) for

(k1) =(m,n)
order relationship < in N*2, it follows that
1
P( sup b Y| Sk >5):0<7) asmVn — oo for all e > 0.
(kD= (mm) Il mi=eni=h

O
Now we establish sufficient conditions for complete convergence in mean of order p.
Theorem 3.3. Let E be a p-uniformly smooth Banach space for some 1 < p < 2.

Let {Xpmn; (m,n) = (1,1)} be a double array of E-valued r.v.’s such that E(X;;|F;;)
is measurable with respect to F,,, for all (i,7) = (m,n). Suppose that

o0 o0
(3.8) > bk < oo
m=1n=1
If
o) (o)
(3.9) Z Z m,n)E|| Xmn||P? < oo,
m=1n=1
o0 o0
where p(m,n) = > > b;;*, then
i=m j=n
1
(3.10) —

b (k, z><( m,n)

Proof. We have

2 &K maAX(k )< (m.n) I ||p iy 2 Bl X P
Z Z X, )_b(pm m Prlt o Z Z L 2})1 (by Lemma 2.1)
m=1n=1 mn m=1n=1 mn
<oy a3 )
1=1 j=1 m=tn=j

<O pli. HEIX P < oo (by (3.9)).
i=1 j=1
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A characterization of p-uniformly smooth Banach spaces in terms of the complete
convergence in mean of order p is presented in the following theorem.

Theorem 3.4. Let 1 < p < 2, let E be a real separable Banach space. Then the
following statements are equivalent:

(i) E is of p-uniformly smooth.

(ii) For every double array of random variables { X,nn; (m,n) = (1,1)} with values
in E such that E(X;; | Fij) is measurable with respect to F,y, for all (i,j) <
(m,n), and every double array of positive constants {b,,,; (m,n) = (1,1)} with
bij < by for all (i,j) = (m,n) and satisfying

(3.11) Zsz —(’)( )

the condition

o0 o0
E|| XmnlP
(3.12) Z Z mn% < 00
m=1n=1 mn
implies
1
(3.13) ——  max

brmn (k,)=(m,n)

(iii) For every double array of random variables { X, ; (m,n) = (1,1)} with values
in E such that E(X;; | F;j) is measurable with respect to Fp,y, for all (i,j) <
(m,n), the condition

m,:
implies

max k1) <(m,n) |kl e.c
(mn)(PJrl)/p — 0.

(3.15)

Proof. (i)—(ii), because by (3.11) and (3.12) we have

oo 0o

>N o(m,n)E|| X P < o0,

m=1n=1

which implies by Theorem 3.3 that (3.13) holds.
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(ii)—(iii): we choose by, = (mn)P+TY/P then

Dom,i
. myin p+1 > >
nlll\%glfo . (KDPT >kl (k>2,1>2)

and, by Lemma 2.2, (3.11) holds and by (3.14), (3.12) holds. Thus by (ii), we have
the conclusion (3.15).
(iii)—(1): let {X,, Gn,n > 1} be an arbitrary martingale differences sequence such

that -

S

n=1 ne
Forn > 1, set X, = X, if m =1, and X,,,, = 0 if m > 2. Then {X,,,,,; (m,n) =
(1,1)} is an array of random variables with

- E||an||p B Xa|?
2 Z -y o <00
m=1n=1 n=1
By (iii) and noting that F1, = 0{X;; i <n} C G,_1 for all n > 1, hence E(X,y, |
Fmn) =0 for all (m,n) > (1,1), we have

Z?:l X,L' c,L
(mn) 177 — 0,

n
and by Theorem 3.1 (with b,,,, = mn) then (Z Xi)/mn 2% 0asmVn — oo

i=1
n
Taking m = 1 and letting n — oo, we obtain that 1/n Y, X; — 0 a.s.
i=1
Then by Theorem 2.2 in [4], E is p-uniformly smooth. d
For by, = m®t1/Pnft1/P (o, B > 0), from (ii) of Theorem 3.4 we get the following

corollary.

Corollary 3.1. Let E be a p-uniformly smooth Banach space for some 1 < p < 2.
Let o, f > 0 and let {X,;n; (m,n) = (1,1)} be an array of E-valued r.v.’s such that
E(X;; | Fij) Is measurable with respect to Fp,, for all (i,j) = (m,n). If

B[ Xon ||”
Z Z napmﬁp OO’

m=1n=1

then .
SUP (k1)< (m,n) 1S5l ﬁ 0
mat+1/ppB+1/p ’
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4. APPLICATIONS TO THE STRONG LAW OF LARGE NUMBERS

By applying the theorems about complete convergence in mean in Section 3 we
establish some results on strong laws of large numbers for double arrays of martingale
differences with values in p-uniformly smooth Banach spaces.

Theorem 4.1. Let E be a p-uniformly smooth Banach space for some 1 < p < 2
and let {X,n, (m,n) = (1,1)} be an E-valued martingale differences double array.

If
“nepmpBr < 0,
m=1n=1 n
then
maxg,1)<(m,n) ISkl
manpf

—0a.s. and inL, asmVn— oo.

Proof. By Corollary 3.1, we have

SUD (1o, 1) < () 1Skl ez, .
mat+1/ppB+1/p

Applying Theorem 3.1 with b,,,,, = m®n®, we have

max k)< (m,n) | Skl
monb

—0as. and in £, asmVn — oo.

O

The following theorem is a Marcinkiewicz-Zygmund type law of large numbers for
double arrays of martingale differences.

Theorem 4.2. Let 1 <7 < s<q<p<2, let E be a p-uniformly smooth Banach
space. Suppose that {an, (m,n) = (1,1)} is an E-valued martingale differences
double array which is stochastically dominated by an E-random variable X in the
sense that for some 0 < C' < oo,

P{[ Xl = 2} < OP{||X]| > z}

for all (m,n) > (1,1) and = > 0.
If B(X;I(| X, < iY95Y7) | Fi;) is measurable with respect to Fp, for all
(1,7) = (m,n) and F||X||? < co then

max k1)< (m,n) || Sk

(4.1) S

—0a.s. and in L, asm\V n — oo.
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Proof. Foreach (m,n) = (1,1) set

Yo = anI(HanH < ml/qnl/r)7 Lmn = anI(HanH > ml/qnl/r),
Umn = I'mn — E(Ymn | ]:mn)7 an = Lmn — E(Zmn | ]:mn)

It is clear that X, = Upn + Vinn-

First,
o0 o0 [o'e) [e') l/q 1/r
EYmn|” " ~
>3 Gty < 2 i P P{| Xl > o} da
m=1 n:l m= n:l
oo 00 ml/apt/r
<CY Y / par P{IXI| > 2} do
m=1n=1
o0 o0 1
=¢ / P{||X|| > t"/Pm! 10!/} dt
m=1n=170
o t1/pnl/r m
0 n=1 “m=1

E(]|X1|7) /O (tq/p 2:: nq/r> dt < oo.

By applying Corollary 3.1, it follows that

k 1
SUP (k1)< (mn) Die1 Dje1 Uij
ml/a+1/ppl/r+1/p

“Le g,

and by Theorem 3.1, we get

k l
SUDP (k1)< (m,n) Ei:l Zj:l Uij

—0as. and in L, asmVn — oo.

ml/qnl/r
Then
P(k,1)<(m,n) Zfﬂ El-—1 Uij
(4.2) = ’l/q T = —+0as. and in L; asmVn — oo.
m~/9n*/T

Next

i i EllZmn]l* i i h se* L P{|| Zyn || > 2} dz

=1 (m/ant/r)s ms/qng/r "
m=1n= =1n=1
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m/l/qnl/-r

_ © 1 s—1 1/q. 1/r

=1 n=1

3

oo

0o 00
1 s—1

1/qpl/r

ml/apl/r

C Z Z mg/Qng/?" / x871P{HXH > ml/qnl/T’}dx

m=1n=1
0o

XS i PO )
ZC(ZZ {'UL 1/q}
+ Z / = P{||IX]|| >tm1/qn1/’“}dt)
Ell X2 0o . 0o 00 X
sC Z n‘q/rH +/1 t 1( ZP{L/JL >m1/q}) dt)

o0

1/ 1
<CE|X|anq/r</l Wdtﬂ) < .

n=1

By applying Corollary 3.1, it follows that

k l
SUDP(k,1)=<(m,n) Dz Ej:l Vij ﬁ 0
ml/at1/spl/r+1/s

and by Theorem 3.1 we have

k l
SUD (4,1) < () 2oi=1 2oj=1 Vij

a1 — 0 as.andin £, as mVn — oo.
m /(In /T

(4.3)

By (4.2), (4.3) and since the inequality E||X + Y||* < 257 1(E|| X||* + E||Y||*) holds

for 1 < s < 2 we have (4.1). The proof is completed. O
Finally, we establish the rate of convergence in the strong law of large numbers.
Theorem 4.3. Let 0 < r < p, 0 < s < p, let E be a p-uniformly smooth Banach

space for some 1 < p < 2 and {X,un; (myn) = (1,1)} an E-valued martingale

differences double array. If

= E|| Xmnl|?
>3 Al

m=1n=1
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then

(4.4) P( sup 1Sall > 5) = 0(

) asmVmn — oo for every € > 0.
(kD)= (mn) Kl

m'ns

Proof. By (ii) in Theorem 3.4 and Lemma 2.2 (with {b,, = m!T(1=")/P x
pTA=9)/P. (m,n) = (1,1)}), we have

1 c,L
mlt+(1=r)/ppl+(1—s)/p (k,lgg%i,n) 15k —0,

and by Theorem 3.2 (with a« =1 —1r,8 =1 —s), we have (4.4). O
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