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KYBERNETIKA — VOLUME 50 (2014), NUMBER 2, PAGES 246-267

A COMPARISON OF EVIDENTIAL NETWORKS
AND COMPOSITIONAL MODELS

JIRINA VEJNAROVA

Several counterparts of Bayesian networks based on different paradigms have been proposed
in evidence theory. Nevertheless, none of them is completely satisfactory. In this paper we will
present a new one, based on a recently introduced concept of conditional independence. We
define a conditioning rule for variables, and the relationship between conditional independence
and irrelevance is studied with the aim of constructing a Bayesian-network-like model. Then,
through a simple example, we will show a problem appearing in this model caused by the use
of a conditioning rule. We will also show that this problem can be avoided if undirected or
compositional models are used instead.
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1. INTRODUCTION

When applying models of artificial intelligence to any practical problem one must cope
with two basic problems: uncertainty and multidimensionality. The most widely used
models managing these issues are, at present, so-called probabilistic graphical Markov
models.

The problem of multidimensionality is solved in these models with the help of the
notion of conditional independence, which enables factorisation of a multidimensional
probability distribution into small parts, usually marginal or conditional low-dimensional
distributions (e.g. in Bayesian networks), or generally into low-dimensional factors
(e.g. in decomposable models). Such a factorisation not only decreases the storage
requirements for representation of a multidimensional distribution but it usually also
induces efficient computational procedures allowing inference from these models.

Probably the most popular representatives of these models are Bayesian networks,
while from the computational point of view so-called decomposable models are the most
advantageous. Naturally, several attempts to construct an analogy of Bayesian networks
have also been made in other frameworks as in, for example, possibility theory [5],
evidence theory [4] or in the more general frameworks of valuation-based systems [15]
and credal sets [7], while counterparts of decomposable models are, more or less, omitted.
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In this paper, summarizing results published in several conference proceedings [21], 22]
23] we confine ourselves to evidence theory. Previously proposed counterpart of Bayesian
networks, so-called directed evidential networks [4], does not seem to us satisfactory
because of the conditional independence concept (or its misinterpretation), as we will
demonstrate on a simple example. We will present a new concept of evidential networks
based on the independence concept introduced in [18] (see also [I1]). For this purpose
a new conditioning rule for variables is proposed to enable a reasonable relationship
between conditional independence and irrelevance based on this rule. Nevertheless,
problems exist also in this type of models, caused by the use of a conditioning rule.
Again, this problem will be demonstrated through a simple example, which also indicates
that this problem can be avoided if undirected or compositional models are used instead.

The paper is organised as follows. After a brief overview of basic concepts neces-
sary for understanding the paper in Section 2, Section 3 is devoted to conditioning
in evidence theory, especially from the viewpoint of evidential networks (including the
definition of a new conditioning rule for variables and proof of its correctness). In Sec-
tion 4 conditional independence and irrelevance are recalled and their relationship as
it applies to the above-mentioned conditioning rule is studied. Finally, in Section 5,
after demonstrating the problems connected with directed evidential networks, we will
recall compositional models and we will compare evidential networks with compositional
models (and decomposable models).

2. BASIC CONCEPTS

In this section we will recall, as briefly as possible, basic concepts from evidence theory
[14] concerning sets and set functions.

2.1. Set projections and extensions

For an index set N = {1,2,...,n} let {X;};cn be a system of variables, each X; having
its values in a finite set X;. In this paper we will deal with a multidimensional frame of
discernment]l

XN:X1 XXQX...XXn,

and its subframes (for K C N)
X.K = XiEKXi'

When dealing with groups of variables on these subframes, X will denote a group
of variables {X;};cx throughout the paper.

A projection of x = (x1,72,...,2,) € Xy into Xg will be denoted x!¥, i.e., for
K = {iy,ia, ... i} B

o = (2, 20y, w,) € Xk

Analogously, for M ¢ K C N and A C Xg, A" will denote a projection of A into

Xys. In this case
AWM — Ly e Xy | Tz € Ay = 2tM}

ILet us note that already Kong [I3] dealt with multidimensional belief functions.
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In addition to the projection, in this text we will also need an inverse operation that
is usually called a cylindrical extension. The cylindrical extension of A C X to X,
(K C L) is the set
AMF = {z e Xy 2t € A}
Clearly
ATL =Ax XL\K

A more complex case is to make a common extension of two sets, which will be called
a join [I]. By a join of two sets A C X and B C Xy, (K,L C N), we will understand
a set
ANB:{meXKUL:leEA & leEB}.

Let us note that, for any C C Xy, naturally C C CY¥ > CHE, but generally
C # CHE pa OlF,

Let us also note that if K and L are disjoint, then the join of A and B is just their
Cartesian product, At B=Ax B, and if K = Lthen AB=ANB. If KNL#D
and AVKOL N BUENL — () then A > B = () as well. Generally,

A1 B = (A X XL\K) n (B X XK\L)a

i.e., a join of two sets is the intersection of their cylindrical extensions.

2.2. Set functions

In evidence theory [I4], two dual measures are used to model the uncertainty: belief and
plausibility measures. Each of them can be defined with the help of another set function
called a basic (probability or belief) assignment m on Xy, i.e.,

m: P(Xy) — [0, 1],
where P(X ) is the power set of X, and
> m(A)=1.
ACXy

Furthermore, we assume that m(0) = OE|

A set A € P(Xy) is a focal element if m(A) > 0. Let F denote the set of all focal
elements: a focal element A € F is called an m—atom if for any B C A either B = A or
B £F. In other words, m—atom is a setwise-minimal focal element.

Belief and plausibility measures are defined for any A C Xy by the equalities

Bel(A)= Y m(B), Pi(A)= Y m(B), (1)

BCA BNA#D
respectively. It is well-known (and evident from these formulae) that for any A € P(Xy)

Bel(A) < PI(A), PI(A) =1 — Bel(A°), (2)

2This assumption is not generally accepted, e.g., in [2] it is omitted. The consequences of this
omission will be mentioned several times throughout this paper.



A comparison of evidential networks and compositional models 249

where A® is the set complement of A € P(Xy). Furthermore, basic assignment can be
computed from the belief function via M&bius inverse:

m(A) = > (-1)"\FIBel(B), (3)

BCA

i.e., any of these three functions is sufficient to determine values of the remaining two.
For a basic assignment m on Xg and M C K, a marginal basic assignment of m on
X is defined (for each A C Xjy) by the equality

M
m(A) = 3" m(B). (4)
BCXxk
BiM=A
Having two basic assignments my and ms on X and X, respectively (K,L C N),
we say that these assignments are projective if

m%KﬂL _ m%Kr‘]L,
which occurs if and only if there exists a basic assignment m on Xy, such that both
my and my are marginal assignments of m.

Dempster’s rule of combination [14] has, from the time it first appeared, been fre-
quently criticised by many authors. Therefore, many alternatives to it were suggested
by various authors. From the viewpoint of this paper, the most important is the con-
Junctive combination rule [3], which is, in fact, an unnormalised Dempster’s rule defined
for my; and my on the same space X g by the formula

(m®ms)(C) = Z my(A)mg(B).
A,BCXx ANB=C

The result of this rule is one of the examples of unnormalised basic assignment.
It can easily be generalised [3] to the case when my is defined on Xg and mqy is
defined on X, (K # L) in the following way (for any C € Xgyr):

(m1@ms)(C) = > m1 (A)my(B). (5)
ACXy,BCXy
ATLUKABTLUK —_(

3. CONDITIONING
Conditioning is one of the most important topics of any theory dealing with uncertainty.
When studying Bayesian-network-like multidimensional models one can hardly avoid it.
3.1. Conditioning of events

In evidence theory the “classical” conditioning rule is the so-called Dempster’s rule of
conditioning [14] defined for any ) # A C Xy and B C Xy such that PI(B) > 0 by the

formula
> m(©)

CCXn:CNB=A
PI(B)

m(A|pB) =
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and m((| pB) = 0. This conditioning rule can be viewed as a special case of Dempster’s
rule of combination.
From this formula one can immediately obtain:
Bel(AU B®) — Bel(B®)
Bel(A|pB) =
el(4lpB) 1— Bel(BO) ’
PI(AN B)

Pl(A|pB) = B (6)

This is not the only possible way to perform conditioning. Another — in a way
symmetric — conditioning rule is the following one, called focusing [10], defined for any
) £ A C Xy and B C Xy such that Bel(B) > 0 by the formula

m(A)
m(A|pB) = Bel(B)
0 otherwise.

if ACB,

From the following two equalities one can see in which sense these two conditioning
rules are symmetric:

Bel(A|lpB) = BZ(;(;;B), (7)
Cy _ C
PI(AlpB) = PZ(A;JfP;(Bf)Z(B)

These are, of course, only examples of conditioning rules, there exist a great number
of them, see e.g. [§].

3.2. Conditional variables

In [20] we presented the following two definitions of conditioning by variables, based
on the Dempster conditioning rule and focusing, we proved that these definitions are
correct, i.e., these rules define (generally different) basic assignments (for more details
see [20]). As we recently realized, Xu and Smets [24] dealt with similar problem, however
they avoided normalization.

Nevertheless, the usefulness of the above-mentioned conditioning rules for multidi-
mensional models is rather questionable, as we shall see in Section This fact led us
to the following proposal of a new conditioning rule.

Definition 3.1. Let Xx and X (K N L = @) be two groups of variables with values
in X and X, respectively. Then the conditional basic assignment of X given Xy, €
B C Xy, (for B such that m!L(B) > 0) is defined as follows:

> m(O)

CCXkur:

LK — IL—
mxepx, (AIB) = =TS (8)

for any A C Xg.
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Although this conditioning rule does not have its event preimage, it is sensible in
conditioning of variables (in other words, it is correctly defined) as expressed by Theo-
rem

Theorem 3.2. The set function mx,|x, defined for any fixed B C Xj such that
m!E(B) > 0 by Definition is a basic assignment on X

Proof. Let B C X; be such that m!®(B) > 0. As nonnegativity of
mx,|x, (A|B) for any A C X and the fact that mx, x, (0],B) = 0 follow directly
from the definition, to prove that myx,|x, is a basic assignment it is enough to show

that
Z mXK|XL(A|B) =1.
ACX i

To check it, let us sum up the values in the numerator in

> Yoo o om@) = > m0)

AQXK CQXKUL: CQXKUL
CIK=A&CIL=B ClL=B
= mi(B),
where the last equality follows directly from . a

The difference among Dempster conditioning rule, focusing and conditioning rule
introduced in Definition [3.1] is illustrated by the following simple example.

Example 3.3. Let X7, X5 and X3 be three binary variables with values in X; =
{a;,a;}, i =1,2,3, and m be a basic assignment on X; x Xy x X3 defined as follows

m(X1 X Xo X {63}) =.5, (9)
m({(a1’a27a3)7(d17@27a3)}) =.5. (10)

Let us compute conditional basic assignments of X; and X5 given X3 for the above
mentioned conditioning rules. Marginal basic assignment of X3 is

m({as}) =5, m(Xs)=.5.
From these values one gets
Bel({as}) = .5,  Bel(X3) =1
and
Pl({as}) = 5, Pi({as}) =1, PI(Xs)=1.

Therefore, one can perform conditioning by {as} and X3 for any conditioning rule (and
also by {a3} by Dempster’s rule). Doing that one obtains:

m(X1 X X2|{dg}) = ].,
m({(a1,az), (a1,a2)}|X3) =1,
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while
m(X1 X X2|F{EL3}) = 1,
m({(a1,az), (a1,a2)}|rXs) = .5,
m(X1 X X2|FX3) = .5,
and
m(X1 X X2|D{dg}) = ].7
m({(a1,az), (a1,a2)} p{as}) = 1,
m({(ala a/2)7 (dla d2)}|DX3) = '57
m(X1 X X2|DX3) = .5,
from which the difference can be seen. O

The main disadvantage of the new conditioning rule is, that conditional by the whole
subframework need not be identical with the marginals (as e.g., in the above example).
In this respect it differs from both Dempster conditioning rule and focusing. It is caused
by the fact, that conditioning via means that the value of X belongs exactly to B
(and not to any other set), while in focusing it may belong to any subset of B and using
Dempster rule even to any subset intersecting it.

4. CONDITIONAL INDEPENDENCE AND IRRELEVANCE

Independence and irrelevance need not be (and usually are not) distinguished in the
probabilistic framework, as they are almost equivalent to each other. Similarly, in possi-
bilistic framework adopting De Cooman’s measure-theoretical approach [9] (particularly
his notion of almost everywhere equality), we proved that the analogous concepts are
equivalent (for more details see [I7]).

4.1. Independence

In evidence theory the most common notion of independence is that of a random set
independence [6]. It has already been proven [I8] that it is also the only sensible one, as,
e.g., application of strong independence to two bodies of evidence may generally lead
to a model which is beyond the framework of evidence theory.

Definition 4.1. Let m be a basic assignment on X and K, L C N be disjoint. We say
that groups of variables X g and X, are independenﬂ with respect to a basic assignment
m (in notation K I L [m]) if

leUL(O) — mLK(C«iK) _mlL(OLL)

for all C C X gz for which € = CX x C'F) and m(C) = 0 otherwise.

3This independence concept is a generalization of the concept of evidential independence on different
frameworks, i.e. joint basic assignment can be obtained from the marginals using Dempster rule.
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This notion can be generalised in various ways [3] [15, [I8]; the concept of conditional
non-interactivity from [3], based on conjunctive combination rule (J5)), is used for con-
struction of directed evidential networks in [4] (cf. also Section In this paper we
will use the concept of conditional independence introduced in [I1] [18§], utilizing the
concept of a join as a generalization of Cartesian product (cf. also end of Section 2.1).

Definition 4.2. Let m be a basic assignment on Xy and K,L, M C N be disjoint,
K # () # L. We say that groups of variables X and X are conditionally independent
given X with respect to m (and denote it by K I L|M [m)), if the equality

leULUM(C) . mlM(CLM) _ leUM (C«LKUM) . mlLUM<ClLUM) (11)
holds for any C' C X xuruar such that C = CHEUM g CHUM “and m(C) = 0 otherwise.

It has been proven in [I8] that this conditional independence concept satisfies the
so-called semi-graphoid properties taken as reasonable to be valid for any conditional
independence concept and it has been shown in which sense this conditional indepen-
dence concept is superior to previously introduced ones [3 [I5]. Contrary to these condi-
tional independence concepts, it is consistent with marginalisation [L6]; in other words,
the multidimensional model of conditionally independent variables keeps the original
marginals (for more details see [1§]).

4.2. Irrelevance

Irrelevance is usually considered to be a weaker notion than independence (see, e.g.,
[6]). Tt expresses the fact that a new piece of evidence concerning one variable cannot
influence — in other words, is irrelevant to — the evidence concerning the other variable.
More formally: the group of variables X is irrelevant to Xx (K N L = () with
respect to m if for any B C X, such that the left-hand side of the equality is defined

mXK‘XL(A‘B) :m(A) (12)

for any A C X KE'

It follows from the definition of irrelevance that it need not be a symmetric relation.
Let us note that in the framework of evidence theory, neither irrelevance based on the
Dempster conditioning rule nor that based on focusing, imply independence even in
cases when the relation is symmetric, as can be seen from examples in [20].

Generalisation of this concept to conditional irrelevance may be done as follows. A
group of variables Xy, is conditionally irrelevant to X given Xps (K, L, M disjoint,
K#0#L)if

Mx o1 x1 X0 (AIB) = mx g x,, (A|BYY) (13)
is satisfied for any A C X and B C Xy such that both sides are defined.

Let us note that the conditioning in equalities and stands for an abstract
conditioning rule (any of those mentioned in the previous section or elsewhere [§]).

4Let us note that a somewhat weaker definition of irrelevance can be found in [2], where equality is
substituted by proportionality. The reason for this weakening is the simple fact that the authors do not
require normality. This notion has later been generalised using the conjunctive combination rule [3].
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However, the validity of and may depend on the choice of the conditioning
rule, as we showed in [20] — more precisely, irrelevance with respect to one conditioning
rule need not imply irrelevance with respect to the other.

4.3. Relationship between independence and irrelevance

As mentioned at the end of the preceding section, different conditioning rules lead to
different irrelevance concepts. Nevertheless, when studying the relationship between
(conditional) independence and irrelevance based on the Dempster conditioning rule
and focusing, we realised that they do not differ too much from each other, as suggested
by the following summary of results presented in [20].

For both conditioning rules:

e Irrelevance is implied by independence.

e Irrelevance does not imply independence.

e Irrelevance is not symmetric, in general.

e Even in case of symmetry it does not imply independence.

e Conditional independence does not imply conditional irrelevance.

The only difference between these conditioning rules is expressed by the following
theorem, proven in [20].

Theorem 4.3. Let Xx and X, be conditionally independent groups of variables given
X under joint basic assignment m on Xgurun (K, L, M disjoint, K # 0 # L). Then

M
mXK\FXLXM(A|FB> :mXK‘FXM(A‘FBl ) (14)
for any mttYM_atom B C Xyuar such that B*M is miM-atom and A C X.

From this point of view, focusing seems to be slightly superior to the Dempster
conditioning rule, but it is still not satisfactory. However, the new conditioning rule
introduced by Definition [3.1] is more promising, as we can see in the following theorem.

Theorem 4.4. Let K, L, M be disjoint subsets of N such that K,L # (). If X, and
X, are independent given X, (with respect to a joint basic assignment m defined on

Xkurum ), then X is irrelevant to Xk given X, under the conditioning rule given by
Definition B.11

Proof. Let Xg and X be conditionally independent given X,;; then for any A C
Xgurum such that 4 = AHEOM pg AILUM

m(A) - M (AIMY) = g LKUM (JLEKUMY o LLUM (4 ILUM)

and m(A) = 0 otherwise. From this equality we immediately obtain that for all A such
that m!EOM (ALUMY > ( (it also implies that mM (AM) > 0) equality

m(A) m KUM (ALKUM)

mlLuM(AlLuM) - mlM(AlM)
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is satisfied. Let us note that the left-hand side of this equality is equal to
M | X 1o (AT |AVEOM) “hecause of the fact that A is the only focal element whose pro-
jections on X g and Xy are equal A and AYYM | respectively. Under similar con-
siderations one arrives to the fact that the right-hand side equals my,|x,, (A]AMM),
which means that X, is irrelevant to Xx given Xj;. O

The reverse implication is not valid in general, as suggested by the following exam-
ple, which expresses the expected property: conditional independence is stronger than
conditional irrelevance.

Example 4.5. Let X; and X5 be two binary variables (with values in X; = {a;,a;})
with joint basic assignment m defined as follows:

m({aiaz}) = .25,

m({a1} x Xs) = .25,

m(X1 X {ag}) = .257
(

m X1 X X2 \ {5415,2}) =.25.

From these values one can obtain
m‘2({as}) = m*?(Xy) = .5.

Evidently, it is not possible to condition by {as}; so we have to confine ourselves to
conditioning by {a2} and Xa:

my, x, {a1}{a2}) = mx, x,({a1}1X2) = .5 = m** ({a1}),
mx, x,({a1}{a2}) = mx, x,({a1}1X2) = 0=m' ({a1}),
mx, x,(Xi[{az2}) = mx, x,(X11X2) =.5=mt(Xy),

i.e., X; and X5 are irrelevant. But they are not independent, as the focal elements are
not rectangles, which contradicts Definition [} &

However, in Bayesian networks the reverse implication also plays an important role:
as for the inference, the network is usually transformed into a decomposable model.
Nevertheless, the following assertion holds true.

Theorem 4.6. Let K,L, M be disjoint subsets of N such that K,L # 0; mx,|x,,
be a (given) conditional basic assignment of Xy given Xys; and mx, ,, be a basic
assignment of Xyups. If X is irrelevant to Xg given X, under the conditioning rule
given by Definition then X and X, are independent given X, (with respect to a
joint basic assignment m = mx . |x,, - mXLUMﬂ defined on Xxyrua)-

5Let us note that due to Theorem mx, ., is marginal to m and mx, |x,, can be re-obtained
from m via Definition



256 J. VEINAROVA

Proof. Irrelevance of X to Xi given Xj; means that for any A C Xg and any
B C Xy such that mPYM(B) >0

MX k| XLom (A|B) =MXk|Xn (A|BLM)'
Multiplying both sides of this equality by m!TYM (B) . m!™(BIM) one obtains

M| X o (AIB) - m M (B) - m M (BHT)

= MX|Xn (A|BLM) ' miLUM(B) : mlM(BiM)a
which is equivalent to
m(A x B) - mM(BM) = mEOM (A x pIMY - LOM (B,

Therefore, the equality is satisfied for C C X gyurum such that C = A x B, where
A C X and B C Xpypr. Due to Theorem [3.2]it is evident that

> m(Ax B) =1,

ACXk,BCXrum

and therefore equality is also trivially satisfied for any other C =
= CHEWM q CHUM = and m(C) = 0 otherwise as well. Therefore, X and X are
independent given X, with respect to a joint basic assignment m=mx . |x,, “Mx, -

This theorem makes it possible to define evidential networks in a way analogous to
Bayesian networks, but simultaneously a question arises: are these networks advan-
tageous in comparison with other multidimensional models in this framework? The
following section (more precisely, its last subsection) brings at least a partial answer to
this question.

5. EVIDENTIAL NETWORKS AND COMPOSITIONAL MODELS

In this section we will deal with directed evidential networks 4] and evidential networks
studied in Section [5.3] These two models differ not only in the conditioning rule, but
also, and it seems to be more important, by the interpretation of the graph structure of
the model, as we shall see later.

5.1. Directed evidential networks

In this subsection we will deal with directed evidential networks which differ, as al-
ready mentioned at the beginning of this section, by the conditioning rule and by the
interpretation of the graph structure of the model.

In directed evidential networks [4] conditional beliefs are assigned to arcs, i.e., as
many conditionals are assigned to every node as is the number of its parents. These
conditionals are subsequently combined by the conjunctive combination rule .

In this section we will, using a simple example, demonstrate problems caused by this
approach.
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ACC; | mi(A) {ha}  {ta} {ho,ta}
(h} | 49 () | 24 24 01
{t:y | 49 ) | 24 24 0

(hiti} | .02 (hi,ti} | 01 01 ~o0

Tab. 1. Basic assignments m; and joint basic assignments

mi2 = M1 - mMma.

m {b} {v} {b,b}
{he} {to} {ho,ta} | {he} {t2} {ho,t2} | {ho} {ta} {ho,t2}

{hi} | 24 0 0 0 24 0 0o 0 .01
{t} | 0 24 0 240 0 0o 0 .01
{hi,ts}] 0 0 0 0 0 0 0l 01 ~0

Tab. 2. Joint basic assignment m of variables C;,C> and B.

Example 5.1. Let us consider two fair coin tosses expressed by variables C7 and Cy
with values in C; and Cs, respectively (C; = {h;,t;}), and the basic assignments m;
and mo (contained in the left part of Table|l)) expressing the fact that the result of any
toss may from time to time be unknown. The results of tossing two coins are usually
considered to be independent, therefore the joint basic assignment m1s is just a product
of these my and mqy (cf. definition of a random set independence at the beginning of
Section (] and the right part of Table .

Now, let us consider one more variable, B, expressing the fact that the bell is ringing,
i.e., B = {b,b}. It happens only if the result on both coins is the same (two heads or
two tails). It is evident that B depends on both C; and Cj, which corresponds to the
graph in Figure 1 and (due to deterministic dependence of the values of B on the values
of C1 and C5) the joint basic assignment of the three variables is in Table

Fig. 1. Directed graph from Example 2.

The approach suggested by Ben Yaghlane et al [4] starts from belief functions of Cy
and Cy and conditional belief functions of B given C; and Cs, respectively. To make the
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ACC; | mi(A) DCB | m;(D)
{h:} 49 {v} 49
{t:1} 49 {b} 49

{hi,t1} | .02 {b,b} .02

Tab. 3. Basic assignments m; and conditional basic assignments m ;.

m {b*} {b,b}
{ho}  {to} {ho,to} | {ho} {to} {ho,ta}
{h1} 0624 .0624 .0025 .0001 .0001 ~0
{tl} 0624 .0624 .0025 .0001 .0001 ~0
{(hi,t1} | 0025 0025 0001 | ~0 ~0  ~0O

Tab. 4. Joint basic assignment of variables C1,C2 and B based on
the conjunctive combination rule; b* stands for either b or b.

problem caused by this approach more apparent, we will use basic assignments instead
of belief functions (belief functions, nevertheless, can be easily obtained from them by
(1)). The conditional basic assignments of B given C;,i = 1,2 can be found in the right
part of Table Let us note that these conditional basic assignments do not depend
on the condition, as the results of tossing two coins are independent and therefore the
event that the bell rings also does not depend on the result of one coin.

The values of joint basic assignments are computed from Table (3| using the (non-
normalised) conjunctive combination rule. Results of these computations can be found
in Table [

It is evident that the independence (non-interactivity) between coins C; and Cj has
been substituted by conditional non-interactivity, which does not make sense, as C7 is
strongly dependent on Cs whenever B is known. &

In the last subsection of this section we will show how to model this problem using
our approach to evidential networks. Before doing that we have to recall the concept of
compositional models.

5.2. Compositional models

Compositional models are based on the concept of the operator of composition of basic
assignments, introduced in [I2] in the following way.

Definition 5.2. For two arbitrary basic assignments m; on Xg and my on X, a com-
position mq >mg is defined for all C' C X1, by one of the following expressions:
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(a) if miE"H(CHEOLY > 0 and C = CYX b CH then

my (CHE) - my(CHE)
m%KnL(CleL) ’

(m1 > mg)(C) =

(b) if my* M (CHENL) = 0 and O = CH¥ x X, i then
(m1 > ’ITQ)(C) = ml(ClK);
(c) in all other cases
(m1 > mg)(C) = 0.

From the basic properties of this operator (proven in [I1} [12]) it follows that the
operator of composition is not commutative in general, but it preserves the first marginal
(in case of projective basic assignments both of them). In both of these aspects it differs
from the conjunctive combination rule. Let us illustrate this fact by the following simple
example.

Example 5.3. Let X;, X5 and X3 be three binary variables with values in X; =
{a1,a1},Xe = {ag,a2}, X3 = {as,as} and m; and ms be two basic assignments on
X1 x X3 and X5 x X3 respectively, both of them having only two focal elements:

=5, (15)

Since their marginals are projective
13, 13,
my ({as})=my ({as}) = .5,
13 _ 13 _
my ({a37 a3}) =my ({afb G'S}) =.9,

there exists (at least one) common extension of both of them.
Applying to the marginals one obtains

(m1®ms) (X1 x Xg x {az}
(m1@m2) (X x {az} x {as}
(m1®ms)({a1} x Xg x {az})=

(m1®ms)({(a1,az,as), (a1, as,as3)}) =

with marginal basic assignments

(16)

— — — —
I
l\D M l\.')

(m1®@ma) 3 ({(a1,a3), (a1, az)}) =.5,
(m1®ma) '3 ({(a1,a3)}) = .25,
(m1@ma)*?({(a1,as3), (a1, as)}) = .25,
(m1®m2)'?3({(az, as), (@, a3)}) =5,
(m1®ma)'?({(az,a3)}) = .25,

), (@2,a3)}) =2

(m1® mg)i23({((12, as
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On the other hand, composition of basic assignments m; and my defined by is by
Definition (.21

(m1 l>m2)(X1 X X2 X {@3}) = .5, (17)
(mlDm?)({(alva%aﬁ)ﬂ(61,62’0'3)}) =.5, (18)
which keeps, due to projectivity, both marginals. &

Furthermore, the operator of composition is not associative and therefore its iterative
applications must be made carefully, as we will see later.

A lot of other properties possessed by the operator of composition can be found in
[11L[12]; here we will confine ourselves to the following theorem (proven in [I1]) expressing
the relationship between conditional independence and the operator of composition.

Theorem 5.4. Let m be a joint basic assignment on Xy, K, L C M. Then (K \ L) 1L
(L\ K)|[(KNL) [m] if and only if

mtEUE(A) = (mM > mth)(4)
for any A C Xgur.

Now, let us consider a system of low-dimensional basic assignments my,ma, ..., my,
defined on Xk, ,Xk,,- .., Xk, , respectively. Composing them together by multiple ap-
plications of the operator of composition, one gets a multidimensional basic assignment
on X g, UK,uU..UK, - However, since we know that the operator of composition is nei-
ther commutative nor associative, we have to properly specify what “composing them
together” means.

To avoid using too many parentheses let us adopt the following convention. Whenever
we write the expression mi > mg > ... > m, we will understand that the operator of
composition is performed successively from left to rightﬁ

mi>mob...bmy = (...((M1>ma)>mz)>...)>my,. (19)
Therefore, multidimensional model is specified by an ordered sequence of low-
dimensional basic assignments — a generating sequence mi,Ma, ..., My.
5.3. Evidential network generated by a perfect sequence

From the point of view of artificial intelligence models used to represent knowledge in a
specific area of interest, a special role is played by the so-called perfect sequences, i.e.,

generating sequences msi,mas, ..., My, for which
mibme = Mmgbmy,
mpb>mob>mg = m31>(m11>m2),
mi>mab...bmM, = myb>(mib>...>Mmy_1).

6Naturally, we will use parentheses to change the ordering in which the operators are to be performed.
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The property explaining why we call these sequences “perfect” is expressed by the
following assertion proven in [IT].

Theorem 5.5. A generating sequence mq,mo,...,m, is perfect if and only if all as-
signments mi, ma, ..., m, are marginal assignments of the multidimensional assignment
mi>mobl...D>mMy:

<

(mi>mod>...>my)""Y =my,

forall j=1,...,n.

Now, let us present a simple algorithm for the construction of an evidential network
from a perfect sequence of basic assignments.

Having a perfect sequence my, ma, ..., my, (m¢ being the basic assignment of X, ),
we first order all the variables for which at least one of the basic assignments my is
defined in such a way that first we order (in an arbitrary way) variables for which my is
defined, then variables from mo which are not contained in mq, etcm Finally we have

{X1, X2, X5, Xi} = {Xibiex,u. UK, -
Then we get a graph of the constructed evidential network in the following way:
1. the nodes are all the variables X1, X5, X3,..., Xk;

2. there is an edge (X; — X;) if there exists a basic assignment m, such that both
i, € Kp, j€ K1 U...UKy_1 and either i € K1 U...UKy_; ori < j.

Evidently, for each j the requirement j € Ky, j & K1U...UK,_1 is met exactly for one
¢e{l1,...,n}. It means that all the parents of node X; must be from the respective set
{Xi}iek, and therefore the necessary conditional basic assignments m;,,(;) can easily
be computed from basic assignment my via .

Example 5.6. Let usillustrate this simple procedure for reconstruction of the evidential
network from the perfect sequence of distributions

ml(T), mg(G, B),mg(D,T, G), m4(R, B),m5(VV, R, D)

Regarding the described process we have to start by ordering the variables. The first
variable must be 7', as m; contains only this variable. The second one must be B or G,
as both are contained in ms and none of them in my, and the third one the other. Let
us choose first G and then B. The fourth must be D, as it is the only variable contained
in mg and neither in m; nor in msy. Analogously, fifth one must be R and the last one
W. Hence, we have the ordering

T,G,B,D,R,W.

Node T first appears among the variables of mj. As this distribution is defined only
for this single variable there is no edge leading to this node. The second variable G

"Let us note that variables X1, Xs,..., X}, may be ordered arbitrarily, nevertheless, for the chosen
ordering proof of Theorem is much simpler than in the general case.
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Fig. 2. Acyclic directed graph of an evidential network reconstructed
from a perfect sequence m1, ma, ms, ma, ms.

appears first in distribution ma(G, B). The arrow (B — G) would be inserted into the
graph if either B would be before variable G in the selected ordering, or, if it were among
the variables for which some of the preceding distributions would be defined. None of
these conditions is met and therefore the edge (B — G) is not included into the graph.
The third variable B appears again among the variables for which ms is defined. This
time, however, G precedes B in the chosen ordering of the variables, and therefore edge
(G — B) is included into the graph.

Variable D appears first among the arguments of ms. Both the remaining variables
T, G are among the arguments of the preceding distributions (m; and mq, respectively)
and therefore we have to define both the edges (T' — D) and (G — D). Similarly,
we have to include edges (B — R) (B is among the variables for which ms is defined)
and (D — W) and (R — W) (D and R are among the arguments of ms and my,
respectively). The resulting graph is in Figure 2.

The only arbitrariness in the ordering of variables is that of ordering of those from
ms, as none of them appeared in preceding basic assignment. If we use the ordering
T,B,G,D, R, W, then the arrow (B — G) will be included instead of (G — B). O

Generally, if both ¢ and j are in the same basic assignment and not in previous ones,
then the direction of the arc depends only on the ordering of the variables. This might
lead to different independences. Nevertheless, the following theorem sets forth that any
of them is induced by the perfect sequence.

Theorem 5.7. For a belief network defined by the above-described procedure the fol-
lowing independence statements are satisfied for any j = 2,...k:

{77 L ({i: i <j}\pa(d) | pa(s), (20)

where pa(j) is the set of parents of the node j.

Proof. Let j€ Ky, j¢ K1U...UKy_1. Due to the fact that

mi>mob...bmy_1>mp= (- (Mmi>ma)> - >my_1)>my
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and Theorem [5.4] we have that
K, \ (Klu...UKg_l) AL (KlU...UKg_l)\Kg‘Kgﬂ(KlU...UKg_l). (21)

It is evident that (K3 U...UKy_1)\ K; = {i:4 < j} \ pa(j), let us denote this set by
L. Now, there are two possibilities: either K, N (K3 U...UK;_1) = pa(j) (if j does not
have any parents appearing first in K;) or Ky N (K3 U...U Ky_1) C pa(j) (otherwise).

In the first case either K\ (K1U...UK;_1) = {j} and we immediately obtain (20)), or

K, \ (K1 U ... U Kj1) D {j} and (20) follows from (21)
due to K UM 1 L|II [m] = K 1 L|I [m] (following for any mutually
disjoint sets I,K,L,M from semi-graphoid properties), where K = {j},
M=K \(KiU...UK; )\ {jtand I =K, N (K1 U...UKy_1) = pa(j).

In the latter case, we start by application of the implication
KUM 1L LI [m] = K 1 LIM UI [m], whose validity for any mutually disjoint sets
I,K,L.M again follows from the semi-graphoid properties, to
K = Kg\(KlU...UKg_l) \ pa(j),M = (Kg\(KlLJ...UKg_l)) N pa(j) and
I =KnEKU...UKy—1). As MUI = pa(j), we can then proceed analogous to
the previous paragraph to obtain . O

Example 5.6. (Continued) Let us note that basic assignments m1, mg and ms form
a perfect sequence. The graph in Figure 1 can easily be obtained from this perfect
sequence via the algorithm presented above. Together with the system of (conditional)
basic assignments my, me and mp|c, ¢, contained in Table 5/ (due to a lack of space, x;
stands for either h; or t;, i = 1,2, the remaining values of conditional basic assignment
are undefined) it forms an evidential network.

{h1ho} {hita} {t1ha} {tata} | {z1ha, 212} {h12a,t129} Cq1 X Ca
{b} 1 0 0 1 0 0 0
{b} 0 1 1 0 0 0 0
{b,b} 0 0 0 0 1 1 1

Tab. 5. Conditional basic assignment mp|c, ¢, of variable B given
Cl and CQ.

From Table 5 the difference between the approach of Ben Yaghlane et al. [4] and our
models is evident. Here the conditional dependence between the results on the two coins
given the ringing of the bell (or not) is kept. The resulting model clearly coincides with
values contained in Table &

5.4. Evidential network vs. compositional model

At the end of Section 4 we asked the question whether evidential networks are advanta-
geous in comparison with other multidimensional models in this framework.
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In the preceding subsection we showed that they are more powerful than directed
evidential networks, as they are able to distinguish between conditional and uncondi-
tional independence. Nevertheless, the following example demonstrates that although
any compositional model can be transformed into an evidential network, it may happen
that the latter is more imprecise than the former.

Example 5.8. Let X7, X5 and X3 be three binary variables with values in X; =
{a;,a;},1=1,2,3, and m be a basic assignment on X; x Xg x X3 defined as follows

m(X1 X X2 X {C_Lg}) = .5, (22)
m({(al,a2,a3),(&1,&2,a3)}) =.b. (23)

Variables X; and X5 are conditionally independent given X3 with respect to m. There-
fore X5 is also irrelevant to X; given X3, i.e.,

mX1|X23(A|B) = mX1\X3(A|Bl{3})’ (24)

for any focal element B of m!{?3}. As m{23} has only two focal elements, namely
X, x {as} and {(az,as), (@2, as)}, and m*{3} has also only two focal elements: {a@s} and
X3, we have

Mx, | Xas (X1 X2 X {@3}) = mx,|x,(X1[{as}) = 1, (25)
MX,|Xo3 (Xl‘{(a% &3)3 (a’Qﬂ a3)}) =Mx,|X; (X1|X3) =1 (26)

Using these conditionals and the marginal basic assignment m‘{23} we get a basic
assignment m different from the original one, namely

ﬁL(Xl X X2 X {C_Lg}) = .57
er(Xl X {(ag,dg), (ag,ag)}) =.5.

Furthermore, if we interchange X; and X5, we get yet another model, namely

m(Xl X XQ X {a3}) = .57
m(XQ X {(0,1,(_13)7 (C_Ll,ag)}) =.5.

The conditional independence of X; and X5 given X3 and relation correspond to
a directed graph in Figure 3, which leads to the following system of (conditional) basic
assignments:
le(Xg) = 1,
mx,|x, ({as}X2) = mx, x, (X3|X2) =1,

and mx,|x, as suggested in the right-hand side of and .

Fig. 3. Graph G from Example [5.8
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The final model

m(Xl X Xg X {@3}) =.5, (27)
’ﬁ"L(Xl X XQ X Xg) =.5. (28)

is again different, since instead of basic assignment m!?3 we used its marginal and
conditional.

Therefore it is clearly seen that evidential networks are less powerful than, e.g.,
compositional models [I1], as any of these three-dimensional basic assignments can be
obtained from two two-dimensional ones using the operator of composition. O

Let us also note that both the original model and , as well as the last one
and , can be expressed with the help of an undirected graph. Both of these
models factorise with respect to the graph in Figure

Fig. 4. Undirected graph G.

The difference between compositional models and undirected models is due to the
fact that compositional models are defined also for non-projective basic assignments, in
contrast to decomposable models.

6. CONCLUSIONS

This paper is devoted to two kinds of multidimensional models with directed graph
structure, namely, directed evidential networks [4] and evidential networks. While the
former models are mentioned only marginally, as a motivation for our research, the latter
are studied in more detail.

In directed evidential networks, the graph structure is used in a sense different from
Bayesian networks (it rather resembles the so-called pseudobayesian networks), which
may lead to senseless results, as we demonstrated by a simple example.

We presented a new conditioning rule for variables, which appeared to be suitable
for the definition of (conditional) irrelevance having a sensible relationship with condi-
tional independence. This allows us to define evidential networks in a way analogous to
Bayesian networks.

Despite the fact that these models are able to distinguish between unconditional and
conditional independence, they are still not an optimal model. Their weakness consists
in conditioning, which may destroy the structure of the original focal elements and may
lead to more imprecise models.

From this point of view, compositional models or those based on undirected graphs
seem to be more appropriate multidimensional models in the framework of evidence
theory than these two kinds of networks.
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