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Abstract. In this paper, we consider mortar-type Crouzeix-Raviart element discretiza-
tions for second order elliptic problems with discontinuous coefficients. A preconditioner
for the FETI-DP method is proposed. We prove that the condition number of the precon-
ditioned operator is bounded by (1 + log;(H/h))27 where H and h are mesh sizes. Finally,
numerical tests are presented to verify the theoretical results.
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1. INTRODUCTION

Models with discontinuous coefficients play an important role in scientific com-
puting, for instance, in the simulation of fluid flow in porous media, where the
permeability of the media may have large jumps across subdomain interfaces. Large
jumps in the coefficients may result in bad convergence for the iterative methods.

Nonconforming discretizations are important for multi-physics simulations, contact-
impact problems, generations of grids and partitions aligned with jumps in diffusion
coeflicients, hp-adaptive methods and special discretizations in the neighborhood of
singularities. In order to make sure that the overall discretization makes sense, an
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optimal coupling between the grids is required. Of the many methods for coupling
different discretization schemes, we consider the mortar method, which was first
introduced by Bernardi, Maday, and Patera in [1]. In the standard mortar method,
we need to know the function on the interface. For P; conforming elements, it is
enough to know the node values along the interface. However, when it comes to
Crouzeix-Raviart elements, the function on the interface depends on the node values
corresponding to interface nodes and some subdomain interior nodes lying closest
to the interface. In this paper, we adopt the nonstandard mortar condition for
Crouzeix-Raviart element discretizations introduced by Xu Xuejun et al. [18], which
is only associated with the node values on the interface in the calculation of the
mortar condition.

The domain decomposition methods and especially FETI-DP methods form a class
of fast and efficient iterative solvers for algebraic systems of equations arising from
the finite element discretizations of PDEs, cf. [4], [5], [7], [8], [9], [17]. Recently,
FETI-DP methods have been applied to mortar-type finite element methods, cf. [10],
[13]. There has been also some work about FETI-DP methods for Crouzeix-Raviart
element discretizations, cf. [16].

To our best knowledge, there is no work in the literature on the preconditioners
for FETI-DP methods for solving systems of equations discretized by mortar-type
Crouzeix-Raviart elements of second order problems with discontinuous coefficients.
In this paper, we are interested in the application of the nonstandard mortar con-
dition on nonmatching grids, where in each subgrid, Crouzeix-Raviart elements are
used for the discretization. We extend the results of Kim and Lee [6] to mortar-type
Crouzeix-Raviart element discretizations.

The paper is organized as follows: We describe mortar-type Crouzeix-Raviart ele-
ment discretizations for second order elliptic problems with discontinuous coefficients
in Section 2. In Section 3, the FETI-DP operator is introduced, then a parallel pre-
conditioner for the FETI-DP operator is proposed in Section 4. Sections 5—6 are
devoted to establishing the condition number bounds of the preconditioned prob-
lem. In Section 7, we compare the proposed preconditioner with that of Dryja and
Widlund [3] and numerical tests are in accord with our theory.

2. DISCRETE PROBLEM

We consider a polygonal domain €2 in the plane, partitioned into a set of nonover-
_ N __
lapping polygonal subdomains {4 }x=1,....n, such that Q@ = |J Q and QN = 0,
k=1

k # 1, and {Qp}r=1,. .~ form a coarse triangulation of Q, which is shape regular.
The second order elliptic problem is considered as follows: Find u* € H}(Q) such
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(2.1) a(u*,v) = f(v) Yve H&(Q)v

N
(2.2) a(u,v) = Z/ orVuVudx
k=1

with gx(k =1,..., N) being positive constant coeflicients.
Let T3, (2 ) = {7} be a quasi-uniform triangulation consisting of triangles 7 in each

subdomain Q. Let h; = r%la(% )diam(T) be the mesh size. Let I'y; = 9, N O
TETR (82

denote the interface between two neighboring subdomains Q; and ;, and ' =

N
U 09 \ 90 be the interface skeleton. We call the midpoints of all edges of an
k=1
element in the triangulation Crouzeix-Raviart nodes or CR nodes. Denote the sets

of CR nodes and P1 conforming nodes that are contained in 2, 99, Q, 0Q, and Ty,
by QSR, 8QSR, ng, 8951}?, FkClR;L, and Qp, 0Qp, Qg n, O h, i n, respectively.

Let W" () be the CR element space defined on the triangulation T},(€2), con-
sisting of functions that are piecewise linear in each triangle 7 € T, (€2 ), continuous
in chﬁ, and equal to zero in 8QER089£1}?. The local subspace is equipped with the

local broken H'-seminorm and -norm: |u|%1i(9k) = > |u|§{1(7), HuH%Ii,(Qk) =
TETh(Qk)
2 2
|u|L2(Qk) + |u|H}L(Qk)' Let

N
") = [T w" @)
k=1

be the global space defined on the domain 2 and equipped with the broken H'-

seminorm and norm: |u|Hl @ = Z |u|H1(Qk), ||u||Hl @ = Z HuHH1 @)

As we triangulate each subdomaln independently of its nelghborlng subdomains,
we note that each interface I'y; = 09 NS inherits two independent triangulations.
One of the sides of I'y; is defined as a mortar (master) side, denoted by g, and
the other as a nonmortar (slave) side, denoted by d;,. We always choose the mortar
side to be the side whose subdomain has larger g value. Let 7 be the mortar side
associated with €2 and &;; be the nonmortar side associated with €2;, obviously then
01 = 0r. We further assume in this case that hy =< h;. We have two sets of CR
nodes belonging to I'y;, the midpoints of elements belonging to T () = Th (L),
the hy-triangulation of I'y; inherited from T}, (€2), and to T (0u) = T} (Tri), the hy-
triangulation of T'y; inherited from T}, (€Y;), denoted by 'y,gﬁ and 51%12, respectively.
Since the triangulations on Q; and 2; do not match on their common interface I'x;,

655



the functions in W"(Q) are discontinuous on the set 'y,gffl or 5?,;’12. Here, we adopt the

nonstandard mortar condition introduced by Xu Xuejun et al. in [18], i.e., a function
u={up}_, € W(Q) satisfies

(2-3) Qmdmur, = Qmuq,

where J,,, is an interpolation operator defined below (see Figure 1) and @,,:
L?(Ty;) — V" (41 is a L2-orthogonal projection operator defined as

(2.4) (Qmu, ) r2(5) = (W, ¥)p2(5) Y € V*(0),

where V(;) C L?(Ty;) is the test space of functions that are piecewise constant
on elements of the nonmortar triangulation of I'y;. Let

vi= T[] V"(6u)
01, CT
be the auxiliary interface space, which will be used as the Lagrange multipliers space
further.

Let e denote a triangle edge. Let Zp(vi1) = [I  Pi(e) be the space of piecewise
e€Th (k)
linear functions defined on the triangulation T% (yx1), and let T}, /o(vx1) be the trian-

gulation obtained by dividing the edges of T} (k) into equal segments. Let Y}, /2(Vki)
be the conforming space of piecewise linear continuous functions on the triangula-
tion T}/2(vki). The midpoint, left and right endpoint of each edge e € Ty (yki) are
denoted by z¢,, z7, and «f, respectively. The length of e is denoted by |e|.

Definition 2.1. For u € W" () = W"(Q) |y, Imu € Yy, /2() is defined as

’LL(J,‘), T € 'y]g?w
ler| e e
——u(zy}) + —————u(zry; T €
Imu(a:) = |6l| + |€r| ( m) |€l| ¥ |€r| ( m)7 Ykl hy

|ee| e’
u(xe) + ———(u(xle) —u(wny)), « € OVrih,
( m,) |66|+|6’e|( ( m) ( m)) Ykl,h

where e; and e, are the left and right neighboring edge of x € 7 5, respectively,
e. represents a triangle edge of Tj (ki) touching dvi, and e, is the corresponding
neighboring edge.

Definition 2.2. For u € W"(y), Jmu € Z, (k) is a piecewise linear function
on the edges {e} of vy, defined by its values at the two endpoints xf,z; € 7y, j, of
each edge e. If e is an interior edge of 7y, then

() = u(xs,) + %{Imu(xle) — Inu(xf)}, ==af,
m - )+ s {Inu(x?) — Lnu(zf

€

ul(w ) o =a.
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Figure 1. Here u € Wh(vkl) is a piecewise linear function corresponding to solid lines in
the lower figure. The dashed lines in both upper and lower figures correspond to
Imu. The solid lines in the upper figure correspond to Jmu.

It is easy to see that if e is a boundary edge of -y, then Jyu(x) = Inu(z) for
T =7, x;.

wh — h(Q))- — wh
NLet WHQ) = {u e WHQ): [5 (ur—w)da =0 for all & C I'} and let W"(Q) C
Wh(Q) be the subspace of functions which satisfy the nonstandard mortar condition

(2.3) for all o, C T
A discrete formulation of the problem (2.1) is then: Find uj € W"(Q2) such that

(2.5) an(ul,vn) = f(vn) Yo, € WHQ),

where

N
ap(u,v) = Zak,h(u,v), ag,p(u,v) = Z orVuVudz.
k=1

TETh(Qk) T

The problem (2.5) has a unique solution, cf. [2].

3. FETI-DP METHOD

In this section, we introduce FETT-DP methods for solving problem (2.5) by using
the framework given in [21].
The bilinear form b(-,-): W"(Q) x V* — R is defined as

b(u,v) = Z / (Jmuk — w) ik ds,

SinC ¥ Otk
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for u = (ur)h_, € WH(Q) and ¢ = (Yu)s;cr € V" with uy, € W"(Qy) and oy, €
VR (611). So we can rewrite the nonstandard mortar condition (2.3) as

(3.1) b(u, ¥) = 0.
This brings us to another equivalent definition of W"(€):
WHQ) = {ue WHQ): blu,v) =0 Yo eVh}
Note that
WhQ) c WhQ) c wh(Q).

Problem (2.5) can be reformulated as a saddle point problem: Find a pair
(wy,¥*) € Wh(Q) x V" such that

(32) a(w),v) +b(v,v*) = f(v) YveW"(Q),
b(wy, o) =0 YeeVh

We see that wj, is the solution of (2.5), cf. [13]. For simplicity, we use the same
notation to represent a function in a space and its vector representation with respect
to the nodal basis of that space.

We next introduce a local decomposition of any function u € W (Q) as u =
Prug + H,juk, where Pyuy, € WP (Qy) is defined by

(3.3) akﬁ(Pkuk, U) = ak,h(uk,v) Yov e W&(Qk)

Here WP (Qx) = {u € WH(Q): u(m) = 0 for all m € 5‘9(,;1}?} C W"(Q) and
Hup € Wh(Qy,) is the discrete harmonic part of uy, i.e., Hi uy = ug — Pyug, which
is defined as the solution of the following problem: Find H ,j' ug € Wh(Qk) such that

(3.4) { akﬁ(H,juk,v) =0 Vove W),

Hfug(m) = ug(m) Vme oQf .
We introduce

(3.5) Wi = H W ()

as the local space of discrete harmonic functions. Consequently, Hu = (H ,j' uk)fcvzl

for u = (ug)_, € WH(Q).

658



Let the global spaces of discrete harmonic functions corresponding to the spaces
W(Q), Wh(Q), and W"(Q) be defined as follows:

(3.6) W =HW"(Q H Wi,

(3.7) W =HW"Q) = {UEW: (uk—ul)dSZOV(SlkCF},
01k

(3.8) W=HW"Q) ={ueW: bu,0) =0V € V"}.

The solution of problem (2.5) can be decomposed as
uj, = (uh ko = uj + wp,

where u} = (Pku;;,k)]k\/:l and Pyuj, (k =1,...,N) can be computed by solving
N independent local subproblems. The discrete harmonic part of uj, i.e., wj =
(H uj, k) 1 € W is the unique solution of the following problem: Find wj € W
such that

(3.9) an(wi,v) = f(v) VYveW.

In the FETI-DP method, we denote the basis for V() by {€° Rl Nou , the basis
for I/Vl(élk) Wils,. by {gai”“}k *ts - and the basis for (J,, Wi)(vk) = (Jka)HM
{p* }k " where N,,, and N, are the number of elements of Tj(yx) and Th(élk),
respectlvely. We define matrices B(lslk and Bffkl with entries

Bélk / félkspélk dS Z = N(slkv .7 N(slk)

§ . .
(B’,;M / §”‘ga;”"ds i=1,...,Ns5,, j=1,...,Ny,.

Then we write (3.1) as
l k
Bélkul76lk + B'Yklukv’)’kl =0,

where Wl,opp = ul|5zkand Uk, v = ukl’ml .
Now we define a zero extension operator Ejs,, : V(§;x) — V", and a restriction
operator Rf;lk: Wi — Wi (i), le : Wi — Wi(vi;). Let

§ EélkB(SlkRélk + z : E(sjl Yij ’YlJ
81 COY Yij coy
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Then the nonstandard mortar condition (3.1) becomes

N
E:liul::&
=1

Define
Wa(614) = {wam € W6n) = Wla: [

01k

ws,, ds = O},

and let

Wa = H WA(élk)-
6 CI

For ws,, € Wa(éi), we define s, € W; = W|aq, to be the zero extension of ws,

on 0. Let w, = >, ws, and w = (wy,...,Wy), and we have w € W. Hence,
1 COY

for w € WA, we define a norm by
(3.10) lwllg, = ol

We decompose W into two subspaces WA and WH such that
(3.11) W=WnoWa,

where W\n is called the primal subspace, and WA is called the dual subspace.

For any u € W, we regroup its unknowns so that we can write it in its vector repre-
sentation as (cf. (3.11)) u = (ur, ua)’, where ug € Wi and ua € Wa. Similarly, we
partition the vector wy € Wk as wy = (wg,, ka)t. Let LZ represent a matrix such
that L wa restricts the values of the degrees of freedom of wa € Wa to the respec-
tive degrees of freedom of 9€y, i.e., for any w € W, we can write w = (w1, ..., wWN)
with wg = (w,m, LAwA)

Recall that S*) is the Schur complement matrix obtained from the bilinear
form agp(-,-) and let g™*) be the Schur complement forcing vector obtained from
ka fur dz. The matrix S*) and vector g*) are ordered in the following way:

k k
o (S8 SEN (el
sH g ) 9= (k)

Then the problem (3.2) becomes the following: Find (wm, wa, ) € Wi x Wa x Vh
such that

(3.12) Stunwi + Suawa + B = gn,
(3.13) Sanwn + Saawa + BAY = ga,
(3.14) Briwn + Bawa =0,
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where

SHH = diagk(Sl(-[kl-)[),

(SHA)'L
Sta = : ,
N
(SR LY
SAH = Slt_IAv
N
k
Saa = (LA)'SKALA,
k=1
N
Bn = (Bin,...,Byu), Ba= ZBk,ALkA,
k=1
(1)
9n N w1,11
o= |, ga=>(LR)Y, wn=
gg\r) =t WN,II

Since St is invertible, we solve (3.12) for wy to get
wr = Sy (g0 — Snawa — Bfiy).
After substituting wr into (3.13) and (3.14), we obtain

Bn Sy B + (BuSgfStua — Ba)wa = BuSppigm,
(San Sy B — BL)w — (Saa — SanSgySua)wa = —(ga — SanSggn)-

Let

(3.15) Fryy = BuSpn B,
Fr,a = BuSphSua — Ba,
Fran = SanSunBi — B,
Frpan = Saa — SanSghSua,
dn = BrSphgms

da = ga — SanSghgn-

(i) (o) = ()
FIAH _FIAA wa —da .

Then (1, wa) satisfies
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By eliminating wa in the above equation, we obtain
(3.16) (P +FIHAFIAAFIAH)w:dH FIHAFIAAdA'

Here Fpp = ann +FIHAF

Ian

Fp,, is called the FETI-DP operator.

4. PRECONDITIONER

In this section, we propose a preconditioner for the system (3.16); cf. [21]. Let the
matrix Sa: WA — WA be the submatrix of S obtained by restricting the matrlx S
to the subspace WA, where S = diagy(S*)). We note that Sa = diagy, (S ), with
SXC) being the restriction of the local Schur complement matrix S*) to the space
WA(ékl)' s

We equip w € Wa with the norm

lwll§, = (Saw,w) = ||@lf3,

where @ € W is the extension of w € WA by zero onto the trace spaces associated
with mortars.
Then we can define

_ l [
Bs,, = E : E‘SlkB(SlkR(slk’ 'Ykl - E : Es,. B ’Ykl ’Ykl
& CI Y CT

The matrices Bj, Ao and Bs,, n with subscripts A and II are the submatri-
ces of the matrix Bs, corresponding to the splitting (3.11). Then we define
Ba = diags,, cr(Bs,,.a). Note that for any (Y, ws,) € V"(6ik) x Wa(dix), we
have

(41) <w51k7 (B5zk,A)twlk> = <B61k7Aw61k7,¢)”€> = /5 wlkw&,k ds.

Here Ba, Bl are block diagonal matrices with invertible blocks, cf. [11]. Finally, we
introduce the inverse of the preconditioner as Fpp = B ASngtA, which is nonsingu-
lar, and thus we choose

(4.2) Fpk = BX'SABX!

as the preconditioner for problem (3.16).
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5. TECHNICAL TOOLS

In this section, we state and prove a few technical lemmas necessary for the proof
of Theorem 6.1 in Section 6.

Let Y},/2(Q2) be the conforming space of piecewise linear continuous functions
on the triangulation T}, /5(€2), which is constructed by joining the midpoints of the
edges of the elements of T},(€2;). For each open edge ¢ C 9Q, we define W/ () as
a subspace of W"(€2;,) formed by all functions which are equal to zero in 895}{}\555

Definition 5.1 ([19]). For a given u € W/ (%), we introduce Miu € Y}, /2(%)
by defining the values of Mju at the nodes of the triangulation T}, /5(€%):

> For p e chf U 8925, let MZu(p) = u(p).

> For p € Q. let Miu(p) = N(p)~' > nu
all triangles Tjh with a common vertex ;7 and N(p) is the number of elements
with p as an vertex.

> For p € 001 \ en, let Miu(p) = 0.

> For p € ep, let Mu(p) = |pp.||pipe| " ulpr) + |pipllpipr]~ u(p,), where pr,p, are
the left and right neighboring CR nodes of p, respectively, and |ab| is the length

-1 (p), where the sum is taken over
J

of the segment with a, b as its ends.

Note that M;u is piecewise linear between the CR nodes of €gR, and Mju is equal
to zero on 0% \ . The mapping Mju has the following properties (cf. [10]):

ulb (00 = [Migulmioy),  llullae,) = [[MgullL2oy),
1/2
[Miu—ullL2y) = belulmr ), [Mpu—ullr2e =2 hy! [ul g1 -
We also need a special mortar operator 115, : L?(6x) — W' (6x) defined over

trace spaces, where W(? "(01x) is a set of continuous functions that are equal to zero

at the ends of d;; and are piecewise linear over all segments that have their ends
in 51(1;53.

Definition 5.2 ([10]). The operator Iy, : L*(0;) — W (01,) is defined as
(5.1) I, u(x) = Quu(z) Vze 5%5;.

We have the stability property of the above operator in the L? and HééQ norms,
cf. [10], i.e.,

(5:2) sy ull 2oy = lullzany Vo € L2(0w),

1/2
(5.3) 1Tl a2,y = Nl g gs,y ¥ € Hod (G-
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Lemma 5.1 ([12]). Let w € W; and u = 0 in 895,? \ 65;{2 for a slave edge
O C 0. Then we have

ik
[ulrg oy = 1Ml gz s,

Lemma 5.2 ([14], [21]). For any ¢ € V", we have

<ﬁDPw w>1/2 _ sup Z fézk w‘s”ﬂwlk ds — sup b(@ﬂb)
weWa\{0} & CD ”wHSA weWa\{0} HwHS

where Yy, € V(8,) and ws, € Wa(du), cf. (4.1), and @ € W is the extension of
w € Wa by zero.

Lemma 5.3 ([20]). For any ¢ € V" we have

b(w, )

weW\{0} lwlls .

(Fppip,p)1/* =

Lemma 5.4 ([10]). Let a slave side d;, C 0€Y;. Then for any u € W; we have
|uélk|?q;(m) < (1 +log(H /h))* (H; 2|20,y + |u|§{i(ﬂl))a

where u®* is a discrete harmonic function taking the same values as u at CR nodes
on 5?,;’12 and is equal to zero at the remaining CR nodes on 9%);, and H; = diam §2;.

Definition 5.3 ([15]). Givenu € W"(€2;), we define an operator Ok Wh(Qy) —
W as follows:

> For p € 'y,gﬁ, let Opu(p) = u(p).

> For p € 5%5’“ let 6ku(p) = QmJImu(p).

> For p € 5,%{%, for any slave side d5; C 0y, or if the edge midpoint p is on OS2

or on any remaining master or slave side, let 6ku(p) =0.

Definition 5.4 ([15]). Given u € W" (), which can be decomposed into u =
H,ju + Pyu, we define Oy u as follows, based on Definition 5.3:

(54) Oru = éku + JSku

Here Pyu = (0,..., Pyu,...,0), ie., it is the Pyu from (3.3) extended by zero onto
the remaining subdomains.
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We define a projection operator O: W — WA by
(5.5) (Ou)ls,, = Qm(Jmur —ug) on oy,

where uy and wu; are the restriction of u € W to the mortar side Yk, and to the slave
side d;; of an interface I'y;, respectively.

Lemma 5.5. For all u € W we have
[Oullsy = (1 +log(H/h))|[ulls,

where H = m]?XHk and h = mkin hi.

Proof. Let Ou= (Oyu,---,Onu) € W. Then we have |Oul|% = JXV: [Orul% ) -
Next we will estimate the term ||Ogul|% - k=1

Note that Oru can be nonzero only over {2 and a neighboring subdomain €2; that
shares a common edge I'y; with g, such that the slave side d;; is associated with ;.
Let Nj, denote the set of indices of such subdomains. Thus

||Oku|‘?g(k) = Qk|0ku|§{}1b(9k) + Z Ql|0ku|§{,{(ﬂl)-
lEN},

When we consider Q, we have Opu =u — >, u® with u’* being a discrete
011 COQ,
harmonic function which equals to u at the CR nodes of 5,(;;% and to zero at all

remaining nodes of 89%1}?. Thus, by Lemma 5.4,

2 2 Or1 |2
Okuliy () = ulis @) Z [ 1 @)
Sk COQ

< (14 log(Hi /1)) (B, ?lul3 e,y + [0l )

Next we consider those €2; with [ € N. Consequently, the slave side d;; of the edge
T’k is an edge of €;, and the mortar side 7; is an edge of Q0. Then by Lemma 5.1,
we get

[Okulag @) = |1 MFOkull gz s, -

From Definitions 5.1, 5.3, and 5.4, we have
(5.6) M; Oru(p) = Oru(p) = QmOku(p) = Qmdmu(p) Vp € 5%%.
Thus we get

HMlEOku”HééQ(&k) < ||MfOku — I, Mpu™™ ”HééQ + ||H5,,kM;§u7’“" ”HééQ

(d1) (d1x)”
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The second term above can be estimated by (5.2), the trace theorem and Lemma 5.4
as follows:

i Mg 2000 = IR s

(01 Sik)

= MR i ) 2 1 3 )

= (1+log(Hy/he))* (H ?[|ull 2, + [ulfy o,))-

The first term is bounded using an inverse inequality, (5.6) and Definition 5.2 as
follows:

[[M; O — Ty, Migu™ IIi,ééz( =y HIME O = Thsy, Mgu™™ |25,

< Y [MfOxulp) — s, Miu™ (p)|®

CR
pe‘sm,h

= > Q= M) (p)f?

peé,,‘;;’fh
= B HQun (T — Mgu™) [ 725,,.

j hl_1||Jmu — M,iu”’” ||L2(5lk)'

Oik)

The fact that J,,u = Jpu"* yields

[ Timu — Mgu™* || 25, < |IMEu™ = u™ | L2, + [u™ = T ™ | L2(5,0)-
Applying the property of M;u to the first term and Lemma 3.2 from [18] to the
second term and then using the assumption that hy =< h; and Lemma 5.4, we get

h
1 2 k 2
A MG = Tl e = o™ )

< (1+ 10g(Hk/hk))2(H1;2||u||%2(ﬂk) + |“|%I;,(Qk))
=< (1+ 1og(Hk/hk))2|U|§{,{(Qk)'

A

Finally, summing over all edges in 02 and then over all subdomain ends the proof.
O

6. CONDITION NUMBER ESTIMATE

In this section, we give the condition number estimate of the preconditioned op-
erator, which forms the main theorem of this paper.
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Theorem 6.1. For any ¢ € V", it holds that

<ﬁDPwa 7/1> j <FDP¢)7¢> = (1 + 10g(H/h))2<ﬁDp1/),1l)>,

where H = maxy Hy and h = minyg hy.

Proof. We use the algebraic arguments from [21] in the proof of this theorem.

Lower bound: For any nonzero w € WA, define w € Ext(,V[v/A) C W as the
extension of w by zero. Then we have ||w|/s, = ||@||ls. Thus by Lemma 5.2 and
Lemma 5.3, we have

Forii) 2= sp WO MTY)
weWa\{0} lwllsa @EExt(Wa)\{0} wlls

b(w,
< sup w9) _ (Fppip, )'/2.
weW\{0} lwlls

Upper bound: For any w € W, by (5.5), we have

b(w, ) = > /a (Jmwr — wi)Yu, ds

S CI

=) Qu (Jmwi —w)ids = Y [ (Ow)]s, i ds.

diCI Sk S CI o1k

Hence, by Lemmas 5.2, 5.3, and 5.5 we conclude that

(Fppi,)/? = sup blw, ¥)
weW\{0} llwlls

S5, (Ow)ls,, Yui ds
= sup '

’UJGW\{O} o CT Hw”S

, weW\{0} [wlls

= (1 + log %) (Fpp, )/,

IA

667



7. NUMERICAL RESULTS

We consider the second order elliptic problem

(7.1) —V - (o(z,y)Vu) = f inQ,
u=0 on 01,

where Q = [0,1] x [0,1] C R?.

We compare our preconditioner (4.2), denoted by F 5113, with the preconditioner
developed by Dryja and Widlund (cf. (3.13) in [3]), denoted by F s for the cases
where g(z,y) = 1 and mesh sizes are comparable, and where o(z, y) is highly discon-
tinuous across subdomain interfaces and mesh sizes are not comparable.

First, we compare the above two preconditioners for the same problem with non-
matching grids. We take o(x,y) = 1 and the exact solution u(z,y) = y(1 — y) sin nz.
The CG iteration continues until the relative residual norm is less than 1075. The
number of nodes on edges including endpoints and the number of subdomains are
denoted by n and N, respectively. Here, we use the same n for all subdomains and
divide €2 into rectangular subdomains, where each subdomain is denoted by €2;;,
see Figure 2. For the case of nonmatching grids across subdomain interfaces, the
triangulations in each subdomain are generated as follows: we choose n random
quasi-uniform nodes on each horizontal and vertical edge in each subdomain to gen-
erate nonuniform structured grids with comparable mesh sizes between neighboring
subdomains.

Q33

Qo1

Qoo | Qo

Figure 2. Partition of subdomains with N =4 x 4.

In Table 1, we divide 2 into 4 x 4 subdomains, increase the number of nodal
points n and compute the number of CG iterations and condition numbers for the
above two preconditioners. In Table 2, we fix n — 1 = 4 for the cases N = 8 x 8,
16 x 16, and 32 x 32, where (2 is divided into subdomains in the same way as in the
case N = 4 x 4. We can see from Tables 1 and 2 that both preconditioners seem
to give the log-growth of the condition number bound and that the number of CG
iterations of the preconditioner ﬁD_I}V is smaller than that of IE‘\D_};.
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Iter Cond Iter Cond

4 15 4.52 7 1.94
8 19 6.68 8 2.68
16 21 9.02 10 3.69
32 22 11.6 10 4.80
64 22 14.8 11 6.14

Table 1. Comparison between F D_113 and F D_éV on nonmatching grids when n increases with
N =4 x 4: Iter (number of CG iterations), Cond (condition number of the pre-
conditioned FETI-DP operator).

n—1 n—1
FDP FDW

N x N
Iter Cond Iter Cond

4 x4 14 5.36 7 1.94

8 x 8 16 5.64 8 2.13

16 x 16 16 5.82 8 2.11
32x32 16 5.96 8 2.10

Table 2. Comparison between 1?5113 and ﬁg%v on nonmatching grids when N increases with
n — 1 = 4: Tter, Cond.

Next, we consider problem (7.1) for highly discontinuous o(z, y) across subdomain
interfaces and noncomparable mesh sizes between neighboring subdomains. The
cases of N =2 x 2,4 x 4,8 x 8 subdomains are considered. For each subdomain 2,5,
o(z,y) = 0i; is chosen as follows:

1 if both 7 and j are even,
250  if ¢ is odd and j is even,
5000 if 4 is even and j is odd,

10 if both ¢ and j are odd.

Qij =

According to the partitions, the exact solution u(z,y) is chosen as follows:
p1(x,y)sin(nx) sin(ny)/o(z, y) for N =2 x 2
u(z,y) = { p2(x,y)sin(2nx) sin(2ny)/o(z,y) for N =4 x 4,
sin(8nx) sin(8ny)/o(x, y) for N =8 x 8,

where
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From [22], a different mesh size in each subdomain is chosen according to the ratios
of coefficients between neighboring subdomains, i.e.,
hij , [

hii ok’

where h;; and H;; are the mesh size and size of subdomain €2;;, respectively. We
divide each subdomain into uniform meshes by the mesh sizes of these ratios. For
the case of N = 2 x 2 and H/h = 16, we obtain the noncomparable triangulations
between neighboring subdomains, see Figure 3. In [22], a good approximation of the
solution is obtained when the slave side is chosen to give a Lagrange multiplier space
of a higher dimension. We can approximate the exact solution more accurately by
choosing the subdomain with smaller g;; as the slave side.

Qo1 > Qi1
oo1 = 5000 011 = 250
Qoo — Q19
000 =1 010 = 250

Figure 3. Triangulations for the case of N =2 x 2 and H/h = 16.

Table 3 gives the number of CG iterations for preconditioners F 5113 and F 55[, with
the same stopping criterion 1076 as before. By increasing H/h, we can see that the
number of CG iterations of F' 5113 is much smaller than that of ﬁBI}V Thus, the con-
dition number bound of F Bév depends on the ratio of meshes between neighboring
subdomains and the preconditioner a 55[, is inefficient for problems with noncompa-
rable grids.

From the numerical tests, we conclude that our method gives a correct approx-
imation of the model problem with nonmatching grids. The preconditioner F BI}V
gives a smaller number of iterations than our preconditioner F 5113 for the case of con-
tinuous coefficients and comparable meshes across subdomain interfaces. However,
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H—1 H—1
FDP FDW

N H/h

Tter  Iter

16 5 17

32 6 26

2 x 2 64 7 39
128 8 50

256 8 60

16 8 75

Axd 32 7 81
64 8 111

128 8 130

16 8 113

8x8 32 8 136
64 8 168

Table 3. Comparison between ﬁg}, and I?Bév for the problem of highly discontinuous co-

efficients on noncomparable grids: Iter.

our preconditioner turns out to be much more efficient than ﬁBI}V for problems with

highly discontinuous coefficients on noncomparable grids.
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