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Abstract. The paper deals with a class of discrete fractional boundary value problems.
We construct the corresponding Green’s function, analyse it in detail and establish several
of its key properties. Then, by using the fixed point index theory, the existence of multiple
positive solutions is obtained, and the uniqueness of the solution is proved by a new theorem
on an ordered metric space established by M. Jleli, et al. (2012).
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1. INTRODUCTION

In this paper, we are concerned with the discrete fractional boundary value prob-

lems

(L.1) {—AZ_zy(t) = ft+v—1yt+v—1), teNy,

Ay(v —2) =y(v+b) =0,

where AY_, is a discrete fractional operator, 1 < v < 2, Ng; = {0,1,2,...,b},
beN,b>3and f: {v—-2,v—1,...,v+b} xR —=R.

Fractional calculus is a generalization of the ordinary differentiation and integra-
tion. It has played a significant role in science, engineering, economy, and other
fields [29], [32], [30]. Today there is a large number of papers dealing with the con-
tinuous fractional calculus. However, the discrete fractional calculus has seen slower

The research has been supported by the National Natural Science Foundation of China
under Grants 71272066 and 71210003.

673



progress, for it is still a relatively new and emerging area of mathematics. We refer
the reader to [1], [2], [3], [4], [7], [5], [13], [26], [27], [9] and the references therein for
the history and basic theory of the discrete fractional calculus. Of particular interest
is that Atici and Sengiil have shown the usefulness of fractional difference equations
in tumor growth modeling in [8]. We can see that they will provide a new tool to
model physical phenomena in the future. Thus, to study the fractional difference
equations is meaningful, necessary and significant.

Recent interests in the discrete fractional calculus are shown by Atici and Eloe [3],
[4]; in [4], they developed the commutativity properties of the fractional sum and
the fractional difference operators, and were the first to study a class of initial value
problems. Then a number of papers appeared investigating the discrete fractional
boundary value problems, such as [1], [6], [12], [16], [17], [18], [19], [20], [23], [21],
241, (151, [26], [31], [33], [5], [14], [22].

In [6], the authors discussed the two-point boundary value problems for finite
fractional difference equations

_A572y(t) :f(t-f—l/—]_,y(t-l-l/—].)), 1<vr<2,
yv—2)=y(v+0b+1)=0.

They proved the existence of positive solutions by the Krasnosel’skii fixed-point
theorem. In [17], Goodrich considered a class of fractional difference equations with
nonlocal conditions, and proved the existence and uniqueness of solution by using a
variety of tools including the contraction mapping theorem, the Brouwer theorem,
and the Krasnosel’skii theorem.

To our best of knowledge, most of the recent papers are concerning the existence of
solutions by the Krasnosel’skii fixed-point theorem, and there are few papers dealing
with the existence of multiple solutions. Moreover, most of them dealt with the
uniqueness of the solution by the contraction mapping theorem. Motivated by [6],
[16], [17], [28], [11], we investigate problem (1.1). We obtain the multiplicity of
solutions by the fixed-point index theory, and prove the uniqueness of the solution
by a new tool established by M. Jleli et al. in [28]. In Section 3, we will see that
the uniqueness theorem is a result different from those obtained by the contraction
mapping theorem.

The rest of the paper is organized as follows. In Section 2, we introduce some
notation, definitions, and preliminary facts that will be used in the remainder of the
paper. We get Green’s function G(¢, s) and discuss its properties in Section 3. Then
in Sections 4 and 5, we obtain the multiplicity and uniqueness of positive solutions
for problem (1.1), and present examples to demonstrate the application of our result.
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2. PRELIMINARIES

Now we present some fundamental facts on the discrete fractional calculus theory
which will be found in the recent literature (cf. [1], [4], [6], [13], [16], [26]). For
convenience, we introduce the following notation which will be used in the sequel:

N, ={a,a+1,a+2,...,}, a€R,
Nea={c,c+1l,c+2,...,d}, ¢,deR, d—c>0,c—delZ.

We also assume that the empty sums are zero.

Definition 2.1 ([26]). Let f: N, — R and v > 0 be given. Then the vth-order
fractional sum of f is given by

(A 1)) = ATV f(t) = ﬁ St — o(s)Lf(s) for £ € Noga

Also, we define the trivial sum by AYf(t) := f(¢) for t € N,.

Remark 2.1 ([26]). The o-function in Definition 2.1 comes from the general
theory of time scales. It denotes the next point in the time scale after s. In this case,
o(s) = s+ 1 for all s € N,. The term (¢ — o(s))“=L in Definition 2.1 is the so-called
generalized falling function, defined by

T(t+1)

tH = —_—,
Lt +1—p)

for any ¢, € R for which the right-hand side is well-defined. We appeal to the
convention that if ¢+ 1 — p is a pole of the Gamma function while ¢ + 1 is not a pole,
then t£ = 0.

Definition 2.2 ([26]). Let f: N, — R and v > 0 be given, and let N € N be
chosen such that N — 1 < v < N. Then the vth-order fractional difference of f is
given by

(AVF)(t) = ALF(t) == ANAZ N f(t) for t € Ny ny.

Remark 2.2. In [26], Holm proved that

1 t+v o
A f0 — | Ty Do), N1 <v <,
AN F(@), -
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Lemma 2.1 ([26]).
(1) Let a € R and p > 0 be given. Then

At — )t = pft — =L,
Ala —t) = —p(a—t —1)~=L

for any t for which both sides are well defined.
(2) Let f: N, — R be given. For any k € Ng and p > 0 with M — 1 < u < M we
have
AFAZEF(t) = AFTRF(E) fort € Nayy.

(3) Let f: Ny—pr — R and p > 0 with M — 1 < p < M be given. Then for
tENH,M,

M-—1
AgHAL L F(t) O C;eR (j=0,1,...,M —1).
7=0

The following well-known theorem is very important in our arguments, see [10],
[25] for more details about the fixed-point index.

Theorem 2.1 ([11], [10], [25]). Let X be a Banach space, K C X a cone in X.
For g > 0, define K, = {x € K; |z| < ¢q}. Assume that Q: K, — K is a compact
map such that Qx # x for v € 0K, ={x € K; |z| = ¢}.

(i) If|z| < |Qz| for x € 0K, then
i(Q, Kqo K) = 0.
(ii) If |z| > |Qzx| for x € 0K, then

i(Q, K4 K) =1.

Next, let us present the fixed-point theorem on ordered metric spaces established
n [28]. First, we collect some definitions and notation that are used in the new
theorem. These can be found in [28]. Let (X,d, <) be a partially ordered metric
space.

Let ® denote the set of all functions ¢: [0,00) — [0, 00) satisfying

(a) ¢ is continuous nondecreasing;

(b) ¢~'({0}) = {0}.
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Let ¥ denote the set of all functions ¥: [0,00) — [0, 00) satisfying
(c) lim+ ¥(t) > 0 (and finite) for all r > 0;
t—r
d) I t) =0.
(d) lim o(t)
Let © denote the set of all functions @: [0,00)* — [0, 00) satisfying

(e) 6 is continuous;
(f) 6(s1,s2,53,84) = 0 if and only if s1895354 = 0.

Examples of typical function # are given in [28].

Definition 2.3 ([28]). We say that a mapping F': X x X — X is mixed mono-
tone if
z,y,u,v €X, xXu, yrv= F(x,y) < F(u,v).

Definition 2.4 ([28]). Let (X, <) be a partially ordered set endowed with a
metric d. We say that (X, d, <) is T-regular if X has the property that

(i) if a nondecreasing sequence {z, } C X converges to z, then z,, < z for all n;
(ii) if a nonincreasing sequence {x,} C X converges to z, then x,, > z for all n.

Let F': X x X — X be a given mapping. We consider the mappings A: X x X —
[0,00) and B: X x X x X x X — [0,00) defined by

Alz,y) = d(z, F(z,y)) —;— d(y, F(?JJ?)),

d(x, F(u,v)) + d(y, F(v,u))
2 b

(r,y) € X x X,

B(x,y,u,v) = (z,y,u,v) € X x X x X x X.

Theorem 2.2 ([28]). Let (X,d, =) be a partially ordered complete metric space
and F': X x X — X a mixed monotone mapping for which there exist p € ®, 1) € U,
and 0 € © such that for all x,y,u,v € X with x = u, y = v,

2.1) ga(d(F(x’y)’F(“’v)) ;L d(F(y,x),F(v,u))) . @(w)

— w(W) +0(A(z,y), A(u,v), B(z,y,u,v), B(u,v, z,y)).

Suppose also that (X,d, <) is T|-regular and there exist xo,yo € X such that

(22) To = F(l’o,yo), Yo = F(yo,xo)
or
(2.3) zo = F(xo,90), Yo = F(yo, o).
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Then F' admits a coupled fixed point; that is, there exists (a,b) € X x X such that
a = F(a,b), b= F(b,a). Further, suppose that every pair of elements in X x X has
either a lower bound or an upper bound. Then F' has a unique coupled fixed point.
Moreover, if xo < yo, then a = b, that is, F(a,a) = a.

Let us conclude this section by the definition of the solution to problem (1.1).
Define the Banach space

X ={z; x: Ny_g 4y = R}

endowed with the norm ||z| = e ax |2 (¢)].
eNy_2 v4p

Definition 2.5. Any y € X is called a solution of problem (1.1) if y € X and y
satisfies the boundary conditions.

3. GREEN’S FUNCTION AND ITS PROPERTIES

In this section, we derive the definite expression of the corresponding Green’s func-
tion G(t, s) associated with problem (1.1) and prove some of its important properties.

Lemma 3.1. Let 1 < v < 2 and h: Ny,_q,4,-1 — R be given. Then y is a
solution of the discrete fractional boundary value problem

—Allijy(t) = h(t +v-— 1), te No’b,
Ay(v —2) =y(v+b) =0,
if and only if y(t) for t € N,_o .44, has the form

b

y(t) = S Glt, (s +v—1),

s=0
where
Cv,b)(v+b—o(s))=L, t=v—2, v—1,
C(n.b) — )= 4 (v = D=2 (v 4+ b — o(s))=L
) (2 —v)tr—=+ (v = DZ=](v + b —a(s))
(3.1) G(t,s) = —F(V)(t—a(s))ﬂ, 0<s<t—v<b,
C,b) — )=t 4 (v — 1) =2 (v —o(s))x=L
L2 =+ (v D+ o)

0<t—rv<s<hb,
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and

1
2= v)(v+ b=+ (v —1)(v + b)=2
1

(v +0)=2[(v = 1)+ (2 -v)(b+2)]

C(v,b) =

Proof. By virtue of Definition 2.1 and Lemma 2.1, we can deduce the result
via arguments similar to those in the proof of Lemma 3.1 in [6]. Here we omit it. O

Lemma 3.2. Green’s function G(t, s) has the following properties:

1°. For eacht € {v —2,v — 1}, G(t, s) is nonincreasing on s € Ng p.

2°. For each fixedt € N, ,1p, G(t,s) is nondecreasing on s € No ;_,+1 and nonin-
creasing on s € Ny_, 11 p.

3°. G(r,0) < G(v — 1,0), and for s #0, G(v — 1,8) < G(v, s).

4°. For each fixed s € Noy, G(t,s) is nondecreasing on t € N, , 151 and nonin-
creasingont € N,y 1 4.

5°. For all (t,s) € Ny_a 14 x Noy, G(t,s) > 0.

6°.
C(v,b) v (b+2)(b+1)
) Y = o = v vl
(32) Y G(t,s) =4 Cwb)(v+b)¥ 1 9 1
92— v -1 v S ¥ 2
=0 T(v+1) e T+
te Nu,u+b~

Proof. 1° Fort=v—2,v —1, by Lemma 2.1 we can derive

AG(t,s) = C(,D)As(v+b—0(s))l =L = —(v = 1)C(v,b) (v +b—0c(s) — 1)*=2 <0,

which implies that 1° is true.
2°: For s € Ngs—,—1, we have that

(3:3) AG(ts) = ﬁ [—C(V, b) (2 —v) =L+ (v — 1)t”_2)%
Pt—s—1)
* m}

B 1 Iit+1) 'o+3) T'v+b—s—1)

T T(w-1) {_F(t—u+3)1‘(1/+b+1) T(b—s+1)

Q-v)(t-v+2)+w—-1)  Tt—s5-1)
2-v)b+2)+¥—-1) Nt—s—v+1)

| >0,
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which is immediately obtained from the following two facts:
b+2-kK)(t—k)—(t—v+2—k)(v+b—k)=2—-v)t—v—-0) <0, fork e Ngsy1,
and

I't+1) ro+3 T'v+b—-s—-1)2-v)t—-v+2)+(r-1)
Nt—v+3)T(v+b+1) T(b—s+1) 2-v)(b+2)+(v-1)

T(t—s—v+1) (2—1/)(t—1/+2)+(1/—1)sﬁ (b+2—k)(t — k)
(

Ti—s-1 = @-0)b+D+ -1 vt R tb—k) S

k=0

For s =t — v, we have

ASG(t,s)‘Szt_u = T 1)[(2— L+ (v - D2 (v +b—t+ v — 22 4 1.

Let hi(t) = 2 —v)tr=L + (v — D)tX=2 and k1 (t) = (v + b—t + v — 2)“=2. We have

A(hl (f,)kil (t)) =k (t + 1)Ah1(t> + hy (f,)Akl (t)
=(w+b—t+v—3"22—v)(v—1)[tr2 - t~=3
+2-V[2-v) L+ - D)E2 v+ b—t+v —3)E=2>0, fort €N, q1p1.
By the inequalities
v—1b+2(r—1)<b+v
and
-1+ 2-v)b+)<v-1)+(2-v)(b+2),

we get (s <b—1)

(34) AG(s)|_, = —%hl(ﬂkl (t)+1
z _Fc(‘y(ylbi)hl(l/-f—b—1)k1(l/+b— 1)+1
w1 2v 1) (v -1+ (2-v)(b+1)
T b+v (1/—1)+(2—1/)(b+2)+1>0'

For s € N¢_,11,5—1, we have

(35 AG(t:5) = == D G- 0= DEEb—a(s) 112 <o

Therefore, by (3.3), (3.4), and (3.5), we see that 2° holds.
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3°: We have

G(v,0) - Glv —1,0) = CF((”;;” (2= )2t 4+ (v — )= (v 4+ b— 1)2=2
1 v=1 _ C(v,b)(v —1)=t
~Fy v D b b 1)
—cwne-vw+ E b1t o1 w1
:C(y,b)(u+b—1)ﬂW—l
_ G+ @w-1)0+2)2-v)
TEnAv-Dre-nory] Y

which follows from the facts that
v=-10b+2)2-v)<2v—-1)+2-v)(b+2)] and (b+1)<(v+0).

So, G(r,0) < G(v — 1,0). Then, for s # 0,

Gv,s) — Gv —1,8) = C(,b) (v + b — 5 — UQW “o

4°: For t € Ny7u+s—27

C(v,b)

2-v)(v— D[22 (v 4+ b —o(s))“=L > 0.

Fort =v+ s — 1, we have

(3.7) AtG(ta S)|t=v+s—1

_C(Vﬂb) v— V—3 v—

=T Q- -2 =] (b —o(s) -1

_ (2—v)(b+2) s+1T(v+s) yrb+l-k
7F(V—l)[(y—1)+(2—u)(b+2)]s—|—2F(s—|—2)kl;[OV—l-b—k: 1=0

For t € N,y ,4p—1, We obtain

1 2-v)(t—-v+2)
Py =D)L -1)+2-v)0b+2)]
(v+b—o(s)=L T(t+1)
(v+br=2 T(t—-v+4)

(38) AtG(t, 8) =

—(t—s—l)ﬁ} <o0.
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In fact, for £ € Ng g,

(t—K)b+1—k)—(+b—k)(t—v+2—k) =@w—-D)w+b—t)— (v+b—k)
<w—=2)(v+b—Fk) <0,

2-v)t-v+2) (v+b—o(s)=Lt T(t+1) 1
(v=1)+@2=-v)b+2)] (v+br=2 TE—-v+4) (t-—s—1)=2

B (2-v)(b+2) t—u+2f[ (t—k)(b+1—k)
B (v =)+ @=v)0+2)]t—v+3 L (W+b—k)(t-—v+2-k)

< 1.

Combining (3.6), (3.7), and (3.8), we conclude that 4° is satisfied.

5°: In view of G(t,s), in order to prove G(t,s) > 0, we only need to check that
G(t,s) >0when 0 < s<t—v<b.

By 2°, for0<s<t—v,

Glt,s) > G(t,0) = 1 (2—V)tﬂ+(y—1)tﬂ(y+b_1)ﬂ_ (t—l)ﬂ

T(v) W-1D+2-v)(b+2) (v+b=2 W)
- Flu) F(I;(—tt}r)g)b(t) >0,
where
o () = v-D+@-)(t-r+)O+90+D (t-r+2(t-v+l)

v-1D+2-v)b+2) v+b t

In fact, we can treat ks(t) as a continuous function of ¢ on the interval [v, v + b], and
by simple calculation, we have that
—w=DE-»b+2)+@+H)] C-v-1)

)= D+ 0] - <0,

which implies that
kg(t) > kJQ(V + b) =0.

Thus, we have proved 5°.
6°: By using Lemma 2.4 in [15], we get the result easily. O

Remark 3.1. From 1° and 2° of Lemma 3.2, we have that for each ¢t € {v — 2,
v—1},
max G(t,s) = G(¢,0), min G(t,s) = G(t,b),

SeNoyb SEN())},
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and for each t € N, , 14,

max G(t,s) =G(t,t —v+1), min G(t,s) =max{G(¢,0),G(¢,b)}.

SeNoyb SeNoyb

From 1°, 3° and 4° of Lemma 3.2, we get that for each s € Ny,

max G(t,s)=Gv+s—1,s),

teNy, 2 b 4b
tENmin G(t,s) =min{G(v +b,s),G(v,s),G(v —1,s)} = G(v + b,s) =0,
v—2,u+b
and
min  G(t,s) =min{G(v,s),Gv +b—1,s)}.

teNy L1p_1

From 6° of Lemma 3.2, we obtain that

b b
My := max G(t,s) >0, mp:= min G(t,s) = 0.
0 tENV—Q,u-H);) ( ’ ) ’ 0 tENu—2,V+bgz=:0 ( ’ )
Lemma 3.3. For allt €N, , 4,1 we have

(3.9) G(t,s) 2 nG(s+v—1,s),

where n = min{1, 71,72, 13},
(v —1)b[(4 — v)b+ 6 — 1]

S T [
_ 2 —-v)rr=L+ (v —1)p=2
P R )b DL (v — (v + b )=
and
. . 2-v)(rv+b-1L+ (v —1)(v+b—1)2=2
73 = min

seNop1 L2 =) (v +s— 1)L+ (v = 1) (v + s — 1)2=2
o1 b—s
Cw,b)v+b—s—1

| >0

Proof. By the property 4° of Lemma 3.2, we get that

min  G(t,s) =min{G(v,s),Gv+b—1,s)}.

teNy Lib_1

For s = 0 we have

G(v,s) _ G(v,0) :(V—l)b[(4—u)b+6—y]: 50
Gw+s—1,s) =0 G—-10) 20+ 2)(b + 1) =0
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Let k3(s) = (2 —v)(v +s—1)2=L + (v — 1)(v + s — 1)2=2. Then, for s € Ng,_1,
we have

Asks(s) = (v =12 -v)|[(r+s—1)=2—(v+s5—1)~=% > 0.
Thus, for s # 0,

G(v, s) B (2 —v)r=L 4 ( )
Gv+s—1,8) (Q2-v)(v+s—1)"L+v-1)
(v=1)

(v —1)

2772>0.

For s = b, we have
Glv+b—-1,s) _1
Gv+s—1,8)ls=b

By Remark 3.1, we have that

G(t,s)=G —1,s).
e (t,s) =Gv+s—15)

Thus,
Gv+s—1,8)=>2Grv+b—1,s).

For s # b, by 2° of Lemma 3.2, we have G(v +b—1,s) > G(v +b—1,0). By (3.8)
of Lemma 3.2 (the proof of 4°), we have G(v +b—1,0) > G(v +b,0) = 0.
Then, we have that

Gv+b—-1,s)

(3.10) Glrv+s—1,s)

> 0.

By direct computation, we obtain

Gv+b—1,s)
Gv+s—1,s)
2= b-1)= (-1 + b —1)=2 1 b—s

T2 Hs—1D)lr (v—1D)(r+s—1)= Cb)r+b—s—1
In Lemma 3.3, we have defined 13 as follows:

2-v)r+b-1) ="+ v —-1)(v+b—1)~=2
- (v+s—1D=Lt+(v—1)(v+s—1)=2
1 b—s

- C(V,b)l/—i—b—s—l]'

73 = min {

SENO,b—l
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In view of (3.10), we have that ns > 0. Therefore,

Gv+b—1,
Gw+b=ls)
Gv+s—1,s)

Thus, we conclude that

G(t,s)

—_— = forall t € Ny ,qp—1.
Glv+s—1,59) hoera bt

4. MULTIPLICITY

In Section 1, we have defined the Banach space X. Now let us define a cone K
in X by

K={rxeX; z(t) >0, teN,_2,4p and min  z(t) = n|lz| }.

teNy Lib_1

Define an operator T: X — X as

b
(Tz)(t) = G(t,s)f(s+v—La(s+v—1)).

s=0

Then, by Lemma 3.1, problem (1.1) can be written as
=Tz, x€X.

Next, we give multiplicity results for the problem (1.1). To be precise, we introduce
the conditions on f(t,x):
(F) f: Ny_2p46 X R — [0,400) is continuous.
(H;) There exists a 1 > 0 such that 0 <z < and ¢t € N,_o 14 implies f(t,z) <
b
~v1/A1, where Ay = > G(v +s—1,5).
s=0

(Ho)

lim min =00, and lim min
z—0t teEN, _2 ,4p x T—Fo00teN, 2,44 x

(Hg) There exists a 72 > 0 such that nye < z < v and ¢t € N,_3 4 implies
b
f(t,x) > yaAs, where Ayt =0 > G(v +1,5).
s=1
(Ha)

ft,z .
im  max (t,2) =0 and lim max
z—0t+ teEN, 2 ,1p x r—+oo teEN, 2,4 x
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Lemma 4.1. T is completely continuous and T'(K) C K.

Proof. It is obvious that T is completely continuous under the condition (F).
Now we prove T'(K) C K.
From Lemma 3.3, for x € K we have

min (Tx)(t) = mm ZGts (s+v—1z(s+v—1))

teENy v4b—1 Ny vtb—1
b

2772G(V—|—s—1,s)f(s+1/—1,a:(s—|—1/—1))
s=0

>1n max ZGts (s+v—1z(s+v—1))

teN, o b L
=Tz,
i.e. Tx € K. Thus we complete the proof. O

Now, we present the main results of the section.

Theorem 4.1. Assume that f(t,z) satisfies (F), (Hy), and (Hz). Then problem
(1.1) has at least two positive solutions y; and y2 such that 0 < ||ly1|| < v1 < ||y2]|-

Proof. Choose a positive number £ > 0 such that

b
&y Gv+1,5)>1
s=1

By (Hsz) there exists 0 < 71 < 71 such that f(¢,2) > &x for all 0 < & < r1. Then,
for x € 0K,,, we have that

b
(Tz)(v+1) ZGV—I—ls (s+v—-1,z(r+s—1))
s=0

b
EZG v+1,s)z(s+v—1)]

s=1

=

>&ny Gw+1s)z] > |,
s=1

which implies that ||Tz| > ||z|| for * € dK,,. Hence, by Theorem 2.1, we obtain
that

(4.1) i(T, Ky, K) =0.
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(Hg) also implies that there is an R3 > 0 such that f(¢,z) > &x for all z > Rs.
Choose Ry = max{v1, R3/n}. Then for x € 0K g, we have

i 1) > R
teNTi?b,lx( ) = nllz|| > Rs,

and

b
(Tz)(v+1) ZGV—f—ls (s+v—12(s+v—1))
s=0

b
EZG v+ 1,9)z(s+v—1)]
s=1

o

> &) G +1s)z| > ||z,
s=1
which implies that ||Tz| > ||z| for + € 0Kg, and
(4.2) i(T, Kr,,K) =0.

On the other hand, by (H;) for z € 9K,, we obtain

b
ITz|| = max ZG(t,s)f(s—l—V—l,x(s—i—y—l))

Ny_2,.
te 2,v4+b 5—0

<ZG(V—i—s—1,s)f(s+1/—1,x(s+1/—1))
s=0

< X—llsz:(:)G(u—i—s—l,s)
<=z
Hence, || Tz| < ||z|| for « € OK,,. Obviously, Tz # « for € 0K,,,. Then
(4.3) (T, Kp,, K) = 1.
Now, combining (4.1), (4.2), and (4.3), we get
i(T,Kp, \ Ky, K) = =1 and (T, K., \ K., K)=1.

Consequently, T' has two fixed points y; and y, in Kg, \IQ(’Yl and K, \f(ﬁ, respec-
tively. Both of them are positive solutions of problem (1.1). Thus we complete the
proof. O
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Example 4.1. Assume that

2 +1

f(tﬂ?):m

, te NV_Q,V+b7 T e [R,

where c¢; is a positive constant satisfying

a 2—4>0.
(%)

If we take v; > 0 satisfying the inequality

then the conditions (F), (H;) and (Hz) hold.

Theorem 4.2. Assume that f(t,x) satisfies (F), (Hs), and (Hs). Then prob-
lem (1.1) has at least two positive solutions y; and y4 such that 0 < ||ys|| < v2 < ||y4]-

Proof. By (Hy), for all € > 0, there exists ¢ > 0 such that
flt,x) <C+ex forz >0, t €Ny_g i

Choose 0 < ¢ < Afl and Re > max{CA1/(1 —eA1),72}. Then we have that for
x € 8KR2

b
(Ta)(t) =Y Gt,)f(s +v—1La(s +v—1))

s=0

<Y Gls+v—1s)¢+ex(s+v—1)
s=0
SM[¢+ellzll] < Ry = [=]].

@

Therefore, | Tx| < ||z| for x € 0Kg, and
(4.4) (T, Kp,, K) = 1.
Similarly, for some small 0 < ry < 79,

(4.5) i(T, K,y K) =

T2

On the other hand, for x € 0K, we have

. B > nilzl =
sonin - z(®) 2 izl =mye,
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and

b
(Tz)(v+1)=Y G+1,8)f(s+v—TLa(s+v—1)
s=0
b

>ZG(u+1,s)f(s+V—1,$(8+V—1))

s=1
b

> 2o ZG(V +1,8) =72 =|z|.

s=1

Hence, || Tz| > ||z| for € 0K,,. It is clear that Tx # « for x € 0K,,. Then
(4.6) i(T,K,,,K)=0.

Then proceeding as in the proof in Theorem 4.1, we prove the theorem. O

Example 4.2. Assume that

flt,2) = (t* +1)

2o teNy,_2,4p,  €R,
where co is a positive constant satisfying
n? — 4A2cy > 0.
If we take o > 0 satisfying the inequality
(A2n?)73 — 1P + c22 <0,

then the conditions (F), (Hz), and (H4) hold.

5. UNIQUENESS

In this section, we state and prove the uniqueness theorem of our paper.
Let U denote the set of functions w: [0,4+00) — [0, +00) satisfying

(i) w in nondecreasing;
(ii) there exists ¢ € ¥ such that for all 7 € [0, +00) we have

o0 =555 (3))
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Theorem 5.1. Assume that f(t,z) = g(t,x,x), where g: Ny,_o,1p x RxR — R
is a function. Under the assumptions

(P1) there exists w € U such that for all z,y,u,v € R, with x > v and y < v, for
te NV72,V+b,

(5'1) Ogg(t,x,y)—g(t,u,v)Sw(x—u)—i—w(v—y);

(P2) there exist a, 8 € X satisfying

b
(52)  a(t) <Y Gt s)g(s+v—TLals+v—1),8(s+v—1), t€N, 3,4,

3
(=)

and

b

(5.3) B(t) = Z G(t,s)g(s+v—1,8(s+v—1),a(s+v—1)), teNy_o,4;
=0

'

(P3) a(t) < B(t) for allt € Ny_g 45,

problem (1.1) has a unique solution.

Proof. It is clear that (X,d, <) is an ordered complete metric space with the
partial order < and metric d:

u,v e X, uxv<=u(t)<o({) forallt e N, 9,1

and

d(u, v) = [lu = vl|.

Also, it is easy to show that (X, d, <) is 1]-regular and that every pair of elements
in X x X has either a lower bound or an upper bound.

Introduce the mapping L: X x X — X by

b
ZG(t,s)g(s+1/—1,x(s—i—l/—l),y(s—i—z/—l)), teNy_2,4p, 2,y € X.
s=0

L(x,y)(t)
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(P1) implies that L is a mixed monotone mapping. For all ¢ € N,_g,4, and
z,y,u,v € X with x = v and y < v, we have

b

LG, y)(t) = L) ()] < S Gltssholals +v — 1) — u(s +v — 1))
s=0

G, s)wv(s+v—1)—y(s+v—1))

e

+
s=0

Y Gls+v—Ls)w(le—ul) +wlv -yl

<

»

and

IL(y, 2)(t) = L(v,u)(t)] < p Gt s)w(v(s +v—1) —y(s+v—1))

-

o
Il
o

+) Gt s)w(x(s+rv—1)—u(s+v—1))

M«

s=0

S

b
<Y Gls+v—Ls)w(llv—yl) +w(lle—ul)
s=0
< Aifw(llz = ull) + w(llo = ylD]-

Then we get that

d(L(z,y), L(u,v)) + d(L(y, x), L(v, u))
2

Since w is nondecreasing, we have

< Mw(llz — ul) + w(|lv - y)]-

Mw(|z —ul]) + w(llv = yl)] < 2Mw(f|lz —ull + lv —y|)
d(z,u) + d(y,v) d(z,u) +d(y,v)
- 2 _w( 2 )

Thus,

d(L(z,y), L(u,v)) + d(L(y, x), L(v,u)) _ d(z,u) +d(y,v) w<d(x, u) +d(y, v))
2 = 2 2 '

If we take ¢(t) = ¢, then we can see that (2.1) of Theorem 2.2 is satisfied. By
the assumptions (P2) and (P3), we have that o < L(«, 8), 8 = L(5,«) and o < .
An application of Theorem 2.2 shows that there exists a unique solution y with
L(y,y) = y, which implies that problem (1.1) has a unique solution. The proof is
complete. O
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Remark 5.1. Assume that the function g in Theorem 5.1 has a positive lower
and upper bound g, and gy, respectively. If we take

then the conditions (P2) and (P3) hold.

Example 5.1. Assume that

1 1 1 1
t7 ’ = 5 (1 ); tEN,,_ v+b, ’ €R27
9(t,z,y) STV Gl gl e 2.0+bs (T,)

and let _ L ] .
=5 0= G-+5) -zt

Then (P1) is satisfied. Since g is bounded, we can take

Obviously, conditions (P2) and (P3) hold.

Example 5.2. Assume that

g(t,,y) = gi(t)(arctanx — y), t €N, 2,44, (v,y) € R?,

where
)= (5 + )

I =G \8 T 218

and
b b

Go > srél@,),{b Z Z Gs+v—1,1)G(n+v—1,m).
T1:0T2:0
Let

T 1 /7 T T
v =5 vm=g(3-4(3) =
Then (P1) is satisfied. Define M* as

b
M* := max G(s+v—1,m7)>0.

seN
0% 7'1=0
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Set

b
1
at):—ClzG(t,s), 0<C’1<1—6( T T

4 M*
5\3G, ' 3262 )

and

B(t) = ﬁi} {G(t,s)(g e Eb: Gls +v— 1,72))}

T2:0
Then conditions (P2) and (P3) hold. Condition (P2) is obvious. For (P3) we have
that

b
:_ClzGtS (8G0+32G2 )ZG

s=0
b
_ . O
= 4G0{§)G(t )< +8GOM +4G0G0)}
1 b TE
- 1
4G0{80G(t,s)( 8G TZ:OG s+v—1,7m)

=

Z ZG5+V—1 Tl)G(Tl-f—l/—l,TQ))}

71=0 712=0
b

< ZG(t,s)gl(s+u—1)
s=0
X <—g — %G(O zb: {G(s—ku—l,n)(%—kCl zb: G(71+1/—1,72)>]>

71=0 T2=0

G(t,s)gi(s + v — 1)(-% —Bls+v— 1))

Il
@
o || Mcr
o

N

G(t,s)g1(s+v —1)(arctana(s + v — 1) — B(s + v — 1))

»
(e}

<l

= G(t,s)g(s+v—1la(s+v—1),8(s+v—1)), teN,_o,4s,

and

b

B(t) = 4%,02_:0 [G(t,s)(g O zb: G(s+v— 1,72)”

T2:0

> zb:G(t,s)gl(s—I—l/— 1)(% —a(s+v- 1))

s=0

693



(1]
2]
3]
[4]
[5]
[6]
[7]
8]
[9]

[10]
[11]

[12]
[13]

[14]

[15]
[16]
[17]
18]
[19]

[20]

b
> Z G(t,8)gi(s+v —1)(arctan (s +v—1) —a(s+v —1))
s=0
b

= G(t,s)g(s+v—1,8(s+v—1),a(s+v—1)), t € Ny_g 1.

References

K. Alyousef: Boundary Value Problems for Discrete Fractional Equations. Ph.D. disser-
tation, The University of Nebraska-Lincoln, 2012.

G. A. Anastassiou: Nabla discrete fractional calculus and nabla inequalities. Math. Com-
put. Modelling 51 (2010), 562—-571.

F. M. Atici, P. W. Eloe: A transform method in discrete fractional calculus. Int. J. Dif-
ference Equ. 2 (2007), 165-176.

F. M. Atici, P. W. Eloe: Initial value problems in discrete fractional calculus. Proc. Am.
Math. Soc. 137 (2009), 981-989.

F. M. Atici, P. W. Eloe: Linear systems of fractional nabla difference equations. Rocky
Mt. J. Math. 41 (2011), 353-370.

F. M. Atsca, P. W. Eloe: Two-point boundary value problems for finite fractional differ-
ence equations. J. Difference Equ. Appl. 17 (2011), 445-456.

F. M. Atsca, P. W. Eloe: Gronwall’s inequality on discrete fractional calculus. Comput.
Math. Appl. 64 (2012), 3193-3200.

F. M. Atica, S. Sengiil: Modeling with fractional difference equations. J. Math. Anal.
Appl. 369 (2010), 1-9.

N. R. O. Bastos, R. A. C. Ferreira, D.F. M. Torres: Discrete-time fractional variational
problems. Signal Process. 91 (2011), 513-524.

K. Deimling: Nonlinear Functional Analysis. Springer, New York, 1985.

L. H. Erbe, S. C. Hu, H. Y. Wang: Multiple positive solutions of some boundary value
problems. J. Math. Anal. Appl. 184 (1994), 640-648.

R. A. C. Ferreira: Positive solutions for a class of boundary value problems with frac-
tional g-differences. Comput. Math. Appl. 61 (2011), 367-373.

R. A. C. Ferreira: A discrete fractional Gronwall inequality. Proc. Am. Math. Soc. 140
(2012), 1605-1612.

R. A. C. Ferreira, C.S.Goodrich: Positive solution for a discrete fractional periodic
boundary value problem. Dyn. Contin. Discrete Impuls. Syst., Ser. A, Math. Anal.
19 (2012), 545-557.

C. S. Goodrich: Continuity of solutions to discrete fractional initial value problems. Com-
put. Math. Appl. 59 (2010), 3489-3499.

C. S. Goodrich: Solutions to a discrete right-focal fractional boundary value problem.
Int. J. Difference Equ. 5 (2010), 195-216.

C. S. Goodrich: Existence and uniqueness of solutions to a fractional difference equation
with nonlocal conditions. Comput. Math. Appl. 61 (2011), 191-202.

C. S. Goodrich: Existence of a positive solution to a system of discrete fractional bound-
ary value problems. Appl. Math. Comput. 217 (2011), 4740-4753.

C. S. Goodrich: Existence of a positive solution to systems of differential equations of
fractional order. Comput. Math. Appl. 62 (2011), 1251-1268.

C. S. Goodrich: On positive solutions to nonlocal fractional and integer-order difference
equations. Appl. Anal. Discrete Math. 5 (2011), 122-132.

694



21]
22]
23]
[24]
[25]
[26]

[27]

[28]

[29]

(30]

[31]

32]

[33]

C. S. Goodrich: On a discrete fractional three-point boundary value problem. J. Differ-
ence Equ. Appl. 18 (2012), 397-415.

C. S. Goodrich: On a first-order semipositone discrete fractional boundary value prob-
lem. Arch. Math. 99 (2012), 509-518.

C. S. Goodrich: On a fractional boundary value problem with fractional boundary con-
ditions. Appl. Math. Lett. 25 (2012), 1101-1105.

C. S. Goodrich: On discrete sequential fractional boundary value problems. J. Math.
Anal. Appl. 885 (2012), 111-124.

D. Guo, V. Lakshmikantham: Nonlinear Problems in Abstract Cones. Notes and reports
in mathematics in science and engineering 5, Academic Press, Boston, 1988.

M. Holm: The Theory of Discrete Fractional Calculus: Development and Application.
Ph.D. dissertation, The University of Nebraska-Lincoln, 2011.

F. Jarad, T. Abdeljaowad, D. Baleanu, K. Bicen: On the stability of some discrete frac-
tional nonautonomous systems. Abstr. Appl. Anal. 2012 (2012), Article ID 476581,
9 pages, doi:10.1155/2012/476581.

M. Jleli, V. C. Rajié, B. Samet, C. Vetro: Fixed point theorems on ordered metric spaces
and applications to nonlinear elastic beam equations. J. Fixed Point Theory Appl. 12
(2012), 175-192.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo: Theory and Applications of Fractional Dif-
ferential Equations. North-Holland Mathematics Studies 204, Elsevier, Amsterdam,
2006.

V. Lakshmikantham, S. Leela, J. Vasundhara Devi: Theory of Fractional Dynamic Sys-
tems. Cambridge Academic Publishers, Cambridge, 2009.

W. D. Lv: Existence of solutions for discrete fractional boundary value problems with
a p-Laplacian operator. Adv. Difference Equ. 2012 (2012), 10 pages, doi:10.1186/
1687-1847-2012-163.

K. S. Miller, B. Ross: An Introduction to the Fractional Calculus and Fractional Differ-
ential Equations. John Wiley & Sons, New York, 1993.

Y. Y. Pan, Z. L. Han, S. Sun, Y. Zhao: The existence of solutions to a system of discrete
fractional boundary value problems. Abstr. Appl. Anal. 2012 (2012), Article ID 707631,
15 pages, doi:10.1155/2012/707631.

Authors’ addresses:  Lv Zhanmei, Gong Yanping (corresponding author), School

of Business, Central South University, Changsha, Hunan 410083, P.R. China, e-mail:
lvzhanmei20120163. com, mathcyt@163.com; Chen Yi, Department of Mathematics, China
University of Mining and Technology, Xuzhou 221116, P.R. China, e-mail: chenyi@
cumt.edu.cn.

695



		webmaster@dml.cz
	2020-07-02T14:05:31+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




